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We investigate the thermalization and the chemical equilibration of a parton plasma created from Au1Au
collision at LHC and RHIC energies starting from the early moment when the particle momentum distributions
in the central region become for the first time isotropic due to longitudinal cooling. Using the relaxation time
approximation for the collision terms in the Boltzmann equations for gluons and for quarks and the real
collision terms constructed from the simplest QCD interactions, we show that the collision times have the right
behavior for equilibration. The magnitude of the quark~antiquark! collision time remains bigger than the gluon
collision time throughout the lifetime of the plasma so that gluons are equilibrating faster than quarks both
chemically and kinetically. That is we have a two-stage equilibration scenario as has been pointed out alread
by Shuryak sometimes ago. Full kinetic equilibration is however slow and chemical equilibration cannot be
completed before the onset of the deconfinement phase transition assumed to be atTc5200 MeV. By com-
paring the collision entropy density rates of the different processes, we show explicitly that inelastic processes
andnot elastic processes as is commonly assumed, are dominant in the equilibration of the plasma and tha
gluon branching leads the other processes in entropy generation. We also show that, within perturbative QCD
processes with higher power inas need not be less important for the purpose of equilibration than those with
lower power. The state of equilibration of the system has also a role to play. We compare our results with those
of the parton cascade model.@S0556-2813~96!04211-2#

PACS number~s!: 25.75.2q, 12.38.Bx, 12.38.Mh, 24.85.1p
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I. INTRODUCTION

A goal of the future heavy ion collision experiments at th
relativistic heavy ion collider~RHIC! at Brookhaven and at
the large hadron collider~LHC! at CERN is to find the
quark-gluon plasma. The primary aim is of course to sho
that quarks and gluons can indeed be freed from their h
ronic ‘‘prison’’ and exist as individual entities in a hot
plasma. Once this is realized, one can then turn to the dive
physics of such a new state of matter. One of these is
relation of the various thermodynamic variables to ea
other or in other words, the equation of state@1#. In order to
probe this in experiments, an equilibrated quark-gluo
plasma is required. In this work, we look at how far can on
expect to have such a plasma in equilibrium. Because of
importance of this question, various different approach
have already been taken to address this issue. In particu
Shuryak@2# argued that equilibration of the plasma procee
via two stages in the ‘‘hot gluon scenario.’’ First the equili
bration of the gluons and then that of the quarks follows wi
a certain time delay. Thermal equilibration is quite short fo
gluon< 1 fm with high initial temperature of 440 MeV at
LHC and 340 MeV at RHIC. However, these estimates a
based on thermal reaction rates for large and small an
scatterings and on the assumption that one scattering is
ficient to achieve isotropy of momentum distribution. As ha
been shown in@3# using a family of different power behav-
iors for the time dependence of the collision time, the a
sumption of one scattering is sufficient is a serious under
timate. With a larger number of scatterings, using the sa
arguments as in@2#, the initial temperature will be lowered
and the thermalization time will be increased. Also, we arg
that estimates based on using the scattering rate alone is
542813/96/54~5!/2588~12!/$10.00
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correct, since in a medium, one must consider the differenc
of the scattering going forward and backward both weighe
with suitable factors of particle distribution functions. Hence
the process with the largest cross section is not necessar
the more important. However, we will show the two-stage
equilibration scenario or in other words, gluons equilibrate
much faster than quarks and antiquarks.

The other approach is the semiclassical parton casca
model~PCM! @4–6#, which is based on solving a set of rela-
tivistic transport equations in full six-dimensional phase
space using perturbative QCD calculation for the interac
tions, predicts an equilibration time of 2.4 fm/c for Au1Au
collision at 200 GeV/nucleon. This approach, which uses
spatial and momentum distribution obtained from the mea
sured nuclear structure functions for the partons as initia
state, is very complicated. Due to the finite size of the col
liding nuclei, it is hard to clearly identify thermalization in
terms of the expected time-dependent behaviors of the va
ous collective variables@5#. But by fitting the total particle
rapidity and transverse momentum distributions of the de
fined central volume, roughly identical temperatures are ob
tained@5# and hence the claim of thermalization. However
in terms of the same distributions of the individual parton
components, this becomes less obvious to be the case@6#. As
was stated in@6#, the momentum distributions are not perfect
exponentials and therefore there is no complete thermaliz
tion in any case.

We will look at this problem of equilibration using a
much simpler approach which is based on the Boltzman
equation and the relaxation time approximation for the col
lision terms. Initially used by Baym@7# to study thermal
equilibration and has subsequently been used in the study
various related problems@8–11#. The conclusion of these
2588 © 1996 The American Physical Society
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works is, in general, if the collision timeu which enters in
the relaxation approximation, grows less fast than the exp
sion timet, then thermal equilibration can be achieved eve
tually. In the case of the quark-gluon plasma, it is not suf
cient to know that equilibration will be achieved eventuall
because the plasma has not an infinite lifetime in which
equilibrate. We would like to know how far can it equilibrate
before the phase transition. To answer such a question,
will use both the relaxation time approximation and the in
teractions obtained from perturbative QCD for the collisio
terms to determineu. This approach has been used prev
ously to study both thermal and chemical equilibration in
gluon plasma@11# where it was found that with the initial
conditions obtained from HIJING results, the gluon plasm
had not quite enough time to completely equilibrate. In th
present case of a quark and gluon parton plasma, quarks
gluons are treated as different particle species rather than
generic partons and so they have different time-depend
collision times. As a result, they approach equilibrium
different rates and towards different target temperatures. T
latters will converge only at large times. It follows that th
system can only equilibrate as one single system at la
times. This lends support to the two-stage equilibration sc
nario @2#.

In an expanding system, particles are not in equilibriu
early on because interactions are not fast enough to main
this so they are most likely to start off free streaming in th
beam direction@10,12#. Thermalization will be seen as the
gradual reduction of this free streaming effect as interactio
gain pace and momentum transfer processes are put into
tion to bring the particle momenta into an isotropic distribu
tion. The present approach takes into account of these
fects.

