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Thermal and chemical equilibration in relativistic heavy ion collisions
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We investigate the thermalization and the chemical equilibration of a parton plasma created ftoku Au
collision at LHC and RHIC energies starting from the early moment when the particle momentum distributions
in the central region become for the first time isotropic due to longitudinal cooling. Using the relaxation time
approximation for the collision terms in the Boltzmann equations for gluons and for quarks and the real
collision terms constructed from the simplest QCD interactions, we show that the collision times have the right
behavior for equilibration. The magnitude of the quéaktiquark collision time remains bigger than the gluon
collision time throughout the lifetime of the plasma so that gluons are equilibrating faster than quarks both
chemically and kinetically. That is we have a two-stage equilibration scenario as has been pointed out already
by Shuryak sometimes ago. Full kinetic equilibration is however slow and chemical equilibration cannot be
completed before the onset of the deconfinement phase transition assumed ®©.b€2@® MeV. By com-
paring the collision entropy density rates of the different processes, we show explicitly that inelastic processes,
and not elastic processes as is commonly assumed, are dominant in the equilibration of the plasma and that
gluon branching leads the other processes in entropy generation. We also show that, within perturbative QCD,
processes with higher power i, need not be less important for the purpose of equilibration than those with
lower power. The state of equilibration of the system has also a role to play. We compare our results with those
of the parton cascade modEE0556-28186)04211-7

PACS numbes): 25.75—q, 12.38.Bx, 12.38.Mh, 24.8%p

[. INTRODUCTION correct, since in a medium, one must consider the difference
of the scattering going forward and backward both weighed
A goal of the future heavy ion collision experiments at thewith suitable factors of particle distribution functions. Hence
relativistic heavy ion collidefRHIC) at Brookhaven and at the process with the largest cross section is not necessarily
the large hadron collidefLHC) at CERN is to find the the more important. However, we will show the two-stage
qguark-gluon plasma. The primary aim is of course to showequilibration scenario or in other words, gluons equilibrate
that quarks and gluons can indeed be freed from their hadnuch faster than quarks and antiquarks.
ronic “prison” and exist as individual entities in a hot The other approach is the semiclassical parton cascade
plasma. Once this is realized, one can then turn to the diversaodel (PCM) [4—6], which is based on solving a set of rela-
physics of such a new state of matter. One of these is thavistic transport equations in full six-dimensional phase
relation of the various thermodynamic variables to eactspace using perturbative QCD calculation for the interac-
other or in other words, the equation of stgi¢ In order to  tions, predicts an equilibration time of 2.4 fonfor Au+Au
probe this in experiments, an equilibrated quark-gluoncollision at 200 GeV/nucleon. This approach, which uses a
plasma is required. In this work, we look at how far can onespatial and momentum distribution obtained from the mea-
expect to have such a plasma in equilibrium. Because of theured nuclear structure functions for the partons as initial
importance of this question, various different approachestate, is very complicated. Due to the finite size of the col-
have already been taken to address this issue. In particuldiging nuclei, it is hard to clearly identify thermalization in
Shuryak{2] argued that equilibration of the plasma proceedserms of the expected time-dependent behaviors of the vari-
via two stages in the “hot gluon scenario.” First the equili- ous collective variable§5]. But by fitting the total particle
bration of the gluons and then that of the quarks follows withrapidity and transverse momentum distributions of the de-
a certain time delay. Thermal equilibration is quite short forfined central volume, roughly identical temperatures are ob-
gluon < 1 fm with high initial temperature of 440 MeV at tained[5] and hence the claim of thermalization. However,
LHC and 340 MeV at RHIC. However, these estimates aren terms of the same distributions of the individual parton
based on thermal reaction rates for large and small angleomponents, this becomes less obvious to be the[64sAs
scatterings and on the assumption that one scattering is suftas stated ifi6], the momentum distributions are not perfect
ficient to achieve isotropy of momentum distribution. As hasexponentials and therefore there is no complete thermaliza-
been shown id3] using a family of different power behav- tion in any case.
iors for the time dependence of the collision time, the as- We will look at this problem of equilibration using a
sumption of one scattering is sufficient is a serious underesnuch simpler approach which is based on the Boltzmann
timate. With a larger number of scatterings, using the samequation and the relaxation time approximation for the col-
arguments as if2], the initial temperature will be lowered lision terms. Initially used by Baynj7] to study thermal
and the thermalization time will be increased. Also, we arguesquilibration and has subsequently been used in the study of
that estimates based on using the scattering rate alone is imarious related problemg8-11. The conclusion of these
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works is, in general, if the collision timé which enters in  the plasma will be shown and discussed in Sec. VI. We finish
the relaxation approximation, grows less fast than the exparwith a brief discussion of the differences with the results of
sion timer, then thermal equilibration can be achieved evenPCM.

tually. In the case of the quark-gluon plasma, it is not suffi-

cient to know that equilibration will be achieved eventually Il. RELAXATION TIME APPROXIMATION

because the plasma has not an infinite lifetime in which to FOR TWO PARTICLE SPECIES

equilibrate. We would like to know how far can it equilibrate
before the phase transition. To answer such a question, we,
will use both the relaxation time approximation and the in-
teractions obtained from perturbative QCD for the collision
terms to determing. This approach has been used previ-
ously to study both thermal and chemical equilibration in
gluon plasmg11] where it was found that with the initial

In the absence of relativistic quantum transport theory de-
ed from first principle of QC16-22, we base our ap-
proach on Boltzmann equation with both the relaxation time
approximation for the collision terms and the real collision
terms obtained from perturbative QCD. Treating quarks and
agluons on different footings, we write down the Boltzmann

