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Radii of halo nuclei from cross section measurements
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The root mean square matter radii of halo nuclei provide a basic measure in constructing, constraining
assessing theoretical models of halo structures. We consider corrections to static density~optical limit! Glauber
model calculations of reaction cross sections of such nuclei at high energy giving careful consideration to
intrinsic few-body structure and the adiabatic nature of the halo nucleus-target interaction. We take as im
tant examples the loosely bound two- and three-body systems11Be, 6He, 11Li, and 14Be. The contribution of
the valence particles to the calculated reaction cross sections are shown to be significantly reduced, req
increased halo radii to reproduce experimental data. The implications of these changes for structure mod
extended two- and three-body systems are discussed.@S0556-2813~96!04810-8#

PACS number~s!: 21.10.Gv, 11.80.Fv, 25.10.1s, 27.20.1n
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I. INTRODUCTION

Interaction cross section measurements at high ener
have been used to estimate the extent of matter densitie
exotic nuclei produced in high energy fragmentation rea
tions @1–3#. The accuracy of the experimental cross secti
data involved is in many cases extremely impressive hold
out the possibility of placing quite stringent limits upon the
nuclear sizes. At secondary beam energies of several h
dred MeV per nucleon the static density@4# or optical limit
of the Glauber model@5–7# has been the basis for determin
ing empirical radii. Analyses of data for a range of proje
tiles on a 12C target have shown deduced radii to be qu
insensitive to the precise radial shapes of the density dis
butions assumed@3,8#.

This static density model neglects correlations betwe
the projectile~and target! constituents@6# and has been found
to work well for spatially localized nuclei@9#. For weakly
bound systems however the intrinsic few-body character
granularity, of the projectiles imply strong spatial correl
tions between the constituents. For such systems reac
models@5,10,11# make an adiabatic approximation, freezin
the position coordinates of the few-body projectile constit
ents during the interaction. Physical observables are then
tained by suitably averaging the resulting position depend
reaction amplitudes over the relevant position probabil
distributions of these constituents. This approach forms
basis of the calculations of the present paper. A shorter
cussion of these ideas has been presented elsewhere@4#.

Consider a three-body projectile comprising a pair of ne
trons weakly bound to a more massive core. For an imp
parameterb of the projectile, Fig. 1, at which its density
~shaded circle! overlaps the target, many configurations
the three constituent bodies will not in fact overlap the targ
The cross section calculation therefore requires a summa
over all possible configurations of the three bodies with ea
weighted according to the best available few-body descr
tions of the systems involved. The expectation is that
contribution to the cross section from large impact para
eters will be reduced. Support for this expectation com
from the work of Nishioka and Johnson@12# who investi-
5413/96/54~4!/1843~10!/$10.00
gies
s of
c-
on
ing
se
un-

-
c-
ite
tri-

en

, or
a-
tion
g
u-
ob-
ent
ity
the
dis-

u-
act

of
et.
tion
ch
ip-
the
m-
es

gated related few-body effects for light-ion composite pro
jectiles.

The accuracy of static density calculations of reactio
cross sections for11Li was considered also by Takigawa
et al. @13# using a simplified two-body model of the halo
density. That work demonstrated clearly the convergence
two-body and static density descriptions in the limit of tigh
valence nucleon binding, and that the two-body correlation
lead to a reduction in the calculated reaction cross section
The model failed however to account for the very specia
three-body correlations present in11Li and similar Bor-
romean@14# nuclei, with no bound binary subsystems. The
overestimation of cross sections in the static density model
also commented upon by Chulkovet al. @8# and discussed by
Ogawaet al. @15#.

We examine quantitatively the implications of such a few
body description upon the deduced matter radii of halo nu
clei. We concentrate on the one- and two-neutron halo nuc
11Be, 6He, 11Li, and 14Be. Cross section data are available
for each of these composite nuclei and for their associate
core subsystems (10Be, 4He, 9Li, and 12Be! on a 12C target
at energies of order 800 MeV/nucleon@1,3,16#, as are data
for the nucleon-12C system@17#. Having considered the re-
sults of calculations at 800 MeV/nucleon we will also apply
the model to the11Li system at 400 MeV/nucleon where

FIG. 1. Schematic representation of the static density~shaded
circle! and few-body~frozen coordinate! treatments of the three-
body projectile- (P) target (T) collision at impact parameterb. In
the spatial configuration drawn the few-body projectile does no
overlap the target.
1843 © 1996 The American Physical Society
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1844 54J. S. AL-KHALILI, J. A. TOSTEVIN, AND I. J. THOMPSON
there are experimental data for the composite nucleus but
for the core. A key ingredient in our description is to use t
static density approximation to each projectile constitue
target subsystem. Additionally, the adiabatic~frozen coordi-
nate! treatment of these constituents allows us to study ca
fully the implications for calculated cross sections of
realistic treatment of the two- and three-body nature of t
projectile structures through the use of realistic few-bo
wave functions.

