PHYSICAL REVIEW C VOLUME 54, NUMBER 4 OCTOBER 1996
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We present a new and simple method of calculating the occupation probability of the number of total
harmonic-oscillator quanta for a microscopic cluster model wave function. Examples of applications are given
to the recent calculations including an+n+n model for SHe, an a+t+n+n model for °Li, and an
a+ a+n model for °Be as well as the classical calculations ofaft p+n model for ®Li and ana+ a+ «
model for *2C. The analysis is found to be useful for comparing various model wave functions by quantifying
the amount of excitations across the major sH&0556-28186)03510-9

PACS numbds): 21.60.Gx

The microscopic cluster modéWICM) is a many-nucleon usefulness of the presumably small coefficients of the large
theory which provides a unified picture of bound-state prop-number of shell-model configurations is unclear. We will
erties of nuclei and nuclear reactioSee, for examplg,l].)  show instead that it is easy to calculate the percentage of the
It is based on the assumption that the nucleons in the nuclélO excitations contained in the MCM wave function. This
form substructures, called clusters, and solves a manyPresents a useful and economic way for a comparision of
nucleon Schidinger equation with the variational method. MCM and shell-model wave functions, and opens the possi-
Though the MCM is capable of describing a variety of struc-Pility of comparing different MCM wave functions as well.
ture, its application has mostly been limited to a two- Or?I'he new'tgchnlcal elements of the formalism are constructed
three-cluster system. Recent advances in the MCM havd? the spirit of MCM. 3 o
however, enabled one to treat systems containing more than 1 N€ occupation probabilitP, of a definite number of

three clusters and thereby give a detailed description of IighTtOtlal |I_Kt3 qutf;l]ntaQ for ttht? A-nur:leonf ?%/stem ijﬁgbtained by
nuclei including halo nucldi2—5]. This extension of the ap- calculating the expectation value of the operator

plicability has been made possible by the inclusion of clus- 1 (o= . a 3
doexp io| >, P; Huo(i) = 5| = Q|- @
=1

ters other than the particle and by the use of the stochastic “ 270
variational method2,6].

The MCM wave function is an antisymmetrized product Here Hyo(i) is the three-dimensional HO Hamiltonian di-
of the intrinsic wave functions of the clusters and the func-vided by%w= (2%42%/m) y andP; projects out either protons
tions of relative motions. The intrinsic wave functions areor neutrons. The unit operator is set when one calculates the
usually approximated by a simple harmonic-oscillaidO)  number of total quanta occupied by both protons and neu-
configuration, or a linear combination of such states. Thdrons.
functions of relative motions are expanded in terms of some The MCM wave function is conveniently generated from
suitable functions, such as nodeless HO functions or shiftethe Slater determinants of the Gaussian wave-packet single-
Gaussians, for example. In the latter case, an explicit angulgfarticle (sp) functions, ¢%(r)=(2v/ )%~ v(rfs)z,
momentum projection is necessary. As this brief description A

shows, a large variety of cluster models exist and in general bsy, ... s0=A1l e (X2 o Xz r - ()
the MCM wave functions take quite different form. These _ o li=t ' '
facts make it difficult to compare the wave functions in dif- Here A is the antisymmetrizer ana=(o 17y, ...,047a)

ferent calculations even within the family of MCM. The dif- stands for the set of the spin-isospin quantum numbers of the
ficulty is further enhanced if one wants to compare the calhucleons. Thes parameter or “generator” coordinate is a
culations which employ different cluster partitions. variational parameter in the generator coordinate method cal-
The utility, understanding, and appreciation of MCM culations or it is used in an integral transformati@?9] to
would considerably increase if its wave function and modelderive the matrix elements between the Gaussian basis func-
space are easily related to other nuclear models and calculions[10].
tions. The MCM has relationship to the widely used nuclear The matrix element of the operat6r between the Slater
shell model. Efforts have been made to relate the MCMdeterminants is given by

wave function to the S(B) [7] or symplectid 8] shell-model / /

wave function. Such efforts were limited to the two-cluster <¢"(si’ ZQ’SAHO' Pur(S'r %)

case. It is hard to analyze a general MCM wave function in = Ef dexp(—iQ 6)det B}, 3)
0

terms of shell-model configurations. Although in principle it _ _ _

is possible to expand the MCM wave function in shell-modelwhere the element of the matriB is defined by

terms, such a calculation would be very tedious and even thB;; =<¢;U_T_|exp6 OP[Hpyo— 3/2])|(:o:,. oy () o= 1,
i ]Uj Tj
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A). The gpsvi(r.r stands fOVSDsVlX(l/z)U-X(l/Z)T.- Since the con- particle i§ con_structe_d from the Slater determinant ofsa 0

