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Nonlocal effects in a semiclassical WKB approach to sub-barrier nuclear fusion processe
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Y. P. Varshni†

Department of Physics, University of Ottawa, Ottawa, Ontario, Canada K1N 6N5
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We have shown that the large enhancement of sub-barrier fusion cross sections for heavy-ion collision
processes can be partially accounted for by using the variation of the effective mass due to nonlocal effects in
WKB theory. Although reasonable agreement of our predicted results for the fusion cross sections and average
angular momenta with the observed experimental data for several systems have been observed, it is evident tha
the nonlocal effects alone cannot explain the entire enhancement as claimed by Galettiet al. @Phys. Rev. C50,
2136~1994!#. It is then suggested that nonlocality needs to be supplemented by nuclear deformation and other
degrees of freedom.@S0556-2813~96!04806-6#

PACS number~s!: 25.70.Jj, 24.10.2i
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I. INTRODUCTION

It has been a long standing problem that the experimen
sub-barrier nucleus-nucleus fusion cross sections canno
well accounted for by theoretical predictions based on barr
penetration model~BPM! calculations. The experimental fu
sion cross sections in heavy-ion reactions at energies n
and below the Coulomb barrier are found to be considera
enhanced over the theoretical predictions@1–4#. This en-
hancement has been attributed to several possible me
nisms such as low energy zero-point vibrations@5,6#, static
deformations@7#, coupling of different channels@8,9#, neck
formation @6–10#, etc. Unfortunately, these calculations ar
not only plagued with computational complexity but also fa
to reproduce the required enhancement, particularly at
incident energies of the projectile much below the Coulom
barrier. It is then realized that more degrees of freedom a
energy dependence of the nucleus-nucleus potential hav
be judiciously incorporated.

Recently, Galetti and his co-workers@11,12# have pro-
posed an attractive idea that the observed enhancement o
experimental sub-barrier fusion cross sections can be
plained by simple BPM calculation considering the nonloc
effect alone. In this approach@12#, the nonlocality which
simulates the many-body quantum effects@13# manifests
only in the sub-barrier region where the reduced mass of
fusing nuclei is not a constant but varies with the so-call
nonlocal parameterb as

m~r ,b!5m/@11~mb2/2\2!uv ~0!~qW u!#,

which can be approximated by the following to a very goo
degree for small values ofb:

m~r ;b!5m@12mb2uv0~RB!u/~2\2!#, 0,r,RB

5m, r.RB .
~1!

*Electronic address: rdutt@vbharat.ernet.in
†Electronic address: ypvsj@acadvm1.uottawa.ca
546-2813/96/54~1!/319~6!/$10.00
tal
t be
ier

ear
bly

ha-

e
il
the
b
nd
e to

f the
ex-
al

the
ed

d

HereRB is the location of the Coulomb barrier height. Work
ing with the Hill-Wheeler ~HW! parabolic approximation
@14# to the Christensen-Winther nuclear potential barrier a
invoking Wong’s approximation@15#, a simple analytic ex-
pression for the reduced fusion cross section was obtain
@12#

s red~Ered,b!5F 1

~12b2f /4!G ln$11exp@2pEred~12b2f /4!#%,

~2!

where s red52Ec.m.sF/RB
2\v0 and Ered5(E c.m.2vB)/

\v0 . It was claimed that~2! yields substantial enhancemen
to account for the experimental data for sub-barrier energ
for a number of heavy-ion collision processes; the effecti
nonlocal parameterb was chosen in the range 1.66 to 2.2
fm.

