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n-deuteron scattering lengths are calculated. A summation of the multiple scattering series is carried out and
the result is checked against more involved calculations. The necessity to go beyond the fixed nucleon ap-
proximation is emphasized. It is shown that a quasibound or virtual state ip-tfeaiteron system may occur
within the range ofp-nucleon scattering lengths suggested by other experim&0556-28136)00609-7
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I. INTRODUCTION Il. A FORMULA FOR THE ETA-DEUTERON
SCATTERING MATRIX
Few-body interactions of theg meson may complement
our knowledge on they-nucleon interaction. Of related in-
terest is the possibility of,-nuclear quasibound states. Such

The purpose of this section is to derive a simple formula
that relates the low-energy meson-deuteron scattering ampli-

states have been predicted by Haider and[Litand Liet al. tude to the mesor_1-nuc|eon sca_ttering Iength. Th? former_is
[2], when it was realized that the-nucleon interaction is found by summation of a multiple scattering series and is

attractive. In few-nucleon systems these states are expect§§Pressed in terms of a few basic multiple scattering inte-
to be narrow, and thus easier to detect. So far, there has be@ff'S- In order to motivate the method we recall a simple
no direct experimental verification of this hypothesis. On thelormula for the scattering length of a meson on a pair of
other hand, Wilkir{3] has suggested that an indirect effect of ’X€d nucleongs,9]

such a state is seen in the rapid slope of free— 7°He

amplitude detected just above thgproduction threshold A = 2a,né 1)

[4]. Another indication of the strong three-bodypp corre- 71— (a,n/Ry)€’

lations follows from the recent measurementpyi— pp»

cross sections in the threshold regidi. wherea, is the meson-nucleon scattering length &tygis

The n deuteron is the easiest few-body system to dethe nucleon-nucleon distance. Equatidy is obtained in a
scribe. In this paper a simple formula is given to provide thesimple way by setting a boundary condition for the meson
nd scattering matrix at energies below the deuteron breakupvave functionys at each scatterep’/¢y=1/a,, . In the sim-
Detailed calculations are done for the scattering lengttplest version of genuinely fixed scatterérs 1, but a simple
A4, Where thep-nucleon scattering length,y is consid- ~ correction §=m,q/u,y is easy to implement. Here, the
ered as an input. In the limiting case of fixed nucleons, thisneson-deuteron reduced massy corrects for the meson
formula is found to be consistent with earlier calculations ofpropagator (Ry), which has to be referred to thEN
Ref.[6]. However, our model includes corrections involving center-of-mass system. The reduced meson-nucleon mass
effects of the continuum in thgpp system, which are found u,y is necessary to relate the meson-nucleon scattering
to be necessary. lengths to the meson-nucleon potentials.

For large values of R,y in the region of 0.7 to 1.0 fm, Already at this stage, Eq1) is a fair representation of
suggested by some models, we find thé system to be A,y for Rea,y of about 0.3 fm or less. In principle, it
close to binding. In this regioA,4 becomes large and de- handles also situations &f,;—, i.e., the cases of meson-
pends on details of theN interaction model. In particular, deuteron bound or virtual states close to threshold. The latter
one finds strong dependence on the way #he scattering may already occur at Rey~1 fm, which is close to the
matrix is extrapolated to the region below the threshold. Ifrange of thexn-nucleon scattering lengths allowed by some
the actualA, 4 turns out to be sizable, it will be detected from models[10]. However, for such large Rey Eq. (1) be-
the analysis of the final state interactions in fh¢—pd»  comes rather inaccurate. In the rest of this section we find

scattering experiment performed at Celsius recely necessary corrections, determine the virtual or quasibound
state singularities, and discuss other related calculations of
A
7d -
“Electronic address: green@phcu.helsinki.fi Let us begin with a multiple scattering expansion that
"Electronic address: janiskanen@phcu.helsinki.fi follows from the three-body Faddeev equations for a meson
*Electronic address: wycech@fuw.edu.pl interacting with a pair of nucleons labeled 1,2. For the situ-
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ation of meson-deuteron scattering below the deuteroi partial summation of the serig®) for (T) is obtained by
breakup, the series for the-deuteronT matrix is