' ' ' ¢ HO function with a size parameter. When the twoa par-
ticles are separated b$ and their relative orbital angular
momentum id., Pq is calculated by

stants,»v and vy, are in general different, the calculation o
Bi; may seem difficult at first sight but in fact can be easily
performed with the use of the following formulas:

3 3/4 1 f(2)
<p;’(r)=(7_?(vz—y)g) J’dt exy{—%(t—s)z (pty(r), PQ_ﬁ %\d:ldzm;
@ f(2)= ;
e 29(i (2d)—4i (d)+35_ )
exp<ie HHO—§)¢g<r>=exp(—Z(l—zZ)tZ)M(r). 5) 4p )12
2 2 ‘ T p=a-p77

where z=€'?. One can prove Eq(5) by noting that the ><exp{—4pd

1+p+(1—p)Z? )
@/ (r) is the generating function for three-dimensional HO

(1+p) 7= (1-p)Z2

functions. Using Eqgs(4) and (5) yields the needed matrix ol 8pdz
element , I (1+p)2—(1-p)2Z2
~y 1 Ay 4de
expgioP| Hyo— 5 Lo —4i
<(PS(TT F{ HO 2) ¢S o'r > 4|L (l+p)2—(1—p)222 +35L,0 s (8)
/.
~ 4vy . wherep=y/v, d=vS?, andi, (2)= a2z, , 1,,(2) are the
N+ yp2=(v—y%22 modified spherical Bessel functions of the first kind. Since
— f(2) is analytic in the unit circle, Cauchy’s integral formula
xexp — vy viyt+(v—y)z (£+52) can be applied to yiel®Py=f(?(0)/Q!. The functionf(z)
(v+7y)2—(v—1y)%Z? has a leading term proportional t84 nearz=0. Hence
40°v7 Pq vanishes foQ<max(L,4), which is the consequence of
Y X O (6)  the Pauli principle. Figure 1 shows tif, values Q=4, 6,
(vt y)?=(v—y)7z* o and § for L=0, 2, 4, and 6 as a function & with a choice

wherez=z or 1 in accordance witfr|P|7)=1 or 0. The of »=0.25 fm 2 and y=0.15 fm 2. The P, values for
value of v is usually chosen to give an appropriate size fordifferent L values are not the same at e&@lparticularly in
the cluster, while the value of is determined by the size of the interval of 2—4 fm. A maximum dP_4 appears around
the whole nucleus. Hence the value ofis usually larger S~2.9 fm in the case of. =0, while it shifts to a smaller
than that ofy. The integral in Eq(4) then does not converge, separation 08~ 2.2 fm in case of. =4. The diagonal energy
but even in this case one can show that @jmay safely be
used.
The sp matrix element dfl o itself

- 31|~
v v —
¢&TT (PS' o' !

0.7 T | I T

PlHho— 35

|anll ol anll e
(I |
AR O

3(v—7p)2 12—4? , Y2+ 42 , [ .
=4, & ($+5?)+ 2y S's /
xe (R s (AP|T) Y

is enough to calculate the average number of total HO quanta
contained in the wave function. Recently this quantity is
used in Ref[11].
The summation in the exponent of E@) runs over all
the nucleons and the probability calculated with it in general
contains the contribution from the center-of-méssn) mo-
tion unless the wave function is free from the spurious c.m.
motion. In fact our MCM wave functions generated from the
Slater determinants of Eq2) by an integral transformation | S\
do not contain the c.m. motiof6]. The probability calcu- o TR .
lated below is thus a purely intrinsic quantity. ~
A generalization to a combined occupation probability is
straightforward. For example, the probabiliFngl,Q2 that 0 1 2 3 4 5

protons have, quanta and neutron®, quanta or spin-up S (fm)
nucleons hav€&; quanta and spin-down nucleo®s quanta
is obtained by using Eq1) twice and noting the commut-
ability of the corresponding operators.