Although the results are quite impressive, it may be not
that there are several shortcomings in their work due to t
use of too many simplified assumptions. First, the autho
adoptedf52 andb51.66 to 2.23 for which the effective
mass becomes negative, i.e., unphysical. Secondly, they h
taken the viewpoint of Wong in which the variation of th
curvature parameter (\v l) of the potential with the angular
momentum@16# has been ignored. Finally, the replaceme
of the actual nuclear potential by the HW parabolic potent
removes the dependence of the predicted reduced cross
tions on the potential parameters which are bound to be d
ferent for different systems. More explicitly, expression~2!
yields the ratio of the fusion cross section with and witho
nonlocal effect

R5
s red~b!

s red~b50!
5
ln$11exp@2pEred~12b2f /4!#%

ln$11exp@2pEred#%~12b2f /4!
, ~3!

which turns out to be the same for all systems for a giv
value ofEred andb. This becomes clear from Figs. 2–6 o
Ref. @12#.

At this point, it is quite natural to raise the following
questions.
319 © 1996 The American Physical Society
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~i! Can one explain the observed enhancement of the
sion data just from the viewpoint of nonlocality using phys
cally acceptable values of the single parameterb?

~ii ! Is it possible to apply the idea of nonlocality in
semiclassical WKB calculation without invoking HW ap
proximation to a realistic potential barrier for nucleu
nucleus interaction?

~iii ! Can one bypass Wong’s simplified assumption a
reproduce the dynamical dependence of the fusion cross
tions considering dependence of barrier height on ang
momentum quantum number?

~iv! Is the enhancement due to nonlocality model indep
dent?

In this paper, we attempt to answer these questions.
demonstrate that using the concept of variation of effect
mass due to nonlocality in the framework of WKB calcul
tion and using a three-parameter potential@16# that mimics
the well known phenomenological ‘‘proximity potential’’ o
Blocki et al. @17#, one may obtain reasonable enhancem
of sub-barrier fusion cross sections. Our work exhibits r
evant dynamical features of each individual system unl
the work of Galettiet al., yet remaining analytically tractable
and simpler than multichannel and other calculations@6,8–
10#. We substantiate our claim by explicit results obtain
for 16O1ASm ~A5148,150,152,154!, 50Ti1 90Zr, and
50Ti1 93Nb systems.
In Sec. II we illustrate the method of inclusion of nonlo

cality in the expression of nuclear fusion cross section in
barrier penetration model. In Sec. III, we present the res
for 16O1ASm, 50Ti 1 90Zr, and 50Ti 1 93Nb systems. Con-
cluding remarks are also included in this section.

II. NONLOCAL EFFECTS FOR A NUCLEAR FUSION
CROSS SECTION IN THE WKB METHOD

In BPM calculation, the fusion cross section is given b

sF~E,b!5(
l50

`

s l~E,b!, ~4!

where the partial cross section is

s l~E,b!5pl” 2~2l11!Tl~E,b!. ~5!

Herel” is the reduced de Broglie wavelength of the pr
jectile ion andTl(E,b) is the transmission coefficient of th
l th partial wave. In a semiclassical WKB method, the an
lytic expression forTl is obtained for a potential barrie
Vl(r ) @16,18#

Tl~E,b!5@11exp~2I !#21, ~6!

where

I5E
r1

r2
kl~r !dr5E

r1

r2F2m

\2 @Vl~r !2E#G1/2dr. ~7!

The turning pointsr 1 and r 2 obtained fromv l(r )5E natu-
rally lie on either side of the barrier radiusRB . Consequently
one needs to split the integral in~7! into two regions
fu-
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r 1,r,RB andRB,r,r 2 where the values of the reduced
massm are different as in~1! due to nonlocal effect. Thus we
get

I5E
r1

RBF2m

\2 @v l~r !2E#G1/2~12b2f /2!dr

1E
RB

r2F2m

\2 @v l~r !2E#G1/2dr ~8!

in which f is defined same as in Ref.@12#. It is important to
indicate that unlike the work of Galettiet al., the value of the
parameterb cannot exceed certain maximum value in orde
to ensure positivity of the effective mass. It is known tha
fusion cross sections for two colliding nuclei of atomi
weight and atomic number, (A1 ,Z1) and (A2 ,Z2), can be
adequately reproduced by using the ‘‘proximity potential
due to Blockiet al.modified by Vaz and Alexander@1#

VF~r !54pgC̃~23.437!exp@2~r2C12C2!/0.75#

1
Z1Z2e

2

r
1 l ~ l11!\2/2mr 2, ~9!

with

g50.9517F121.7826SA22Z

A D 2G ~MeV/fm2!,

Ri5@1.28Ai
1/320.7610.8Ai

1/31DR# ~ fm!, ~10!