. ; equations
conditions obtained from HIJING results, the gluon plasma g
had not quite enough time to completely equilibrate. In the of, i
present case of a quark and gluon parton plasma, quarks and it + vy WZCi(p,r,t) 1)

gluons are treated as different particle species rather than as
generic partons and so they have different time-dependeRheref; is the one-particle distribution ar@ stands for the

collision times. As a result, they approach equilibrium atqqjjision terms and includes all the relevant interactions for
different rates and towards different target temperatures. Thﬁarticle species andi =g,q,g. Concentrating in the central

latters will converge o_nly at large time;. It follows that the region of the collision where we assumed to be spatially
system can only equilibrate as one single system at larggomogeneous, baryon free and boost invariant irettizec-
times. This lends support to the two-stage equilibration sceg (beam direction so that fq=fgand f,=f;(p, ,p,,7)

nario[2]. r— _ i =1/1=u2 =27/t i
In an expanding system, particles are not in equilibrium\/\/herepz_7/(pZ up) with y=1/y1-u” andu=2/t is the

early on because interactions are not fast enough to maintaﬁfOSted particle-momentum component and= yt*—z" is

this so they are most likely to start off free streaming in thet. € propir tlme._tliollowmg Bayrf7], the Boltzmann equa-
beam direction[10,12. Thermalization will be seen as the lon can be rewritten as

gradual reduction of this free streaming effect as interactions of
gain pace and momentum transfer processes are put into ac- — =Ci(p, ,p;,7T) 2
tion to bring the particle momenta into an isotropic distribu- 7

P,7

tion. The present approach takes into account of these ef-

fects. in the central region. Using the relaxation time approxima-
As in the previous worK11], isotropic momentaneously tion

thermalized initial conditions are used at both RHIC and

LHC energies. These are obtained from HIJING results after

allowing the partons to free stream until the momentum dis-

tribution becomes isotropic for the first tinfié3—15. From ) o o ) )

then on, interactions are turned on but the distribution bewherefg is the equilibrium distribution and; is the colli-

comes anisotropic again due to the tendency of the particle¥on time for species, this allows us to write down a solu-

to continue to free stream. It is the role of interactions totion to Eq.(2),

reduce this and to progressively bring the distributions into _ x

the equilibrium forms. We have shown that, surprisingly, fi(p. 1) =Tfoi(Pr.po7/ T0)€ ™

kinetic equilibration in a pure gluon plasma is driven mainly X; )

by gluon multiplication and not gluon-gluon elastic scatter- +f dx/ €5 Xif o (VP2 + (P71 '), Teg(7)),

ing. In this paper, we include quarks and antiquarks and con- 0

sider the equilibration of a proper QCD plasma. We explic- 4

ity break down the equilibration process into each of its

contributing elements and show which interactions are mor#vhere

important and hence uncover the dominant processes for

equilibration. In fact, our result ielastic interactions are  foi(PL P27/ 7o) =[exp(\p? +(p,7/70) I To)/ 1+ 1],

most important for this purpose both for quarks and for glu- (5

ons. . . S .
Our paper is organized as follows. In Sec. II, we describd® thg SOIUUOU to Eq(2) yvhgn§2=0 V\.'h'(?h IS aIsp the. .d's'
tribution function at the initial isotropic timey, with initial

the Boltzmann equations with the relaxation time approxima, itios| d T Itis of hoaf b
tion for two particle species. In Sec. lll, the time-dependenlfmg"“c't"f’S oi and temperaturd,,. It is of such a form be-
behavior of the collision times’s, necessary for equilibra- cause of.t'he assumpuon of momentgneously thermalized ini-
tion will be analyzed and extracted. The particle interactiondid! condition. The functions;()’s, given by

entering into the collision terms and details of their calcula- -

tions will be explained in Sec. IV. Initial conditions used will xi(7)= f dr'16,(7"), (6)

be given in Sec. V and lastly the results of the evolution of 70

fi 1Mz _fe' 1Mz
C.py pyir)= (p..p r)ei(T)q(pi Pz, 7) 3
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play the same role ag;'s in the sense that their time- 6, increase less fast than the expansion timeear the end
dependent behaviors control thermalizatidn, that ap-  of the evolution, a condition which, as has already been
pears infgg, is the time-dependent momentaneous targestated in the Introduction and we will see again in Sec. IIl, is
equilibrium temperature for the particle species. The two necessary for thermalization.

terms of equation Eq4) can be thought of, up to exponen-

tial factor, as the free streamir{first term and equilibrium ;1. CONDITIONS ON 6y AND 6, FOR THERMALIZATION
term (second term Whether species equilibrates or not o _
depends on which of the two terms dominates. Before considering the evolution of the QCD plasma un-

In the present case of two species, the energy conservier real interactions, we can deduce analytically, using Eq.
tion equations are, in terms of the equilibrium ideal gas en{2) and Eq.(4), the conditions on the;’s under which the
ergy  densities eqg=a,T gog' €eqq=N1b,T gog, a, Plasma will come to kinetic equilibrium. Multiplying Eg4)
—872/15, b,= 77240 andn; is the number of quark fla- by particle energy and integrating over momentum, we have
the equations for the;’s. Further manipulating these gives

Vors,
. ) . L — . Xj ’
% €j +TpL| __ €; 6513(! (7) fo dxirexi | 7 h( T’/T)[Geq'(T’) _ Ei(’T’)]
[
and d
—W[T’h(T'/T)Gi(T’)]]:O, (12
deéwor  €ort PLiot I
+—=0,
dr T ® where
where €= =€, andp = ZiPLi, Or in other words 1 . . 1 Sin—l\/ﬁ
h(r)=] dyvl-y«(1-r9)=-| r+ —————
2 Ei_feq'zo (9) 0 2 1—r2
T ' (13)

The above equation only expresses the fact that energy lossid x{ =x;(7"). Supposing asr—®, Xg—, and X;—%=

of one species must be the gain of the other. The transpothen the integrand in Eq(12) will be weighed by the
equations of the different particle species are therefore’ —c or large x/ limit. It follows that the term within
coupled as they should be. The longitudinal and transversgraces in Eq.(12) must be zero at large”’ so using

pressures are defined as before h'(r)|,-1=1/3, we have
d%p pi, de; 4 € €~ €cg
(N=v | ——= —2F(p, ,p,,7), 10 AT ed
PLT(D=vi | Ga p filPL P2 (10) =37 i (14)