II. FORMALISM

In the limit of large orbital angular momenta, the reactio
cross section for a projectileP incident upon a targetT can
be written@5#

sR~P!52pE
0

`

dbb@12TP~b!#52pE
0

`

dbb@12uSP
el~b!u2#,

~1!

whereTP(b), the squared modulus of the elasticSmatrix for
the projectile-target system, is the projectile transparen
TP(b) determines the probability, at impact parameterb of
the projectile center of mass, that the projectile survives
collision to emerge in the elastic channel. At incident en
gies such that Glauber theory@5# is appropriate, the calcula
tion of this elasticS matrix is particularly elegant. For in-
stance, if the projectile-target effective interaction~optical
potential! VP were known then

SP
el~b!5exp@ iXP~b!#,

XP~b!52
1

\vE2`

`

dzVP~Ab21z2!, ~2!

with v the relative velocity of the two nuclei.
Of particular interest is the case when the project

nucleus is a composite of massAP . In addition, for halo
nuclei, we are dealing with systems with structures whi
have a more natural physical description in terms of
strongly correlatedn-body system. Heren, the number of
constituents, which can be individual nucleons or clusters
nucleons, is usually less thanAP and depends upon the pro
jectile involved and the model assumed. Two-body (n52)
and three-body (n53) models are commonly used and ea
body is assumed to interact with the target through a tw
body interaction. In all cases, for a composite projecti
Glauber theory first freezes the constituent particle positio
the adiabatic approximation. Each constituentj is then as-
sumed to follow its individual straight line path at impac
parameterbj ~Fig. 2! through the interaction region with the
target. The projectile elasticS matrix, entering Eq.~1!, is
then computed by projecting and/or averaging these differ
component-target amplitudes over the projectile ground s
uF0

(n)&. Thus, for a givenn-body projectile and wave func-
tion, we derive the elastic amplitudes

SP
el~n!~b!5^F0

~n!uS~n!uF0
~n!&. ~3!

Since the interaction operator of the constituentsj with the
target is the sum of two-body interactions, theS-matrix op-
eratorS(n) can be written
not
he
nt-
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dy
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S~n!5expF i(
j51

n

Xj~bj !G5)
j51

n

Sj~bj !. ~4!

Here uF0
(n)& is the state of relative motion of then constitu-

ents in the projectile and the bra-ket denotes integration ov
these relative coordinates. In the present work we are p
ticularly interested in systems comprising a heavy localize
core of AC nucleons and (n21) loosely bound valence
nucleons. For those of then bodies which are nucleons, the
Sj (bj ) are the GlauberSmatrices for the nucleon-target sys
tem, subsequently denotedSN(bj ), and should be consistent
with independent empirical data for the nucleon-target sy
tem. If these interact via a potentialVN , then of course, for
j51, . . . ,n21,

Sj~bj ![SN~bj !5exp@ iXN~bj !#,

XN~bj !52
1

\vE2`

`

dzjVN~Abj21zj
2!. ~5!

When j5C, a composite core cluster with internal stat
ufC&, the Glauber core-targetS matrix is, by analogy with
Eqs.~3! and ~4!,

Sj~bj ![SC~bC!5^fCuSufC&, ~6!

whereS is theS-matrix operator for the core constituents. To
the extent therefore that the core stateufC& in the halo
nucleus is reliably represented by the ground state of the fr
core nucleus,SC(bC) will describe free core-target elastic
scattering and should also be consistent with experimen
data for that system. In the case of such ann-body @core1
(n21) nucleon# projectile therefore

SP
el~n!~b!5K F0

~n!USC~bC! )
j51

~n21!

SN~bj !UF0
~n!L . ~7!

The explicit treatment of the composite nature of the targ
nucleus, of massAT , can of course be carried out in a per
fectly symmetric manner with obvious generalization of th
notation.

FIG. 2. Representation of the few-body Glauber~adiabatic!
treatment of a three-body projectile- (P) target (T) collision at
center of mass impact parameterb, showing the assumed straight
line trajectories of each constituent at its own impact parameter.
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This few-body projectile description is not the philosoph
behind the static density limit, which is derived on the ba
of the combinedAP 1 AT nucleon system and an approx
mate description of the pairwise effectiveNN amplitudes.
The derivation of the static density approximation to th
nucleus-nucleus elasticS matrix, and hence the projectile
transparency, is formulated from a number of different vie
points in the literature@5,6,18# and will not be reproduced
here. The simplest version, in the context of Eq.~2!, is the
use of a ‘‘trr ’’ single scattering approximation@18# to relate
the nucleus-nucleus optical potential to the target and pro
tile ground state densities; that is retaining the leading or
term in the cumulant expansion of the multiple scatteri
series@19#. The resulting elasticSmatrix, having made zero-
range and forward scattering approximations to theNN am-
plitude, and then retained only its imaginary part, is

SP
SD~b!5expF2

s̄NN
PT

2 E d2xWrP
~z!~ uxW u!rT

~z!~ ubW 2xW u!G , ~8!

where s̄NN
PT is the isospin weighted nucleon-nucleon cro

section appropriate for the specific projectile and targ
evaluated at the appropriateNN relative energy. The ground
state matter distributionsrP and rT of the projectile and
target appear in Eq.~8! asz-integrated densities,

r i
~z!~b!5E

2`

`

dzr i~Ab21z2!, ~9!

or thickness functions. The crucial aspect of this static d
sity limit is that only the projectile ground state densitie
enter the calculation and few-body correlations~the granular
nature of the projectiles! does not enter explicitly. Equation
~8!, when substituted in Eq.~1!, generates the static densit
approximation to the reaction cross sectionsR

SD(P) which
has formed the basis of previous analyses of experime
cross section data and of deduced halo and core nucleus
ter radii. The model has been shown to work well when t
projectile and target are regular nuclei, in the sense that t
are spatially localized and all nucleons occupy a well-defin
mean field volume@9#.