As an illustrative example let us consider Brinkist «
model for 8Be [12]. The intrinsic wave function of thex-

Occupation Probability of Quanta

-
-

= -
_______

FIG. 1. The occupation probability of the number of oscillator
quantaQ for the L=0—6 states of°Be. The wave functions of
8Be are assumed to be given by Brink's thodel[12] with a mean
separatiors.
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TABLE I. The occupation probability of the number of harmonic-oscillator quanta for microscopic multicluster model wave functions.
The probabilities for nucleons, protons, and neutrons are given in percentages in the upper, middle, and lower rows, respectively, as a
function of oscillator excitations. When the probability for neutrons is the same as that for protons, only the proton case is shown. An asterisk
indicates the probability of less than 1% and dashed line represents the vanishing probability. The average number of oscillator excitations
is given in the column labeletQ,,o. The details of the wave functions are referred to Réf)] for ®He andSLi, to Ref. [5] for L,
8Li, °Li, and °C, and to Ref[14] for °Be.

State rms radius Qexc (Qexo
(mode) (fm) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
fHe(0 1) r=251 60 — 14 — 12 — 5 — 3 — 2 — 1 — = 2.2
(a+n+n) r.=187 74 10 11 2 1 * x x x %k ok x Kk 0.5
r.=278 67 3 8 5 7 2 2 1 1 x o xxx 1.7
bLi(a™) rm=244 62 — 16 — 10 — 5 — 3 — 2 — * 1.9
(a+p+n) =244 69 8 10 4 4 2 1 % ok x ok k kx X 1.0
Li(3/27) rm=234 63 — 20 — 9 — 4 — 2 — * —_ x  _ ¥ 1.4
(a+t) r,=228 77 2 16 * 4 x ok F ok xx ok k x % 0.6
r.=238 73 1 17 * 5  x 1 % xxx ok k% 0.8
8Li(2™) rm=245 61 — 18 — 11 — 4 — 2 — 1 — * % 1.7
(a+t+n) =219 79 6 11 1 A A L R A A S 0.4
r.=260 67 3 14 2 7 1 2 1 0 x % % 1.3
8Be(0™) rm=327 3% — 18 — 12 — 7 — 5 — 4 — 3 — 2 7.6
(ata) =327 47 — 21 — 11 — 6 — 4 — 3 — 2 — 1 3.8
SLi(3/27) rm=240 66 — 17 — 11 — 4 — 2 — *x __ x _ % 1.3
(a+t+n+n) r,=210 82 6 9 1 1 % xRk ko x 0.4
r.=254 71 3 12 2 6 1 2 x x % LA S A 1.0
9C(3/27) rm=252 60 — 17 — 12 — 5 — 3 — 1 — * — = 1.8
(a+h+p+p) r,=268 65 4 12 3 7 1 2 1 *  xxx ok x 1.4
r.=216 79 8 9 2 1 * o ok ®xxxx % ¥ 0.4
%Be(3/27) rm=250 54 — 21 — 12 — 5 — 3 — 2 — * __ 2.1
(a+a+n) =239 71 3 17 1 5 * 1 *  x ok kx ok ko 0.8
r.=258 65 2 18 1 8 3 x 1 0  x xx % 1.3
2c0)) r=220 54 — 30 — 11 — 3 — * — x __ % _ % 1.4
(atata) =220 70 5 19 1 4 x ok k ok ko ko ko x kX 0.7
12c(05) rm=37 * — 1 — 12 — 122 — 10 — 8 — 7 — 6 16.1
(a+a+a) r,=3.75 5 7 15 7 11 6 8 5 6 4 4 3 3 2 2 8.2

curve of 8Be as a function oS is expected to have a local than Qe=4 are significant in the ground states %4fi and
minimum around the point wheié,_, reaches a maximum. °Be and also in the ground state fle corresponding to its
Then the behavior of th®, values with respect tb and  extended halo structurg(b)]. The probability distribution
Sis in accord with the antistretchirid3] that the minimum  gpreads out to a very large number of HO quant&Be and

of the diagonal energy curve appears at a smaller clustgpq 0 state of2C, well-known cluster states. They are de-
separation ak increases to the value of a band termination.q ..inad as a bound state in a large basis. Our wave functions