Wli.th.vngzﬁfgzle and vq=2x3Xn;=6ny, the multi-  This means each species will undergo near hydrodynamic

plicities of gluons and quarks, respectively. expansion at large- modified by energy lost to or energy
Here the equilibrium target temperaturégy and Teg, ained from the other species. The latter should be small at

cannot be the same in general since, as we will see in Seg,,.h, times. Summing Ed14) over species, we obtain the

VI, 647 0q= 05 Therefore gluons and quarks will approach gnergy conservation equation for a system undergoing hy-
equilibrium at different rates. Note that energy Conservat'orhrodynamic expansion

heredoes notmean

det | 4 €t _

€gtT2€q= €y T 2€eq (11 W-‘*gT—O, (19

sincefy< 6, always, at least at small times, so gluon energy

density e, will approache.q faster thane, approachege,,  With Prio= €of3- _

so the two equilibrium energy densities should not be con- If one 6; is such that the corresponding— X< as
sidered to be those which can coexist at the same moment— then hydrodynamic expansion does not apply to that
This can only be true at large when Te=Te, and  SPecies since we have

64=104. If Eq. (11) were true, the condition for energy con-

servation Eq.(9) could not hold whengy# 6,. Since our dleir)  (ei—€eg)7 (16)
QCD plasma is a dynamical system under one-dimensional dr 0 Pui

expansion as well as particle production, the target tempera-

turesTeq and T Must be changing continuously and mustwhere nowp,;# €;/3, so kinetic equilibrium is not estab-
approach each other at large times before the gluon anlkished. The right-hand sidéhs) of Eq. (16) is negative if
guark(antiquark subsystems can merge into one system andhese particles are losing energy or gaining energy at a rate
exist at one single temperature. Likewise, we beliéyand  less thanp /7 at larger. Thereforee;= must decrease to-
6, should also converge to a single value at large timeswards a nonzero asymptotic valueef).., since
unfortunately, this will take too long to happen in the evolu- x;.<»=¢€;7>0 always, which results in a free streaming
tion of our plasma although we can be sure that igtland  final state for these particles




54 THERMAL AND CHEMICAL EQUILIBRATION IN ... 25901

€(7—0)~(€7)x!T. (17)  As in [13-15, we include only the leading inelastic pro-
cesses, i.e., the first interaction of Efj9) and Eq.(20).1 We
- L. ) ) will return to this point later on in Sec. VI.
A smﬂgr free stree}mlng final state will be reacheq ifthe rate |, the solutions Eq(4) to the Boltzmann equations Eq.
of gaining energy is larger tham ; / 7 at larger. In this case, (2), there are two time-dependent unknown paramegers
aIFhougheir is increasi_ng, the; of the other particle species .4 T4 for each species which very much control the par-
with x;—o as7—oo will be close toe.q and so the energy icje distributions. To determine them, we need two equa-

transfer will be very small. One can deduce thatras= tions each for gluons and for quarks. In order to show the
relative importance of the various interactions E@59),
€eg— € pi d(&7) (20), and(21) in equilibration, we find these time-dependent
1> 0 —>0>7: dr -0, (18)  parameters by constructing equations from the rates of en-

ergy density transfer between quatksitiquark$ and gluons
and the collision entropy density rates.
hencee; 7— (€, 7)., . That is¢;7 now increases towards some  From Egs.(2), (3), and (4), the energy density transfer
asymptotic value instead of decreasing towards one as in thates are
previous case. But it ends up with a free streaming final state

nevertheless. We do not consider the case where the relative %Jr EtPL_ € €eq

rate (eqq— €))7/ 0;p,; oscillates about one at largeexcept dr T 0

to say that on the averagie;7)/d7~0 and so an average e

free streaming final state is likely. _ f P C. £ 29
The last possibility where; — x;.,<o as 7—o for both i) 2m3P (PP =610 (22

particle species, Eq16) applies to both. Barring the case of ) , ) e

the oscillating relative rate, one particle species must los¥hereg; is the energy gain or loss of specieper unit time
energy and so by the above argument, a free streaming finBer unit volume. As stated in Sec. IE's must obey
state results. For the remaining particle species, it does nati€i=0 for energy conservation.

matter whetherd(e 7)/dr is or is not positive at larger, The other equat|on§,_the collls_lon entropy rates can _be
these particles will also be in a free streaming final state. [fiéduced from the explicit expression of the entropy density
the rate is negative, then the same argument that leads to E§.terms of particle distribution functiof23]

(17) applies. If it is positive, since the species that is losing

3
energy is approaching free streaming so the energy transfer s(7)=— V‘f _d ps{fi(p,T)mfi(p,T)
must go to zero. Then we are back to Eig). (2m)
The conclusions are therefore, depending on the time- T (L=, (p, )N £ (p, 7)) 23)
— ' 1 — 'l 1 1

dependent behaviors @ and 6, as follows.
(1) xg— andx,— as7— are required for the whole where the different signs are for bosons and fermions, re-

system to completely thermalize. spectively. They are, using again E@8), (3), and(4),
(2) Xg—%® and Xq—Xge <% OF Xq— and Xg— Xgo,<®
as 7— imply that only the species witk;— o will ther- ds)) d*p [ of; f;
malize, the other species will not equilibrate but free streams dr CO”_ n Vif (2m)3\ or conln 1+1, (24)

at the end. The system will end up somewhere between free

streaming and hydrodynamic expansion. d3p f,
(3) Both X— X, <0 @ndXy— Xg. <% as7— oo then the =—vif —=Ci(p. ,pz,7)IN| 77—
9 "7g S7a g S (2m) 1=+,
whole system will end up in a free streaming final state. (25)
One can understand thesebehaviors in terms of;,’s by
assuming simple power dependence for the latters. One dc®p f,—f

finds that#,’s must all grow slower tharmr for the whole
system to achieve thermalization. If either one or more grow
faster then a mixed or a complete free streaming final state
results. By using the explicit expression for the collision terms
C;’s constructed from the interactions Ed49), (20), and
(21) within perturbative QCD, Eqg22), (25), and(26) allow

us to solve forg;’s and Te4's.