As in the previous work@11#, isotropic momentaneously
thermalized initial conditions are used at both RHIC an
LHC energies. These are obtained from HIJING results af
allowing the partons to free stream until the momentum d
tribution becomes isotropic for the first time@13–15#. From
then on, interactions are turned on but the distribution b
comes anisotropic again due to the tendency of the partic
to continue to free stream. It is the role of interactions
reduce this and to progressively bring the distributions in
the equilibrium forms. We have shown that, surprisingl
kinetic equilibration in a pure gluon plasma is driven main
by gluon multiplication and not gluon-gluon elastic scatte
ing. In this paper, we include quarks and antiquarks and co
sider the equilibration of a proper QCD plasma. We expli
itly break down the equilibration process into each of i
contributing elements and show which interactions are mo
important and hence uncover the dominant processes
equilibration. In fact, our result isinelastic interactions are
most important for this purpose both for quarks and for gl
ons.

Our paper is organized as follows. In Sec. II, we descri
the Boltzmann equations with the relaxation time approxim
tion for two particle species. In Sec. III, the time-depende
behavior of the collision times,u ’s, necessary for equilibra-
tion will be analyzed and extracted. The particle interactio
entering into the collision terms and details of their calcul
tions will be explained in Sec. IV. Initial conditions used wil
be given in Sec. V and lastly the results of the evolution
an-
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the plasma will be shown and discussed in Sec. VI. We finis
with a brief discussion of the differences with the results o
PCM.

II. RELAXATION TIME APPROXIMATION
FOR TWO PARTICLE SPECIES

In the absence of relativistic quantum transport theory d
rived from first principle of QCD@16–22#, we base our ap-
proach on Boltzmann equation with both the relaxation tim
approximation for the collision terms and the real collision
terms obtained from perturbative QCD. Treating quarks an
gluons on different footings, we write down the Boltzmann
equations

] f i
]t

1vpi•
] f i
]r

5Ci~p,r ,t ! ~1!

wheref i is the one-particle distribution andCi stands for the
collision terms and includes all the relevant interactions fo
particle speciesi and i5g,q,q̄. Concentrating in the central
region of the collision where we assumed to be spatial
homogeneous, baryon free and boost invariant in thez direc-
tion ~beam direction! so that f q5 f q̄ and f i5 f i(p' ,pz8 ,t)
wherepz85g(pz2up) with g51/A12u2 andu5z/t is the
boosted particlez-momentum component andt5At22z2 is
the proper time. Following Baym@7#, the Boltzmann equa-
tion can be rewritten as

] f i
]t U

pzt

5Ci~p' ,pz ,t! ~2!

in the central region. Using the relaxation time approxima
tion

Ci~p' ,pz ,t!52
f i~p' ,pz ,t!2 f eqi~p' ,pz ,t!

u i~t!
~3!

where f eqi is the equilibrium distribution andu i is the colli-
sion time for speciesi , this allows us to write down a solu-
tion to Eq.~2!,

f i~p,t!5 f 0 i~p' ,pzt/t0!e
2xi

1E
0

xi
dxi8e

xi82xi f eqi„Ap'
21~pzt/t8!2,Teqi~t8!…,

~4!

where

f 0 i~p' ,pzt/t0!5@exp„Ap'
21~pzt/t0!

2/T0…/ l 0 i71#21,
~5!

is the solution to Eq.~2! whenC50 which is also the dis-
tribution function at the initial isotropic timet0, with initial
fugacities l 0 i and temperatureT0. It is of such a form be-
cause of the assumption of momentaneously thermalized i
tial condition. The functionsxi(t)’s, given by

xi~t!5E
t0

t

dt8/u i~t8!, ~6!
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play the same role asu i ’s in the sense that their time
dependent behaviors control thermalization.Teqi , that ap-
pears in f eqi , is the time-dependent momentaneous tar
equilibrium temperature for thei particle species. The two
terms of equation Eq.~4! can be thought of, up to exponen
tial factor, as the free streaming~first term! and equilibrium
term ~second term!. Whether speciesi equilibrates or not
depends on which of the two terms dominates.

In the present case of two species, the energy conse
tion equations are, in terms of the equilibrium ideal gas
ergy densities eeqg5a2T eqg

4 , eeqq5nfb2T eqg
4 , a2

58p2/15, b257p2/40 andnf is the number of quark fla-
vors,

de i
dt

1
e i1pLi

t
52

e i2eeqi
u i

~7!

and

de tot
dt

1
e tot1pLtot

t
50, ~8!

wheree tot5( ie i andpLtot5( i pLi , or in other words

(
i

e i2eeqi
u i

50. ~9!

The above equation only expresses the fact that energy
of one species must be the gain of the other. The trans
equations of the different particle species are theref
coupled as they should be. The longitudinal and transve
pressures are defined as before

pL,Ti~t!5n iE d3p

~2p!3
pz,x
2

p
f i~p' ,pz ,t!, ~10!

with ng5238516 and nq52333nf56 nf , the multi-
plicities of gluons and quarks, respectively.

Here the equilibrium target temperaturesTeqg and Teqq
cannot be the same in general since, as we will see in S
VI, ugÞuq5u q̄ . Therefore gluons and quarks will approac
equilibrium at different rates. Note that energy conservat
heredoes notmean

eg12eq5eeqg12eeqq ~11!

sinceug,uq always, at least at small times, so gluon ener
densityeg will approacheeqg faster thaneq approacheseeqq
so the two equilibrium energy densities should not be c
sidered to be those which can coexist at the same mom
This can only be true at larget when Teqg.Teqq and
ug.uq. If Eq. ~11! were true, the condition for energy con
servation Eq.~9! could not hold whenugÞuq. Since our
QCD plasma is a dynamical system under one-dimensio
expansion as well as particle production, the target temp
turesTeqg andTeqq must be changing continuously and mu
approach each other at large times before the gluon
quark~antiquark! subsystems can merge into one system a
exist at one single temperature. Likewise, we believeug and
uq should also converge to a single value at large tim
unfortunately, this will take too long to happen in the evol
tion of our plasma although we can be sure that bothug and
et
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uq increase less fast than the expansion timet near the end
of the evolution, a condition which, as has already be
stated in the Introduction and we will see again in Sec. III,
necessary for thermalization.