Ci5@Ri21/Ri # ~ fm!,

C̃5C1C2 /~C11C2!.

Here A5(A11A2) and Z5(Z11Z2) are respectively the
mass and atomic numbers of the composite system andDR is
the modification of the effective sharp radiusRi . The surface
width is taken to be 1 fm.

Clearly, the integral in~8! cannot be evaluated in closed
form if one uses the empirical potential~9!. On the other
hand, we showed earlier@16# that this potential may be re-
placed for all practical purposes by an analytical thre
parameter potential first suggested by Ahmed@19#

V~r !5v lF12S 12exp$~r l2r !/a%

12c exp$~r l2r !/a% D
2G , ~11!

with

a5F \2

2m
4Vl /~\v l !G1/2 Y~12c!,

\v l5F\2

m

d2VF~r !

dr2 G
r5r l

1/2

. ~12!

HereVl is the maximum of the barrier height,r l is the posi-
tion of the barrier top, andc is a constant. In Ref.@16#, we
have discussed how the potential~11! can be matched with
the empirical potential~9! for the entire range ofr by suit-
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able choice of parameters. Moreover, the parametrization
done in such a manner that thel dependent centrifugal term
is no longer needed as all the parametersv l , r l , a, andc
are l dependent. The advantage of using this potential is th
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a compact analytic expression for the transmission coe
cientTl can be derived.

Substituting~11! in ~8! and using standard integrals@20#,
we finally obtain
Tl~E,b!5F11expH 2«S p~12b2f /4!~g21!AVl /D1p~12b2f /4!AE/D2p~12b2f /4!A~E/D!1~g221!~Vl /D!

1
b2f

2
AE/D sin21~A12E/Vl !2

b2f

2
A~E/D!1~g221!~Vl /D!sin21~cA12E/Vl ! D J G21

, ~13!
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with D5\2/2ma2, g51/c, and «5sgn(c21). One may
check that forb50, ~13! reduces to Eq.~3.8! of Ref. @16#.

III. RESULTS AND DISCUSSIONS

To make quantitative comparisons with experimen
data, we select those systems for which several meas
cross sections are available in the far sub-barrier region.
compare our predicted results@computed from~4! and ~13!#
with the experimental data for the collision of16O with even
isotopes ofASm ~A5148, 150, 152, and 154! obtained by
DiGregorioet al. @21#. The comparison is shown graphical
in Fig. 1 for the16O1 148Sm system while the numerical da
for the rest of the systems are presented in Table I.
WKB results with nonlocal effects are displayed in column
and the allowed value ofb for the best fit for each system
indicated in column 1. We have usedf50.55 fm2 which
implies that the physically acceptable value ofb cannot ex-
ceed 1.9 fm@see Eq.~8!#. Careful examination of our tabu

FIG. 1. Plot of fusion cross section for the16O1148Sm system.
Curve 1~dashed! is our WKB predictions without nonlocal effect
(b50); curve 2 ~solid! represents the nonlocal predictions f
b51.84 fm. The experimental data are shown by dots with e
bars.
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lated results as well as the graphical presentation reveals s
eral encouraging features which need to be focused.