To investigate the evolution of a proper QCD plasma, we The gluon multiplication contribution t@g is constructed

consider the following simplest interactions at the tree levelfrom the infrared regularized Bertsch and Gunion formula
[24] for the amplitude with partial incorporation of Landau-
Pomeranchuk-Migdal suppressitrtPM) for gluon emission

_ eqg fi
M) @a? e, '”<1tfi)'
(26)

IV. PARTICLE INTERACTION —COLLISION TERMS

g9<-099, 9g<gg, (19

J— - 1 - . . .
gg—qgq, g99—gq, gg—gq (20) The first one gf Eq(21) cpuld also be |neI§stlc but here we give

the same chemical potential to all the fermions so we do not con-

sider quark-antiquark annihilations into different flavors as inelastic

qg<qd, qg<qd, gqgq<qq. (21)  for our purpose.
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and absorptiofi13,25—217 as in the previous workl1]. The |ng_>gq|2= |ng_—»gﬁf2

explicit form of the gluon multiplication collision term and a

discussion of the problem regarding how to incorporate the _oola 2us _ f
LPM effect correctly can be found there also. The remaining -9 (t—-m3)2 9
binary interaction contributions t€; for particle 1 is, as

u s
(s+mg) * (u—mé)) ’

usual, given by (32
| Sprat dp, Mool ™= Mag-aal
c™=-2 2o L] G 2¢%(2(2+1D) 2(uP+s?)
Pi j=2 v i =
| - o | w=mg)2" 2 (=)
X (2m) 84 (P1+P2—P3— P M, 5.l 4 2
X[ 11515 o) (1 14) ~ faf (1= F) (15 ,)], _‘512§<t—m%><u—m%>>' 33
2
@7 ) 292 2(s?+1?) 2(t>+u?)
| Mggmqal™= 9 \513524(u_mz)2Jr 512534(54—4—m2)2
where theP; runs over all the binary processes in E(9), D q
(20), and (21) which involve species, |M”i|? is the sum 4 {2
over final states and averaged over initial state squared ma- - 5125135345 e 4m§))’ (34

trix eIement,Spi is a symmetry factor for any identical par-
ticles in the final states for the proce#s and v, is the
multiplicity of particle 2.

We take| M7i|?’s from [28] and infrared regularized them

where thegd;; signifies that theé and j quark or antiquark
must be of the same flavor. This regularization amounts to
using either the Debve mass2 for aluons or the quark screening spacelike and timelike infrared gluonsnhﬁ/and

g Y b 9 q 4m§, respectively and infrared quarks b)§ We stress that

medium massn? for quarks to cut off any infrared diver- , . T . . .
q this regularization is done in a very simple manner and with

gence. ?Il"ge'se masses are rt\ovvx\//.ttlrr]ne-dgpetndelnt quantltltes "M right order of magnitude for the cutoffs. Its aim is to get
nonequribrium environment. YWIth NONISOTOPIC MOMENIUM ¢4 0" astimates to the collision rates without involving too

g!strlbutlon, szth ch.Deb_ye nﬂiggg,gg and_I:[E.e glu?]n M much with the exact and necessarily complicated momentum
lum masspy, are directiona jepen ent. IS IS, NOWEVET, 4ependent form of the true infrared screening self-energies in
not the case for the quark medium maz;lé which remains 5" out-of-equilibrium plasma when their infrared screening

directional independent as in equilibrium. The directional de+ffects should be in action. They should be the extension of

pendence arises out of the cancellations between identicgle two-point gluon and quark hard thermal lo¢p&—35 to
type of distribution functions similar to those one finds in the 3 nonthermalized environment.

derivation of hard thermal loopf31,32. To keep things We should mention here that the choice of the pair of
simple, we removed the directional dependence frfrand  equations for solving the two time-dependent unknowns
use, for SUN=3), to leading order inxs, and T for each particle species is not unique. One can

equally use, for example, the rate equations for the particle
d3p number density instead of the collision entropy density. With
m%(r)= —877an W W(Nngr nify). (28 these other choices, the values of the different quantities are
P shifted somewhat due to the way that the initial conditions
are extracted but there is no qualitative different in the result.
For the quark medium mass, to the same order, we use  Our present choice has the distinct advantage that we can
explicitly compare the different processes using the collision
2 3 entropy density rates. This will become clear when we show
m2(7)=4 u fd_pi f,+f,), (290 the results in Sec. VI
dD=4mes N ) 2me fpy Tt T -

S —_ ) . . V. INITIAL CONDITIONS
which is just the equilibrium expression but with nonequilib-

rium distribution functions. To start the evolution, we use the same initial conditions
With these masses, we regularize the squared matrix eldor the gluon plasma as befof&1] based on HIJING result
ments by hand and inserting the masses as follows: for Au+Au collision. The initial conditions for the quarks