III. CONDITIONS ON ug AND uq FOR THERMALIZATION

Before considering the evolution of the QCD plasma u
der real interactions, we can deduce analytically, using E
~2! and Eq.~4!, the conditions on theu i ’s under which the
plasma will come to kinetic equilibrium. Multiplying Eq.~4!
by particle energy and integrating over momentum, we ha
the equations for thee i ’s. Further manipulating these gives

E
0

xi
dxi8e

xi8H t8h~t8/t!@eeqi~t8!2e i~t8!#

2
d

dxi8
@t8h~t8/t!e i~t8!#J 50, ~12!

where

h~r !5E
0

1

dyA12y2~12r 2!5
1

2S r1
sin21A12r 2

A12r 2
D

~13!

and xi85xi(t8). Supposing ast→`, xg→`, and xq→`
then the integrand in Eq.~12! will be weighed by the
t8→` or large xi8 limit. It follows that the term within
braces in Eq.~12! must be zero at larget8 so using
h8(r )ur5151/3, we have

de i
dt

1
4

3

e i
t

52
e i2eeqi

u i
. ~14!

This means each species will undergo near hydrodynam
expansion at larget modified by energy lost to or energy
gained from the other species. The latter should be smal
such times. Summing Eq.~14! over species, we obtain the
energy conservation equation for a system undergoing
drodynamic expansion

de tot
dt

1
4

3

e tot
t

50, ~15!

with pLtot5e tot/3.
If one u i is such that the correspondingxi→xi`,` as

t→` then hydrodynamic expansion does not apply to th
species since we have

d~e it!

dt
52

~e i2eeqi !t

u i
2pLi , ~16!

where nowpLiÞe i /3, so kinetic equilibrium is not estab-
lished. The right-hand side~rhs! of Eq. ~16! is negative if
these particles are losing energy or gaining energy at a r
less thanpLi /t at larget. Thereforee it must decrease to-
wards a nonzero asymptotic value (e it)` , since
xi`,`⇒e it.0 always, which results in a free streamin
final state for these particles
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e i~t→`!;~e it!` /t. ~17!

A similar free streaming final state will be reached if the ra
of gaining energy is larger thanpLi /t at larget. In this case,
althoughe it is increasing, thee j of the other particle species
with xj→` ast→` will be close toeeqj and so the energy
transfer will be very small. One can deduce that ast→`

1@
eeqi2e i

u i
→0.

pLi
t

⇒d~e it!

dt
→0, ~18!

hencee it→(e it)` . That ise it now increases towards some
asymptotic value instead of decreasing towards one as in
previous case. But it ends up with a free streaming final st
nevertheless. We do not consider the case where the rela
rate (eeqi2e i)t/u i pLi oscillates about one at larget except
to say that on the averaged(e it)/dt;0 and so an average
free streaming final state is likely.

The last possibility wherexi→xi`,` as t→` for both
particle species, Eq.~16! applies to both. Barring the case o
the oscillating relative rate, one particle species must lo
energy and so by the above argument, a free streaming fi
state results. For the remaining particle species, it does
matter whetherd(e it)/dt is or is not positive at larget,
these particles will also be in a free streaming final state.
the rate is negative, then the same argument that leads to
~17! applies. If it is positive, since the species that is losin
energy is approaching free streaming so the energy tran
must go to zero. Then we are back to Eq.~18!.

The conclusions are therefore, depending on the tim
dependent behaviors ofug anduq, as follows.

~1! xg→` andxq→` ast→` are required for the whole
system to completely thermalize.

~2! xg→` and xq→xq`,` or xq→` and xg→xg`,`
as t→` imply that only the species withxi→` will ther-
malize, the other species will not equilibrate but free stream
at the end. The system will end up somewhere between f
streaming and hydrodynamic expansion.

~3! Both xg→xg`,` andxq→xq`,` ast→` then the
whole system will end up in a free streaming final state.

One can understand thesexi behaviors in terms ofu i ’s by
assuming simple powert dependence for the latters. On
finds thatu i ’s must all grow slower thant for the whole
system to achieve thermalization. If either one or more gro
faster then a mixed or a complete free streaming final st
results.

IV. PARTICLE INTERACTION –COLLISION TERMS

To investigate the evolution of a proper QCD plasma, w
consider the following simplest interactions at the tree lev

gg↔ggg, gg↔gg, ~19!

gg↔qq̄, gq↔gq, gq̄↔gq̄, ~20!

qq̄↔qq̄, qq↔qq, q̄q̄↔q̄q̄. ~21!
e
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As in @13–15#, we include only the leading inelastic pro
cesses, i.e., the first interaction of Eq.~19! and Eq.~20!.1 We
will return to this point later on in Sec. VI.

In the solutions Eq.~4! to the Boltzmann equations Eq
~2!, there are two time-dependent unknown parametersu i
andTeqi for each species which very much control the pa
ticle distributions. To determine them, we need two equ
tions each for gluons and for quarks. In order to show t
relative importance of the various interactions Eqs.~19!,
~20!, and~21! in equilibration, we find these time-dependen
parameters by constructing equations from the rates of
ergy density transfer between quarks~antiquarks! and gluons
and the collision entropy density rates.

From Eqs.~2!, ~3!, and ~4!, the energy density transfer
rates are

de i
dt

1
e i1pLi

t
52

e i2eeqi
u i

5n iE d3p

~2p!3
pCi~p' ,pz ,t!5Ei , ~22!

whereEi is the energy gain or loss of speciesi per unit time
per unit volume. As stated in Sec. II,Ei ’s must obey
( iEi50 for energy conservation.

