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Nine low-lying On
1 states of20Ne and their possible rotational bands have been studied by employing the

isomorphic shell model which is a hybrid between conventional shell model and the liquid drop model in
conjunction with the nucleon finite size and which in addition uses no adjustable parameters. The configura-
tions of six out of these nine On

1 states have ana-planar structure when, for each set of four closeby nucleon
average positions~two protons and two neutrons!, possessing the same principal quantum numbern and
forming an instanta-like particle, the center of gravity is considered. The novelty of the present study is
focused on the fact that the axis of rotation and the number of rotating nucleons inside the same rotational band
may change in such a way that the relevant moment of inertia increases monotonically in steps forming for
each step a new branch of the band. Up to five such branches have been found and each time the moment of
inertia of the last of them approaches the rigid body limit, creating superdeformed bands. The coexistence of
a superdeformed band and of lower deformation bands include several states with the sameIp value. Two
rotational bands are introduced for the first time and the model predictions of states in all cases are very close
to the experimental data. Another important feature of the present study is that two different configurations
possess identical binding energy~the maximum among all possible configurations! and are assigned, by 50%
each, to the g.s. of20Ne. This has been verified by successfully employing many observables and results of
other models.@S0556-2813~96!05612-9#

PACS number~s!: 21.60.Gx, 21.10.Re, 27.30.1t
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I. INTRODUCTION

The nucleus20Ne lies in the middle of theA54n ~where
n51–0) nuclei, i.e., between the two doubly closed-sh
nuclei 4He and40Ca. This location makes the spectrum
20N rich, i.e., it possesses a large number of low-lying leve
Of particular importance are the many low lying O1 levels
which constitute the subject of many publications which u
several models for their interpretation. The study of the
levels and particularly of those which are band heads of
tational spectra@1–5# constitutes a very sensitive test for th
different models employed. These and their rotational ban
together with other observables of20Ne, are the subject mat
ter of the present work which employs the semiclassical@6#
part of the isomorphic shell model. The semiclassical inst
of the quantum-mechanical@7# part of the model is utilized
since it provides a pictorial approach easily compared w
that of thea-cluster models@8–31# which are among the
models frequently used in the investigation of 4n nuclei.
Indeed, studies of light nuclei in general and of20Ne in par-
ticular indicate the important role ofa clustering in these
nuclei.

The literature lists@2# many empirical rotational bands fo
20Ne. Although doubt has been expressed as to whether t
empirical bands correspond to any real rotational motion@5#,
theoretical calculations in the framework of both the sh
model and the cluster models have had relatively good s
cess in accounting for many of the band characteristics@1#.
Among the different studies, that of Ref.@1# ~based on re-
duced widths fora decay to the ground state of16O! consti-
540556-2813/96/54~6!/2996~18!/$10.00
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tutes the most thorough and critical one concerning
judgement of previous assignments of states to the diffe
bands in20Ne and stands as the basic reference of the pre
work.

The ability of the isomorphic shell model to estimate t
moments of inertia without the knowledge of experimen
rotational data being necessary warrants a reexaminatio
previous assignments and the recommendation of new o
for rotational bands in20Ne. Furthermore the model whic
considers the interaction of each individual nucleon with
other nucleons in a nucleus, through the present applica
may provide a lot of information about the intrinsic nucle
structure in general, and may contribute towards the mic
scopic explanation of nuclear properties including excitat
mechanisms in particular, subjects which are among the m
important aims in the nuclear many-body problem.

This work on 20Ne parallels our previous work on12C
@30# and on28Si @31#, employing the same model.

II. THE ISOMORPHIC SHELL MODEL

The model includes both a fully quantum-mechanical@7#
part and a semiclassical@6# part and has been presented
many previous publications~see references in@30,31#!. Per-
haps the most concise presentation of the model is tha
cluded in Ref.@30#. Since the model is still relative;ly new
however, many readers could expect applications of
model, as the present one, to be accomplished by a b
review of the model. Here, in order to avoid repetitions fro
previous publications, only the main concepts are review
2996 © 1996 The American Physical Society
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54 2997PERSISTINGa-PLANAR STRUCTURE IN20Ne
together with the technical part of the model referring to
formulas necessary for the present work to become s
sufficient.

A. Main features of the model

The quantum-mechanical part is fully developed in R
@7a#, where, for the first time, nuclear binding energies a
radii are simultaneously reproduced in good agreement w
the experimental data. Further development of this par
the model is represented in Ref.@7b#, where the model re-
produces successfully the high components of proton
mentum distribution in nuclei beyond Helium-4. The sem
classical part is the one here applied since it is closer to
a-cluster model and thus a comparison between them
easier and more comprehensive. The relationship betw
the quantum-mechanical part and the semiclassical pa
the model will become apparent shortly. The next sect
pertains to all formulas necessary for its present implem
tation.

The isomorphic shell model is a microscopic nucle
structure model that incorporates into a hybrid model
prominent features of single-particle and collective a
proaches in conjunction with the nucleon finite size@6,7#.

The single-particle component of the model is along
lines of the conventional shell model with the only differen
that in the model the nucleons creating the central poten
are the nucleons of each particular nuclear shell alone,
stead of all nucleons in the nucleus as assumed in the
ventional shell model@7a#. In other words, we consider
multiharmonic potential description of the nucleus~as many
potentials as shells!, as follows:

HC5EC, H5T1V, ~1!

H5H1s1H1p1H1d2s1•••, ~2!

where

Hi5Vi1Ti5V̄1 1
2m~v i !

2r 21Ti . ~3!

That is, we consider a state-dependent Hamilton
where each partial harmonic oscillator potential has its o
state-dependent frequencyv i . All thesev i ’s are determined
from the harmonic oscillator relation

\v i5
\2

m^r i
2&

S n1
3

2D , ~4!

where n is the harmonic oscillator quantum number a
^r i

2&1/2 is the average radius of the relevant high fluxim
shell determined by the semiclassical part of the mo

specified below. For details onV̄ one should consult Ref
@7a#.

The solution of the Schro¨dinger equation with Hamil-
tonian ~2!, in spherical coordinates, is

Cnlm~r ,u,f!5Rnl~r !Yl
m~u,f!, ~5!

whereYl
m(u,f) are the familiar spherical harmonics and t

expressions for theRnl(r ) are given in several books o
quantum mechanics and nuclear physics.
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The only difference between our wave functions a
those in these books is the differentv’s as stated in Eqs.~3!
and~4! above. Those of our wave functions, however, whi
have equall value, because of the different\v, are not or-
thogonal, since in these cases the orthogonality of Legen
polynomials does not suffice. Orthogonality, of course, c
be obtained by applying established procedures, e.g.,
Gram-Schmidt process@7b#.

According to Hamiltonian~2!, the binding energy of a
nucleus withA nucleons in the case of orthogonal wa
functions takes the simple form given by Eq.~6!

EB51/2~V̄•N!23/4F(
i51

A

\v i~n13/2!G , ~6!

whereV̄ is the average potential depth. The coefficients
and 3/4 take care of the double counting of nucleon pairs
determining the potential energy.

Applications and details of the quantum-mechanical p
of the model are given in Refs.@7a# and@7b#. Here an appli-
cation of the semiclassical part@6,30# in the place of the
quantum-mechanical part of the model is considered in
spirit of the Ehrenfest’s theorem@30#, which for the observ-
ables of position (RW ) and momentum (PW ) takes the form

d

dt
^RW &5

1

m
^PW & ~7!

and

d

dt
^PW &52^¹V~RW !& ~8!

The quantitŷ RW & represents a set of three time-depend
numbers$^X&, ^Y&, ^Z&% and the point̂RW &(t) is the center of
the wave function at the instantt. The set of those points
which corresponds to the various values oft constitutes the
trajectory followed by the center of the wave function.

From Eqs.~7! and ~8! we get

m
d2

dt2
^RW &52^¹V~RW !&. ~9!

Furthermore, it is known that, for the special case of
harmonic oscillator potential assumed by the isomorp
shell model in Eq.~3!, the following relationship is valid

^¹V~RW !&5@¹V~rW !# rW5^RW & , ~10!

where

@2¹V~rW !# rW5^RW &5FW . ~11!

That is, for this potential the average of the force over
whole wave function is rigorously equal to the classical for
F at the point where the center of the wave function is si
ated. Thus, for the special case~harmonic oscillator! consid-
ered, the motion of the center of the wave function obe
the laws of classical mechanics. Any difference between
quantum and the classical description of the nucleon mo
depends exclusively on the degree the wave function ma
approximated by its center. Such differences will contribu
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FIG. 1. The isomorphic shell model for the nuclei up toN520 andZ520. The high-symmetry polyhedra in row 1~i.e., the zerohedron
the octahedron, and the icosahedron! stand for the average forms for neutrons if~a! the 1s, ~c! the 1p, and~e! the 1d2s shells, while the
high-symmetry polyhedra in row 2@i.e., the zerohedron, the hexahedron~cube!, and the dodecahedron# stand for the average forms of~b! the
1s ~d! the 1p, and~f! the 1d2s shells for protons. The vertices of polyhedra stand for the average positions of nucleons in definite q
states (t,n,l ,m,s). The lettersh stand for the empty vertices~holes!. Thez axis is common for all polyhedra when these are superimpo
with a common center and with relative orientations as shown. At the bottom of each block the radiusR of the sphere exscribed to th
relevant polyhedron and the radiusr of the relevant classical orbit, equal to the maximum distance of the vertex state (r ,n,l ,m,s) from the
axis nu l

m representing precisely the orbital angular-momentum axis with definiten, l , andm values, are given. Curved arrows shown he
the reader to visualize which axis each nucleon rotates round, while solid~open! arrows show rotations directed up~down! the plane of the
paper. All polyhedra vertices are numbered as shown. The backside~hidden! vertices of the polyhedra and the related numbers are not sh
in the figure.
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to the magnitude of deviations between the experime
data and the predictions of the semiclassical part of
model employed here.