(antiquark$ are obtained by taking a ratio of 0.14 for the
) number of initial quarkantiquark to the initial total number
M |2:9_g o ut ~ us st of partons as done ifil3—15. The initial conditions are
9999 (s+m3)? (t—-m3)?> (u—m3)?/’  shown in Table I. One sees that the initial quark collision
times are long compared to those of the gluons both at RHIC
(30)
) 2. 2 and LHC. Especially at RHIC, the quark collision time is
|M jtzzg_ t + u _ § uT+t exceedingly long and so these particles are essentially free
99299 76 | (u—mg)  (t—m3)) 8 (s+4mg)?’ streaming initially. Taking these numbers as guides to how
(31 fast each particle species is going to equilibrate, we can be
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TABLE I. Initial conditions for the evolution of a QCD plasma 1.0
created in Adu-Au collision at RHIC and at LHC. -
—* 08
Initial conditions -~
RHIC LHC > 086
@)
7o (fmic) 0.70 0.50 ~ 04
T, (GeV) 0.50 0.74 = 02
€0q (GeV/ fr) 3.20 40.00 e
€0q (GeV/ fnP) 0.63 7.83 0.0
Nog (fm~3) 2.15 18.00 0.0
Noq (fMm~3) 0.42 3.53
log 0.08 0.21 -
log 0.017 0.044 -
8o (fm/c) 2.18 0.73
Boq (fm/c) 239.72 30.92

q

sure already of a two-stage equilibration scenf2ip
Using the standard initial picture of heavy ion collisions
as before, our evolution is started when the momentum dis-
tribution in the central region of the collision becomes, for
the first time, isotropic due to longitudinal cooling. The sub-
sequent development is determined by the interactions Egs.
(19), (20), and(21). In the case of a pure gluon plasiidl],
it is clear that interactions bring the system towards equilib-
rium and not towards some free streaming final state whic o : C N
= ossio, e 5 oo e o e sy 2o e 5 o i operEick o
n Sec. lll. That is the_mteracnons d_ommate over the eXpan?:ﬁemical equilibration is much faster than that of theq quarks. The
ston. _In the prgsent situation, we will see that the same ca urves are stopped when all the temperature estimates drop to 200
certainly be S,a',d for the gluons and for the quarks,’_at L_HCMeV. The vertical line indicates when the gluon temperature
but at RHIC, it is less clear for the latters. The equilibration o,ches this value.
time for quarks is at least several times longer than that of
the gluons. ; ; T
Detalils for the procedure of the computation can be founanearfgis gsg?gnsi?o?‘y the near equilibrium energy and number
in [11]. The values for the numerical parameters are the same
and in addition, we use;=2.5 to take into account of the
reduced phase space of strange quark. All time integrations
are discretized and the rates are obtained at each time st
necessary for forming the two pairs of equations Egg),
(25), and(26). One then solves the two equilibrium tempera-
turesT.q and Ty, from two fourth degree polynomials, one
for each of the temperatures. From these solutigigsand
6, are obtained and everything is then fed back into th
equations for the next time step.

8

T,T (GeV), 1,1

FIG. 1. The time dependence of the estimated temperatures for
uarks and for gluons and their fugacitieg@tLHC and(b) RHIC.

€g=al Ty and ng=aylyTy, (35)

Which are valid when the fugacitl is near 1.0, i.e., when
the distribution functions can be approximated by
fg(p.lg, 1) =1g4f4(p.1g=1,7). For quarks and antiquarks, we
cannot do the same ag has not time to rise above 0.5 so
instead, the temperature is estimated from the same quanti-
Sies in kinetic equilibrium but at small values bf

_ 4y _2 _ 3, 2
VI. EQUILIBRATION OF THE QCD PLASMA €q=3vglqTg/ 7" and Nng=wqlqTg/m”. (36)

We show the results of our computation in this section.These estimates are plotted in Fig. 1. The vertical line marks
They show clearly the collision timeg, and 6, hold the  the point when the gluon temperature estimdteck solid
keys to equilibration as have been analyzed in Sec. Ill. Wdine) drops to 200 MeV. At this pointr~6.25 fmk, the
will see shortly that as a result of the disparity between theifugacity (thick dashed lingis 1,~0.935 at LHC and is
magnitudes at finite values of the equilibration of quarks 14,~0.487 atr~2.85 fmt at RHIC. On the same plots, the
and antiguarks lags behind that of the gluons both chemicallguark temperaturésolid line) drops at a slower rate and the
and kinetically. We will also identify the dominant processesfermionic fugacity (dashed ling is also increasing much
responsible for equilibration. They amot the commonly  slower given the less favorable initial conditions and initially
assumed elastic scattering processes as already mentionedhinich slower quark-antiquark pair creation than gluon multi-
the Introduction. plication rate. In the end, the fermions are not too well

When dealing with two particle species, one has severathemically equilibrated and in fact, are still quite far away
choices as to when should the evolution be stopped. W&om 1.0. This is especially bad at RHIC. We note that com-
choose to do this when both the quark and the gluon temparing to[13—15, in our case, gluons chemically equilibrate
perature estimates drop to 200 MeV. For gluons, this estifaster but quarks are slower.
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Unlike chemical equilibration, kinetic equilibration has no
simple indicators like the fugacities that can allow itself to be
simply quantified. One has to, instead, use the anisotropy of
momentum distribution as well as various reaction rates to
get an idea of the degree of kinetic equilibration. The former
can be deduced from the ratios of the longitudinal pressure
and a third of the energy density to the transverse pressure,
p./pr and e/3pt, respectively. Whereas from the elastic
scattering rates, one can deduce roughly how close the dis-
tribution functions are to their equilibrium forms by virtue of
the fact that in local kinetic equilibrium, these rates are zero.
The pressure ratiop, /pr (solid line) and e/3p; (dashed
line) are plotted in Figs. @ and(a’) for gluons,(b) and(b’)
for quarks, andc) and(c’) for the total sum. These ratios are
indeed approaching 1.0, the expected value after thermaliza-
tion, but at different rates. Gluons are clearly equilibrating
much faster than quarks which proceed rather slowly.

To show that these behaviors, although slow, are indeed
the signs of equilibration and that the plasma is not ap-
proaching some free streaming final states, we can work out
what their behaviors should be in the latter case by taking the
extreme and let;— . From Eq.(10), as7— o,

p, ratios

p, ratios

P, ratios

3 3
pL— mToEQ/AT
pr— mToEQ/8T | = PL/pr—275/ 70 (37
T 0%0 el3pr—2/3

€— TToEYl AT

wheree is the initial energy density and the above ratios are
valid for both quarks and gluons in this extreme. Therefore
in the free streaming case, the first ratio should approach
zero and the second should approach 2/3. These are clearly
not what we see in our plots.