The other equations, the collision entropy rates can
deduced from the explicit expression of the entropy dens
in terms of particle distribution function@23#

si~t!52n iE d3p

~2p!3
$ f i~p,t!lnf i~p,t!

7„16 f i~p,t!…ln„16 f i~p,t!…%, ~23!

where the different signs are for bosons and fermions,
spectively. They are, using again Eqs.~2!, ~3!, and~4!,

S dsidt D
coll

52n iE d3p

~2p!3 S ] f i
]t D

coll

lnS f i
16 f i

D ~24!

52n iE d3p

~2p!3
Ci~p' ,pz ,t!lnS f i

16 f i
D

~25!

5n iE d3p

~2p!3
f i2 f eqi

u i
lnS f i

16 f i
D .

~26!

By using the explicit expression for the collision term
Ci ’s constructed from the interactions Eqs.~19!, ~20!, and
~21! within perturbative QCD, Eqs.~22!, ~25!, and~26! allow
us to solve foru i ’s andTeqi ’s.

The gluon multiplication contribution toCg is constructed
from the infrared regularized Bertsch and Gunion formu
@24# for the amplitude with partial incorporation of Landau
Pomeranchuk-Migdal suppression~LPM! for gluon emission

1The first one of Eq.~21! could also be inelastic but here we give
the same chemical potential to all the fermions so we do not co
sider quark-antiquark annihilations into different flavors as inelas
for our purpose.
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and absorption@13,25–27# as in the previous work@11#. The
explicit form of the gluon multiplication collision term and a
discussion of the problem regarding how to incorporate t
LPM effect correctly can be found there also. The remainin
binary interaction contributions toCi for particle 1 is, as
usual, given by

Ci1
binary52(

Pi

SPin2

2p1
0 )
j52

4
d3pj

~2p!32pj
0

3~2p!4d4~p11p22p32p4!uM112→314
Pi u2

3@ f 1f 2~16 f 3!~16 f 4!2 f 3f 4~16 f 1!~16 f 2!#,

~27!

where thePi runs over all the binary processes in Eqs.~19!,
~20!, and ~21! which involve speciesi , uMPiu2 is the sum
over final states and averaged over initial state squared m
trix element,SPi is a symmetry factor for any identical par

ticles in the final states for the processPi and n2 is the
multiplicity of particle 2.

We takeuMPiu2’s from @28# and infrared regularized them
using either the Debye massmD

2 for gluons or the quark
medium massmq

2 for quarks to cut off any infrared diver-
gence. These masses are now time-dependent quantities
nonequilibrium environment. With nonisotropic momentum
distribution, both the Debye mass@29,30# and the gluon me-
dium mass,mg

2 , are directional dependent. This is, howeve
not the case for the quark medium mass,mq

2 , which remains
directional independent as in equilibrium. The directional d
pendence arises out of the cancellations between ident
type of distribution functions similar to those one finds in th
derivation of hard thermal loops@31,32#. To keep things
simple, we removed the directional dependence frommD

2 and
use, for SU(N53!, to leading order inas ,

mD
2 ~t!528pasE d3p

~2p!3
]

]upu ~Nfg1nf f q!. ~28!

For the quark medium mass, to the same order, we use

mq
2~t!54pasSN221

2N D E d3p

~2p!3
1

upu ~ f g1 f q!, ~29!

which is just the equilibrium expression but with nonequilib
rium distribution functions.

With these masses, we regularize the squared matrix e
ments by hand and inserting the masses as follows:

uMgg→ggu25
9 g2

2 S 32
ut

~s1mD
2 !2

2
us

~ t2mD
2 !2

2
st

~u2mD
2 !2D ,
~30!

uMgg→q q̄u25
g2

6 S t

~u2mq
2!

1
u

~ t2mq
2! D 2

3

8

u21t2

~s14mq
2!2

,

~31!
e
g

a-

in a

r,

-
cal
e

-

le-

uMgq→gqu25uMg q̄→g q̄u2

5g2F12
2us

~ t2mD
2 !2

2
4

9 S u

~s1mq
2!

1
s

~u2mq
2! D G ,

~32!

uMqq→qqu25uM q̄ q̄→ q̄ q̄u2

5
2 g2

9 S 2~s21t2!

~u2mD
2 !2

1d12
2~u21s2!

~ t2mD
2 !2

2d12
4

3

s2

~ t2mD
2 !~u2mD

2 ! D , ~33!

uMq q̄→q q̄u25
2 g2

9 S d13d24
2~s21t2!

~u2mD
2 !2

1d12d34
2~ t21u2!

~s14mq
2!2

2d12d13d34
4

3

t2

~u2mD
2 !~s14mq

2! D , ~34!

where thed i j signifies that thei and j quark or antiquark
must be of the same flavor. This regularization amounts
screening spacelike and timelike infrared gluons bymD

2 and
4mq

2 , respectively and infrared quarks bymq
2 . We stress that

this regularization is done in a very simple manner and w
the right order of magnitude for the cutoffs. Its aim is to g
some estimates to the collision rates without involving to
much with the exact and necessarily complicated moment
dependent form of the true infrared screening self-energies
an out-of-equilibrium plasma when their infrared screenin
effects should be in action. They should be the extension
the two-point gluon and quark hard thermal loops@31–35# to
a nonthermalized environment.

We should mention here that the choice of the pair
equations for solving the two time-dependent unknownsu i
and Teqi for each particle species is not unique. One c
equally use, for example, the rate equations for the parti
number density instead of the collision entropy density. Wi
these other choices, the values of the different quantities
shifted somewhat due to the way that the initial condition
are extracted but there is no qualitative different in the resu
Our present choice has the distinct advantage that we
explicitly compare the different processes using the collisi
entropy density rates. This will become clear when we sho
the results in Sec. VI.