Now, in the semiclassical treatment the nuclear probl
is reduced into that of studying the centers of the wave fu
tions presenting the constituent nucleons or, in other wo
of studying the average positions of these nucleons. For
study the following two assumptions are employed by
isomorphic shell model.

~i! The neutrons~protons! of a closed neutron~proton!
shell, considered at theiraveragepositions, are indynamic
equilibriumon the sphere presenting the average size of
shell.

~ii ! The average sizes of the shells are determined by
close-packingof the shells themselves, provided that a ne
tron and a proton are represented byhard spheresof definite
sizes~i.e., r n50.974 fm andr p50.860 fm!.

It is apparent that assumption~i! is along the lines of the
conventional shell model, while assumption~ii ! is along the
lines of the liquid-drop model.

The model employs a specific equilibrium of nucleon
considered at their average positions on concentric sphe
cells, which is valid whatever the law of nuclear force m
be: assumption~i!. This equilibrium leads uniquely to Leec
@32# ~equilibrium! polyhedra as average forms of nucle
shells. All such nested polyhedra are closed packed, t
taking their minimum size: assumption~ii !. The cumulative
number of vertices of these polyhedra, counted successi
from the innermost to the outermost, reproduces the ma
al
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numbers each time a polyhedral shell is completed@6# ~see
the numbers in the brackets in Fig. 1 there!.

For one to conceptualize the isomorphic shell model,
should first relate this model to the conventional shell mod
Specifically, the main assumption of the simple shell mod
i.e., that each nucleon in a nucleus moves~in an average
potential due to all nucleons! independently of the motion o
the other nucleons, may be understood here in terms
dynamic equilibrium in the following sense@6#. Each
nucleon in a nucleus ison averagein a dynamic equilibrium
with the other nucleons and, as aconsequence, its notion
may be described independently of the motions of the ot
nucleons. From this one realizes that dynamic equilibri
and independent particle motion areconsistentconcepts in
the framework of the isomorphic shell model.

In other words, the model implies thatat some instant in
time ~reachedperiodically! all nucleons could be thought o
as residing at their individual average positions, which co
cide with the vertices of an equilibrium polyhedron for ea
shell. This system of particles evolves in time according
each independent particle motion. This is possible, si
axes standing for the angular momenta quantization of di
tions areidentically described by the rotational symmetrie
of the polyhedra employed@33–36#. For example, see Ref
@35#, where one can find a complete interpretation of t
independent particle model in relation to the symmetries
these polyhedra. Such vectors are shown in Fig. 1 for
orbital angular-momentum quantization of directions
volved for nuclei up toN520 andZ520.
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54 2999PERSISTINGa-PLANAR STRUCTURE IN20Ne
Since the radial and angular parts of the polyhedral sh
in Fig. 1 are well defined, the coordinates of the polyhed
vertices~nucleon average positions! can be computed easily
These coordinates up toN5Z520 are already published i
footnote 14 of Ref.@37#, and in Refs.@38,39#. These coordi-
nates correspond to theR values of the exscribed polyhedr
spheres given in Fig. 1~see bottom line at each block!.

According to the isomorphic shell model, the nucleon a
erage positions of a nucleus are distributed at the vertice
the polyhedral shells as shown, for example, in Fig. 1. T
specific vertices occupied, for a given~closed- or open-shell!
nucleus at the ground state, form a vertex configuration~cor-
responding to a state configuration! that possesses the max
mum binding energy (EB) in relation to any other possibl
vertex configuration which, thus, stands for an excited st
Each vertex configuration defines the average form
structure of a relevant state of this nucleus. All bulk~static!
properties of this state~e.g.,EB , rms radii, etc.! are derived
as properties of this structure, as has been fully explaine
Ref. @6# and references cited therein.

B. Technical features of the model

The model employs a two body potential in the form
two Yukawa functions@37#:

Vi j51.7~1017!
e2~31.8538!r i j

r i j
2187

e2~1.3538!r i j

r i j
~ in MeV!,

~12!

where the internucleon distancer i j between average pos
tions i and j are estimated by using the relevant coordinat

The Coulomb potential between two proton average p
tions apparently is:

~EC! i j5
e2

r i j
~13!

wherer i j as has been defined above.
The average kinetic energy for each nucleon is taken

the sum of the kinetic energy due to the uncertainty princi
and of the kinetic energy due to the orbiting of the nucle
@38#:

^T&nlm5
\2

2M F 1

Rmax
2 1

1~111!

rnlm
2 G , ~14!

whereRmax is the outermost polyhedral radiusR plus the
relevant average nucleon radius~i.e., r n50.974 fm or
r p50.860 fm!, i.e., the radius of the nuclear volume in whic
the nucleons are confined,M is the nucleon mass,rnlm is the
distance of the vertex (n,l ,m) from the axisnu l

m ~see Fig. 1
and Refs.@33–36,38#!

The spin-orbit interaction in the model is given belo
@40#:

~ESO! i52~2065!A22/3l i•si ~15!

The energy coefficient~2065515–25 MeV! starts at its
lower values for the lower orbital angular momenta a
tends more or less smoothly to the larger values for
ls
l

-
of
e

e.
d

in

s.
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e

higher orbital angular momenta. As also is known, forj51
11/2,l–s511/2, while for j5121/2, l–s52~111!/2.

The collective rotational energy is given by Eq.~16!

Erot5
\2I ~ I11!

2J
, ~16!

whereJ is the moment of inertia of the rotating part of th
nucleus given by Eq.~17!

J5(
i

Nrot

mr i
25mNrot̂ r

2& rot , ~17!

whereNrot is the number of nucleons participating in th
collective rotation and̂ r 2& rot is the mean square radius o
these nucleons. This value ofJ is increased by the quantit
~0.165!Nrot , where the coefficient stands for the contributio
to the moment of inertia coming from the finite size of ea
nucleon participating in the rotation@30#.

The binding energy in the model, now, is

EB52 (
all nucleon

pairs

Vi j2 (
all proton
pairs

e2

r i j
2 (

all nucleons
^T&nlm

1 (
all valence
nucleons

E~SO!i , ~18!

where the termsEd ~odd-even! andErot ~collective rotation!
appearing in Eq.~15! of Ref. @30# for the binding energy are
omitted here as irrelevant to the case of interest, i.e.,20Ne.

The rms charge radius is given by Eq.~19!

^r 2&ch
1/25F( i51

Z Ri
2

Z
1~0.8!22~0.116!

N

ZG1/2, ~19!

whereRi is the radius of thei th proton average position from
Fig. 1, Z andN are the proton and the neutron numbers
the nucleus, and~0.8!2 and ~0.116! are the mean squar
charge radii of a proton and of a neutron, respectively@41#.

The intrinsic electric quadrupole moment is given by E
~20!

eQ208 5(
i
eQ~20!i8 5(

i51

Z

eRi
2~3 cos2u i21!, ~20!

whereR is the radius of thei th proton average position an
u i is the corresponding azimuthal angle with respect to
symmetry axis@42#.

The intrinsic electric octupole moment is given by E
~21!:

eQ308 5(
i
eQ~30!i8 5(

i51

Z

eRi
3~5 cos2u i23!cosu i . ~21!

The intrinsic electric hexadecapole moment is given
Eq. ~22!:

eQ408 5(
i
eQ~40!i8 5(

i51

Z

eRi
4~35 cos4u i230cos2u i13!,

~22!
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3000 54P. K. KAKANIS AND G. S. ANAGNOSTATOS
whereRi andu i as forQ208 andQ308 above@43,44#.
The reduced electric-quadrupole transition probability

tween the 01 ground state and the first 21 state in even-even
nuclei which exhibit a rotational@42# spectrum is given by
Eq. ~23!:

B~E2!ex
~cm4!54.08310261@Eg~MeV!#25@t~sec!#21

3@11aT#21

5Q0
25/~16p!

5b2
2@3ZRo

2/4p#2, ~23!

whereEg andt are the excitation energy and the mean life
the first 21 state,aT is the internal conversion coefficien
and b2 is the deformation parameter which for a sphero
nucleus with semimajor and semiminor axesa andb takes
the expression@42#

b251.06~a2b!/R0 , ~24!

whereR05r 0A
1/3 is the nuclear average radius.

Equations~12!–~23! stand here for all formulas necessa
for the implementation of the semiclassical part of t
model.

