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Coherent pion effects at large rapidities in nucleus-nucleus collisions
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Coherent effects are considered in the model of bremsstrahlung of scalar pions in high-energy nucl
nucleus collisions. As a result of the quantum mechanical Monte Carlo calculation it is shown that t
mechanism yields pions in central collisions at large rapidities with a strong coherence. The coherent enha
ment of the cross section has a threshold character of a function of the number of interacting nucleon pairs.
coherence narrows regions of pion transverse momenta towards zero and longitudinal momenta around
characteristic value. The pion pseudorapidities are moved to large values of about one-half of a u
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I. INTRODUCTION

The large pion multiplicity in the STAR project at RHIC
(;103) could allow the observation of a new physica
phenomenon—the classical pion field, analogous to the la
electromagnetic field. Some experimental evidence of its
istence comes from Centauros~anti-Centauros! events in
cosmic ray physics with an anomalously small~large! num-
ber ofp0 @1,2#. Such isospin fluctuations were explained a
pion identity effects in a model of pion coherent states@3#
and in the case of multipion states with a strong coheren
@4,5#. Analogous effects were obtained for the classical pi
field in the nonlinear sigma model@6#. The creation of such
a field for the nucleus-nucleus collision was studied in@7#.
The production of the classical pion field is widely discuss
now in connection with the idea of the disoriented chir
condensate~DCC! @8–25#. In this case the observation o
pion coherent effects may be a signature of the vacu
phase transition.

Besides the isospin fluctuations an important feature
Centauros events is a large rapidity value of emitted hadro
^h lab&59.960.2 @2#. Assuming Centauros events to be ge
erated at the energyE'1740 TeV during the collision of the
projectile nucleusA560 with the target nucleusA514 we
obtain the energyASNN'234 GeV and the rapidity
^yNN&59.925.554.4 in the nucleon-nucleon c.m. system
These parameters correspond to the kinematics of future
periments at RHIC. The aim of this work is to study th
influence of coherent effects connected with Bose enhan
ment factors due to pion symmetrization on the nucleu
nucleus collisions in the region of large rapidities.

One can understand the main features of the coherent p
production in the large rapidity region by virtue of a simpl
model of bremsstrahlung of scalar pions, only one pion be
radiated in every elementary nucleon-nucleon interactio
The characteristic angles for such emission areu'm/p.
Herep denotes the nucleon momentum andm is the nucleon
mass. If there is a strong interference of pion waves fro
different sources in such scattering~that is not trivial because
of large pion momenta!, then two effects must take place
The first one is the narrowing of the transverse momen
region for pions (pt distribution!. This effect must occur
543/96/54~5!/2624~12!/$10.00
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when a few sources localized in the large transverse spa
regionR radiate pion waves coherently. In this case the cha
acteristic transverse momentum becomespt;1/R by virtue
of the symmetrization on pions from different sources. It i
significantly smaller than the inverse transverse space ran
for the elementary process.

The second effect is the analogous narrowing of the lo
gitudinal momentum distribution due to pion coherence.
could take place if the longitudinal range in the pion momen
tum space for elementary pion creation does not exce
strongly the inverse longitudinal nucleus space range taki
into account the Lorentz shortening. The narrowing of th
distribution occurs around some value, being characteris
for the pion bremsstrahlung mechanism. As a consequen
of the narrowing of thept spectrum and the fact that the
coherence does not soften the longitudinal momenta t
pseudorapidity distribution moves to the right. The narrow
ing of the longitudinal momentum distribution makes this
effect more pronounced.

The value of the coherent effects discussed for the sing
inclusive-pion distribution depends on two factors. The firs
one is the small probability for allN pions of a multipion
system to be in the same quantum state. The second facto
the laser-typeN! enhancement of a cross section due to
coherence@4,5#. As a result, the coherent effects in the cen
tral nucleus-nucleus collisions demonstrate a drastic thres
old character as a function of the number of interactin
nucleon-nucleon pairs. The coherent effects could be lar
enough for observing them in the STAR project at RHIC.

In Sec. II the amplitude of the pion radiation in the
nucleus-nucleus scattering is treated via some model of t
pion bremsstrahlung. In Sec. III the quantum mechanic
Monte Carlo method of amplitude and cross-section calcul
tions is described. The results of calculations are discussed
Sec. IV for the simple deuteron-deuteron case and in Sec.
for gold nucleus collisions. The estimation of coherent e
fects in the case of the large number of pion sources is do
in Sec. VI. Some remarks about the experimental observ
tion of effects discussed is offered in Sec. VII although w
are only at the beginning stage of an understanding of coh
ent phenomena. In the Appendix some details of the calc
lations are presented.
2624 © 1996 The American Physical Society
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II. THE AMPLITUDE OF PION RADIATION