V. INITIAL CONDITIONS

To start the evolution, we use the same initial conditio
for the gluon plasma as before@11# based on HIJING result
for Au1Au collision. The initial conditions for the quarks
~antiquarks! are obtained by taking a ratio of 0.14 for th
number of initial quark~antiquark! to the initial total number
of partons as done in@13–15#. The initial conditions are
shown in Table I. One sees that the initial quark collisio
times are long compared to those of the gluons both at RH
and LHC. Especially at RHIC, the quark collision time i
exceedingly long and so these particles are essentially f
streaming initially. Taking these numbers as guides to ho
fast each particle species is going to equilibrate, we can
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sure already of a two-stage equilibration scenario@2#.
Using the standard initial picture of heavy ion collision

as before, our evolution is started when the momentum d
tribution in the central region of the collision becomes, fo
the first time, isotropic due to longitudinal cooling. The sub
sequent development is determined by the interactions E
~19!, ~20!, and~21!. In the case of a pure gluon plasma@11#,
it is clear that interactions bring the system towards equil
rium and not towards some free streaming final state wh
is a possible alternative as can be inferred from the analy
in Sec. III. That is the interactions dominate over the expa
sion. In the present situation, we will see that the same c
certainly be said for the gluons and for the quarks at LH
but at RHIC, it is less clear for the latters. The equilibratio
time for quarks is at least several times longer than that
the gluons.

Details for the procedure of the computation can be fou
in @11#. The values for the numerical parameters are the sa
and in addition, we usenf52.5 to take into account of the
reduced phase space of strange quark. All time integrati
are discretized and the rates are obtained at each time
necessary for forming the two pairs of equations Eqs.~22!,
~25!, and~26!. One then solves the two equilibrium tempera
turesTeqg andTeqq from two fourth degree polynomials, one
for each of the temperatures. From these solutions,ug and
uq are obtained and everything is then fed back into t
equations for the next time step.

VI. EQUILIBRATION OF THE QCD PLASMA

We show the results of our computation in this sectio
They show clearly the collision timesug and uq hold the
keys to equilibration as have been analyzed in Sec. III. W
will see shortly that as a result of the disparity between th
magnitudes at finite values oft, the equilibration of quarks
and antiquarks lags behind that of the gluons both chemica
and kinetically. We will also identify the dominant processe
responsible for equilibration. They arenot the commonly
assumed elastic scattering processes as already mention
the Introduction.

When dealing with two particle species, one has seve
choices as to when should the evolution be stopped.
choose to do this when both the quark and the gluon te
perature estimates drop to 200 MeV. For gluons, this es

TABLE I. Initial conditions for the evolution of a QCD plasma
created in Au1Au collision at RHIC and at LHC.

Initial conditions
RHIC LHC

t0 ~fm/c) 0.70 0.50
T0 ~GeV! 0.50 0.74
e0 g ~GeV/ fm3) 3.20 40.00
e0 q ~GeV/ fm3) 0.63 7.83
n0 g (fm23) 2.15 18.00
n0 q (fm23) 0.42 3.53
l 0 g 0.08 0.21
l 0 q 0.017 0.044
u0 g ~fm/c) 2.18 0.73
u0 q ~fm/c) 239.72 30.92
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mate is obtained by the near equilibrium energy and numbe
density expression

eg5a2l gTg
4 and ng5a1l gTg

3 , ~35!

which are valid when the fugacityl g is near 1.0, i.e., when
the distribution functions can be approximated by
f g(p,l g ,t)5 l gf g(p,l g51,t). For quarks and antiquarks, we
cannot do the same asl q has not time to rise above 0.5 so
instead, the temperature is estimated from the same quan
ties in kinetic equilibrium but at small values ofl q

eq53nql qTq
4/p2 and nq5nql qTq

3/p2. ~36!

These estimates are plotted in Fig. 1. The vertical line mark
the point when the gluon temperature estimate~thick solid
line! drops to 200 MeV. At this point,t;6.25 fm/c, the
fugacity ~thick dashed line! is l g;0.935 at LHC and is
l g;0.487 att;2.85 fm/c at RHIC. On the same plots, the
quark temperature~solid line! drops at a slower rate and the
fermionic fugacity ~dashed line! is also increasing much
slower given the less favorable initial conditions and initially
much slower quark-antiquark pair creation than gluon multi-
plication rate. In the end, the fermions are not too well
chemically equilibrated and in fact, are still quite far away
from 1.0. This is especially bad at RHIC. We note that com-
paring to@13–15#, in our case, gluons chemically equilibrate
faster but quarks are slower.

FIG. 1. The time dependence of the estimated temperatures f
quarks and for gluons and their fugacities at~a! LHC and~b! RHIC.
The solid lines are the estimated temperaturesTg ~thick line! and
Tq . The dashed lines are the fugacitiesl g ~thick line! andl q . Gluon
chemical equilibration is much faster than that of the quarks. The
curves are stopped when all the temperature estimates drop to 2
MeV. The vertical line indicates when the gluon temperature
reaches this value.
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Unlike chemical equilibration, kinetic equilibration has n
simple indicators like the fugacities that can allow itself to
simply quantified. One has to, instead, use the anisotrop
momentum distribution as well as various reaction rates
get an idea of the degree of kinetic equilibration. The form
can be deduced from the ratios of the longitudinal press
and a third of the energy density to the transverse press
pL /pT and e/3pT , respectively. Whereas from the elast
scattering rates, one can deduce roughly how close the
tribution functions are to their equilibrium forms by virtue o
the fact that in local kinetic equilibrium, these rates are ze
The pressure ratiospL /pT ~solid line! and e/3pT ~dashed
line! are plotted in Figs. 2~a! and~a8! for gluons,~b! and~b8!
for quarks, and~c! and~c8! for the total sum. These ratios ar
indeed approaching 1.0, the expected value after therma
tion, but at different rates. Gluons are clearly equilibrati
much faster than quarks which proceed rather slowly.