When considering halo nuclei, it is the constituent cor
target and valence particle-target two-body systems wh
have this localized nature. It is expected therefore that th
binary systems can be treated reliably in the static den
limit. Thus, to describe the core-target system we will u
the static density elasticSmatrix, analogous to Eq.~8!,

SC
SD~bC!5expF2

s̄NN
CT

2 E d2xWrC
~z!~ uxW u!rT

~z!~ ubWC2xW u!G ,
~10!

with rC the density of the core. Similarly, for each valenc
nucleon (N),

SN
SD~bj !5expF2

s̄NN
NT

2
rT

~z!~bj !G , ~11!

which will generate cross sectionssR
SD(C) and sR

SD(N).
Therefore, for a one-valence nucleon1 core projectile, la-
beling the nucleon 1,
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SP
el~2!~b!5^F0

~2!uSC
SD~bC!SN

SD~b1!uF0
~2!&, ~12!

and, for a two-valence nucleon1 core system,

SP
el~3!~b!5^F0

~3!uSC
SD~bC!SN

SD~b1!SN
SD~b2!uF0

~3!&. ~13!

This is the model used here. We note that the required phy
cal inputs are theoretical few-body wave functions for th
relative motions of the projectile constituents and the cor
target and valence nucleon-target elasticS matrices. At the
energies of the present analysis, several hundred Me
nucleon, the latter are taken from the static density lim
TheseS matrices must be consistent with experimental da
for these independent binary systems at the same incid
energy/nucleon. Such data currently comprise the reacti
cross sections, but theS matrices could be more stringently
tested if elastic differential cross section angular distribution
were also available. Our choice ofNN cross sections,s̄NN

iT

( i5P,C,N), used in the static density calculations will be
discussed later. In addition one often replacess̄NN

iT by
s̄NN
iT (12 ia), with a the ratio of the real and imaginary parts

of the forward scatteringNN amplitude, to account for the
fact that theNN amplitude is not entirely absorptive, even a
high energy@18,20#. While the structure of the static density
S matrices are such that this modification has no effect o
static density cross section calculations, the foldings prese
in Eqs. ~12! and ~13! mean that calculations based on th
few-body description are sensitive, in principle, to such
modification. We comment upon this sensitivity in the resul
section.

The connection between calculated cross sections a
projectile matter radii is transparent in the static density a
proximation, through the associatedrP(r ) entering Eq.~8!.
The connection in the few-body method is however less d
rect and the matter radii must be computed separately fro
the few-body wave function together with an assumed co
nucleus matter distribution. The structure of the two- an
three-body wave functions used in evaluating these expr
sions are outlined in the next section.

Because of the folding over the internal wave function o
the projectile in Eqs.~12! and ~13!, the contributions of the
valence and core particles to the calculated cross section
not readily decoupled. In the static density limit howeve
since the projectile density appears in an exponential fun
tion then, upon separating the core and valence particle co
tributions to the projectile density, i.e.,
rP(r )5 r̂C(r )1rv(r ), one can decompose the integrand o
the reaction cross section in Eq.~1! as @21#

b@12TP
SD~b!#5b@12T̂C

SD~b!#1bT̂C
SD~b!@12Tv

SD~b!#.
~14!

In this expression the transparencyT̂C
SD due tor̂C , includes

the effects of the convolution of the intrinsic core densit
rC with that for its center of mass motion in the projectile
and is defined in the following section.T̂C

SD is not therefore
the transparency of the free core-target system and will n
generate the free core-target reaction cross section. The
composition is nevertheless helpful in clarifying the impor
tance of the valence nucleon contributions to the reacti
cross section and we shall later compare the deviations of
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projectile-target cross section integrands, calculated in
static density and few-body approaches, from this core c
tribution b@12T̂C

SD# to elucidate the essential differences
the results of the two calculations.

III. WAVE FUNCTION MODELS

Here we discuss the general structure of the wave fu
tions used. Calculations which use specific or publish
wave function models will refer clearly to the model in que
tion in the later text.

A. Three-body projectile systems

We consider the two-neutron halo nuclei6He, 11Li, and
14Be as three-body~core 1 n1n) systems, the main ap-
proximation being to neglect explicit consideration of th
internal degrees of freedom of the 4-, 9-, and 12-nucle
cores. These are treated approximately in the model calc
tions through the use of phenomenological nucleon-core
fective interactions. The total wave functions are the sum
the three Faddeev components,F0

(3)5F121FC11FC2,
where each component is labeled by the interacting part
pair. Antisymmetrization implies thatFC2 andFC1 are re-
lated by permutation of labels 1 and 2. Following the no
tion of @22#,

F0
~3!5F12~rW12~C! ,rW12!1~11P12!FC1~rWC1 ,rW ~C1!2!. ~15!