To study quantitatively coherent phenomena in nucle
nucleus collisions some phenomenological model of the m
tiperipheral type could be chosen. To understand the m
qualitative effects in this task we consider now the sim
model of the bremsstrahlung of scalar pions. Besides for
simplicity it corresponds to the kinematics of pion creatio
possessing the important property of the transverse mom
restriction. The central nucleus-nucleus collisions are stu
with an energy of 100 GeV per nucleon in the c.m. syste
The main question to be treated is the problem of pion
herence with the large number of pions. If the average m
tiplicity in the nucleon-nucleon scattering iŝn& and the
number of interacting nucleon-nucleon pairs is denoted
N, then we will consider collisions with multiplicity mor
than ^n&N. For central collisionsN corresponds to the
nucleus atomic weight. To understand qualitatively the m
features of the collisions it is convenient for simplicity
study the model witĥn&51. Then one can consider only th
diagrams with one pion radiation in every nucleon-nucle
interaction@Fig. 1~a!#. We will discuss the kinematical re
gion of large pion longitudinal momenta and small tra
verse ones. Such diagrams may interfere strongly with p
permutations at such kinematics. We neglect amplitudes
radiation of pions from one nucleon line without radiati
from another one. They cannot possess significant inte
ence with the pion permutation in the case of large long
dinal pion momenta@26#. After such radiation the nucleon
in the final state will have different longitudinal momen
~see Fig. 3 in Sec. IV! and the amplitude with the pion pe
mutation will be small in this kinematical region. The situ
tion is opposite to the case of soft gluon interference in Q
@27# where just such diagrams provide the strong cohe
effects.

To understand all the peculiarities of the scatter
mechanism it is convenient to begin from the deuter

FIG. 1. The amplitudes of the pion radiation for the nucle
nucleus collision in the general case~a! and in the deuteron
deuteron sample~b!.
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deuteron case as the simplest first step. A one-loop graph
the old perturbation theory, Fig. 1~b! presents the amplitude,
Eq. ~1!, which is given by a threefold integral on the nucleo
momentum in the intermediate state:

M5E d3p18

~2p!3
1

2E~p18!2E~p28!2E~q18!2E~q28!

3
G~Sp!

E02E~p18!2E~p28!

G~Sq!

E02E~q18!2E~q28!

3
1

E11 ih2E~p18!2E~q18!

M1

h1
22m2

M2

h2
22m2 , ~1!

hi
25@E~pi !1E~qi !2E~qi8!#22~pi82k i !

2 ~ i51,2!.

The valueE0 is the initial deuteron energy,E(p) andv(k)
are the nucleon and meson energies, andE15E(p1)
1E(q1)1v(k1). The structure of Eq.~1! is transparent. The
form factorsG(Sp) andG(Sq) with the corresponding en-
ergy denominators represent the wave functions of rapid
moving deuterons. They are the infinite momentum fram
wave functions. The parameters of the simplest Hulth
wave function have been chosen for the form factorG(S),
producing the correct nonrelativistic behavior in the two
nucleon rest-frame system.

Spin and isospin variables are neglected in our simp
model. For such diagrams the isospin neglect does not le
to the loss of the diagram cancellation effects analogous
QCD @27#. The account of spin variables in the case of th
nucleus breakup~Fig. 1! does not result in any diagram can
cellations too.

The characteristic transverse momenta in the conside
model of bremsstrahlung of scalar pions are aboutm. In real
multipion production the average transverse pion momentu
^pt& equals approximately 3m. The calculations with the
large ^pt& should lead to the increase of the observable c
herent effects in the momentum spectra but the absol
cross section of this effect should be somewhat smaller~see
the discussion in Sec. V!.

The invariant amplitudes of the nucleon-nucleon elas
scatteringM1 and M2 with propagators of nucleons give
amplitudes of a pion emission. The imaginaryNN amplitude
with the slope parameterb51/(0.3 GeV/c)2 for the trans-
verse momentum dependence is used. The amplitude a
sum of two time-ordered graphs, Fig. 1~b!, was symmetrized
for the momentak1 and k2 taking into account the pion
identity.

The pion radiation from external nucleon lines of the dia
grams in Fig. 1 is neglected in the model considered. It do
not change significantly the characteristic pion momentum
the region of the momentum transferred in the nucleo
nucleon scattering of the order of 1/Ab. So this approxima-
tion is not a principle for the qualitative results obtained.

Only the pole of the intermediate state propagator wi
two nucleons and one meson is taken into account in t
integral calculation due to its minimal virtuality compare
with the other intermediate states. The significant feature
the amplitudes in Fig. 1~b! is that the imaginary part of this
propagator dominates with a good accuracy in Eq.~1!, i.e.,
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1

E1 ih2H
'2 ipd~E2H !. ~2!

Being done only with the real part of the propagator th
numerical calculation of Eq.~1! gives a small value of about
some percent. To explain qualitatively its smallness we u
the approximate expression for the integrand. The dep
dence of the deuteron wave function on the longitudinal m
mentum can be written as

f~p1l8 !'wS p1l8 2
E0

2 D , w~kl !5w~2kl !.

If u15p181q185p11q11k1, then

fp~p1l8 !fq~q1l8 !

E11 ih2E~p18!2E~q18!
'

F~v1l !
E12E022v1l1 ih

,

where

F~v1l !5wS v1l1 u1l
2 DwS 2v1l1

u1l
2 D ,

v1l5p1l8 2
E01u1l

2
.