III. CALCULATIONS

Average structures of20Ne, in the framework of the iso
morphic shell model, come from Fig. 1 by considering t
states 1s, 1p, and 1d5/2 involved in this nucleus. Figure
shows all possibilities ofa-like cluster structures of20Ne
offered by Fig. 1 in accommodating 10 neutron average
sitions on the neutron polyhedra~first row of Fig. 1! and 10
proton average positions on the proton polyhedra~second
row of Fig. 1!. Specifically, Figs. 2~a!–~c! stand for the av-
erage structures of20Ne possessing a16O core and onea-like
particle on either thex, or y, or z axis, respectively, while
Figs. 2~d!–~i! stand for the average structures of20Ne pos-
sessing a12C core and twoa-like particles on the axesx, y,
andz, that it, either twoa-like particles on thex axis @Fig.
2~d!#, or on they axis @Fig. 2~e!#, or on thez axis @Fig. 2~f!#,
or the onea-like particle on thex axis and the other on they
axis@Fig. 2~g!#, or on they axis and on thez axis@Fig. 2~h!#,
or on thez axis and on thex axis @Fig. 2~i!#.

For each part of Figs. 2~d!–~i! two cases are considere
For the first case@first column from~d!–~i!#, the 1s1/2 pro-
ton average positions are those numbered 3 and 4 in Fig
and 2, while for the second case@second column from~d!–
~i!#, the average positions of these two protons are th
called ‘‘relaxed,’’ i.e., 3r and 4r ~not shown in Figs. 1 and
2!, resulting from rotation of 3 and 4 around the nucle
center in such a way that their bags stay in contact with th
of 1 and 2, and in addition come in contact with those of
and 6,7, respectively. This relaxation leads to larger poten
energy and finally to larger binding energy, since the ot
energy components involved do not have a noticeable va
tion. The corresponding coordinates are for the average
sition 3:x520.897 fm,y5z50.897 fm and for the averag
position 4: x50.897 fm, y5z520.897 fm, while for the
average position 3r : x521.006 fm,y51.006 fm,z50.3737
fm and for the average position 4r :x51.006 fm,y521.006
-

f

-

. 1

se

r
e
8
al
r
a-
o-

fm, z520.3737 fm. Similar consideration of 3r and 4r , in-
stead of 3 and 4, has been made for12C @30# and for 28Si
@31#. Such a relaxation of 3 and 4 is possible only if th
1p1/2 neutrons~whose average positions are numbered
and 10 in Figs. 1 and 2! are absent from the relevant nucle
structure, e.g., in the cases of12C core. Finally, while in the
test the distinction between 3,4 and 3r ,4r is made by naming
the relevant figure as ‘‘relaxed,’’ Figs. 2~d!–~i! is considered
to present both cases.

The aforementioned difference in the core at the differ
parts of Fig. 2, i.e., that the parts Figs. 2~a!–~c! have a16O
core, while the parts Figs. 2~d!–~i! have a12C core, as will
become apparent shortly, leads to the fact that the parts~a!–
~c! have a three-dimensional structure, while the parts~d!–~i!
have a two-dimensional structure in ana-like clusterwise
representation. Specifically, in Figs. 2~a!–~c! each set of the
following four nucleon average positions numbered~1-2,3-

FIG. 2. Average forms of20Ne, according ot the isomorphic
shell model, composed of the average positions of the constit
nucleons~NAP! forming a-like particles.~a! 16O core~NAP 1-16!
plus one ‘‘a particle on thex axis~NAP 17-18, 29-30!, ~b! 16O core
plus one ‘‘a’’ particle on they axis ~NAP 25-26, 37-38!, ~c! 16O
core plus one ‘‘a’’ particle on thez ~NAP 21-22, 33-34!, ~d! 12C
core~NAP 1-8, 11-14! plus two ‘‘a’’ particles on thex axis ~NAP
17-18, 29-30; 19-20; 31-32!, ~e! 12C core plus two ‘‘a’’ particles on
they axis ~NAP 25-26, 37-38; 27-28, 39-40!, ~f! 12C core plus two
‘‘ a’’ particles on thez axis ~NAP 21-22, 33-34, 23-24; 35-36!, ~g!
12C core plus one ‘‘a’’ particle on thex axis and one ‘‘a’’ particle
on they axis ~NAP 17-18, 29-30; 25-26; 37-38!, ~h! 12C core plus
one ‘‘a’’ particle on they axis and one ‘‘a’’ particle on thez axis
~NAP 25-26, 37-38, 21-22, 33-34!, and~i! 12C core plus one ‘‘a’’
particle on thez axis and one ‘‘a’’ particle on thex axis ~NAP
21-22, 33-34, 17-18, 29-30!. Each of the parts~d!–~i! stands for
both the ‘‘normal’’ and ‘‘relaxed’’ average positions of the two 1s
protons~Nos. 3 and 4!. Average nucleon positions are numbered
shown by using for the same positions the same number as in
1. Axes labelledx,y,z stand for the axes of coordinates and tho
labelledS andR for symmetry and rotation axes, respectively,
used in the calculations of Secs. III and IV.
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54 3001PERSISTINGa-PLANAR STRUCTURE IN20Ne
4!, ~5,10,13,16!, ~6,8,12,14!, ~7,9,11,15!, ~17-18, 29-30!, ~19-
20, 31-32!, ~25-26,37-38!, ~27-28, 39-40!, ~21-22, 33-34!,
and~23-24, 35-36! accommodates two protons and two ne
trons with the samen quantum number which are close t
gether for the instant depicted by this figure, while
Figs. 2~d!–~i! the different sets~5,7,11,13! and ~6,8,12,14!
for the 1p nucleons, together with the possibility of the s
~1–2,3r–4r! instead of the set~1–2, 3–4! for the 1s nucle-
ons, should be considered.

Thus, in the model, each of these sets of four nucle
can be taken as an instanta-like particle. Considering now
the center of gravity for each of these ‘‘a-particles’’ Figs.
3~a!–~i! results. Specifically, in Figs. 3~a!–~c! a central
a-like particle is surrounded on the same plane by th
a-like particles forming an equilateral triangle, while the la
a-like particle lies outside the triangle on one of the axes
coordinates, as noted. In Figs. 3~d!, ~e!, ~g! all a-like par-
ticles preciselylie on the same plane~i.e., their centers are
coplanar, either using the pair 3-4 or the pair 3r-4r! formed
by an interior straight segment and an exterior square~as
noted!, only two vertices of which are occupied by tw
a-like particles. In Fig. 2~f! the fivea-like particles form a
cross. Finally, in Fig. 3~h!–~i! the a-like particles form a
three-dimensional structure made of the same inte
straight segment and of the last twoa-like particles lying on
either they,z or z,x axes of coordinates~as noted!. The line
segment mentioned above isidentical to 12C @ 30# appearing
also as a core in28Si @31#, while the square isidenticalto that
discussed in28Si @31#.

It is worth noting that the valencea-like particles in all
parts of Figs. 3~a!–~i! lie at the vertices of a regular octah

FIG. 3. Average forms of20Ne, according to the isomorphi
shell model, derived from those of Fig. 2 when for eacha-like
particle its center of gravity is considered. Each part of Fig. 3 has
counterpart in Fig. 2 of the same alphabetic labeling. Thuss
nucleons form an ‘‘a’’ particle at the nuclear center, while 1p
nucleons form ‘‘a’’ particles either forming an equilateral triangl
@parts~a!–~c!# around the center or forming a straight line with th
center@parts ~d!–~i!#. Finally, 1d nucleons form ‘‘a’’ particles at
the vertices of a regular octahedron around the center.
-

t

s

e
t
f

r

dron, only one or two vertices of which~in each part of the
figure as noted! are occupied by thesea-like particles. All of
its vertices, of course, are occupied in40Ca, where totally
three shells ofa-like particles are filled, i.e., the one made
onea-like particle at the nuclear center standing for thes
states, the next made of threea-like particles forming an
equilateral triangle standing for the 1p states, and the las
made of sixa-like particles forming a regular octahedro
standing for the 1d-2s states.

For moments later than that depicted by all three Fi
1–3, each of the four nucleons composing any of the ab
a-like particles evolves by following its own independe
particle motion in a well-specified shell model orbital. Th
is, each nucleon will rotate in a shall model orbital around
own axis of orbital angular momentum labeled in the figu
by the propernu l

m angle with respect to the quantization ax
z common for all parts of Fig. 1.

As mentioned early in this section, Fig. 2 shows all po
sible a-particle like cluster structures of20Ne in the frame-
work of the isomorphic shell model. Table I is divided in
nine blocks arranged in correspondence with those of Fig
and 3. The first listed vertex~state! configuration~sequence
of numbers! in each block of the table is that presented in t
corresponding block of Figs. 2 and 3. The other configu
tions listed in the table are the equivalent ones and are
presented in the figures.