The total wave functionF0
(3) can be transformed into eithe

set of coordinates, so that

F0
~3!5F̄12

~3!~rW12~C! ,rW12!5F̄C1
~3!~rWC1 ,rW ~C1!2!, ~16!

whereF0
(3) and eachF̄(3) has unit normalization.

For the purposes of the static density calculations, Eq.~8!,
and to compute the projectile rms radius, we require the p
jectile single-particle density corresponding to these Fadd
wave functions. This can be written

rP~r !5 r̂C~r !1rv~r !, ~17!

where r̂C(r ) and rv(r ) are the contributions from the core
and valence neutrons in the center of mass of the projec
It follows that for a massA system the two-valence neutro
density is

rv~rW !52S A

A21D
3E drWC1UF̄C1

~3!S rWC1 , A

A21
rW D U2, ~18!

and, assuming a core internal densityrC(r ), then r̂C(r ) is
obtained by folding withrc.m.(r ), the distribution for the
motion of the core’s own center of mass, i.e.,

r̂C~rW !5E dxWrC~rW2xW !rc.m.~xW !, ~19!

where

rc.m.~rW !5SA2 D 3E drW12UF̄12
~3!SA2rW,rW12D U2. ~20!
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Where matter rms radii of three-body systems are quote
they are calculated from the projectile ground state dens
Eq. ~17! and thus assume a given core density distributio
rC(r ).

For the few-bodyS-matrix calculations from Eq.~13! on
the other hand, we require^uF̄12

(3)(rW12(C) ,rW12)u2&spin where the
bra-ket notation indicates that we sum only over the two
neutron spin variables. Details of the angular momentu
structure of the three-body wave function and the probabili
density, and of its expression in terms of cylindrical pola
coordinates to facilitate the integrations over impact param
eters, can be found in Ref.@11#. Explicitly,

SP
el~3!~b!5E d2sW E d2sWj~3!~sW ,sW !SC

SD~bC!SN
SD~b1!SN

SD~b2!,

~21!

wheresW andsW are the components of the vectorsrW12(C) and
rW12 in the plane normal to the incident beam direction, se
Fig. 3~a!, and thez-integrated probability density

FIG. 3. Definition of position coordinates, in the plane perpen
dicular to the beam direction, in the case of~a! a three-body~two-
valence nucleon1 core! projectile and~b! a two-body~one-valence
nucleon1 core! projectile.
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j~3!~sW ,sW !5E
2`

`

dz12~C!E
2`

`

dz12̂ uF̄12
~3!~rW12~C! ,rW12!u2&spin

~22!

is written explicitly in Eqs.~28!–~31! of @11#.

B. Two-body projectile systems

We also consider the one-neutron halo nucleus11Be
(10Be1n). Wave functions for this system are derived fro
two sources. In the first, simple 1s1/2

10Be1n cluster model
wave functions of the11Be ground state are constructed a
bound states in Woods-Saxon potential wells of differin
geometries, the potential strength being adjusted to rep
duce the empirical10Be1n separation energy. Such a mod
is flexible and simple and allows one to generate11Be struc-
tures with a range of matter rms radii. Our second source
two-body wave functions is from more microscopic couple
channels bound state calculations which include core exc
tion degrees of freedom@23#. These calculations predic
11Be level spectra and spectroscopic amplitudes in addit
to the ground state wave functions and also make spec
predictions for the rms matter radius of the ground state.

Using wave functions from either source, for the sta
density calculations, Eq.~8!, we need to evaluate the projec
tile density. As with the three-body systems, the neutro
core relative motion wave functions are used to construct
valence particle density component, and to fold the free c
densityrC(r ). Writing rP(r )5 r̂C(r )1r1(r ) then r̂C(r ) is
given by Eq.~19! but where now

r1~rW !5F A

A21G3UF0
~2!S A

A21
rW D U2,

~23!
rc.m.~rW !5A3uF0

~2!~ArW !u2.

For the few-bodyS-matrix calculations, Eq.~12!, we re-
quire ^uF0

(2)(rW1C)u2&spin where, in common with the notation
for the three-body projectiles, we have summed over
nucleon and core spin variables. Now

SP
el~2!~b!5E d2sWj~2!~sW !SC

SD~bC!SN
SD~b1!, ~24!

wheresW is the component ofrW1C in the plane normal to the
incident beam, Fig. 3~b!, and

j~2!~sW !5E
2`

`

dz1C^uF0
~2!~rW1C!u2&spin. ~25!