If f (x) is the Fourier transform ofF(k), then one can write
the next relation

E
2`

`

dk
F~k!

k2k02 ih
5 ipF~k0!22pE

0

`

dx f~x!sin~k0x!.

The longitudinal momentum integration in Eq.~1! has the
analogous form withk05DE5 1

2(E12E0). It is seen that the
scattering amplitude depends on the energy nonconserva
DE. The imaginary part is a narrow function with the max
mum atDE50. The real part of the amplitude is equal t
zero at this point and is small at largeuDEu due to the inte-
grand oscillation. This is the reason why the real part of t
intermediate state propagator gives a small contribution
the scattering amplitude, Eq.~1!.

For the collision of heavy nuclei we consider the nucleu
in the single-particle approximation in which the nucleu
wave function can be written as a product of single-partic
ones:

F~p1 , . . . ,pN!5)
i51

N

f~pi* !.

Herep* is the nucleon momentum in the rest frame of th
nucleon and the residue nucleus. In this model nucleons
treated as a gas of noninteracting particles and the charac
istic space range is the nucleus radius. In the real mo
taking into account the interaction of nucleons this parame
could be some smaller. Nevertheless, the approximation u
gives the correct qualitative behavior of studying cohere
effects.

The single-particle wave function could be taken as t
Fourier transform of a square root of the the nuclear dens
For the gold nucleus this function is shown in Fig. 2 for
Fermi distribution with the radiusR56.3 fm and the diffuse
e
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parametera51.0 fm ~the solid line!, a50.6 fm ~the dashed
line!, anda50 ~the dotted line!. For the last case it has the
simple analytical form

f~p!5A12p

R

1

p2 S sin~pR!

pR
2cos~pR! D .

It is seen that the first zero point is atpR' 3
2p. The numeri-

cal calculations were carried out with the valuea51.0 fm
because calculations with the more realistic strongly oscillat-
ing wave function witha50.6 fm require a lot of computer
time. This approximation does not change the qualitative re-
sults obtained.

In the case ofN interacting nucleon pairs the scattering
amplitude has the next view

M5 )
i51

N21 E d3pi8

~2p!3
f~pi* !f~qi* !

2E~pi8!2E~qi8!
~2 ip!d„Ei2E~pi8!

2E~qi8!…
Mi

hi
22m2

f~pN* !f~qN* !

2E~pN8 !2E~qN8 !

MN

hN
22m2 . ~3!

For largeN it approximates to the product of one-loop am-
plitudes analogous to the deuteron case.

The neglect of the real part of the intermediate state
propagator simplifies the calculations considerably, retaining
only the transverse momentum integration in Eqs.~1! and
~3!. The calculation of the cross section has to be done afte
that:

ds;E )
i
d3pid

3qid
3ki~2p!4d~4!~Pf2Pi !uTu2, ~4!

FIG. 2. The wave function for the nucleus with radiusR56.3
fm and diffuse parametera51.0 fm ~the solid line!, a50.6 fm ~the
dashed line!, anda50 ~the dotted line!.
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T5
M

2E0)
i

A2E~pi !2E~qi !2v~ki !

.

III. QUANTUM MECHANICAL
MONTE CARLO CALCULATION

Because of a large number both of internal variables
the integration in Eqs.~1!, ~3!, and~4! and external ones it is
natural to perform this integration in the Monte Carlo~MC!
manner. We will name it here the quantum mechanic
Monte Carlo calculation~QMMC! distinguishing it from
conventional MC calculations. The coherent effects cou
not be included in the usual MC calculation as this approa
is based on the probability of processes. The QMMC calc
lation is the usual MC method of manifold integration. It ca
be written as

E
a

b

dx f~x!'
b2a

N (
i51

N

f ~xi !. ~5!

In Eq. ~5! we mean an integral of arbitrary dimension. Thi
expression has the sense of a sum of weighted simula
events and allows one to obtain distributions of the arbitra
variable as the usual MC simulation:

dP

dx
5 f ~x!'

b2a

N

1

Dx (
$Dx%

f ~xi !. ~6!

The real situation in Eq.~4! is complicated because of the
inner one-loop integration in the amplitude. This case cou
be reduced to the QMMC procedure as

E dxU E dx1f ~x,x1!U25E dxdx1dx2f ~x,x1! f * ~x,x2!

;
1

N (
i , j ,k

f ~xi ,x1 j ! f * ~xi ,x2k!. ~7!

So it is possible to perform both internal and external int
grations in a general manner, increasing the integral dime
sion.

Such a method of integration is successful only if th
integration region has constant boundaries. In the oppos
case@for example, in Eq.~1! with the real part of the propa-
gator for an examination of Eq.~2!# the calculation of the
internal integral with variable boundaries has to be done
lattice integration.

To avoid the narrow behavior of the integrandpl andpt
2

variables were substituted by those with a flat dependence
the integrand:

E dx f~x!5E dG~x!
f ~x!

g~x!
.