By applying Eqs.~1!–~4! the numerical values for each o
the four terms~right-hand side! in Eq. ~7!, for each vertex
~state! configuration of Table I~row 2!, are listed in rows
3–6 in the same block of the table. The summation of
above four terms gives the net energyEB , which is listed in
row 7 of each block. Comparing the values of this column
all blocks we assign the properI n

1 value listed in row 11 of
each block together with the predicted excitation ene
~row 8!, and the corresponding experimental excitation e
ergy~row 9! and level width~row 10!. Indeed, configurations
~e! relaxed and~g! relaxed have identical binding energ
which is the maximum of the table, and thus they are id
tified as ground-state configurations and all others as exc
configurations. Specifically, the aforementioned g.s. confi
rations have a binding energy 15.85 MeV above the exp
mental 160.55 MeV g.s. energy, while the excitation en
gies ~with respect to the g.s.! of all other configurations of
Table I are positive as follows: configuration~a! 9.1 MeV
~8,8!, ~b! 8.6 MeV ~8.7!, ~c! 10.3 MeV~10,8!, ~d! 16.2 MeV
~16.4!, d relaxed 7.0 MeV~6.7!, ~e! 13.0 MeV ~13.2!, ~f!
75.9 MeV, ~f! relaxed 71.6 MeV,~g! 11.1 MeV ~11.0!, ~h!
40.9 MeV, ~h! relaxed 32.2 MeV,~i! 42.5 MeV, and~i! re-
laxed 35.7 MeV, where inside parentheses the associated
perimental energies are given and will be discussed sho

For the configurations of Table I with excitation energi
above 28.2 MeV, which is the limit up to which the spectru
of 20Ne is known today@2#, no comment can be made exce
that all these fix configurations namely,~f!, ~f! relaxed,~h!,
~h! relaxed,~i! and ~i! relaxed haveIp5O1 and that they
contain at least one of the twoa-like particles~21-22, 33-34!
and~23-24, 35-36!, which lie on thez axis and correspond to
the 1d3/2 states. It is the absence of the 1p1/2 states~pre-
sented by the nucleon average positions numbered 9-10
15-16! from their structures~since12C is their core! which
makes these six configurations have a very high excitat

ts
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TABLE I. Vertex configuration, potentialEp , CoulombEC , kinetic Ekin , spin-orbitESO binding energyEB , excitationEx energy,
angular momentum and parityI n

p values for nine configurations of20Ne. Each block of the table corresponds to a block of Fig. 2 and of
3 having the same letter labeling. Equivalent vertex configurations also are given next to the first one used for the construction of F
3.

Core:16O ~a! Core:16O ~b! Core:16O ~c!
Valence:~17-18, 29-30!
or ~19-20,31-32!

Valence:~25-26, 37-38!
or ~27-28,39-40!

Valence:~21-22,33-34!
or ~23-24,35-36!

EP52SVi j 5 331.2 331.7 330.0
EC5S2r i j 5 218.5 218.5 218.5
Ekin5S^T&nlm 5 2153.4 2153.4 2153.4
ESO5SE~so!i

5 8.1 8.1 8.1
EB 5 167.4 167.9 166.2
Ex~mod! 5 9.1 8.6 10.3
Ex~exp!

a 5 ;8.8 ;8.7 10.86
Gc.m..

a 5 0.8 0.8 0.35
I n

1 5 24
1 O4

1 44
1

Core:12C ~d! Core:12C ~e! Core:12C ~f!
Valence:~17-18, 29-30!
or ~19-20,31-32!

Valence:~25-26,37-38!,
~27-28,39-40!

Valence:~21-22,33-34!,
~23-24,35-36!

EP 5 312.2 321.4 315.4 328.4 252.5 256.6
EC 5 217.0 217.0 217.0 217.0 217.0 216.8
Ekin 5 2159.3 2159.3 2159.3 2159.3 2159.3 2159.3
ESO 5 24.4 24.4 24.4 24.4 24.4 2.44
EB 5 160.3 169.5 163.5 176.5 100.6 104.9
Ex~mod! 5 16.2 7.0 13.0 0.0 75.9 71.6
Ex~exp!

a 5 16.4 6.7 13.2 0.0
I n

1 5 O9
1 O2

1 O8
1 O1

1

Core:12C ~g! Core:12C ~h! Core:12C ~i!
Valence:~17-18,29-30!,~25-26,37-38! or Valence:~25-26,37-38!,~21-22,33-34! or Valence:~21-22,33-34!,~17-18,29-30! or

~17-18,29-30!,~27-28,39-40! or ~25-26,37-38!,~23-24,35-36! or ~21-22,33-34!,~19-20,31-32! or
~19-20,31-32!,~25-26,37-38! or ~27-38,39-40!,~21-22,33-34! or ~23-24,35-36!,~17-18,39-40! or
~19-20,31-32!,~27-28,39-40! ~27-28,39-40!,~23-24,35-36! ~23-24,35-36!,~19-20,31-32!

EP 5 317.6 328.7 287.9 296.4 286.2 292.8
EC 5 17.4 217.3 217.4 217.2 217.4 217.2
Ekin 5 2159.2 2159.3 2159.3 2159.3 2159.2 2159.2
ESO 5 24.4 24.4 24.4 24.4 24.4 24.4
EB 5 165.4 176.5 135.6 144.3 134.0 140.8
Ex~mod! 5 11.1 0.0 40.9 32.2 42.5 34.7
Ex~exp!

a 5 11.0 0.0
I n

1 5 O5
1 O1

1

aSee Ref.@2#.
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These configurations will not be discussed further in the
per. In contrast, for the configurations of Table I with ex
tation energies below 28.2 MeV, specific comments can
made based on Ref.@2#. Specifically, the excitation energy o
configuration~b! 8.6 MeV is almost identical to the energ
8.7 MeV of the O4

1 state, while that of configuration~d!
relaxed 7.0 MeV is almost identical to 6.7 MeV of the O2

1

state, and that of~g! 11.1 MeV is almost identical to 11.0
MeV of the O5

1 state. In addition, the excitation energy
configuration~d! 16.2 MeV is almost identical to the exper
mental energy 16.25 MeV for which no spin and parity a
signment has been made. That is, a new O1 assignment
could be made for this energy as a prediction of the pres
work. Finally, specific comments concerning theIp assign-
ment of configurations~a! and ~c! with excitation 9.1 MeV
-

e

-

nt

and 10.3 MeV, respectively@2#, will follow shortly. At this
point, however, it is important to remark that all low-ener
configurations~,28.2 MeV! of Table I ~which exhaust all
a-cluster structures predicted by the isomorphic shall mod!
are meaningful. That is, each of these configurations le
either to the g.s. or to an excited state with spin, parity, a
energy experimentally supported. Above assignment,
course, refer to the excitation energy alone. However, t
will be further supported below by employing additional o
servables.

As seen from Figs. 2 and 3, the existence of some de
mation of the average shapes for20Ne in all parts of these
figures is apparent. However, there is a substantial differe
in deformation from configuration to configuration. Speci
cally, configurations~a!–~c! could be though of as posses
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ing a small prolate deformation~or even zero deformation i
the valencea-like particle is considered rotating around th
spherical16O core!, while configurations~d!–~g! or ~d! re-
laxed~g! relaxed could be thought of as possessing ‘‘plan
structure with significantly prolate deformation@see signs
and values ofQ208 in Table V for the configurations~e! and
~g!#.

In the different parts of Fig. 2, the axes of symmetry a
the corresponding axes of rotation also are shown. As
plained in Refs.@30# and@31#, here an axis of symmetry ca
be an axis of rotation as well, since none of these axe
symmetry has the C̀symmetry appearing, e.g., in an axial
symmetric ellipsoidal. Thus, rotation around each of th
symmetry axes is quantum mechanically permissible
could lead to an observable.

Table II lists five rotational bands, namely, the O1
1 ,

O2
1 , O5

1, O8
1 , and O9

1 bands, whose levels follow Eq.~16!.
Specifically, column 1 refers to the specific band nam
while column 2 lists the relevant part of Fig. 2 and each
the remaining columns lists theIp value ~for I50,2,4,6,8!
and the corresponding energy and moment of inertia com
both from the experimental data and the present model.

Tables III and IV are similar to Tables I and II with th
difference that they refer to three new bands~namely,
O3

1 , O6
1 , and O7

1! and to Fig. 4.
By applying Eqs.~5! and ~6! and ~8!–~11! the quantities

^r 2&ch
1/2, Q208 , Q308 , Q408 , B(E2), t, b2 , andaav are computed

and listed in Table V, columns 3–10 for the g.s. configu
tions ~e! relaxed and~g! relaxed, together with the exper
mental data where available.

IV. DISCUSSION

Empirical assignment of rotational bands to20Ne exists in
the literature@2# together with supporting@3.4# and objecting
@5# criticism. The predictions of the present work are d
cussed below in relation to this literature by following
band-to-band development as in Ref. 1.

A. The O1
1 band

In Ref. @2#, which constitutes the latest compilation of th
relevant data, the levels O1, 21, 41, 61, 81 at the energies
~in MeV! 0, 1.633674, 4.2477, 8.7776, and 11.951, resp
tively, have been assigned as unambiguous members o
ground state~g.s.! band.