IV. CALCULATIONS

We consider the calculated cross sections and dedu
rms matter radii for the one-neutron halo nucleus11Be and
the two-neutron halo nuclei6He, 11Li, and 14Be. A consid-
eration of 8B, a candidate for a one-proton halo structur
can be found in@4#. In common with previous analyses o
the experimental data we calculate reaction cross sect
and make comparison with the experimental interaction cr
sections. This procedure has been shown to be accurate
halo nuclei@15#.
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A. Static density calculations

We first apply the formalism developed above to calcu
late, in static density approximation, the elasticS matrices,
SC
SD and SN

SD and the reaction cross sections,sR
SD(C) and

sR
SD(N), for all the required core- and nucleon-target sub

systems. TheSmatrices are then input to the few-body cal
culations for the one- and two-neutron halo nuclei. The co
nucleus cross sectionssR

SD(C) are required to determine the
core matter rms radii consistently. For all projectile nucle
we initially consider reactions on a12C target at 800 MeV/
nucleon. The choice of energy and target is dictated by o
wish to validate the theoretical description of each bina
subsystem by comparison with experiment. For comparis
later with the few-body calculations, and for compariso
with earlier work, we also calculate the composite~halo!
nucleus cross sectionssR

SD(P) within the static density ap-
proximation.

For all these static density calculations we use the para
etrization of the freeNN cross section,s̄NN

iT ( i5P,C,N), of
Charagi and Gupta@24#. A Gaussian matter distribution is
assumed for 12C in all cases with rms matter radius
^r 2&T

1/252.32 fm @3#.
With these inputs, and assuming Gaussian matter dis

butions for the core nuclei, we find the core radi
^r 2&4

1/251.58 fm, ^r 2&9
1/252.30 fm, ^r 2&10

1/252.28 fm, and
^r 2&12

1/252.54 fm, generate reaction cross sections for th
core-target subsystems@7# of sR

SD(4He)5503 (50365) mb,
sR
SD(9Li)5796 (79666) mb, sR

SD(10Be)5813 (813610)
mb, andsR

SD(12Be)5927 (927618) mb. The empirical val-
ues, in parentheses, are taken from a number of referenc
These values and references are collected in Table I. Th
deduced core radii agree with those of Tanihataet al. @3#
within error bars. The calculated nucleon-12C cross section
at 800 MeV,sR

SD(N)5231 mb, also agrees with experimen
@17# within quoted errors. Thus the calculatedSmatrices for
each projectile constituent-target system, and the co
nucleus sizes input to the few-body calculations, are ea
consistent with available empirical data for that binary sy
tem.

TABLE I. Core and halo nucleus matter rms radii deduced from
the static density~SD! and few-body~FB! models, respectively.
The references are to the experimental interaction cross sect
data, all at 800 MeV/nucleon.

Nucleus rms radius~fm! s I~expt! ~mb! Ref. Method

4He 1.5860.04 50365 @2# SD
6He 2.7160.04 72265 @2# FB ~free 4He!

2.6960.04 FB~scaled4He!
7Be 2.3160.05 73869 @1# SD ~from @4#!
8B 2.5060.04 79866 @35# FB ~from @4#!
9Li 2.3060.02 79666 @1# SD
11Li 3.5360.10 1060610 @16# FB
10Be 2.2860.02 813610 @1# SD
11Be 2.9060.05 94268 @3# FB
12Be 2.5460.05 927618 @3# SD
14Be 3.2060.30 1109669 @29# FB
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B. Few-body calculations for two-neutron halo nuclei

1. Calculations for 11Li

Figure 4 shows the results of static density and few-bo
calculations for 11Li1 12C using a number of11Li wave
functions. We show the calculated cross sections versus
matter rms radii calculated from the wave functions. T
horizontal band shows the experimental interaction cro
section datums(11Li)51060610 mb @16# and the vertical
dashed line the matter radius^r 2&11

1/253.05 fm obtained if we
adopt the static density approximation and a Gaussian d
sity for the projectile; in the spirit of@3,7#. The value is
within error bars of the previously quoted valu
^r 2&11

1/253.1060.17 fm @3#.
The ~lower! full symbols and open squares are the resu

of the few-body calculations. The~upper! open symbols are
the results of the static density calculations using the grou
state density calculated from the same wave function mod
The rms radii are computed assuming the core matter de
ties deduced above. The reduction in the calculated cr
sections, or increased transparency of the projectile in
former case, is immediately evident. From left to right th
diamond symbols correspond to the P0 through P4 intru
s-wave ~Faddeev! model wave functions of Thompson an
Zhukov @25#, with increasing rms radius. The extreme righ
hand point is a continuation of these model wave functio
~P5! with a 1s-state scattering length of244 fm and an 80%
(1s1/2)

2 probability. The upright triangles denote calcula
tions using the L6A pairing model wave function@26# ~with
rms radius 3.02 fm! which, in the static density picture, re
produces the experimental cross section. The inverted
angles are the predictions of the 0s-wave intruder wave
function ~denotedG1 in @25#!, generated in a very shallow
binding potential, from the early work of Johannsen, Jens
and Hansen@27#. The straight lines through these differen
wave function models are linear least squares fits to the th
retical calculations.