To best get an idea of how close the distribution functions
are to the equilibrium forms, thgg and qq or qq elastic
scattering processes are ideal for this. These are shown in
Fig. 6 and Fig. ?) for gluon and Fig. 8 and Fig.(6) for
guark. Note that the peaks of these collision entropy rates
coincide with the corresponding mininum points of the pres-
sure ratios. As expected, the rates maximize at maximum
anisotropy in momentum distribution. They all rise rapidly 08 |
from zero atry when the interactions are turned on. The

p, ratios

p, ratios

[72]
o)
subsequent return to zero or the approach of the distribution = 061
functions to their equilibrium forms are, however, much less “E 04
rapid. They only do so progresswely as can be deduced al- & ool
ready from the pressure ratio plots.
Having shown chemical and kinetic equilibrations sepa- 0-00.0 2.0 4.0 6.0
rately, we present now the actual approach of the collective 1T (fm/c)

variables towards the equilibrium values. Since we are more
interested in the behavior of their time dependence than their £ 2 The ratios of the longitudinal pressusslid line) and a

absolute magnitudes, we multiplied them by their expecteghrg of the energy densitgdashed lingto the transverse pressure,
time dependence and scaled these by taking a guess at the/p. ande/3p; respectively fora) gluons,(b) quarks, andc) the

corresponding asymptotic values from the tendency of theotal sum at LHC. Graphga’), (b’), and (c') are the same at
curves. The results are plotted in Fig. 3. They arerHIC.

67 egiTa®, ny7ingTe; ands; 7/sqi7g; in the figures(a) and

(@), (b) and (b’), and (c) and (c’), respectively. All these deduced result of faster equilibration at LHC than at RHIC.
should be nearly constant with respect to time at largehe  Note that for gluons, the quantities are approaching the cor-
solid lines are for gluons and the dashed ones are for quarkeesponding asymptotic values from above, whereas for
They showed that the curves do behave in such a way for thguarks, this approach is from below. This is because of the
eventual constant behavior. This feature is much clearer aimple reason that there is a net conversion of gluons into

LHC than at RHIC which only reconfirms the previously quark-antiquark pairs vigg« qq. The corresponding colli-
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ergy density,(b) number density, an¢t) entropy density and their

expected inverse time dependence in equilibriu‘l‘ﬁ‘, 7, and 7,

respectively, at LHC. Graph@'), (b"), and(c’) are the same at FIG. 4. The time dependence of the collision titagfor gluons

RHIC. The solid and dashed lines are for gluons and quarks, respeéy and(b) for quarksé, at LHC. Their values are compared ().

tively. The thick solid line in(c) and(c’) is the scaled product of 7 overtakes firstdy and lateré, also. Graphga’), (b’), and(c’)

the total entropy density antl are the same at RHIC. In this caseonly has time to overtake
64 but not 6.

sion entropy density rate is negative as shown in Fig. 6 and

Fig. 7(c). We will see that this same interaction becomeshas to be so before the system as a whole can settle into
dominant in the later part of the evolution later on when wecomplete equilibrium. The thick solid lines in Fig(c3 and
compare the importance of the different processes. So gluoris’) show the scaled total entropy per unit area in the central
are losing energy, number and entropy to the fermions. Thisegion which give an idea of the state of the system as a
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0.50 tudes and what is the actual final state depends on their time-
dependent behaviors. For thermalization, thss must be-
have in such a way such that—o as r—o. That means
they must grow less fast than In Fig. 4, we show these
6,’s as a function ofr. Initially, 6;> 7 for both quarks and
gluons, andd, starts off very larggsee Table )l but drops
extremely rapidly back down to within hadronic timescales.
The subsequent expected increase in ti@®-3§ is suffi-
ciently slow for 7 to get pastd, and 6, at LHC, Figs. 4a)
and(b) but at RHIC, Fig. 4b"), 6, is still too large forr to
overtake it before the temperature reaches 200 MeV. Never-
theless, ther dependence is slow enough tixashould go to
infinity as r—oo.

We have mentioned in Sec. Il, for the system to equili-
brate as one, the target equilibrium temperatufgg and
Teq @nd alsody and 6, must approach each other at large
7. We strongly suspect that the convergence of the tempera-
tures will proceed in an oscillating fashion where the two
curves intersect each other several times before the final con-
vergence at very large. We can see this in Figs.(& and
(b). At LHC, the initial condition is more favorable for
0.10 . . . equilibration and s ¢y intersectsTqy, twice already. This

0.0 2.0 4.0 6.0 is not so at RHIC. In fact, all indications point to the fact that
T (f/c) a plasma created at LHC will equilibrate better than one

created at RHIC. By letting the plasma to continue its evo-

FIG. 5. The time development of the equilibrium target quonIUtion and ignoring the dec_onﬁnemem ph.ase transition, we
(solid ling) and quark(dashed ling temperaturesT . and Teg, have seen that the collective variables like the gluon and
respectively, ata) LHC and(b) RHIC. They should converge in an guark energy densities, gluon entropy density, etc., do show
oscillating fashion at large in order for the system to equilibrate as t€ndency to pass from below to above or vice versa, the

one towards a single temperature. The convergence is less good @@rresponding equilibrium target values, i.e., tendency to
RHIC than at LHC. overshoot the equilibrium values and hence oscillation. As to

the convergence of;’s, it is not so clear in Figs. (4) and

whole. They show that although the entropy of the individual(c'), especially at RHIC in Fig.@"). 6 is much too large
subsystem can decrease, the total value must increase in ag-comparison with¢, for any clear sign of convergence
cordance with the second law of thermodynamics. within the time available. On the other hand, at LHC, al-