(Th)
T”d:t1+t2+t]_Got2+t260t1+t2G0t1G0t2+thotzGotl <TJ,;’d>: TZ—E,]_, (5)
+(ty+t)Gun(ty+tz) 0 _ : N
where(T, 4)=(t;+1,) is the impulse approximation and
+(t1+t2) Gun(ts Ht2) Gty tta) + .oy 2
. . . t,Gptr +1,Got
wheret; is a meson-nucleon scattering mati@; is the free 1:< 1702 o 270 1>, (6)
three-body propagator, ar@yny=GoTynGg IS that part of (T”d)
the three-body propagator which contains the nucleon-
. . 7 0 0
nucleon scattering matriXyy. This expansion is performed _<T77dGNNT7;d> 7
in momentum space and appropriate integrations over the 1= <T677d> ' @

intermediate momenta are understood. The detailed notation
and'normallzaﬂon WI” be given later. NOW, the'partlal' SUM- This partia| sum is a|ready equiva|ent to formd@ as it
mation of the series for the scattering amplitude is pertontains terms of the order=(t)/Ry in the denominator.
formed. The latter is determined by an average The expansion parametar does not need to be small to
_ guarantee the success of E@), which works even for
(bathy| T BN @atl ) =(T (), ®) IN|>1, when the multiple scattering is divergent. In the
where ¢ is the deuteron ang, is the free-mesos-wave 79 case|\| falls into the 0.1-0.3 range. Corrections for
function in the relative meson-deuteron momentum variigher orders ofs in the denominator of Eq(5) may be

ables. We define thed scattering length as obtained by comparing higher orders in E8) with a series
expansion of Eq(5) with respect ta%; and(},. In this way
A, g= —(277)2m,7d<T,]d(0)>. (4)  the next approximation is obtained
|
T0
<T3;d>: 2< 77d> 2 ) (8
1-03=3; - [Q= (Q) ] = [22= ()] [A2—0434]
|
where for the other possible pairs Iikeﬁ(yN ,5N). The normalization
(t,GotaGot1 + 1,Ggts Gata) is chosen so that a “volume” element épdq, the propa-

(9) gatorGo:[E—ENN(q)—E,](p)]*l, and the scattering ma-

2™ 0 '
T . , > -, :
kL trices are t,ni[d,n1,05n1E—E(PN2) 16(Pn2—PN2), €.
TO G T G TO f[hey conserve the spectator momentum. Theare normal-
:< ndCNNT g G T ) (100  ized in such a way that

22

(To) ’
d .
an t,n(0,0,0=— @m2un (12
7
(T94Gnn(t1Gota+,Got 1)) _ _
A= T : (1) with the standard convention lm,,=0. Later, a separable
nd

form tnN=v,,(q,,N)a,]N(E)v,7(q’,lN) is used with a Yamagu-
This procedure may be continued into a systematicchi form factorv,,=(1+q7%y/«5)~t. TheNN scattering ma-
method to include higher powers af in the denominator. trix Tyn(dnwn.Ann.E—E,(P,)) is normalized with a differ-
The main advantage is a strong cancellation in theent(standardlsign convention that requires
3,—(2;)? term and also higher ord&r, terms, as was dem-
onstrated in the optical model calculations of Réfl] for anN
He nuclei. As we show numerically in the next section, also Tan(0,00= 57—
, (2m) NN
for the »-deuteron system there is a strong cancellation in
the secondand indeed also in the higher ordetsrm of the  Also here a Yamaguchi separable form is used with
partial sum(8). This causes the method to converge much, ,=1.41 fm~! and the strength fitted to reproduce the deu-
more rapidly than the direat” series. teron binding energy, the scattering lengty=5.405 fm.
Before going further, we write down and discuss the basic  Calculation of the multiple scattering integrals is straight-
guantities entering this formalism. Momentum variables arggrward although tedious and the formulas are lengthy. For
used everyWhere. _)These are the momenta canonical to tl@,ﬂﬂphcnyy we reproduce a few dominant quantities in the
Jacobi coordinatesyy the relativeNN momentum,ﬁ,7 the  zero meson momentum and zero rangenucleon force
relative »-NN momentum, and the corresponding variableslimit, although actual calculations are performed also taking

(13
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TABLE |. Convergence of theA, ; expansion for two values ofa_,,N:a,?N. Units are fm and
K,n=3.316 fr L. The first four lines show the convergence of the “static nucleon” approximation and may
be compared to the results of R¢6]. A, is our final result, given in Eq(19) and including the free
three-body effect.