Table | lists theP,, values In percentages for nupleons, for 12C are similar to those of Ref16], which reproduces
protons, and neutrons for some of the wave functions ob- '

tained in our recent MCM calculationg},5,14 using the many _propertleS of*C n the & m_odel. The parametar of
Minnesota potential[15]. A common value of v=0.26 the Minnesota potential is set = 0.95 to reproduce the
fm~2 is used to describe the intrinsic wave functions of€N€rgy of the ¢ state. The ground state energy becomes
a,t, andh clusters. The choice of has some influence on then about 4.5 MeV lower than experiment. The calculated
the probability. It is set 0.17 fm? (% w=14.4 Me\), a stan- monopole matrix element is 4.0 fim which reasonably
dard value used in a shell model calculation peshell nu-  agrees with the experimental value of 5@.2 fm?. It is
clei. For the sake of reference the calculated root-meanfoted that no component is dominant in the 8tate of
square (rms) radii for nucleons (matters, protons, and %C. Of course it would be possible to maximize the prob-
neutrons are included in the table. TRg values are given ability with lower Q by choosing an appropriate value of
as a function oRcyc= Q— Qmin,» WhereQ i, is the minimum  y. However, the probability distribution would then spread
number of HO quanta for the lowest Pauli-allowed configu-to higher HO quanta in the ground state BC. It is also
ration. The lowest #w component is around 50—-60 % for noted that the components with odl,,. values for protons
most cases and the sum of 0, 2, aridwdcomponents accu- or neutrons are generally smaller. For example, ®e
mulates to about 90%. The admixtures of higher component®q_ (p)-1q_ (n)-1 is about 3%, whereaB,, andP,, are 5
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and 6%, respectively, and, among the probability of 12% for The calculational method developed here has nothing to
4h 0 excitations, the probability witlQe,{p) = 1 or 3 is  do with the assumption of the existence of clusters and can
only about 4%. be applied to those precise wave functions for a few-nucleon
Comparing the results fof~°Li, we see that the probabil- system which are obtained with a sophisticated technique
ity for neutrons has a larger change in the isotopes than th@g]. As an example we analyze the solution for the ground
for protons. The change follows that of the neutron radiusstate of*He which is obtained in @+ p-+n+n four-body
which is consistent with the change of the neutron separatiopa|culation with the Minnesota potential. For the sake of
energy. In fact the nucleufLi has the smallest neutron sepa- comparison with a recent large-basis shell-model calculation

ration energy among the three. Since the MCM consistently(lg] we expand the solution in the HO basis witw = 14
predicts the largest neutron rms radius fai [17], its aver- Me\}. The result is

age number of oscillator excitation&Q.,o, for neutrons is
largest among the three. A comparison of our result with that
of Ref.[11] indicates that the latter wave functions, giving
generally much smalle{Q.,o values, are rather close to
simple shell model configurations; e.gQe. for neutrons
is about 0.1 for’Li and 0.5 even for’Be. This may not be
surprising because the model of REf1] uses basically a
single Slater determinant of E¢R).

It is interesting to compare those wave functions which

68%| 0% )+ 19%| 2% w) + 8%)| 4% ) + 3%| 6% w)
+0.9%8hw)+ - - -. (10)

The(Qexo value becomes 1.1. It is remarkable that our wave
function gives percentages similar to those of R&8] that
uses theG matrices calculated from the Nijmegen potential.

are obtained in different MCM calculations. As an example ¢ In lsuTmary,r\]Ne have pr_esentetg abqgw afndh5|mplet;neth?d
we generate the ground state wave function’bf in an O calculating the occupation probability of the number o

a+p+n+n four-body model. This model may be consid- h_armonic—oscillator quanta. It .has been_ app!ied to _the anal_y—
ered equivalent to a kind of shell-model calculation whereSiS Of some of the wave functions obtained in a microscopic
three valence nucleons outside thide core are allowed to Multicluster model calculation. The analysis is found to be
be excited to any orbits and where no spurious c.m. probleriSeful for comparing various wave functions by quantifying
is nevertheless involved. Theparameter is kept the same as the amount of excitations across the major shell.
the one used irf5] which treated’Li in a simpler a+t One of the author§Y.S.) thanks Dr. J. P. Draayer and Dr.
model. The ground state energy becomes slightly overbound?- J. Millener for their interest which helped motivate the
but its radius hardly changes from the previous result. Théresent study while he stayed at the Institute for Nuclear
resulting wave function is decomposed to Theory, University of Washington, in November of 1995.
66%)| 0% w) + 17%]| 2% ) + 10%| 4% ) + 4%| 6 w) This work was supported by Grant-in-Aids for Scientific Re-
search(No. 05243102 and No. 0664038and for Interna-
+2%|8fiw)+ - - ©  tional Scientific Researchloint Researgh(No. 08044065
The (Qexo Vvalue is 1.4. This distribution is very similar to of the Ministry of Education, Science and Culture, Japan.

that of thea +t two-body model, as seen from Table I. This Most of the calculations were done with the use of RIKEN's
indicates that the cluster can be regarded as a useful suby/ppP500 computer.
structure.
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