The difference between the two approaches is large. T
static density calculations, even using Faddeev wave fu
tions, suggest a matter rms radius of order 3.1 fm, as repo
previously. A correct treatment of the11Li three-body char-

FIG. 4. Calculated static density and few-body reaction cro
sections at 800 MeV/nucleon incident energy for11Li projectiles as
a function of projectile rms matter radius, for a12C target. The lines
and symbols are described in the text.
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acter, however, now suggests a more extended ha
^r 2&11

1/2'3.5360.10 fm, in the middle of the band of values
generated by intruder state wave function models. Such wa
functions, with significants-wave admixtures in their ground
state, lead naturally to a more extended matter distribution

As was discussed in Sec. II, a consideration of the fa
that theNN amplitude is not entirely imaginary at high en-
ergy has no implications for the static density cross sectio
calculations. Replacings̄NN

iT by s̄NN
iT (12 ia) will however

affect the cross sections calculated in the few-body descri
tion where the binary channelSmatrices are multiplied and
averaged over the projectile wave function before the squa
modulus is taken. We have therefore repeated the few-bo
calculations for the P0, P3, and P5 wave functions using th
prescription for theNN amplitude of Ray~Table I of @20#!
with a nonvanishing, energy dependent,a. The isospin av-
erage of the tabulatedas̄NN

iT appropriate for the9Li and
neutron-target systems is taken. We obtain results for the
wave functions shown by the open square symbols in Fig.
with changes in the calculated cross sections of less than
mb, and only very minor effects for deduced radii. We retur
to this effect in considering the energy dependence of th
11Li cross section.
To clarify the origin of the increased transparency of th

collision process, we show in Fig. 5 the integrands of th
cross section expression, Eq.~1!, from the static density and
few-body calculations. The P3 wave function of@25# is used
in these calculations. As discussed earlier, there is no way
extract precisely the core and valence particle contribution
to the cross section in the few-body model. To provide in
sight into these roles however we plot the quantitie
I C5b@12T̂C

SD# ~dot-dashed curve!, the static density ‘‘core’’
component discussed in Sec. II, and the quantitie
b@12uSP

SDu2#2I C ~dashed curve! and b@12uSP
el(3)u2#2I C

~solid curve!, being the remainder of the integrand in the
static density and the few-body approaches, respective
These remainders will be identified with the valence particl
contributions. Their localization to large impact parameter
suggests they do indeed represent dominantly valence p

ss FIG. 5. Calculated integrands of the reaction cross section im
pact parameter integral from the static density and few-body anal
ses, using the P311Li wave function, for the reaction on a12C
target at 800 MeV/nucleon. The dot-dashed curve shows the co
contribution and the solid and dashed curves the valence contrib
tions in the few-body and static density calculations, respectively
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ticle effects. Figure 5 shows clearly the increased transp
ency of the halo resulting from the more accurate treatm
of the correlated three-body structure of11Li. The contribu-
tion to the cross section fromI C is 866.4 mb, to be compared
with the free9Li value of 796 mb. The valence contributio
is 305 mb in the static density approach. In the few-bo
calculation the valence contribution is reduced by 35% w
respect to this static density value, generating only 200 m

2. Calculations for 14Be

Figure 6 shows the results of static density and few-bo
calculations for the14Be112C system at 800 MeV/nucleon
As in Fig. 4, we show the calculated cross sections versus
matter rms radii of a series of theoretical wave function mo
els @28#. The horizontal band shows the experimental inte
action cross section datums(14Be)51109669 mb @29#
which currently has large experimental uncertainty. The v
tical dashed line shows the rms matter radius we obta
^r 2&14

1/252.98 fm, if we adopt the static density approxima
tion and assume a Gaussian density distribution for the p
jectile; in the spirit of@3,7#.

The ~lower! full symbols are the results of the few-bod
calculations for each wave function model. The~upper! open
symbols are the results of the static density calculations
ing the projectile ground state density calculated from t
same wave function models. The results again show the
pected reduction in the calculated cross sections, or increa
transparency of the projectile, in the latter case. From left
right the diamond symbols correspond to the C4, C7, D
and C9 Faddeev wave functions of Thompson and Zhuk
@28#. The results are very similar, qualitatively, to the11Li
case but somewhat smaller in magnitude due to the increa
empirical (1.31 MeV@30#! and theoretical two-neutron sepa
ration energy for14Be in the wave functions of@28#. It is
clear that the experimental datum does not currently per
an accurate determination of the projectile matter radius.
estimatê r 2&14

1/253.2060.30 fm. We note however that, fo
cross sections in the range of the current experimental e
bars, the few-body calculations result in a deduced rms m
ter radius greater than that of the corresponding static den
value by up to 0.35 fm.

FIG. 6. As for Fig. 4 but for14Be projectiles.
ar-
ent

n
dy
ith
b.

dy
.
the
d-
r-

er-
in,
-
ro-

y

us-
he
ex-
sed
to
4,
ov

sed
-

mit
We
r
rror
at-
sity

3. Calculations for 6He

Figure 7 shows the static density and few-body calcul
tions for the 6He112C system at 800 MeV/nucleon, pre-
sented as in Figs. 4 and 6. The horizontal band shows
reported cross section datums(6He)572265 mb @31#. The
vertical dashed line shows the rms matter radius we obta
^r 2&6

1/252.38 fm, if we adopt the static density approxima
tion and assume a single Gaussian density distribution for t
three-body projectile.