a,n 0.27 + i0.22 0.55+ i0.30
A2y 0.66 + i0.54 1.35+ i0.74 5i=0 ;=0
ALy 0.66 + i0.83 1.56+ i1.96 01#0 ;=0
A%, 0.64 + i0.85 1.37+i2.14 0,720 ;=0
A3 0.64 + i0.85 1.37+ i2.14 03#0 ;=0
Ref.[6] 0.65 + i0.85 1.38+ i2.15
A 0.57 + i0.97 0.61+ i2.73 070 w;#0
into account a finite force range. Then, the impulse approxi- M, g . 1
mation term become§T9,) = —2a, /[ (27)?u,n], where o~ ﬂf f drdr’ ¢3(r) e i(r’)y (A7)
” _

2
E—

3_7;sz dpa,y >m )Igd(q)lz (14 _ o _ _
N, 7N with a clear physical interpretation. The higher order terms

_ ) _ ~ for X, have the same structure correspondingte () scat-

is the scattering matrix averaged over some energy '€0i0Rerings on the optical potentialV, = —2a,$3(r)/
generated by the recoil of the spectator nucleon. The range? 7u.) at zero incident energy 7 K

the latter is given by the Fourier transform of the deuteron Sin;’i'rar to Refs[11,1, it can b.e expected that the series
wave functione. In a more general nonzero meson momen-¢,, 0T, T [

OIS OMe! 24+ - .. converges so rapidly that>, would
tum case the average is given by the momentum distributioBe recise on the 1% level even in the case of a bound state
of the N pair.

X ) ) i at threshold. Indeed, the effectiveness of this expansion is
The quantity of interest is the S(_:atterlng length a_t threShbonfirmed in Table | for two particular values of thgN
oldA,q. HenceE=—Eq4, whereE, is the deuteron binding - goattering lengths and aph form factor allowing compari-
energy, and the energies in Ed4) extend down to the

. X L son with the calculation of6]. The latter one uses a rather
subthre_shold region. This means an extrapolation Into th?nvolved set of integral equations for the scattering on
un_phy5|cal region by a fgw Mev. Therefore,_a_ !"?Ode' IS I'®“fixed nucleons corrected later for the effect of the deuteron
quired for this extrapolation and some possibilities are d's'wave functions, but no allowance is made for a fiel7y

C#SSGS later. Infgenert?l, d_ue t? th.e short rilngeN)ff%rcesa spectrum in the intermediate states. This assumption would
the absence of nearby singularities or ghl quasibound ., esnond to our model witk);=0. The agreement be-

state, the energy dependenceagf(E) in the narrow sub- y\een these two calculations is rather good, with small dif-

threshold region is apparently smooth. In all multiple scattgrences probably due to two factors: first, Gaussian wave
tering integrals of interest the average vaduis used. In this ¢ - ~tions are used in Reff6], while ours come naturally in

way the dominant term, becomes the Hulthen form; second, tHEy, used here contains more
than the deuteron pole.

_ dp p? The effect of the free three-body spectrum in the interme-
— 2
2=-2a,y 2m 2k NTNN E=om | [F(P)] diate states is still missing. To lowest orderip, it is given
o 7 7 by the (), term of Eq.(6). Within the average,y approxi-
=2a,y0; (15  mation it becomes
with R ~ -
— dq'dq da(Q) da(—q")
~ R Re Ql_anN 272 ) SA
F(p)—f dé ¢a(Q)vnn(g— zP) 16 (2m) 1N EgnL(9—9')/2]+E,(q+q')—E
E-Enn(d— 39— E,(p)’ SERNT (18)

wherevyy is the Yamaguchi form factor for theN sepa-

rable potential. In the low energy region tigy matrix is  This quantity is real below the deuteron breakup, which is
dominated by the deuteron pole. Her= —E4, the integra- the region of our interest. In a similar way, one obtains
tion in Eqg. (15 extends from the pole down to negative higher order termg),, etc., which are also real in this re-
energies. WhenTyy is limited to the pole term, and the gion.

NN recoil energyEyy is neglected in Eq(16), expression Now, the final formula to be used in the applications is
(15) reduces to a simple form presented as
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TABLE II. The calculated integral quantities in the multiple scattering sumAfgy as a function of
«,N. Units are fm'* for (o4, 0;) and fm 2 for (o5, w,).