The isotopes of Sm span the transition region from sphe
cal to strongly deformed equilibrium shapes@7# as A in-
creases from 148 to 154. It is clearly seen that the optimu
choice ofb is the lowest~1.84 fm! for the spherical nucleus
(A5148) while its value has to be increased to the max
mum allowed value 1.9 fm for more deformed nuclei as fo
A5150, 152, and 154. Although the enhancement has be
quite significant~nearly 30 times as compared to the sam
calculation without nonlocality! the disagreement with ex-
perimentally observed data becomes more prominent as
deformation of the target nucleus increases. This sugge
that there may be a correlation between the concept
nuclear deformation and the presence of nonlocality f
which the dynamical origin is yet to be understood. Th
claim is substantiated by the results for50Ti1 90Zr and
50Ti1 93Nb systems presented in Fig. 2.
It is clear that we have been able to achieve reasona

enhancement for all the systems using a realistic nuclear b
rier potential in the WKB method. Quite similar observation
were made by Galettiet al. who used the Christensen-
Winther potential for O1Ni and O1Cu systems. It may then
be inferred that perhaps the enhancement caused by the n
local effect is model independent.

However, there are certain differences between our a
proach and the work of Galletiet al. It is obvious from our
calculation that by simple adjustment of the nonlocal param
eterb, it is not possible to explain the observed sub-barri
enhancement. This is in clear contradiction with the claim
Ref. @12# in which the entire enhancement of sub-barrier fu
sion cross sections of a number of systems have been
plained by attributing unphysical values to the nonlocal p
rameter.

In the far sub-barrier region whereEred,21, we find
from the figures of Ref.@12# that their computed fusion cross
sections are about 40–60 times larger than the values with
b. The occurrence of such a huge overestimation may be d
to the following reasons: the application of the HW parabol
approximation introduces an extra enhancement over a
above that which arises from the nonlocal effect by narrow
ing the width of the actual nuclear potential in the regio
where the bombarding energy is much less than the Coulo
barrier. In this regard, our calculation generates the enhan
ment purely from the nonlocal effect as we have used

r
ror
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TABLE I. The calculated and the experimental fusion cross sections are presented for collisions o16O
~projectile! 1 150,152,154Sm ~target! nuclei for center of mass energy below and above the Coulomb barr
Columns 4 and 5 consist of WKB results without and with the nonlocal effects. The optimum allowed v
of the nonlocal parameterb and the Coulomb barrier heightVB for individual systems are shown in column
1.

Elab Ered sWKB(E,b50) sWKB(E,b) sexpt

System ~MeV! ~MeV! ~mb! ~mb! ~mb!

16O1150Sm 60.0 21.24 0.01 0.29 0.4726 0.047
VB559.65 MeV 61.2 20.99 0.06 1.04 2.226 0.22
RB511.17 fm 62.5 20.72 0.40 3.70 7.756 0.8
\v054.386 MeV 63.8 20.46 2.37 11.64 20.26 2.0
b51.9 fm 65.0 20.21 10.88 28.29 38.46 3.8

70.0 0.82 221.95 221.95 243.0624.0
75.0 1.85 461.39 461.39 440.0644.0

16O1152Sm 59.9 21.27 0.008 0.25 1.066 0.11
VB559.77 MeV 61.2 21.00 0.06 0.98 4.4 6 0.44
RB511.14 fm 62.4 20.75 0.32 3.21 11.7 6 1.2
\v054.392 MeV 63.7 20.49 1.94 10.25 24.46 2.4
b51.9 fm 64.9 20.24 9.07 25.86 43.96 4.4

70.0 0.81 218.37 218.37 213.0621.0
75.0 1.84 456.97 456.97 462.0646.0

16O1154Sm 60.0 21.23 0.011 0.30 2.216 0.22
VB559.75 MeV 61.3 20.96 0.07 1.19 6.246 0.62
RB511.15 fm 62.5 20.71 0.42 3.84 15.3 6 1.5
\v054.388 MeV 63.8 20.45 2.51 12.02 29.46 2.9
b51.9 fm 65.0 20.20 11.44 29.59 55.86 5.6