The figures discussed above show that the plasma is irthough there is still a large gap between the magnitudes,
deed approaching equilibrium and that interactions are faghere is a clear tendency that the rate of increase,afith
enough to dominate over the Bjorken type one-dimensionat is slowing down in Fig. &) while ¢, still increases at
scaling expansion. approximately the same rate. It is simply too early for the

As we analyzed in Sec. Ill, thermalization is governed bysystem to equilibrate as one. Even near the end, the quarks
the 6,’s. How fast this will proceed depends on their magni-and gluons can only be considered as two linked subsystems
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approaching equilibrium at very different rates. Hence weof | ;. The remaining ratio of quark-gluon scattering to gluon
have a two-stage equilibration. multiplication continues to rise but not as rapidly as the first
Having shown that interactions can indeed dominate overatio. For quark entropy, Fig. 8 and Figd®, both ratios of
the one-dimensional expansion of the parton gas in the cemuark-gluon scatterinésolid line) and fermion-fermion scat-
tral region of relativistic heavy ion collisions and hence bringterings(dashed lingto gg« qq rate remain small during the
the plasma into equilibrium. We can now look at the indi- time available although they are both on the rise. So for
vidual processes and compare their relative importancegluons, gluon multiplication dominates initially but is later
These are the processes E(9), (20), and(21). We have overtaken bygg«—qq which continues to dominate over
labeled their contributions to the gluon and quark collisionother elastic processes. For quaflemtiquarks, this same
entropy ratedsy/dr and ds,/d7 by ds;/d7, i=1,...,4 process dominates during the lifetime of the plasma.
anddsg;/d7,i=1,...,3 intheorder that they appear in Eqs. ~ These behaviors can be understood in the following way.
(19), (20), and(21). Processes that give the same rate due t@luon branching dominates initially over any other processes
guark-antiqguark symmetry are considered as the same prge long as gluons are not near equilibrium. Once they ap-
cess. Hencgg«— gq andgqg« gq give identical contribution  proach saturatiofthel ; estimates slow down their approach
to gluon and quark collision entropy density rate astowards 1.0 in Figs. (B) and (b) at about the times men-
dsys/d7 andds,, /d7, respectively. Also we have combined tioned abové gluon-gluon annihilation to quark-antiquark
fermion elastic scattering processes as onedatg/dr for  takes over as the dominant one because the fermions are still
convenience. These are shown in Fig. 6, Fig. 7, Fig. 8, anfar from full equilibration. Because of the latter reason, the
Fig. 9. The elastic processes have a characteristic shape, i.ether ratios involving quark or antiquark to gluon branching
an initial rapid rise to a peak at maximum anisotropy beforecontinue to rise.
returning to zero progressively. The sharper the peak, the
quicker the kinetic equilibratioicompare Fig. 6 and Fig. 250 : 0.04
7(b), (d) and Fig. 8 and Fig. @), (c) and Fig. 4. Note the \

2.00 B
negative rate of Fig. 6 and Fig(dJ which is because there vs0 L \\ @) 1 g %%
are net quark-antiquark pair creations from gluon-gluon an- ool 0.02

nihilations and entropy decreases with the number of gluons
as already mentioned in the previous paragraphs. We com-
pare the different processes by plotting the ratio of the mag-
nitude of each contribution to that of gluon multiplication for
gluons in Fig. 6 and Fig. (&) and the ratio of each rate to

0.50 - \\F\ 8

0.00 i :

0.05 \
/

0.00

-0.05 -

/

! 4
| ®)

, _

ds /dtratios  ds,/dt (c/fm")

ds_Jdt (c/fm") ds, /dt (c/fm’)

that of quark-antiquark creation for quarkantiquarks in o8

Fig. 8 and Fig. &). In the (e) figures, gluon multiplication W o] 005 ¢

clearly dominates initially atr<2 fm/c at LHC andr<4 %0 20 80 120 %o a0 80 120
fm/c at RHIC since all three ratios in each plot are less than T (fm/c) T (fm/c)

1. After these timesgq creation becomes dominafthick

solid line) and rises to several times larger than gluon mul- 15 g The time development of the different contributions to
tiplication. Thegg elastic scattering, on the other hand, tendsihe total quark collision entropy density rate at LHC. They @e

to maintain a small, nearly constant ratio with gluon multi- 4., qq, (b) gg<gq or ggegg, and(c) the sum of the contribu-
plication (solid line), which supports the claim madefibil].  tions of all fermion elastic scattering processgs—qd, qq—qa,
That is, in a pure gluon plasma, gluon multiplication domi- and qq<qq. The ratios of the contributiorib) (solid line), (c)
nates ovegg elastic scattering in driving the plasma towards (dashed lingto that of(a) is plotted in(d). This shows that through-
equilibrium. This remains the case even whgp-0.93  out the lifetime of the QCD plasma, gluon annihilations into quark-
which shows that this dominance is not sensitive to the valuantiquark pairs dominates in the equilibration of the fermions.
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0.25 : : : 0.0020 : , , We can now return to the question of whether other in-
<= 020 Y ooots | o] elastic processes such gg—qqg, g9+ gqg, gaq+gqg,
% 0.15 [ % sooro | © | gg<—qqd, 9g<—qqq, quqqg, etc., should be included.
= 010t 1% Although they are non-leading compareddgg<—ggg and
g;, 005 | ] Eg 0.0005 | . gg—qq due to color, they should be significant when one
S 000 B 50000 ! | | , sizes them with the elastic processes in view of the cancel-
2 0002 Tg %% s lation between the forward and backward reactiong1,
< zzzz o TE ooar the question of. the domina}nc_:e of ipglastic over elastic pro-
5 ool | 15 A cesses was raised. Here it is sufficient to include the two
T 000 [ \ . ®) - gv 0.00 \/ @ leading inelastic processes to show this explicitly. Had one
© 0008 L 004 T included these other processes, then equilibration should be