K, (fm™h o0 7.617 3.316 2.357

o 0.4440 0.4331 0.3966 0.3679
o2 0.2315 0.2245 0.1966 0.1588
o 0.3118 0.2958 0.2546 0.2246
w, 0.2800 0.1870 0.1045 0.0723
& 0.1759 0.1620 0.1249 0.1001
oy 0% 0.0180 0.0075 0.0032 —0.0039

wy—w] 0.1828 0.0874 0.0027 —0.0025

8wy 0.0374 0.0338 0.0239 0.0174

A =22 o (19

M N 1_a_1;N(wl+20-1)_EE;N[(“’Z_wi)+4(0-2_0-§)+4(52_w10-1)] '

where the second order terms are defined in analogy to Eqexpansion(19) for the inverse &, 4. These follow from the
(15 and (18), ie., 0,=3,/(4a%),w,=0,/a%,, and three-body interactions, and they are given in Table Il for
62=A2/(4§§N). The numerical factors 1, 2, and 4 in Eq. four representative values ok,y from the literature
(19 arise from the number of independent collisions on thg6,15,16, which presumably cover the whole range of al-
successive nucleons. lowed values. It follows from this table that the coefficients
Numerical results for the scattering length are given in theof the a? order are very small. The second order terms
next section. Before presenting these let us discuss the que@;é_gi due to the intermediatBIN interactions have been
tion of the unitarity of(T,q(E)), when it is calculated for  found to be already small in the optical model calculations of
finite meson energies, but below the deuteron breakup,ye scattering11]. Higher order terms are negligible as
threshold. Imaginary contributions tq arise only above the may be seen from the results of Table I.
deuteron breakup, but the absorptive partsrotlready be-  An aqditional cancellation in the second order expansion
gin atE> —E4. These are generated by the deuteron pole P terms ofa may occur. As noted in Ref17] in the pion-

TN E—E,(p)] n the integral(15) ffr oy and in similar 4o 1000 scattering the effects of the energy extrapolation to
formulas for the h'gher order; . AtE= _,Ed; ths pole term negative energies hidden hereawould be in part canceled

of GoTnnGo contributes thegy(r) ¢y(r')/|r—r'| term to by the second order scattering terms. This would be true also
expression (17) in the coordinate representation. For iy o, case provided the-nucleon scattering length is small.
higher energies the meson propagator —becomefoyever, the most likely scenarios would not allow an ex-
expp,dr—r'|Mlr—r'|, where p,q is the incident meson pansion ofa in terms ofa. Our case involves cancellations
momentum. Hence, for small momenta we haveleading to a situation close to binding.

Imoy~ip,qm,q/m,n. In addition, the second term  As shown in Table | the static nucleon approximation is
o,— o2 generates no terms linear m,q as may be seen notadequate in the region of large&g close to the critical
from Eq. (17) and its second order analogue. This allows usvalues. The effect of thBIN continuum is significant. Some

to present the low energy behavior @, q) as care is needed with calculations of the corresponding scatter-
ing integrals in the three-body continuua. These con-
verge slowly and depend strongly on the range of i
interaction. In particular, the zero range limit cannot be taken
for w3z and higher orders. Provided an unphysical value

as required by unitarity. It also permits the use of the serieg,n=2 iS not used to describe the free-spectrum contribu-

summation method in some energy region close to thdions, the small weight and the cancellationseip— w3 re-

threshold. duce effects of the continuum to the; term. A similar

cancellation happens in the “mixed tern,— w,01 which,

although small, dominates the second order term. All this

allows the simple formul&19) to work very effectively even
The formula for the meson-deuteron scattering lengtiunder the demanding condition of a nearby singularity.

A, q expresses it in terms of an “effectivg-nucleon scatter- In Table 11l one finds values oA,y for a number ofyN

ing length” a,, which is an average of thgN scattering ~ scattering lengths that follow from several analyses of the

matrix extrapolated by a few MeV below the threshold. Thiscombined=N, »N coupled channels and from photopro-

is our input parameter. Inherently, there is another parameteduction data. The resulting,q may vary by an order of

the inverse range, in the »N form factor, included in the magnitude, reflecting a nearbyd quasibound state that may

calculated quantities multiplying powers of tle, in the  arise at threshold for Re, close to 0.8 fm. It is also clear

1 -1

(T a(E))(2m)°m, 4= — m—ipnd (20
7

lll. RESULTS
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TABLE lll. »-deuteron scattering lengths in fra, y=3.316 fm™".