The smoothing functiong(x) was chosen to be

g~pl !5
a2

~pl2pl0!
21a2 ,

a5a1 , pl,pl0 , a5a2 , pl.pl0 ,

g~pt
2!5

a2

pt
21a2 .
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The parametera was fitted from the view of differentpl ,
pt
2 distributions in Eqs.~1!, ~3!, and~4! for both internal and

external variables.

IV. RESULTS FOR THE DEUTERON-DEUTERON
SAMPLE

The results of the particle spectra calculation for th
deuteron-deuteron case are shown in Figs. 3 and 4. At fi
we examine nucleon spectra to observe some general ch
acteristics of collisions. There are two types of nucleons
this process: nucleons pion sources from the top jet in Fi
1~b! moving to the right and accompanying nucleons from
the bottom jet moving to the left. The distributions of the
nucleon longitudinal momentum~left! and the transverse
momentum square~right! are shown in Fig. 3. These spectra
allow one to check at once the correspondence of the resu
to some qualitative features of the conventional pion emi
sion in the nucleus-nucleus scattering.

There are spectra for accompanying nucleons in the upp
row and that for the nucleons pion sources in the lower on
It is seen that the model describes correctly the main qua
tative features of the process. The average momentum
accompanying nucleons is^ql&5100 GeV/c and the width of
the distributiondql;(pF /m)p corresponds to the deuteron
properties. HerepF.0.1 GeV/c denotes the characteristic
deuteron Fermi momentum andp is the average nucleon
momentum in the moving deuteron. The transverse mome
tum corresponds to the slope parameter ofNN scattering.
The analogous distribution onpl for the nucleon source is
deformed and the spectrum ofpt

2 is widened due to the pion
emission. The light picture shows the result with pion cohe
ence effects taken into account; in the dark one, these effe
are neglected.

The main questions connected with pion coherence can
understood from single-inclusive pion distributions. They ar
shown in Figs. 4~a! and 4~b! for the longitudinal momentum
kl and the square of the transverse momentumkt

2 . The dis-
tribution of kl has the narrow maximum atkl'(m/m)p, and
m is the pion mass. It corresponds to the pion bremsstrahlu
mechanism and such an estimation could be obtained fro
the propagator consideration of the pion creation amplitud
The kt

2 distribution has a narrow behavior with width
dkt

2'm2. It is connected also with the pion radiation mecha
nism used.

The pion pseudorapidity distribution is shown in Fig. 4~c!.
The spectrum maximum ath'5.4 corresponds to the maxi-
mum in the kl distribution @Fig. 4~a!# and the angles are
u'm/p as in the conventional bremsstrahlung. The mod
considered is seen to give just large values of pion rapiditie

The spectra in Figs. 4~a! and 4~b! show that pion coher-
ence increases the cross section in the maximum for abo
20% both for the longitudinal and for the transverse mo
menta. Such a large interference appears to be not a triv
effect for a weakly bound deuteron, taking into account larg
values of the pion momenta. The reason lies in the larg
nucleon momentum spread in the rapidly moving deutero



light

2628 54G. Z. OBRANT
FIG. 3. The distributions of the nucleon longitudinal momentum~left! and the transverse momentum square~right!. Spectra for the
nucleon from the lower jet in Fig. 1~b! are in the upper row and those for the nucleon pion source are in the lower one. In the
histograms, the pion coherence is taken into account; the dark ones, the noncoherent contribution.
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~see theql distribution in Fig. 3!. It corresponds to the Lor-
entz shortening of the deuteron longitudinal sca
l5(m/p) l 0 ( l 0;1/pF).

The pion coherence produces some narrowing of thekt
2

distribution @Fig. 4~b!#. To see it better we examine the dif
ference between light and dark spectra. It is just the interf
ence contribution in the cross section connected with a p
identity. In Sec. VI interference terms will be shown t
dominate in the cross section in the case of heavy nuclei
to the strong coherent enhancement with a large numbe
pion sources. So we estimate the situation with the lar
coherence by that spectra difference. It is shown in Fig
4~d!–4~f! by dark histograms together with the noncohere
contribution~light spectra! normalized in the maximum. It is
seen that the coherence narrows both the longitudinal and
transverse momentum distributions. The longitudinal m
mentum spectrum is narrowed around the characteris
value;(m/m)p. It is not softened by coherence. The na
rowing of the transverse momentum spectrum has been
ready discussed in the literature@28#.

As a consequence of the coherent effects obtained for
pion momentum spectra the pseudorapidity distribution f
the coherent contribution is shifted to the right relative to th
noncoherent one@Fig. 4~f!#.This effect is rather small in the
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deuteron-deuteron sample; however, it increases for he
nuclei.