To show that these behaviors, although slow, are ind
the signs of equilibration and that the plasma is not a
proaching some free streaming final states, we can work
what their behaviors should be in the latter case by taking
extreme and letu i→`. From Eq.~10!, ast→`,

pL→pt0
3e0/4t3

pT→pt0e0/8t

e→pt0e0/4t
J ⇒ H pL /pT→2t0

2/t2→0
e/3pT→2/3

~37!

wheree0 is the initial energy density and the above ratios a
valid for both quarks and gluons in this extreme. Therefo
in the free streaming case, the first ratio should appro
zero and the second should approach 2/3. These are cl
not what we see in our plots.

To best get an idea of how close the distribution functio
are to the equilibrium forms, thegg and qq or q̄q̄ elastic
scattering processes are ideal for this. These are show
Fig. 6 and Fig. 7~b! for gluon and Fig. 8 and Fig. 9~c! for
quark. Note that the peaks of these collision entropy ra
coincide with the corresponding mininum points of the pre
sure ratios. As expected, the rates maximize at maxim
anisotropy in momentum distribution. They all rise rapid
from zero att0 when the interactions are turned on. Th
subsequent return to zero or the approach of the distribu
functions to their equilibrium forms are, however, much le
rapid. They only do so progressively as can be deduced
ready from the pressure ratio plots.

Having shown chemical and kinetic equilibrations sep
rately, we present now the actual approach of the collec
variables towards the equilibrium values. Since we are m
interested in the behavior of their time dependence than t
absolute magnitudes, we multiplied them by their expec
time dependence and scaled these by taking a guess a
corresponding asymptotic values from the tendency of
curves. The results are plotted in Fig. 3. They a
e it

4/3/esitsi
4/3, nit/nsitsi andsit/ssitsi in the figures~a! and

~a8!, ~b! and ~b8!, and ~c! and ~c8!, respectively. All these
should be nearly constant with respect to time at larget. The
solid lines are for gluons and the dashed ones are for qua
They showed that the curves do behave in such a way for
eventual constant behavior. This feature is much cleare
LHC than at RHIC which only reconfirms the previous
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deduced result of faster equilibration at LHC than at RHIC
Note that for gluons, the quantities are approaching the co
responding asymptotic values from above, whereas f
quarks, this approach is from below. This is because of t
simple reason that there is a net conversion of gluons in
quark-antiquark pairs viagg↔qq̄. The corresponding colli-

FIG. 2. The ratios of the longitudinal pressure~solid line! and a
third of the energy density~dashed line! to the transverse pressure,
pL /pT ande/3pT respectively for~a! gluons,~b! quarks, and~c! the
total sum at LHC. Graphs~a8), ~b8), and ~c8) are the same at
RHIC.
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sion entropy density rate is negative as shown in Fig. 6 a
Fig. 7~c!. We will see that this same interaction becom
dominant in the later part of the evolution later on when w
compare the importance of the different processes. So glu
are losing energy, number and entropy to the fermions. T

FIG. 3. The scaled products of the collective variables~a! en-
ergy density,~b! number density, and~c! entropy density and their
expected inverse time dependence in equilibriumt4/3, t, and t,
respectively, at LHC. Graphs~a8), ~b8), and ~c8) are the same at
RHIC. The solid and dashed lines are for gluons and quarks, resp
tively. The thick solid line in~c! and ~c8) is the scaled product of
the total entropy density andt.
nd
s
e
ns
is

has to be so before the system as a whole can settle i
complete equilibrium. The thick solid lines in Fig. 3~c! and
~c8) show the scaled total entropy per unit area in the cent
region which give an idea of the state of the system as

ec-
FIG. 4. The time dependence of the collision time~a! for gluons

ug and~b! for quarksuq at LHC. Their values are compared in~c!.
t overtakes firstug and lateruq also. Graphs~a8), ~b8), and ~c8)
are the same at RHIC. In this case,t only has time to overtake
ug but notuq.
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2596 54S. M. H. WONG
whole. They show that although the entropy of the individu
subsystem can decrease, the total value must increase i
cordance with the second law of thermodynamics.

The figures discussed above show that the plasma is
deed approaching equilibrium and that interactions are
enough to dominate over the Bjorken type one-dimensio
scaling expansion.

As we analyzed in Sec. III, thermalization is governed
theu i ’s. How fast this will proceed depends on their magn

FIG. 5. The time development of the equilibrium target glu
~solid line! and quark~dashed line! temperaturesTeqg and Teqq,
respectively, at~a! LHC and~b! RHIC. They should converge in an
oscillating fashion at larget in order for the system to equilibrate a
one towards a single temperature. The convergence is less go
RHIC than at LHC.
al
ac-

in-
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tudes and what is the actual final state depends on their tim
dependent behaviors. For thermalization, theu i ’s must be-
have in such a way such thatxi→` as t→`. That means
they must grow less fast thant. In Fig. 4, we show these
u i ’s as a function oft. Initially, u i.t for both quarks and
gluons, anduq starts off very large~see Table I! but drops
extremely rapidly back down to within hadronic timescale
The subsequent expected increase in time@36–38# is suffi-
ciently slow for t to get pastug anduq at LHC, Figs. 4~a!
and~b! but at RHIC, Fig. 4~b8), uq is still too large fort to
overtake it before the temperature reaches 200 MeV. Nev
theless, thet dependence is slow enough thatxi should go to
infinity as t→`.

We have mentioned in Sec. II, for the system to equi
brate as one, the target equilibrium temperaturesTeqg and
Teqq and alsoug and uq must approach each other at larg
t. We strongly suspect that the convergence of the tempe
tures will proceed in an oscillating fashion where the tw
curves intersect each other several times before the final c
vergence at very larget. We can see this in Figs. 5~a! and
~b!. At LHC, the initial condition is more favorable for
equilibration and soTeqg intersectsTeqq twice already. This
is not so at RHIC. In fact, all indications point to the fact tha
a plasma created at LHC will equilibrate better than on
created at RHIC. By letting the plasma to continue its ev
lution and ignoring the deconfinement phase transition,
have seen that the collective variables like the gluon a
quark energy densities, gluon entropy density, etc., do sh
tendency to pass from below to above or vice versa, t
corresponding equilibrium target values, i.e., tendency
overshoot the equilibrium values and hence oscillation. As
the convergence ofu i ’s, it is not so clear in Figs. 4~c! and
~c8), especially at RHIC in Fig. 4~c8). uq is much too large
in comparison withug for any clear sign of convergence
within the time available. On the other hand, at LHC, a
though there is still a large gap between the magnitud
there is a clear tendency that the rate of increase ofuq with
t is slowing down in Fig. 4~b! while ug still increases at
approximately the same rate. It is simply too early for th
system to equilibrate as one. Even near the end, the qua
and gluons can only be considered as two linked subsyste
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t

-

.