A. M. GREEN, J. A. NISKANEN, AND S. WYCECH

1

Ag
anN a(E) :anN a(E) :aer/(l_ iqﬂNanN)
Bhalerao-Liu[15] 0.27 +i0.22 0.5710.97 0.64+i0.81
“modified B-L” [15,10 0.44 +i0.30 0.63+i1.93 1.0%i1.50
Bennhold-Tanabgl6] 0.25 +i0.16 0.66+i0.71 0.66+i0.58
“modified B-T” [16,10 0.46 +i0.29 0.72+i2.04 1.11i1.54
Abaev-Nefkeng 18] 0.62 +i0.30 0.36+i3.36 1.65+i2.41
Wilkin [3] 0.30 +i0.30 0.39+i1.28 0.58+i1.11
0.55 +i0.30 0.61+i2.73 1.40+i1.98
Arima [19] 0.98 +i0.37 —2.75-i2.77 —0.06+i6.20
Sauermarj20] 0.51 +i0.21 1.48+i2.31 1.65+i1.39
Batinic [10] 0.888+i0.274 -2.906-i4.12 2.3#i15.79
0.876+i0.274 -2.76-i4.24 2.42ri5.55
Tiator [14] 0.476+i0.279 0.8%i2.15 1.22+i1.56
Krusche[13] 0.430+i0.394 0.14+i1.91 0.65+i1.73
0.579+i0.399 -0.13i2.64 0.93+i2.41
0.291+i0.360 0.17i1.35 0.42+i1.25

that the results depend on the extrapolatioa gf(E) below  and crosses over to the quasibound state is about 0.8 fm.
the threshold. No detailed models are available in this regiohat is well within the range of expected values. If this hap-
and two simple approaches have been attemgigch con-  pens, one may observe very strong effects in the final state
stant a,y, and (2) a typical low-energy forma(E) nd interactions. These may be seenpid— pd» scattering
=a,n/(1—iq,na,n) as required by unitarity. experiments, if relativend momenta as small as 10-60

In the latter case the calculations are done using aMeV/c are measured.
imaginaryq,y=i 0.367 frm 1. This value follows from the At threshold, the scattering lengths given in Table Il lead
average value of the subthreshold energy argumertob large»n-deuteron cross sections. For most of these lengths
(—E4— p2/2mN',7N) involved in Eq.(14) (the recoil energy it even exceeds the 100 mb value calculated with a specific
amounts to some 4 MeVSuch an extrapolation reduces the model in Ref.[21].
effective values of R?,,N by 10-20% as compared to the
threshold Re,, values. The sensitivity on this extrapolation
method is due to the nearby singularity. This singularity may
represent a quasiboungd state, if Ré,;<0, or a quasiv-
irtual 7d state, if R&\, 4>0.

A more systematic study oA, is presented in Figs. 1
and 2, where plots of lm, 4 and R, are given for two
typical values of Ina,y as functions Re,,. These are all
calculated forx,=3.316 fm~ ! and for the two low-energy
presentations of(E). It is seen that the critical value of
Rea,n, when the virtual state is formed at thel threshold

IV. CONCLUSION

We have applied a multiple scattering series formalism
developed earlier for they-helium system to calculate the
n-deuteron scattering length.

The conclusions are as follows:

(@) It is possible to sum effectively the multiple scattering
series for the inverse meson-deuteron scattering matrix be-
low the breakup threshold. The method has the advantage of

12
10 :
i e |
c Im A/~
/g L :‘:/ - // -
= a4 Wi L
a I E 7
5 < 24 e R -
re [ ,4————:::::/// Re A ™\
O —== \\
= N
- | 00 02 04 0B 08 10 12

04 06 08 10 Re a(nN) (fm)

Re a(nN) (fm)

0.2 12

FIG. 2. The real and imaginary parts of tedeuteron scatter-
ing length as a function of Reg,\ for the energy-dependent ex-
trapolationa,n(E)=a,n/(1—iq,na,n) below threshold and for
K,n=3.316 fm~1. The curves are given for lar=0.2 fm (solid)
and for Ima=0.3 fm (dashegl

FIG. 1. The real and imaginary parts of tigedeuteron scatter-
ing length as a function of Re, for the constant extrapolation of
thea,y below threshold and fok,=3.316 fm 1. The curves are
given for Ima=0.2 fm (solid) and for Ima=0.3 fm (dashegl
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being able to incorporate both the influence\dfl scattering (c) A virtual or quasiboundnd system is likely to be
and the free three-body intermediate continuum in a relaformed. For Ra,y~0.8 fm it occurs close to the threshold.
tively simple but numerically stable way without resorting to Such a situation may be easily detected via final state inter-
exact Faddeev equations. action studies.

(b) For small values of Re,y<0.3 fm, the fixed nucleons
make a good approximation. For larger values oaReit is
necessary to take into account the intermediate three-body ACKNOWLEDGMENTS
continuum states. The sensitivity to otherwise small effects is
due to the proximity of amd quasibound state. For the same  S.W. is grateful to the Research Institute of Theoretical
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