V. THE HEAVY NUCLEI SAMPLE

In the case of gold-gold collisions two and three interac
ing nucleon pairs are considered@Fig. 1~a!#. Only one pion is
created in every nucleon-nucleon interaction. The resid
nuclei are introduced in the model, Fig. 1~a!, to provide the
energy-momentum conservation in Eq.~4!. In the first vari-
ant the coherent increase of the cross section in the ma
mum of the transverse momentum spectra is approximat
3.8%. Such a decrease of the coherent enhancement in c
parison with the deuteron case is a consequence of a decr
of the momentum space coherence volume due to
nucleus radius growth. Pion spectra for the coherent con
bution together with the noncoherent spectra are shown
Figs. 5~a!–5~c!. All qualitative results for the deuteron-
deuteron case are confirmed here. The difference is that
narrowing of longitudinal and transverse momentum spec
is stronger in this case. As a consequence the shift of
pseudorapidity distribution to the right is rather large. It
about one unit in the rapidity scale. Such an increase of
effect is due to the large nucleus radius also as the cha
teristic width of the longitudinal and transverse momentu
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FIG. 4. The distributions of the pion longitudinal momentum~a!,~d!, the transverse momentum square~b!,~e!, and the pion pseudora
pidity distribution ~c!,~f!. In the light histograms in~a!–~c!, the pion coherence is taken into account; the dark ones, the noncoh
contribution. In the dark histograms in~d!–~f!, the interference part; the light one, the noncoherent contribution.
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distributions for the coherent pion radiation is of an order
the inverse space range.

In the second variant with three interacting nucleon pa
the absolute value of the coherent cross-section increas
approximately 7.8% in the maximum of the transverse m
mentum spectrum. It corresponds to the estimation on
value given in Sec. VI which is roughly twice as large as th
in the first variant. The pion momentum spectra correspo
approximately to the two-pion case.

The model examined for pion creation in nucleus-nucle
collisions yields pions at random over the whole nucleus
the correspondence with the wave functions in Eq.~3!. In
reality there is some correlation of the pion radiation a
some retarding effects due to the Glauber screening of nu
ons in the scattering process. One can calculate it in so
effective manner in the framework of the QMMC approac
The nucleus-nucleus collision can be treated as a sequen
collisions of the corresponding layers of the nuclei. The la
thickness 2s is a free path length of a nucleon. The singl
particle nucleus wave function can be represented as the
perposition of layer wave functions treated as a product
longitudinal and transverse coordinate wave functions:

c~r !5 (
k52M

M

c1k~z!c2k~b!. ~8!
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The functionc1k(z) is a square root of the Gauss distributio
with the dispersions centered atzk . The second function
c2k(b) depending on the impact parameterb is a square root
of the Fermi distribution with radiusRk . The Fourier trans-
form of it is the product of the longitudinal momentum func
tion

f1~pl !5e2 iplzkg~pl !

and the transverse momentum one

f2~pt ,Rk!52pE
0

`

bdbc2k~b!J0~ptb!.

The functiong(pl)/A2p is a square root of the Gauss distri
bution with the dispersion (2s)21.

To take into account the Glauber screening one can s
stitute the Fourier transform of the wave function, Eq.~8!,
into Eq. ~3! with only the correspondent layers in the sum
Eq. ~8!, remaining. As a result the next substitution has to b
done in Eq.~3!:

f~pi* !f~qi* !→f0~pi* !f0~qi* !12(
k51

M

cos@~pil*2qil* !zk#

3fk~pi* !fk~qi* !, ~9!
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FIG. 5. The distributions of the pion longitudinal momentum~a!,~d!, the transverse momentum square~b!,~e!, and the pion pseudora
pidity distribution ~c!,~f!. In the dark histograms, the interference contribution; the light one, the noncoherent part. In~d!–~f! the Glauber
screening is taken into account.
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fk~p* !5g~pl* !f2~pt ,Rk!.

The nuclear density as a function ofz was fitted in the
calculation by a square of the sum of 11 Gauss distributio
(M55!. The distance between the layers is 2.3s (s50.5
fm!.

The results of the calculation are shown in Figs. 5~d!–
5~f!. The Glauber screening is seen to lead to some decre
of the coherent narrowing of the longitudinal momentum di
tribution. The reason for it is an increase of the characteris
longitudinal momentum of a nucleon in the integral, Eq.~3!.
In the first case it is of an order of the inverse nucleus ran
due to f(pi* ). After the Glauber correction is done it is
determined by the free path length 2s in the function
g(pl) and by an oscillation factor in Eq.~9! with the momen-
tum differences being significant there. It enhances the lar
longitudinal momenta in the integral compared with the fir
case. The transverse momentum distribution and its narro
ing are not influenced by Glauber screening. The cohere
shift of the pseudorapidity spectrum to the right is smalle
@Fig. 5~f!# than that in Fig. 5~c!. Nevertheless, it is about
one-half of a unit in the rapidity scale and seems to be o
servable in the experiment.
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VI. COHERENT ENHANCEMENT
WITH A LARGE NUMBER OF PION SOURCES

The real situation of central nucleus-nucleus collisio
with a large number of pion sources;102 could not be
studied in the QMMC manner because of the enormous n
ber of permutations. To calculate physical effects in this c
it is necessary to do some additional approximations star
from the results obtained. The symmetrized amplitude F
1~a! can be written as

T5(
i
t~ki1 ,v1 ; . . . ;kiN ,vN!, v j5$pj ,qj%,

the summing being done over all pion permutations. Fo
large number of interacting nucleon pairs,N, the amplitude,
Eq. ~3!, is seen to be a product of the effective nucleo
nucleon amplitudes of pion creation:

t~ki1 ,v1 ; . . . ;kiN ,vN!' )
n51

N

t~kin ,vn!. ~10!