FIG. 6. The time development of the differen
contributions to the total gluon collision entropy
density rate at LHC. They are~a! gg↔ggg, ~b!
gg↔gg, ~c! gg↔qq̄, and ~d! gq↔gq or
gq̄↔gq̄. The curves of the elastic scattering pro
cesses in~b! and ~d! have typical peaks at maxi-
mum anisotropy in momentum distributions. The
ratios of the contribution~b! ~thick line!, ~c!
~solid line!, and~d! ~dashed line! to that of~a! are
plotted in ~e!. This shows that first gluon multi-
plication dominates initially but is later overtaken
by gluon annihilations into quark-antiquark pairs
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FIG. 7. The time development of the same
contributions to the total gluon collision entropy
density rate as in Fig. 6 but at RHIC. The sam
ratios between the different contributions as a
LHC are plotted in~e!.
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approaching equilibrium at very different rates. Hence w
have a two-stage equilibration.

Having shown that interactions can indeed dominate ov
the one-dimensional expansion of the parton gas in the c
tral region of relativistic heavy ion collisions and hence brin
the plasma into equilibrium. We can now look at the ind
vidual processes and compare their relative importan
These are the processes Eqs.~19!, ~20!, and ~21!. We have
labeled their contributions to the gluon and quark collisio
entropy ratedsg /dt and dsq /dt by dsgi /dt, i51, . . . ,4
anddsqi /dt, i51, . . . ,3 in theorder that they appear in Eqs
~19!, ~20!, and~21!. Processes that give the same rate due
quark-antiquark symmetry are considered as the same p
cess. Hencegq↔gq andgq̄↔gq̄ give identical contribution
to gluon and quark collision entropy density rate a
dsg4 /dt anddsq2 /dt, respectively. Also we have combined
fermion elastic scattering processes as one ratedsq3 /dt for
convenience. These are shown in Fig. 6, Fig. 7, Fig. 8, a
Fig. 9. The elastic processes have a characteristic shape,
an initial rapid rise to a peak at maximum anisotropy befo
returning to zero progressively. The sharper the peak,
quicker the kinetic equilibration@compare Fig. 6 and Fig.
7~b!, ~d! and Fig. 8 and Fig. 9~b!, ~c! and Fig. 2#. Note the
negative rate of Fig. 6 and Fig. 7~c! which is because there
are net quark-antiquark pair creations from gluon-gluon a
nihilations and entropy decreases with the number of gluo
as already mentioned in the previous paragraphs. We co
pare the different processes by plotting the ratio of the ma
nitude of each contribution to that of gluon multiplication fo
gluons in Fig. 6 and Fig. 7~e! and the ratio of each rate to
that of quark-antiquark creation for quarks~antiquarks! in
Fig. 8 and Fig. 9~d!. In the ~e! figures, gluon multiplication
clearly dominates initially att&2 fm/c at LHC andt&4
fm/c at RHIC since all three ratios in each plot are less th
1. After these times,qq̄ creation becomes dominant~thick
solid line! and rises to several times larger than gluon mu
tiplication. Thegg elastic scattering, on the other hand, tend
to maintain a small, nearly constant ratio with gluon mult
plication ~solid line!, which supports the claim made in@11#.
That is, in a pure gluon plasma, gluon multiplication dom
nates overgg elastic scattering in driving the plasma toward
equilibrium. This remains the case even whenl g;0.93
which shows that this dominance is not sensitive to the va
e
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of l g . The remaining ratio of quark-gluon scattering to gluo
multiplication continues to rise but not as rapidly as the fir
ratio. For quark entropy, Fig. 8 and Fig. 9~d!, both ratios of
quark-gluon scattering~solid line! and fermion-fermion scat-
terings~dashed line! to gg↔qq̄ rate remain small during the
time available although they are both on the rise. So f
gluons, gluon multiplication dominates initially but is late
overtaken bygg↔qq̄ which continues to dominate over
other elastic processes. For quarks~antiquarks!, this same
process dominates during the lifetime of the plasma.

These behaviors can be understood in the following wa
Gluon branching dominates initially over any other process
so long as gluons are not near equilibrium. Once they a
proach saturation@the l g estimates slow down their approac
towards 1.0 in Figs. 1~a! and ~b! at about the times men-
tioned above#, gluon-gluon annihilation to quark-antiquark
takes over as the dominant one because the fermions are
far from full equilibration. Because of the latter reason, th
other ratios involving quark or antiquark to gluon branchin
continue to rise.

FIG. 8. The time development of the different contributions
the total quark collision entropy density rate at LHC. They are~a!
gg↔qq̄, ~b! gq↔gq or gq̄↔gq̄, and~c! the sum of the contribu-
tions of all fermion elastic scattering processesqq↔qq, qq̄↔qq̄,
and q̄q̄↔q̄q̄. The ratios of the contribution~b! ~solid line!, ~c!
~dashed line! to that of~a! is plotted in~d!. This shows that through-
out the lifetime of the QCD plasma, gluon annihilations into quar
antiquark pairs dominates in the equilibration of the fermions.
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So contrary to common assumption, inelastic proces
are dominant in equilibration. This should have cons
quences in the perturbative calculations of transport coe
cients or relaxation times@36–38# of system that are not
subjected to external forces. These calculations are ba
essentially, up to the present, on elastic binary interactio
As we have seen, they are not the dominant processe
equilibration.