70.1 0.85 228.91 228.91 235.0624.0
75.1 1.87 466.49 466.49 430.0643.0
FIG. 2. Plot of fusion cross section for50Ti190Zr and
50Ti193Nb systems. Curve with dashed line is our WKB predic
tions without nonlocal effects (b50); curve with solid line repre-
sents the nonlocal predictions forb51.9 fm ~maximum allowed
value for these two systems!. The experimental data taken from
Ref. @22# are shown by dots with error bars.
-
FIG. 3. Plot ofSs l versus l for the

16O1148Sm system for
energyEc.m. 5 56.40 MeV. Curve 1~dashed! is our WKB predic-
tions without nonlocal effects and curve 2~solid! represents the
nonlocal predictions forb51.84 fm.
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TABLE II. Theoretical and experimental average angular momenta^ l & and ^ l 2& for fusion of the16O1
152Sm system for different energies are presented. The Coulomb barrier height of the system isVB559.77
MeV.

Elab

~MeV!
Ec.m.

~MeV!

^l & ^l 2&

Theoretical Expt. Theoretical Expt.

b50
~fm!

b51.9
~fm!

~Ref. @23#! b50
~fm!

b51.9
~fm!

~Ref. @23#!

60.0 54.3 6.1 7.3 7.0 49.3 69.1 60
62.5 56.6 6.2 7.6 8.5 50.9 75.9 90
65.0 58.8 6.5 8.5 11.5 58.5 91.2 160
70.0 63.3 11.7 11.7 15.5 159.7 159.7 280
80.0 72.4 21.2 21.2 25.5 509.9 509.9 770
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analytic potential whose profile matches almost identical
with the true fusion potential barrier over the entire region o
tunneling~see Fig. 2 of Ref.@16#!.

To study the nonlocal effect on the individual contribution
of each partial wave to the fusion cross section, we display
plot of Ss l versusl in Fig. 3 for the

16O1148Sm system for
the center of mass energyEc.m.556.40 MeV which is well
below the Coulomb heightVB559.94 MeV. It is clearly seen
that there is a cutoff value ofl beyond which no contribution
is added to the cross section. This cutoff value also shifts
the higher side when the parameterb is taken into account.
Nonlocality also boosts each partial wave contribution i
such a way that we obtain the required enhancement by
factor of 10 making the theoretical prediction,sF52.19 mB,
quite close to the experimentally measured valu
s expt5(3.1360.31) mb.

Experimental investigations of the angular momentum
distribution leading to fusion provide important information
that is complementary to the study of cross sections. A re
test of any heavy-ion fusion model is that it should not onl
explain sub-barrier fusion enhancement but also predict co
rect compound nucleus spin distributions@6,23#. It may be
worthwhile to examine how well various moments of spin
distribution^ l n& can be accounted from the point of view of
the present nonlocal approach. Just for a check, we comp
^ l & and ^ l 2& for the 16O1 152Sm system with and without
nonlocal effects for different incident energies using

^ l &5S ls l /sF , ~14a!
ly
f

a

to

n
a

e

al
y
r-

ute

^ l 2&5S l 2s l /sF . ~14b!

Our predicted results have been compared in Table II w
the experimental data obtained from graphs of Ref.@24#. It is
observed that the inclusion of nonlocality in BPM calcula
tion gives improvement to the predicted values of^ l & and
^ l 2&. However, the required enhancement cannot be achie
keeping the value ofb within its physical domain.

To summarize, we have performed a WKB barrier pe
etration calculation for heavy-ion systems at sub and ne
Coulomb barrier energies. Use is made of nonlocal effects
study to what extent the observed enhancement of the exp
mental data can be explained. Interesting extensions of t
scheme to other aspects of heavy-ion collision processes m
be possible in the foreseeable future with the availability
new data from more versatile colliders. More detailed calc
lations in this direction are obviously needed to pin down th
possible connection between the nonlocal effects and ot
conventional nuclear degrees of freedom.
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