One can perform an integration on the nucleon variab
v in Eq. ~4! by introducing the correlation function
G(ki ,kj ):
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G~ki ,kj !5E dvt~ki ,v !t* ~kj ,v !

5AdW0

dki
AdW0

dkj
g~ki2kj !, ~11!

wheredW0 /dki is the single-inclusive pion distribution in
the nucleon-nucleon scattering. The functiong(ki2kj ) can
be approximated by a Gauss distribution with the dispers
g obtained in the QMMC calculation and is normalized
g(0)51.

Because of the factorization property of the amplitud
Eq. ~10!, the differential cross section has the next form

dW

dk1•••dkN
5 )

n51

N E dvn(
i , j

t~kin ,vn!t* ~kjn ,vn!.

Using Eq.~11! the integration on nucleon variables can
performed. The pion momenta distribution can be deco
posed into the noncoherent part and the interference one

dW

dk1•••dkN
5N!

dW0

dk1
•••

dW0

dkN
1N!(

i52

N!

Di , ~12!

Di5G~k1 ,ki1!•••G~kN ,kiN!5 )
m51

Mi

Rm
l ,

whereRm
l denotes the cycle of the lengthl :

Rm
l 5G~km1 ,km2!G~km2 ,km3!•••G~kml ,km1!.

There areMi cycles for everyi th permutation in the sum
Eq. ~12!.

To do the integration on pion momenta in Eq.~12! for a
single-inclusive pion distribution to be obtained it is conv
nient to treatdW0 /dki in the Gauss form with the averag
valuek0 and the dispersiong0. As a result the next expres
sion is deduced for such a distribution after the straightf
ward but rather long calculations~see the Appendix!:

~N21!!
dW

dk1
5N!

dW0

dk1
1N!(

i52

N!

B~ l 1!expS 2
~k12k0!

2

2Sl121
2 D

3 )
m52

Mi

B~ l m!~2pSlm21
2 !3/2. ~13!

The different values in Eq.~13! are given by the following
formulas through Gauss-distribution parameters:

sp
25g21

g0
2sp21

2

g0
21sp21

2 ,

Pl5 )
p51

l g0
2

g0
21sp21

2 ,
ion
as

e,

be
m-
,

,

e-
e
-
or-

1

Sl21
2 5 (

p51

l21
1

g0
21sp21

2 Pp21
2 1

1

g0
2 1

~12Pl21!
2

s l21
2 ,

B~ l !5S 1

2pg0
2D 3/2l )

p51

l21 S 2p

~1/g0
2!1~1/g2!1~1/sp21

2 ! D
3/2

.

~14!

The valuesp is expressed through the recurrent relation in
Eq. ~14! with s05g and P051. The quantitiesSl215g0

andB( l )5(2pg0
2)23/2 have to be taken whenl51.

One can change the summing up on permutation
in Eq. ~13! to that on the cycles lengths
l 1 ,l 2 , . . . ,l M ( l 11 l 21•••1 l M5N). It can be done due to
the fact that the expression under the sum sign in Eq.~13!
depends only on these values@see Eq.~A6! in the Appendix!:

(
i52

N!

$•••%→ (
l1l2••• l M

8 Al121
N21

Al221
N2 l121

•••AlM21
N2 l12 l22•••2 l M2121

$•••%,

Am
n 5n!/ ~n2m!!. ~15!

It is necessary to exclude the term withl 15 l 2
5•••5 l M51 from the summing up.

A simpler formula in comparison with Eq.~13! can be
obtained in the case of a narrow correlation function
g2!g0

2 and for a small number of pion sourcesN when
sp21
2 !g0

2 in Eq. ~14!:

~N21!!
dW

dk1
5N!

dW0

dk1
1N!(

i52

N! S dW0

dk1
D l1

3~2pg2!3~ l121!/2S 1l 1D
3/2

3 )
m52

Mi S g

g0
D 3~ lm21!S 1l mD 3. ~16!

Then for the collision with two- and three-pion sources the
distribution in the maximum point has the next values, for
N52,

dW

dk1
~k0!52

dW0

dk1
~k0!F11S 1

A2D
3

eG
and, forN53,

2!
dW

dk1
~k0!56

dW0

dk1
~k0!F11

1

8
e12S 1

A2D
3

eG . ~17!

The valuee5(g/g0)
3 is the probability for two pions to be

in the coherent range;g21, i.e., to be in the same state. As
noted in Sec. V, Eq.~17! shows that the coherent enhance-
ment in the maximum point is roughly twice as large in the
three-pion case as that in the two-pion case.