As aforementioned, it is interesting that two different ve
tex ~state! configurations are assigned@see Table I~e! and
~g!# to the g.s. of20Ne and that both~e! and ~g! configura-
tions, as will be seen, are necessary for the description o
relevant observables. These configurations are depicte
Figs. 2~e! and ~g!, where their axes of symmetry~S! and
rotation ~R! considered in the calculations also are show
The corresponding moment of inertia is listed in Table
underneath the predicted energy for each member state
gether with the moment of inertia derived from the re
vant experimental energy by using the formulaJI
5@\2I (I11)#/@2(EI2E0)#. In these moment values th
contribution of the nucleon finite size has been taken emp
cally equal to 0.165M fm2,whereM is the nucleon mass, a
in Refs.@30# and @31#.
’
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By considering that each of these two configurations c
tribute equally~i.e., 50% each! to the excitation of the 21

state, the predicted excitation is 1.625 MeV, a value wh
compares very well with the experimental one 1.634 Me
However, while for the first excited state the configuratio
of Fig. 2~e! and of Fig. 2~g! contribute equally to the energy
for the remaining states of the band the configuration of F
2 ~e! seems to be the main contributor, as noted numeric
in Table II. Specifically, for the next two levels, i.e., 41 and
61, and by employing the same moments of inertia as for1,
i.e., 100.4 fm2 and 61.9 fm2 for the configurations of Fig.
2~e! and Fig. 2~g!, respectively, one obtains the excitatio
4.26 MeV and 8.78 MeV, respectively, which also compa
very well with the experimental values 4.25 MeV and 8.
MeV, respectively. For the 81 level the predicted energy i
11.99 MeV and the experimental one 11.95 MeV again
very good agreement. For this level the configuration of F
2~e! participates 95%, while that of Fig. 2~g! 5%, and for the
first configuration the moment of inertia isJ5131.5 fm2,
while for the second it remainsJ561.9 fm2.

The change of the moment of inertia for the configurati
of Fig. 2~e! means that the nucleons participating in the c
lective rotation include the eight 1p3/2 nucleons of the12C
core in addition to the eight 1d5/2 valence nucleons partici
pating in the excitation of the 21, 41, and 61 levels. That is,
at 81 an additional shell~that of 1p3/2 states! has been de-
formed and, thus, participates in the collective rotatio
Hence, only the 1s shells remain spherical, behaving like
spectator with respect to the rotating part of the nucleus. T
fact means thatJ81 has almost reached the solid-state lim
a fact which makes the prediction of the 101 member of this
band rather easy by employing the same moments of ine
and a reasonable mixing of the configurations depicted
Fig. 2~e! and Fig. 2~g!. Thus, for members of the band wit
Jp.81, it seems that an almost superdeformed band st
for 20Ne. A test to this argument is to examine if another1

level exists as a continuation of the lower deformation ba
Indeed, such a model prediction atE81515.88 MeV could
be taken as corresponding to theE81515.874 MeV experi-
mental one suggested here for the first time. Now, the mix
is 89% for the configuration of Fig. 2~e! and 11% for that of
Fig. 2~g!.

B. The O2
1 band

In Ref. 2, the levels 01, 21, 41, and 61 at the excitation
energies~in MeV! 6.725, 7.4219, 9.990, and 12.585
13.105, respectively, have been assigned as members o
O2

1 band. While the first three of these assignments~i.e., the
01, 21, and 41! are unambiguous, the last of the them~i.e.,
the 61! is in dispute, i.e., it is not clear which of the two 61

levels given above is more probable to be the correct m
ber of this band. Also, while in the aforementioned compi
tion several 81 states are listed, none of them is assigned
the O2

1 band, despite the fact that a definite proposition w
made by Ref.@1# for the level 17.295 MeV based on argu
ments of reduced width,ua0

2 , for a emission to the ground

state of16O ~a fact suggesting the use of a cluster mod
approach for20Ne!. The present approach, which is qui
general and still a cluster approach, will probably shed so
light on this intriguing matter.
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O2
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ban

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

81

J~fm2!
expb/mod

G
~keV!

tm

O1
1 0.11 15.87469

14.87*0.89513.23
24.12*0.1152.65

8 15.88

9 94.05
.4 100.4

11.95164
11.35*0.95510.78
24.12*0.0551.21

11.99

124.93
Jx5131.5
Jx561.9

O2
1

65 18.96062.5 200
2 18.72
0 122.02
8 124.48

102 17.295615 200
5 17.56
0 141.24
4 137.74

72 16.746625 160
8 16.59
1 148.98
0 151.30

O5
1 285 28 1600

.33 27.02
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ABLE II. Band head, relevant part of Fig. 2,Ip, excitation energy, and moment of inertia from experiments and model predictions fI50
O5

1 , O8
1 , and O9

1 .

d

Vertex Config.
Relevant part of

Fig. 2

Ex ~MeV6keV!
expa/mod

01

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

21

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

41

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

61

J~fm2!
expb/mod

0.0000 1.6336760.015 1.05 ps 4.247761.1 93 fs 8.777662.2
Fig. 2~e! 1.24*0.550.62 4.13*0.9553.92 8.67*0.9858.50

Fig. 2~g! relaxed 2.01*0.551.005 6.70*0.0550.34 14.07*0.0250.28
1.625 4.26 8.7

97.58 99.1
Fig. 2~e! Jx5100.4 100.4 100

Fig. 2~g! relaxed Jx561.9

6.72565 19.0 7.421961.2 15.1
Fig. 2~d! relaxed 6.725 7.39 8.92

180.30
Jx1Jy5189.54 189.54

9.99068 155 13.92865
10.06 13.7
127.21 120.9

Jy5124.48 124.4
13.10565

13.0
136.5

Jy5137.7

12.58565
12.4
148.6

Jz5151.3
10.976120 580 12.327610 390 15.33065 34 20.168635

Fig. 2~g! normal 10.97 12.31 15.43 20

91.68 95.11 94.6
Jx593.04 93.04 93.0



On
1

band

Vertex C
Relevant

Fig.

eV6keV!

pa/mod
61

~fm2!
pb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

81

J~fm2!
expb/mod

G
~keV!

tm

.027615 80
20.03 26.50

96.15
96.14 96.14

.70615 18.960625** 200
15.64 18.97

184.12 186.85
186.54 186.54

O8
1 .845640 360 24.96500 broad

Fig. 2~e! n 19.84 24.57

131.49 127.84
131.54 131.54

.286610 190
17.97 21.36

171.97
183.34 183.34

O9
1 .419630 25 23.46200 500

Fig. 2~d! n 20.41 23.70

189.36 196.96
189.54 189.54

aSee Ref.@2#.
bSee Ref.@2# and Eq
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onfig.
part of
2

Ex ~MeV6keV!
expa/mod

01

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

21

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

41

J~fm2!
expb/mod

G
~keV!

tm

Ex~M

ex

J
ex

12.22164 ,1 ‘‘15.33065’’ 34 20
12.26 15.28

99.45 95.11
Jy596.14 96.14

13.04865 18 15
13.19

Jx1Jy5199.57
186.54

13.222610 40 14.11565 42 16.329611 45 19
ormal 13.0 14.17 16.37

139.32 133.47
Jx5131.54 131.54

13.90865 74 15.33065* 34 18
13.90 15.48

181.36 196.73
Jx1Jy5183.34 183.34

‘‘15.82’’ 16.437611 35 18.083625 140 20
ormal 15.82 16.48 18.01

201.64 183.25
Jx1Jy5189.54 189.54

.~6!.
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TABLE III. Same structure and notations as in Table I, but for the three configurations of Fig. 4.

Core:12C Core:16O Core:16O
Valence:~17-18,29-30!,~25-26!,~31-32! or

~17-18,29-30!,~27-28!,~31-32! or
~19-20,31-32!,~25-26!,~29-30! or
~19-20,31-32!,~27-28!,~29-30!

Valence:~25,38!,~27,40! or
~25,37!,~27,30! or
~26,38!,~28,40! or
~26,37!,~28,39!

Valence:~17,29!,~19,31! or
~17,30!,~19,32! or
~18,29!,~20,31! or
~18,30!,~20,32!

EP52SVi j 5 321.1 328.7 327.2
EC52Se2/r i j 5 217.0 218.3 218.3
Ekin5S^T&nlm 5 2159.3 2153.4 2153.4
ESO5SE~SO!i

5 24.4 8.1 8.1

EB 5 169.2 165.1 163.8
Ex~mod! 5 7.3 11.4 12.8
Ex~exp!

a 5 7.2 11.6 12.4
I n

1 5 O3
1 O6

1 O7
1

aSee Ref.@2#.
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In Fig. 2~d! relaxed, standing for the average structure
the O2

1 level, the symmetry axis~S! and the rotation axes~R!
are shown, and, thus, the corresponding moments of ine
can be computed easily if the rotating nucleons are speci
The predicted excitation energies, in very good agreem
with the experimental data, and the corresponding mom
of inertia are given in Table II. As stated there, different ax
of rotation and a different number of rotating nucleons ha
been considered for the derivation of the predicted ener
and their corresponding moments of inertia.