To the surprising result of gluon multiplication dominate
over elastic gluon-gluon scattering, we provide the followin
explanation. If one only looks at the scattering cross sectio
it is indeed true that gluon-gluon scattering has a larger va
and gluon multiplication processes are down byas for each
extra gluon produced. The (n22) extra gluon production
cross section can be expressed in terms of the elastic sca
ing cross section as@39,40#, in the double logarithmic ap-
proximation,

sgg→~n22!g}sgg→gg@asln
2~s/scut!#

n24, ~38!

where scut is the cutoff for the mininum binary invariant
(pi1pj )

2.scut of the four-momenta of each gluon pair. In
the present problem,scut5mD

2 , the double logarithm is not
large and certainly does not compensate for the smallnes
as . However, as we have mentioned at the beginning,
collision term on the rhs of Eq.~2! consists of the sum of the
differences of the reactions in a QCD medium going forwa
and backward, so a large cross section does not autom
cally imply dominance of the corresponding process in t
approach to equilibrium.

Similarly, gg↔qq̄ is not that different fromgq↔gq or
gq̄↔gq̄ because the two matrix elements are related sim
by a swapping of the Mandelstam variables. So why sho
the first dominate over the second? Except the different wa
that the infrared divergences are cut off in the processes,
main reason isgg→qq̄ dominates over the backward reac
tion qq̄→gg due to the simple fact that there are less ferm
ons than gluons present in the plasma. An extreme exam
of this phenomenon would be the forward and backwa
reaction balance out each other for all the elastic interactio
as in a kinetically equilibrated plasma when only inelast
processes remain in the collision terms. In this extreme,
the ratios of elastic to inelastic collision entropy rate vanis

FIG. 9. The time development of the same contributions to t
total quark collision entropy density rate as in Fig. 8 but at RHI
The same ratios as at LHC are plotted in~d!. They show again
inelastic process dominates.
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We can now return to the question of whether other in
elastic processes such asgg↔qq̄g, gq↔gqg, gq̄↔gq̄g,
gq↔qqq̄, gq̄↔qq̄q̄, qq↔qqg, etc., should be included.
Although they are non-leading compared togg↔ggg and
gg↔qq̄ due to color, they should be significant when on
sizes them with the elastic processes in view of the canc
lation between the forward and backward reactions. In@11#,
the question of the dominance of inelastic over elastic pr
cesses was raised. Here it is sufficient to include the tw
leading inelastic processes to show this explicitly. Had on
included these other processes, then equilibration should
faster and one could end up with a more reasonable qua
antiquark content in the plasma. However, we are doubtf
that the equilibration time can be reduced dramatically from
what we have shown here.

As we argued in@11#, it is hard to perturb a parton system
from thermal equilibrium without doing so chemically.
Therefore inelastic processes are always active in the a
proach to equilibrium whereas the same is not true for elas
processes. From our figures, it can be seen that inelastic p
cesses are not there only for chemical equilibration or fo
minor contributions to thermalization as is commonly as
sumed due to their possible higher powers inas , they con-
tribute even more significantly to equilibration than elasti
processes. Changing the initial conditions will only vary th
dominancy but not remove the dominance.

Before closing, we would like to point out some differ-
ences of our results with that of PCM. In PCM, there appea
to be no early momentaneous isotropic particle momentu
distribution in either S1S or Au1Au collisions. The first
time that there is approximate isotropy, it is already therma
ization according to@5#. It was claimed that there was no
further significant change in the total momentum distributio
aftert52.4 fm/c for Au1Au collision at RHIC. We assume
that they mean the shape of the distribution with the exce
tion of the slope which should continue to change due
cooling. However, when the total distribution is broken
down into that of the parton components, the approxima
isotropy or thermalization becomes less obvious. We ha
shown that thermalization in the strict sense is slow and iso
ropy of gluon momentum distribution can be argued to b
approximate but that of the fermions is not so good.

As to chemical equilibration, PCM shows little chance o
that for the fermions. The corresponding fugacity estimate
are approaching the ‘‘wrong direction’’ with increasing time
This is due to a net outflow of particles from the define
central region. The net flux of outgoing particles is arguab
more important for fermions than for gluons because th
formers have a larger mean free path. The result is the glu
~fermion! fraction of the particle composition rises~drops!
with increasing time. Therefore even if there is no phas
transition and the parton plasma is allowed to continue i
one-dimensional expansion indefinitely, chemical equilibra
tion will never be achieved. Then according to PCM, th
expansion is slow enough for kinetic equilibration for al
particle species but too fast for chemical equilibration of th
quarks and antiquarks. The boundary effect is too importa
and is affecting equilibration. In our case, this effect is no
incorporated. Although equilibration is slow, full equilibra-
tion will be reached given sufficient time.

he
.
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We find it surprising that although the gluon fugacity e
timate in PCM @6# overshoots and stays above or at 1
nearly all the time except at the beginning,Rg is still positive
or an order of magnitude larger thanRq1Rq̄ when the
fugacities of the latter are well below 1.0 and decreasin
One would expect rather gluon absorption or conversion in
quark-antiquark should take a significant toll on the gluo
production so that there should be a diminution of gluons.
least, this should be the case when local kinetic equilibriu
has been or nearly been reached which PCM claimed to
so at the end of the program run but this is not the case in
plot of the production rate of the different particle specie
This is counterintuitive and opposite to what we have show

To conclude, we have shown that inelastic process
dominate in the approach towards equilibrium. In particula
gluon branching is most important. Gluon-gluon annihilatio
into quark-antiquark becomes more important only when t
gluons are near saturation and equilibrium. The lower pow
in as of the gluon-gluon elastic scattering as compared to t
inelastic gluon emission process is more than compensa
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for by the cancellation of the reaction going forward an
backward. The recovery of isotropy in momentum distribu
tion is slow and so is chemical equilibration. The latter
partly due to the small initial fugacities that we used. As a
intrinsic feature of perturbative QCD, the quarks and an
quarks are lagging behind the gluons in equilibration an
hence a two-stage equilibration scenario.
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