It is possible now to illustrate the validity of the assump-
tion made in Sec. IV that the interference contribution in the
cross section of the two-pion sample gives a reliable estima
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FIG. 6. The single-inclusive pion momentum distribution withN54, 8, 12, and 20 interacting nucleon-nucleon pairs~solid lines! for two
values of thee parameter. The dot-dashed line, the coherent contribution in the two-pion case. The dashed line, the noncoherent cont
and the dotted line shows the correlation function.
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tion for the real many-pion case. One can be convinced us
formulas~13!–~15! for the arbitrary component of the pion
momentum. To obtain the large coherent effects already
low N the rather large valueg50.7g0 (g05m) was chosen
for the dispersion of the correlation function. The result fo
the single-inclusive pion distribution is offered in Fig. 6~a!
by solid lines for different variants withN equal to 4, 8, 12,
16, and 20. The coherent contribution for the two-pio
sample is shown by the dot-dashed line, the noncoher
cross section being presented by the dashed one. All cur
are normalized in the maximum. The different variants a
seen to converge to some limit curve with the growth ofN
coinciding approximately with the correlation function~dot-
ted line!. This curve is close to the dot-dashed one. So su
interference terms actually dominate in this case in t
single-inclusive pion cross section at largeN and the two-
pion variant gives a reliable estimate of the coherent narro
ing of the momentum spectrum. The measure of the inac
racy in such an estimation could be the distinction of th
distribution from the correlation function.

The QMMC calculation in Sec. V gives for thee param-
etere'0.1 by means of Eq.~17! from the coherent enhance
ment in the cross section. The formulas~13!–~15! with the
correspondingg show that the coherent contribution for th
two-pion sample gives a conservative estimate of the spec
narrowing in this case@Fig. 6~b!#. The real coherent effects
are somewhat stronger. Nevertheless, such interference te
give a significant contribution in the cross section and gi
the correct qualitative estimate of the coherent narrowing
momentum distributions. The additional increase of th
transverse momentum spectrum narrowing has to be due
the growth of the characteristiĉpt& in the noncoherent dis-
tribution to the quantitŷ pt&'3m in correspondence with
the experimental value. The coherent effect in the pseudo
pidity spectra will be stronger too.
ing
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One can calculate the coherent enhancement in the max
mum of the momentum distribution using Eqs.~13!–~15!.
The behavior of the ratio of the interference contribution to
the noncoherent one as a function of the number of interac
ing nucleon pairs,N, is shown in Fig. 7 with different quan-
tities of the parametere. It is seen that this function has the
threshold character, demonstrating very strong growth with
the increasing ofN. To understand qualitatively such a be-
havior it is useful to consider the structure of the simplified

FIG. 7. The coherent enhancement as a function of the numbe
of interacting nucleon pairsN for two values of thee parameter.
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formula Eq.~16!. Every term in the sum is proportional to
some degree ofe and the number of terms is (N!) 2. It is
convenient to introduce the parameterA5eN21N! @5# as a
measure of the coherent enhancement reproduced by
~13!. It has a transparent physical sense. The first factor w
the degree ofe is the depressing factor connected with th
small probability forN pions to be in the same state. Th
second factor is the usual laser-type enhancement due to
coherent induced radiation@4,5#. The drastic character of the
threshold function is connected with the strong competitio
of depressing and enhancing factors inA at largeN.

It is seen in Fig. 7 that the threshold value ofN is of the
order of 20’s in the casee50.1. Taking into account the
increase of the characteristic^pt& for the pion bremsstrah-
lung from m to 3m one can estimate this threshold to b
about 102. In a real situation with the pion multiplicity in the
nucleon-nucleon interaction of the order of tens the thresh
is clear to be decreased again and coherent effects consid
in Sec. V could be observable in experiments. The pion m
tiplicity can be used here as an enhancing factor for the c
herent effects both in inclusive and event-by-event a
proaches. The quantitative consideration with the real pi
multiplicity in the nucleon-nucleon interaction could give re
liable values of the effects discussed.

The strong coherent enhancement in Fig. 7 seems to
unphysical when the pion radiation cross section beca
larger than the geometrical one for the central nucleu
nucleus collision. The cut of the growth could be done b
diagrams with the additional pions created in the interme
ate state and absorbed by an external prong. The amplitu
of pion creation and absorption have an opposite sign due
the pion-nucleon propagator. So there is the destructive
terference of the imaginary part of such diagrams and amp
tudes, Fig. 1~a!.

The probabilitye for two pions to be in the same state
depends on the inverse slope parameterg0;^pt& of the pt
distribution. From a number of different mechanisms of e
ementary pion creation the most important one in cent
nucleus-nucleus collisions could be the mechanism with t
smallestg0 due to coherence.

VII. CONCLUSIONS

The consideration of coherent effects in nucleus-nucle
scattering by virtue of quantum mechanical Monte Carlo ca
culations allows one to come to the following conclusions

~1! The model of bremsstrahlung of scalar pions show
that pions at large rapidities can be radiated with a stro
coherence.

~2! The coherent enhancement has the threshold chara
as a function of the number of interacting nucleon pairs.

~3! The coherence narrows regions of pion transverse m
menta towards zero and longitudinal momenta around so
characteristic value.

~4! The pion pseudorapidities are moved towards the lar
values of about one-half of a unit.