Specifically, for the 21 level the rotating nucleons are th
eight 1d5/2 valence nucleons plus the eight 1p3/2 nucleons
of the12C core. A simultaneous rotation of these 16 nucleo
around both thex and they axes takes place. For the 41 and
61 levels the rotation takes place around they axis alone.
However, the rotating nucleons for the 41 level include the
valence nucleons plus the 1p3/2 protons, while for the 61

level at 13.105 MeV, in addition, the 1p3/2 neutrons rotate
The second 61 level at 12.585 MeV also is supported b

the present study which predicts a state at 12.48 MeV
considering that all nucleons rotate around thez axis. An
even third 61 level is predicted here at 13.72 MeV in goo
agreement with the experimental 61 level at 13.928 MeV.
This new level belongs to the same branch as the aforem
tioned 41 level at 9.990 MeV possessing the same mom
of inertia 124.48 fm2 ~see Table II!. It is interesting that this
third 61 level also has been proposed by Ref.@45# despite the
fact that it is not included in the compilation of Ref.@2# as a
member of the O2

1 band. Theua0
2 value agrees with this third

61 level as well@1#. The support here of all these three 61

levels as member states of different branches of the O2
1 band

compromises all conflict in the literature@1,4,45–49#. Thus
finally, the O2

1 band appears to have a total of fo
branches—the first with moment of inertiaJ5189.54 fm2,
the second withJ5124.48 fm2, the third with J5137.74
fm2, and the fourth withJ5151.30 fm2 ~see Table II!. Rota-
tion around the symmetry axisx, used above for the calcu
lation of the moment of inertia for the first branch, is mea
ingful here as has been explained earlier@30,31#. Apparently,
the fourth branch is a superdeformed band since all twe
nucleons rotate.
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Predicting the 81 member states of the superdeform
and the two lower deformation bands, one obtains the e
gies~in MeV! 16.59, 17.56, and 18.72~by using for each 81

level the same moment of inertia as the corresponding1

member state@see Table II#, which compare very well with
the experimental ones~in MeV! 16.746, 17.295, and 18.690
respectively. These predicted levels possess the correct
and parity. The prediction here that the level 17.294 MeV
a member of the O2

1 band is consistent with Refs.@1,50,51#
and, thus, is in contrast with Ref.@49# which argues that this
level belongs to the O4

1 band. The present study is also
agreement with Ref.@1# concerning the 81 level, 15.9 MeV,
thus, this level does not belong to the O2

1 band as suggeste
by Ref. @45#.

The use of12C as a core for the explanation of this and t
previous O1

1 bands is supported by Ref.@52#, where expla-
nations of these bands were given by considering12C18Be
asa-cluster-type structure.

The explanation@31# of using sometimes different axes o
rotation for different levels in light nuclei is that a ligh
nucleus meets some difficulty in starting a rotational band
situation which shows up in a rotation of the nucleus arou
an axis which is not the one with the maximum moment
inertia. As the excitation of the nucleus gets larger, howev
the rotation may change axis corresponding to a larger
ment of inertia. Such behavior is very well known in clas
cal physics in describing the different stages of rotation o
triaxial solid body.

A second situation described above, where a momen
inertia increases suddenly at a certain excitation energy
nucleus, is the one where deformation of one or more ad
tional shells~from the outermost to the innermost! occurs
suddenly at that energy, a fact which leads to the partici
tion of this or these shells in the collective rotation leading
a sudden increase of the moment of inertia.

C. The O4
1 band

The main characteristic of the band is that the redu
widths of the 0121, and 41 states~which are the only mem-
ber states established! for ana emission to the ground stat
of 16O, namelyua0

2 50.70, 0.95, and0.33, respectively, are

nearly the single particle limits@1#, and, thus, they do no
favor a rotational band.



the relevant parts of Fig. 4.
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band

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

81

J~fm2!
expb/mod

G
~keV!

tm

O3
1 15.78

13.83

O6
1 24

20.12

174.3

18.621620 185

18.44

211.37

Jx1Jz5216.8

O7
1 350 ‘‘19.731’’620 330

19.32

204.57

216.8

aSee
bSee
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TABLE IV. Same structure and notations as in Table II, but for the rotational bands O3
1 , O6

1 , and O7
1 corresponding to

Vertex
Config.

Ex ~MeV6keV!
expa/mod

01

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

21

J~fm2!
expb

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

41

J~fm2!
expb/mod

G
~keV!

tm

Ex ~MeV6keV!
expa/mod

61

J~fm2!
expb/mod

7.19163 3.4 7.82962.4 2 12.13765

Fig. 3~a! rel. 7.19 7.86 9.41 11.85

195.0

Jx1Jy5186.9 186.9

9.03167 3

9.03 11.06

225.38

Jx1Jz5225.0 225.0

11.55864 1.1 ‘‘12.22164’’ ,1 13.96565 8.1 16.505615

Fig. 3~b! 11.56 12.27 13.94 16.55

187.65 172.29 176.04

Jx1Jy5174.3 174.3 174.3

12.43365 24.4 12.95765 38 ‘‘14.270’’610 92 ‘‘16.871’’620

Fig. 3~c! 12.43 13.01 14.35 16.45

234.74 225.75 196.23

Jx1Jz5216.8 216.8 216.8

Ref.@2#.
Ref.@2# and Eq.~6!.
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TABLE V. Model employed, binding energy, charge root mean square radius^r 2&ch
1/2, electric quadrupoleQ208 , octupoleQ308 , and

hexadecapoleQ408 moment, reduced electric quadrupole transitionBE(2) mean lifetimet, deformation parameterb2, and average moment o
inertia factoraav for the g.s. of20Ne together with experimental values.

EB ~^r 2&ch
1/2! Q208 Q308 Q408 BE2 t

~MeV! fm e• fm2 e•fm3 e•fm4 e•fm4 ps b2 aAV

Isomorphic Shell Model
a! Fig. 2~e!, sym. axisy 176.5 3.13 102.8 2810
b! Fig. 2 ~g!, sym. axisy 176.5 3.13 33.1 2351
50% occupancy of a,b 176.5 3.13 68.0 2581 459 0.76 0.85 0.2
exp 160.65a 80.5610.5b 480690c 0.73c 0.87c

HF with LINEG interactiond 143.0 3.05 49.8 247e 1.42e 0.62e

HF with B1 interactiond 112.4 3.04 47.8 227e 1.54e 0.60e

HF with band-mixedb 56.0 312e 1.12e 0.70e

HF various calculationsb 30.5-63.0 93-395e 3.8-0.89e 0.38-0.78e

SM various calculationsb 44.8-57.1 200-324e 1.8-1.08e 0.56-0.71e

Rotational modelb 57.861.8 312-353e 1.12-0.99e 0.70-0.74e

Skyrme-type formulasf 0.200f

aSee Ref.@63#.
bSee Ref.@64#.
cSee Ref.@42#.
dSee Ref.@65#.
eDerived fromQ208 by using Eq.~23!.
faav5( Ia I(2I11)/( I(2I11); see Ref.@66#.
o
ct

w

at

he
o
ee
s
di
e
e

n
re
hu

od

f t

y.

-

.04
e 8
-

lue

e-

of

y.
tive
e
rity.

ri-
-
usly

s-
O
s.

med

her
In the framework of the isomorphic shell model, each
these three levels corresponds to a different average stru
@see Figs. 2~a!–~c!, and Table I~a!–~c!, respectively# and, in
this sense, possesses a shell model intrinsic state. This is
supported by the fact that the predicted binding energies~in
MeV!, i.e., 8.6~8.7!, 9.1 ~8.8!, and 10.3~10.8!, respectively,
which are in good agreement with the experimental d
~given above inside parentheses!, as derived strictly by con-
sidering single particle components of the energy or, in ot
words, without considering any collective rotational comp
nent @see Eq.~16!#. Furthermore, while each of these thr
average structures has a16O core and four valence nucleon
forming ana-like particle, these structures resemble a
nuclear molecular type of structure, but they cannot be s
as ana cluster orbiting around a16O core, first because th
a, 16O separation distance is rather short~equal to 3.361 fm
and not 4.6– 4.9 fm, as suggested by Fujiwara@4#! and sec-
ond because, as seen from Table I and already mentio
above, no rotational component is employed for a good
production of each corresponding excitation energy. T
according to the present study, the existence of a O4

1 rota-
tional band does not have physical support. In fact, Tom
and Arima@3# suggest that the state 41, 10.8 MeV, may not
belong to the O4

1 band. Also, in Ref.@1# some doubts have
been expressed concerning the existence of members o
band withIp>41. In addition, the16O1a cluster-type struc-
ture for the states O1, 21, and 41 of the O4

1 ‘‘band’’ is
supported by Ref.@53# in agreement with the present stud

D. The O5
1 band

In Fig. 2~g! the average structure assigned to O5
1 is

shown, together with the symmetry axis~y! and the rota-
tional axes~x! and ~y!. The proton average positions num
bered 3 and 4 in Fig. 2~g! are at their ‘‘normal’’ ~not ‘‘re-
laxed’’! places.
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The model prediction for the 21 level is 12.31~12.33!
MeV and corresponds to a moment of inertia equal to 93
fm2. This moment of inertia assumes a rotation of both th
valence nucleons in the 1d5/2 subshells and of the 8 nucle
ons in the 1p3/2 subshells@while the 1p1/2 subshells are
empty since12C is the core in Fig. 2~g!#. This energy predic-
tion is in very good agreement with the experimental va
12.327 MeV, whose reduced widthua0

2 50.0860.02 is also

in the expected relationship with that of the O5
1 level,

namely 0.14. Moment of inertia prediction is in good agre
ment with the experimental one 91.68 fm2 ~see Table II!.