The ~lower! full diamond and open square symbols show
the few-body calculations and the~upper! open diamond
symbols the static density calculations using the project
ground state density calculated from the same wave functio
The few-body results are again reduced relative to the sta
density model. From left to right the diamond symbols co
respond to a representative selection of the Faddeev wa
function models of Table II, models P1, GB3, FC, FC6, FB
K, and C, in order of increasing rms radius, calculated usin
the methods described in@14#. As for all systems considered,
we compute these6He matter radii assuming a core matte
radius of ^r 2&4

1/251.58 fm, consistent with the calculated
sR
SD(4He) and the data.
The wave functions shown span the full range of rm

radii. Those not plotted lie on the same straight lines. Th
wave functions are all orthogonal to an occupied 0s eigen-
state assumed to be at220 MeV in then-4He interaction.
We include now the results of using parity-depende
n-4He interactions derived@32# from inverse scattering
methods ton24He elastic scattering data at around 1.2 MeV
~P1 and P3! and over the range 0–20 MeV~Q1 and Q3!. A
common feature of all the remaining three-body calculation
is that using interactions consistent with elastic scatterin
leads to larger and slightly too weakly bound structures. Th
C model uses the Woods-Saxon potential of@33#, and the K
model the Gaussian potential of@34#.

To approach the empirical three-body binding of 0.9
MeV, these models all require adjustment of then-4He in-
teraction from that which reproduces freen-4He elastic scat-
tering. The way chosen to do this was to increase the ran
of the n-a core interaction~e.g., by 2% and 2.5% for GB3
and FC, respectively! to account for possible core polariza-

FIG. 7. As for Fig. 4 but for6He projectiles. The open square
points and dot-dashed line are the few-body calculations when
core size is scaled by 1.5% in the calculation of the core-targ
static densitySmatrix.
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1850 54J. S. AL-KHALILI, J. A. TOSTEVIN, AND I. J. THOMPSON
tion effects. The values are shown in Table II. After suc
a scaling, all calculations with realistic potentials~with
3P1 repulsion! give matter radii around 2.55 fm. We calcu-
late the reaction cross sections from all these models in ord
to have range of6He model wave functions with different
matter radii, despite the variation of binding energies a
shown in Table II.

In common with our earlier results, the static density ca
culations suggest a6He matter rms radius in agreement with
that obtained using a Gaussian density distribution, that is
order 2.38 fm. Within the few-body framework, however
the Faddeev wave functions discussed above now sugges
6He matter radius of 2.7160.04 fm. As for 11Li, this is
larger than previous estimates, such as the value 2.57 fm@8#
deduced on the basis of a comparison of the6He and 6Li
systems. For11Li, s-wave intruder models generate large
radii in a natural way. The configuration of the two neutron
in 6He, however, is thought to be essentially pure (p3/2)

2,
and the more extended wave functions in Table II are ob
tained only at the expense of underbinding of the three-bod
system.

The importance of the modification required to the
n-4He interaction in the bound state, to generate sufficie
binding in some cases, suggests that for6He there is some
evidence of an associated core polarization effect. This bei
so, the core-target interaction entering the few-body descri
tion used here should also, in principle, be modified from
that for free4He-target scattering. To investigate this effect
of a modified core-targetS matrix, we have repeated calcu-
lations using the few-body model increasing the rms radiu
of the core density entering the static density calculation o
SC
SD Eq. ~10!, by 1.5%. The resulting cross sections ar
shown by the open square symbols and the dot-dash
angled line in Fig. 7. The result is to increase the cross se
tion by of order 3–5 mb, comparable to the error on the cro
section datum, suggesting a slightly reduced matter radius

TABLE II. Different 6He ground state wave function models,
rms radii, and two-neutron separation energiesE(2n). Then-n po-
tentials used are the super soft core@SSC~C!# @36#, Reid soft core
~RSC! @37#, and s-wave Gaussian~G! @38# interactions. Then-a
potentials used are two-parity(p)-dependent inverse-scattering po-
tentials @32# obtained from two energy ranges (P: 1.2 MeV and
Q: 0–20 MeV!, the Woods-Saxon~WS! potential of@33#, and the
l -dependent Gaussian~SBB! potential of@34#. rms radii are com-
puted assuming a4He core radius of 1.58 fm of Table I.

Model Vnn V na r na incr. l na E(2n) rms radius
~%! ~MeV! ~fm!

P3 SSC~C! p dep. (P) 0 s, p, d 21.21 2.34
P1 SSC~C! p dep. (P) 0 s, p 21.15 2.36
GB3 G WS 2 s, p 21.00 2.49
FC SSC~C! WS 2.5 s, p 20.93 2.53
FC6 SSC~C! WS 2.5 s, p, d 20.93 2.56
Q3 SSC~C! p dep. (Q) 0 s, p, d 20.70 2.58
Q1 SSC~C! p dep. (Q) 0 s, p 20.65 2.60
FB SSC~C! WS 1.5 s, p 20.63 2.62
FA SSC~C! WS 1.0 s, p 20.49 2.67
K RSC SBB 0.0 s, p, d 20.42 2.69
C SSC~C! WS 0.0 s, p 20.21 2.80
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2.6960.04 fm. This value remains at the upper limit of val
ues from the three-body models. It is clear however that t
magnitude of the few-body corrections are significantl
greater than effects arising from detailed consideration of t
core size. The results are collected in Table I.