In the model examined the pion bremsstrahlung mech
nism gives one pion with a large rapidity. In real multi
peripheral pion radiation the effects obtained could ta
place for pions from every step of the ladder. As a result t
narrowing of thê pt& distribution and the shift of the pseu-
Eq.
ith
e
e
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dorapidity spectrum to the right could take place in this ca
too. To search experimentally for the discussed coherent
fects, it is reasonable to compare pseudorapidity distributio
in proton-proton interactions with those for central nucleu
nucleus collisions. The region from the shoulder in the pl
teauh'2.5 to the end of the spectrum is relevant. One ca
try to observe the threshold character of effects using pi
multiplicity and the number of baryons at small angles as
measure of the impact parameter.

It is naturally to combine the search of isospin fluctua
tions with the coherent effects discussed. The experimen
observation could be realized in both inclusive and in even
by-event approaches.
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APPENDIX: DETAILS OF THE COHERENT
ENHANCEMENT CALCULATION

To obtain a single-inclusive pion distribution it is neces
sary to integrate Eq.~12! on N21 pion momenta. The first
integration of the Gauss functions gives the next result

E dkgg1
~k12k!

dW0

dk
gg2

~k2k2!

5gs1
~k12k2

1!S 1

2pg0
2D 3/2S 2p

~1/g1
2!1~1/g0

2!1~1/g2
2! D

3/2

3expS 2
~k22k0!

2

2~g0
21g2

2! D ,
with

s1
25g1

21
g0
2g2

2

g0
21g2

2 , k2
15

~k2 /g2
2!1~k0 /g0

2!

~1/g0
2!1~1/g2

2!
.

Then the circle integration can be performed:

E dk1•••dkp
dW0

dk1
g~k12k2!•••

dW0

dkp
g~kp2k1!

5A1•••Ap21S 1

2pg0
2D 3~p21!/2

3E dk1gsp21
~k12k1

p21!
dW0

dk1

3expS 2
~k1

p222k0!
2

2~g0
21sp22

2 !
D •••expS 2

~k1
12k0!

2

2~g0
21s1

2!
D

3expS 2
~k12k0!

2

2~g0
21g2!

D , ~A1!
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where

sp
25g21

g0
2sp21

2

g0
21sp21

2 , k1
p5

~k1
p21/sp21

2 !1~k0 /g0
2!

~1/sp21
2 !1~1/g0

2!
,

s0
25g2, k1

05k1 , ~A2!

and

Ap5S 2p

~1/g0
2!1~1/g2!1~1/sp21

2 ! D
3/2

.

Using Eq.~A1! we obtain for the single-inclusive pion dis-
tribution the formula

~N21!!
dW

dk1
5N!

dW0

dk1
1N!(

i52

N! S )
p51

l121

Ap

dW0
p21

dk1
D

3
dW0

dk1
gl121~k12k1

l121
! )
m52

Mi

3E dkS )
p51

lm21

Ap

dW0
p21

dk D dW0

dk

3glm21~k2k lm21!, ~A3!

with

dW0
p

dk1
5S 1

2pg0
2D 3/2expS 2

~k1
p2k0!

2

2~g0
21sp

2!
D ,

gp~k![gsp
~k!,

andg051.
On the base of the recurrent relation~A2! the momentum

k l is given by

k l5Pl~k2k0!1k0 , Pl5 )
p51

l g0
2

g0
21sp21

2 . ~A4!

Then the integral in Eq.~A3! can be calculated:

E dkS )
p51

l21

Ap

dW0
p21

dk1
D dW0

dk
gl21~k2k l21!

5S )
p51

l21

ApD S 1

2pg0
2D 3l /2~2pSl21

2 !3/2,
with

1

Sl21
2 5 (

p51

l21
1

g0
21sp21

2 Pp21
2 1

1

g0
2 1

~12Pl21!
2

s l21
2 .

Finally, substituting this result into Eq.~A3! and using Eq.
~A4! we obtain the single-inclusive pion momentum distr
bution

~N21!!
dW

dk1
5N!

dW0

dk1
1N!(

i52

N! S )
p51

l121

ApD S 1

2pg0
2D 3l1/2

3expS 2
~k12k0!

2

2Sl121
2 D )

m52

Mi S )
p51

lm21

ApD
3S 1

2pg0
2D 3lm/2~2pSlm21

2 !3/2. ~A5!

Let us express the sum on permutations in Eq.~A5!
through the sum on cycle lengths. It is necessary at first
consider permutations produced from the initial one and ha
ing a cycle of lengthl 1 beginning from the first element. The
number of them isAl121

N21, whereAm
n 5n!/(n2m)!. After that

one has to add analogous permutations with cycles of len
l 2 among the remaining elements of the first permutatio
The summary number of such permutations will b
Al121
N21Al221

N2 l121. The total amount of permutations with

cycle lengths l 1 ,l 2 , . . . ,l M ( l 11 l 21•••1 l M5N) is
Al121
N21Al221

N2 l121
•••AlM21

N2 l12 l22 . . . 2 l M2121 and we obtain the

next formula for the sum in Eq.~A5!:

(
i52

N!

$•••%→ (
l1l2 . . . l M

8 Al121
N21Al221

N2 l121
•••AlM21

N2 l12 l22•••2 l M2121

3$•••%. ~A6!

Here (8 means that the term withl 15 l 25•••5 l M51 is
excluded from the summing up.
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