For the higher member states withIp541, 61, and 81 at
energies~in MeV! 13.048, 15.70, 18.960, respectively~ten-
tatively assigned by Ref.@1# to the O5

1 band even though
their assignment is not included in the latest compilation
Ref. @2#, where the 61 state appears as doubtful!, our predic-
tions are~in MeV! 13.19, 15.64, and 18.97, respectivel
Thus, the present predictions support the previous tenta
assignment@1# and, in addition resolve some dilemma in th
choice of nearby energies having the same spin and pa
These predictions result by usingJ5186.54 fm2 as the mo-
ment of inertia for all of them, which is close to the expe
mental value 199.57 fm2. In evaluating this moment of iner
tia, it is assumed that a rotation takes place simultaneo
around the axesx andy of both the 8 1d5/2 valence nucle-
ons and the 8 1p3/2 nucleons of the12C core. It should be
mentioned that the 81, 18.960 MeV level also has been di
cussed here earlier as a possible member state of the2

1

band, a conflict which should be clarified in later studie
Perhaps, there is another 81 state at an energy close by.

The above three levels belong to an almost superdefor
branch of the band since only the 4 nucleons of the 1s states
remain as spectators to the collective rotation of all ot
nucleons. Thus the 21 level at 12.327 MeV~which is the
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only level assigned by the compilation of Ref.@2# to the
O5

1 band! belongs to a branch of the band of lower deform
tion.

It is interesting to examine if there are other states of t
branch. Indeed, by employingJ21593.04 fm2 as the moment
of inertia of all members of this branch higher than 21, we
obtain for the energies~in MeV! of Ip541, 61, and 81 15.43
~15.330!, 20.33~20.168!, and 27.02~28!, respectively, where
inside parentheses the experimental energies~with the cor-
rect spin and parity! are given. The agreements between p
dictions and data are very good except for the 81 level
where, of course,Gc.m.51.6 MeV, a fact which smoothes th
impression resulting from the rather larger deviation of 0
MeV between theory and experiments. Thus these three
els are reasonable predictions of the present model and
not included in Ref.@1#.

Finally, an additional branch of the O5
1 band is suggested

here based on a moment of inertiaJ596.14 fm2 which in-
volves the same nucleons, as the previously discussed lo
deformation branch, but the rotation now takes place aro
the axisy ~see Table II!. The predicted energies are~in MeV!
12.26, 15.28, 20.03, and 26.50 forIp521, 41, 61, and 81,
respectively. These predictions for the first three levels
supported~in location and spin-parity assignment! by the
experimental energies~in MeV! 12.221, 15.330, and 20.027
The prediction for the 81 is beyond the present knowledge
the 20Ne energy spectrum. It should be noted, however, t
the level 41, 15.330 MeV also has been assigned in the p
vious lower deformation band. Perhaps, another 41 level ex-
ists in a nearby energy.

Thus in the present study, three different branches
suggested for the O5

1 band of a total of 10 member state
supported experimentally, while in the compilation of R
@2# only one level was assigned to this band.

E. The O8
1 and O9

1 bands

These two bands are introduced here for the first tim
The average structures assigned by the model to their in
sic states are shown in Figs 2~e! and~d!, respectively. Their
corresponding band head energies are given in Table I blo
~e! and~d!, respectively, together with their core and valen
vertex ~state! configurations. For both bands the proton a
erage positions numbered 3 and 4 are at their ‘‘normal’’~not
‘‘relaxed’’ ! places.

While in the literature not even one level has been
signed to these two bands, the model employed here is
to predict moments of inertia by using the symmetry prop
ties of the relevant vertex configuration for each band. W
out any reference to the experimental energies~used only for
comparison!, the model makes successfully real predictio
by employing these moments of inertia.

Specifically, the axes of rotation, their moments of inert
and their corresponding rotational spectra for both the8

1

and the O9
1 bands are given in Table II together with su

porting experimental data possessing the correct spin
parity. In both rotational spectra, the maximum deviatio
appear at theIp581 levels. However, at these two leve
there are large experimental errors and large values ofGc.m.
enough to compensate for the difference, which does
exceed 0.33 MeV. Indeed, the agreements between m
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predictions and supporting experimental data are very go
Totally, the O8

1 band has two branches, while the O9
1

band has only one. The moments of inertia listed in Table
for these two bands came by rotation around the axes li
in this table and correspond to the following rotating parts
20Ne. O8

1 band:J5131.54 fm2 corresponds to the rotation o
the valence nucleons and of the 1p3/2 core nucleons aroun
the x axis, whileJ5183.34 fm2 corresponds to the rotatio
of the same nucleons, but simultaneously around bothx and
y axis. O9 band:J5189.54 fm2 corresponds to the rotatio
of the valence nucleons and of the 1p3/2 core nucleons si-
multaneously around both thex andy axes.

F. The O3
1 , O6

1 , and O7
1 bands

These three bands are slightly out of the scope of
present paper which deals mainly with average structure
20Ne made of onlya-like particles. Indeed, the O3

1 , O6
1 , and

O7
1 bands whose average structures of their intrinsic sta

are shown in Figs. 3~a!–~c!, respectively, besides may be on
~at maximum! valencea-like particle possess at least on
valence pair of protons and one valence pair of neutr
which do not form ana-like particle since their average po
sitions are far apart. Specifically, only the O3

1 band possesse
one valencea-like particle, while the O6

1 and O7
1 bands

possess only pairs of valence nucleons. This situation is c
sistent with the comment of Ref.@1# that the O3

1 band has a
smaller reduced width,ua0

2 , for ana emission to the ground

state of16O than the O2
1 band, which here is composed from

a-like particles alone.
For reasons of completeness, however, these three b

also are included in the present study. Specifically, in Fi
3~a!–~c! and Tables III and IV~whose explanations are sim
lar to Fig. 2 and Tables I and II, respectively! the average
intrinsic structures together with the relevant symmetry a
rotational axes, and the model predictions for the energ
and the corresponding rotational bands with their mome
of inertia are given for each of these three bands. The ag
ments between model predictions and experimental dat
Ref. @2# are very good, except for the 61 of the O7

1 band at
19.443 MeV, which is a doubtful assignment and is not s
ported by the present study. However, some interes
points require further discussion.

For all these three bands the moments of inertia u
come as the sum of two moments of inertia around two p
pendicular axes~see Table IV!.

It is worth noticing that in all these three bandsall nucle-
ons of 20Ne participate in the collective rotation, a situatio
characteristic of superdeformation as has been already c
mented on earlier for similar cases. This makes the pre
tions for higher excitations on each branch rather sec
since no further increase of the moment of inertia is possi
The increase of the moment of inertia between branc
listed in Table IV for the O3

1 and O6
1 bands comes by chang

ing the combination among thex,y,z axes of the specific two
axes employed in the rotation and not by changing the nu
ber of nucleons participating in the collective rotation.

The use of12C as a core for the explanation of the O3
1

band is consistent with Ref.@54#, where for this explanation
a 12C18Be a cluster-type structure is employed. Also, it
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consistent with the more general Ref.@54#, where fourp
particles are raised up to the next shell~s,d orbits! to explain
the O2

1 state in16O, in analogy to the low lying12
2 state in

19F and the12
2 state at around 3 MeV excitation of17O and

17F @14#.
For the 41 state of the lower deformation branch of th

O3
1 band predicted at 9.41 MeV, no experimental counterp

exists. The 21 state of the O6
1 band and the states 41, 61, 81

of the O7
1 band are for the first time here assigned to exp

mental energies~in MeV!, i.e., 12.221, 14.270, 16.871, an
19.731.

The structure of the average intrinsic state of the O7
1,

made here of a16O core plus two pairs of nucleons which d
not form ana-like particle, is supported by the fact tha
ua0
2 '0.001, i.e., there is a large structural impossibility

decay of the O3
1 state of20Ne intoa116Og.s. @55#.

G. Spurious states

As known, in the shell-model approach, like the one d
scribed in@7a#, the interparticle potentialW in Eq. ~25!

H5(
i51

A

T~ i !1 (
l5 i, j

A

W„r ~ i !2r ~ j !… ~25!

is replaced by a sum of central single-particle potentia

( i u„r ( i )…, that are fixed in space, and a residual inter

tion. Hence the resulting shell-model Hamiltonian is
longer invariant with respect to translations and, thus,
calculated wave functions may contain unphysical, spuri
components which describe excitations of the center-of-m
motion of the nucleus possessing no physical interest.

It is noticeable that the harmonic-oscillator potential us
in Eq. ~3! is the only potential which permits the partitio
into a center-of-mass Hamiltonian and a Hamiltonian for
relative motion. For such a potential all wave functions w
the lowest energy allowed by the Pauli exclusion princi
are completely nonspurious. However excitations of one
more particles into higher orbits may introduce spurios
Several methods have been derived to treat the problem
the removal of spurious states.

The present work, however, employs the semiclass
part of the isomorphic shell model@6#, where a two-body
potential ~12! is applied among all nucleons pairs for th
ground state and the excited states of20Ne. That is, the many
body problem of this nucleus is described in terms of relat
coordinates and, thus, only intrinsic excitations are involv
corresponding to the genuine excitations of the physical s
tem related to those observed experimentally. Hence sp
ous, unphysical components, due to excitations of the cen
of-mass motion, do not sneak in the present results neithe
the ground state nor in the excited states.