't (fmfc) ' T (fmic) faster and one could end up with a more reasonable quark-

antiquark content in the plasma. However, we are doubtful
FIG. 9. The time development of the same contributions to thethat the equilibration time can be reduced dramatically from
total quark collision entropy density rate as in Fig. 8 but at RHIC.what we have shown here.
The same ratios as at LHC are plotted (o). They show again As we argued if11], it is hard to perturb a parton system
inelastic process dominates. from thermal equilibrium without doing so chemically.
] . . Therefore inelastic processes are always active in the ap-
So contrary to common assumption, inelastic processegroach to equilibrium whereas the same is not true for elastic
are dominant in equilibration. This should have conse cesses. From our figures, it can be seen that inelastic pro-
quences in the perturbative calculations of transport Coeffizagges are not there only for chemical equilibration or for
C|ek:1_ts or(‘j relaxation t||n;e§36—3ah of systlen} t_hat are ntc))t inor contributions to thermalization as is commonly as-
subjected to external forces. These calculations are ased 1 od due to their possible higher powerssiny they con-

essentially, up to the present, on elastic binary inter"’ICtim%’ribute even more significantly to equilibration than elastic
As we have seen, they are not the dominant processes In 9 y 9

equilibration processes. Changing the initial conditions will only vary the
To the surprising result of gluon multiplication dominates 9°Minancy but not remove the dominance. .
over elastic gluon-gluon scattering, we provide the following Before closing, we would like to point out some differ-
explanation. If one only looks at the scattering cross section§€nces of our results with that of PCM. In PCM, there appears
it is indeed true that gluon-gluon scattering has a larger valu&® P& no early momentaneous isotropic particle momentum
extra gluon produced. Then(-2) extra gluon production f[img that there_ is approximate isotropy, it is already thermal-
cross section can be expressed in terms of the elastic scatté#ation according td5]. It was claimed that there was no
ing cross section af39,40, in the double logarithmic ap- further significant change in the total momentum distribution

proximation, after 7= 2.4 fmfc for Au+Au collision at RHIC. We assume
that they mean the shape of the distribution with the excep-
Ogg(n-2)g% Tggggl @sIN*(S/Scu) 1"~ %, (38)  tion of the slope which should continue to change due to

cooling. However, when the total distribution is broken

where s, is the cutoff for the mininum binary invariant down into that of the parton components, the approximate
(pi+p;)?>sqy Of the four-momenta of each gluon pair. In isotropy or thermalization becomes less obvious. We have
the present problens.,=m3, the double logarithm is not shown that thermalization in the strict sense is slow and isot-
large and certainly does not compensate for the smallness edpy of gluon momentum distribution can be argued to be
as. However, as we have mentioned at the beginning, thapproximate but that of the fermions is not so good.
collision term on the rhs of Eq2) consists of the sum of the As to chemical equilibration, PCM shows little chance of
differences of the reactions in a QCD medium going forwardthat for the fermions. The corresponding fugacity estimates
and backward, so a large cross section does not automatire approaching the “wrong direction” with increasing time.
cally imply dominance of the corresponding process in theThis is due to a net outflow of particles from the defined
approach to equilibrium. central region. The net flux of outgoing particles is arguably

Similarly, gg«qq is not that different fromgg«>gq or  more important for fermions than for gluons because the
gq—gq because the two matrix elements are related simpljormers have a larger mean free path. The result is the gluon
by a swapping of the Mandelstam variables. So why shouldfermion) fraction of the particle composition risédrop9
the first dominate over the second? Except the different waywith increasing time. Therefore even if there is no phase
that the infrared divergences are cut off in the processes, theansition and the parton plasma is allowed to continue its
main reason igg— qq dominates over the backward reac- one-dimensional expansion indefinitely, chemical equilibra-
tion qgq— gg due to the simple fact that there are less fermi-tion will never be achieved. Then according to PCM, the
ons than gluons present in the plasma. An extreme exampkxpansion is slow enough for kinetic equilibration for all
of this phenomenon would be the forward and backwardoarticle species but too fast for chemical equilibration of the
reaction balance out each other for all the elastic interactionguarks and antiquarks. The boundary effect is too important
as in a kinetically equilibrated plasma when only inelasticand is affecting equilibration. In our case, this effect is not
processes remain in the collision terms. In this extreme, alincorporated. Although equilibration is slow, full equilibra-
the ratios of elastic to inelastic collision entropy rate vanishtion will be reached given sufficient time.
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We find it surprising that although the gluon fugacity es-for by the cancellation of the reaction going forward and
timate in PCM[6] overshoots and stays above or at 1.0backward. The recovery of isotropy in momentum distribu-
nearly all the time except at the beginniiiy, is still positive  tion is slow and so is chemical equilibration. The latter is
or an order of magnitude larger thaR,+Rg when the partly due to the small initial fugacities that we used. As an
fugacities of the latter are well below 1.0 and decreasingintrinsic feature of perturbative QCD, the quarks and anti-
One would expect rather gluon absorption or conversion intquarks are lagging behind the gluons in equilibration and
quark-antiquark should take a significant toll on the gluonhence a two-stage equilibration scenario.
production so that there should be a diminution of gluons. At
least, this should be the case when local kinetic equilibrium
has been or nearly been reached which PCM claimed to be
so at the end of the program run but this is not the case in the
plot of the production rate of the different particle species. The author would like to thank M. Fontannaz, D. Schiff,
This is counterintuitive and opposite to what we have shownand everyone at Orsay for kind hospitality during his stay

To conclude, we have shown that inelastic processethere, and R. D. Pisarski and A. K. Rebhan for raising inter-
dominate in the approach towards equilibrium. In particularesting questions. Thanks also go to R. Baier and everyone at
gluon branching is most important. Gluon-gluon annihilationBielefeld for hospitality during the author’s short stay there
into quark-antiquark becomes more important only when thevhere this work was completed. The author acknowledges
gluons are near saturation and equilibrium. The lower powefinancial support from the Leverhulme Trust. Laboratoire de
in a, of the gluon-gluon elastic scattering as compared to th@hysique Therique et Haute Energies assoaie Centre Na-
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