IV. COMPARISON WITH RESULTS OF OTHER MODELS

In Table V one can see the predictions of the pres
model for the observables of binding energyEB , rms charge
radius^r 2&ch

1/2, electric quadrupole momentQ208 , electric oc-
tupole momentQ308 , electric hexadecapole momentQ408 , re-
rt
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duced electric quadrupole transition rate for the g.s. to1

state transition@B(E2)#, mean lifetimet, deformation pa-
rameterb2, and the average moment of inertiaaav for the g.s.
of 20Ne, together with experimental data and predictions
other models for comparison. The different models e
ployed here are listed in column 1 of the table, while t
relevant references are cited as footnotes of this table.
abbreviations HF, LINEG, B1, and SM used in the tab
stand for Hartree-Fock, Negele, Brink, and Shell Model.

First one should notice that the predictions of the pres
approach on all observables are the average values of t
observables coming from the vertex~state! configurations
depicted by Fig. 2~e! relaxed and Fig. 2~g! relaxed. These
configurations have identical binding energies and, as af
mentioned, are considered to contribute 50% each to all
observables of20Ne.

It is apparent from Table V that the predictions of th
present approach approximate the experimental data cl
than any other approach employed here. The largest de
tion appears for the binding energy, where the approach
ing LINEG interaction gives almost equal deviation. How
ever this latter approach gives larger deviations for all ot
observables of Table V. The ability of the present approa
to predict simultaneously good results for many observab
without using adjustable parameters, constitutes a uni
character of the isomorphic shell model employed he
Moreover, the present approach has the advantage of
senting the physical structure of the states. Indeed, in o
models, with the exception of the calculations perform
with an SU~3!-classified basis@56#, the resulting eigenvec
tors consist, namely, of a very large number of small co
ponents. It is, therefore, highly impractical to extract info
mation from these models on such structural properties
intrinsic deformation, orbital symmetry,a clustering, etc.
which are quite important for thesd-shell nuclei@57#.

Furthermore, it is interesting for one to notice that certa
symmetries of Fig. 2 can follow from two simple and we
known properties of all effective shell-model interaction
namely, the exchange nature and the finite range@58#. In
addition, the deformed intrinsic states presented by Fig
could be used in any HF treatment of the relevant rotatio
bands, a fact which, obviously, relaxes the requiremen
rotational invariance for the HF density@58#.

An additional interesting feature of the average g.s. str
tures studied in Table V is the hexadecapole deformation
these structures for20Ne ~seeQ408 values!, a fact which is
verified experimentally by the scattering ofa particles on
this nucleus@59#. If Fig. ~g! relaxed, however, is considere
alone, the existence of octupole deformation is appar
something which is supported by Refs.@60–62#. The results
there demonstrate clearly the necessity of including the l
right asymmetric degrees of freedom in self-consistent c
culations aiming at an accurate description of the spect
copy of 20Ne. Indeed, there@60#, the collective path is
defined in terms of a combination of quadrupole and oc
pole moments, exactly as in the present study, where
2~e! relaxed stands for the quadrupole and Fig. 2~g! relaxed
for the octupole moment.

V. CONCLUSIONS

The semiclassical part of the isomorphic shell mod
~whose main features are that it is a microscopic nucle
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54 3011PERSISTINGa-PLANAR STRUCTURE IN20Ne
structure model which incorporates into a hybrid model
prominent features of shell model and liquid drop models
conjunction with the nucleon finite size and that the mo
uses no adjustable parameters! has been employed for th
study of nine On

1 states and their rotational bands of20Ne.
The results have been compared successfully with exp
mental data and those of other models.

Persisting ‘‘a’’-planar structure has been found for20Ne
when the center of gravity of eacha-like particle in the
model is considered. Specifically, out of the nine On

1 states
examined, six possess planar average structures. The rem
ing three On

1 states have three-dimensional average str
tures. Two out of these three and one out of the previous
have mixed structures made ofa-like particles and one
~minimum! or two ~maximum! pairs of nucleons, while the
remaining six have average structures strictly made ofa-like
particles. Of course, in later moments all nine of them evo
according to the independent particle motion of their co
stituent nucleons. Two-dimensional~planar! structure means
here that the core is12C, while for a three-dimensional struc
ture the core is16O.

It is noticeable that two different ‘‘a’’-planar structures
have been associated with the g.s. of20Ne and that the dif-
ferent g.s. observables have been calculated as a mixtu
these two configurations. However, while for the O1

1 and
21

1 states this mixture is 50% of each, for the other memb
of the g.s. band the one configuration becomes dominan

In calculating the moments of inertia, it has been fou
that the number of nucleons participating in collective ro
tion may vary and may become larger at higher mem
states of the same band. Each time the moment of ine
varies in a band, a new branch of the band starts. The
ments of inertia of two different branches of a band differ
the moment of inertia of complete~deformed! shells from the
outermost to the innermost. In other words, when part of
core participates in the collective rotation, the nucleons
wholeshells are involved successively from the outermos
the innermost shell. This means that as the excitation of
nucleons gets larger and larger, at a certain energywhole
shells~successively from the outermost to the innermost! get
deformed and start participating in the collective rotatio
Thus, the moment of inertia increases from branch to bran
An exception to this rule is the moment of inertia of the 21

state of the O2
1 band which is larger than those of all oth

higher spin members of the band. This exception favors
existence of additional 21 states at energies larger tha
7.4219 MeV as members of this band with moments of
ertia smaller than 189.54 fm2.

Another interesting feature of the moments of inertia
20Ne is that different axes of rotation have been employed
different members of the same band. This change follows
rule that each time the axis of rotation changes in going fr
one branch to another branch of the same band, the new
should lead to a larger moment of inertia. This behavior
familiar from the classical rotation of a rigid body possess
three-axial symmetry. Both above features leading to a va
tion of the moment of inertia from branch to branch of t
same band have been met for the first time in Ref.@31#.

A third feature met here for the first time is that a colle
tive rotation could take place simultaneously around two p
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pendicular axes and this is a third way of increasing
moment of inertia from branch to branch of the same ba

Situations of superdeformation have been noticed for
branches of the bands where the moment of inertia gets
largest possible value in the band. For these situations
nucleons, or almost all nucleons, of20Ne participate in the
collective rotation.

Many new experimental states, even whole new branc
of states, have been assigned as members of known
tional bands. Additionally, two completely new rotation
bands~the O8

1 and O9
1! have been introduced here for fir

time, a fact which demonstrates the power of the emplo
model. Indeed, in the framework of the semiclassical par
the isomorphic shell model, a moment of inertia can be e
mated without the knowledge of rotational levels being n
essary. A moment of inertia can be estimated directly fr
the symmetry properties of the shapshot of the nucleon
erage positions constituting a specific band head. A snap
is completely determined from its binding energy in relati
to the snapshot of maximum binding energy taken as
ground state configuration.

The O4
1 rotational band@1#, according to the presen

study, has no physical support. Its states are interprete
shell model states with a different average structure ea
Criticism concerning its states withIp>4 exists in the litera-
ture @1,3#, where one also may find support@53# for the
16O1a cluster-type structure supported here.

Also of interest is the fact that rotational branches of t
same or different bands of20Ne have almost the same mo
ment of inertia, something which has been observed in
study of nuclei in the well-deformed region and, particular
in the cases of nuclei with superdeformation.

Quadrupole, octupole, and hexadecapole deformat
have been determined in20Ne in consistency with Refs.@60#
and @59#, respectively.

The present study supports strongly ana-like particle
composition of the ground state and many excited state
20Ne. It is noticeable that anya cluster arrangement sup
ported by the model leads to an observable. However
moments later than that depicted in Figs. 2 and 4, where aa

FIG. 4. Average forms of20Ne, according to the isomorphic
shell model, composed of average positions of the constitu
nucleons~NAP! forming an ‘‘a’’ particle or pairs of nucleons~two
protons or two neutrons!. ~a! 12C core~NAP 1-8, 11-16! plus one
‘‘ a’’ particle ~NAP 17-18, 29-30!, one pair of neutrons~25-26!, and
one pair of protons~31-32!. ~b! 16O core~NAP 1-16! plus two pairs
of one neutron and of one proton~NAP 25, 38; 27,40!, ~c! 16O core
plus two different pairs of one neutron and of one proton~NAP
17,29; 19,31!. Part~a! could be presented by a plane if ‘‘a’’ particle
and pairs of nucleons are substituted by their center of gravity. T
is not valid for parts~b! and ~c!. For part~a! the average positions
of the 1s protons are considered at their ‘‘relaxed’’ location. Num
bering of NAP and labeling of axes as in Figs. 1 and 2.
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structure of20Ne is apparent, each constituent nucleon f
lows its independent particle motion in a well-defined sh
model orbital.

The present approach has the unique advantages tha
it can determine all observables starting from the configu
tion of the nucleon average positions which results direc
from the assumptions of the employed model without us
adjustable parameters, and second it provides informa
about the intrinsic structure of the states with no referenc
the experimental data. Indeed, it is of interest and remain
open question whether we can obtain unambiguous infor
tion on the nuclear shape from the analysis of the experim
tal data. In experiments using strongly interacting prob
there are ambiguities of the optical potential which do n
provide directly information on the nuclear shapes of tar
nuclei.

As apparent from Table V, the predictions of the pres
.

en

ico

or

,

-
ll

rst
-
y
g
n
to
an
a-
n-
s,
t
t

t

work are superior to those coming from other approaches
general, the present work stands for the most exhaus
study of20Ne in the literature.
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