C. Few-body calculations for one-neutron halo nuclei:11Be

Figure 8 shows the results of few-body and static dens
calculations for the one-neutron halo system11Be. As previ-
ously, the horizontal band shows the experimental cross s
tion datums(11Be)594268 mb @3# and the vertical dashed
line the rms matter radius we obtain,^r 2&11

1/252.67 fm, if we
adopt the static density approximation and assume a Gau
ian density for the projectile. This value is consistent wit
that of Ref.@3#, i.e., ^r 2&11

1/252.7160.05 fm. The results are
qualitatively similar to those of the three-body cases. Th
angled dashed line shows the static density calculations a
the angled solid line the few-body model results. Here, bo
of the lines connect calculations using simple two-bod
(1s1/2) cluster wave functions for

11Be using potentials with
a range of geometries and depths adjusted to the obser
neutron separation energy 0.503 MeV.

The solid symbols are the few-body calculations usin
11Be ground state wave functions@23# which include the
effects of core (10Be! deformation and excitation. These have
been calculated using different underlying diagonal intera
tions for the neutron-10Be system so as to generate a famil
of structures with different radii for the purpose of the
present analysis. We should point out however that the wa
function model with rms radius of 2.92 fm, whose calculate
cross section lies within experimental error bars, is th
which best describes the excited state spectrum of11Be.

These more microscopic wave functions generate cro
sections which appear to follow precisely the trends of th
inert core calculations. However, this is a little too simplisti
and hides some important structure implications. In partic
lar, the ground state wave functions of the coupled chann
bound state models contain significant components in whi
the core is excited and the nucleon is in a 0d5/2 orbital. Both
of these effects reduce the contribution to the rms radi
from this component of the wave function and hence th
wave functions represented by the solid points are somew
smaller than would be obtained using uncoupled calculatio

FIG. 8. As for Fig. 4 but for11Be projectiles.
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54 1851RADII OF HALO NUCLEI FROM CROSS SECTION . . .
and the same underlying two-body interactions. Our calcu
tions suggest a revised matter rms radius
^r 2&11

1/252.9060.05 fm. The radii obtained and used for a
core and composite nuclei are collected in Table I.

D. Energy dependence of the11Li cross section

Reaction cross section data are available for the proj
tiles 11Li and 14Be at 400 MeV/nucleon@29#, which is also
within the energy range in which our model is applicab
However, only the11Li data are of sufficient accuracy for a
quantitative discussion. Within the few-body model, the on
explicit energy dependence is that of the freeNN cross sec-
tion which enters the calculation of all static density elas
S matrices. In Fig. 9 we present the energy dependence
the 11Li cross section calculated using the few-body mod
The calculations use the P3 model wave function@25#. The
solid curve shows the calculations using theNN cross sec-
tion parametrization of Charagi and Gupta@24#. The calcu-
lations show the energy dependence of the cross sectio
this energy regime to be naturally reproduced by the fe
body calculations.

When using the prescription for theNN amplitude of Ray
~Table I of @20#! we obtain the dashed curve. The agreeme
between the few-body calculations for the twoNN descrip-
tions is good for energies in excess of 300 MeV/nucleo
However the calculations begin to diverge at lower energi
showing sensitivity to the details of the description of th
NN amplitude. For this reason we do not extend the pres
analysis to lower energy, where additional data exist o
below 100 MeV/nucleon. While the adiabatic approximatio
is expected to be valid to energies of perhaps as low as
MeV/nucleon, the use of the static density approximation
the elasticSmatrices will certainly not be appropriate.

These calculations at high energy thus cannot yet be c
nected with calculations at lower energies where noneiko
corrections and account of the Coulomb interaction are
sential, and where the required constituent-target elastiS
matrices might be better calculated from empirical optic
potentials, fitted to elastic scattering angular distribution

FIG. 9. Experimental and calculated reaction cross sections
11Li112C as a function of the incident energy/nucleon for the P
wave function. The solid and dashed lines are the few-body ca
lations using theNN cross section prescriptions of Charagi an
Gupta@24# and Ray@20#, respectively.
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Additional experimental data in the energy region betwee
100 and 400 MeV/nucleon will certainly be needed to clarify
this connection.

V. SUMMARY AND CONCLUSIONS

To date, matter radii of light exotic nuclei have been de
duced using approximations to Glauber theory which negle
particle correlations within the projectile and target. We hav
presented an alternative quantitative procedure for extracti
such radii from cross section measurements at high energi
We have stressed the need for a description of the reacti
which includes a proper consideration of the strong spati
correlations in halo nuclei implied by their effective few-
body character. Use of the adiabatic nature of the collision
high energy while retaining the static density approximatio
for the description of the interaction of the valence and cor
components of the projectile with the target leads to a pra
tical alternative calculation of the composite projectile cros
section.

A particularly attractive feature of this approach is that i
makes clear the connection between the calculated cross s
tion of the composite and~a! its theoretical few and/or many-
body wave function~and not its single-particle density!, and
~b! empirical data for the scattering from the target of its few
constituent bodies; through their associated elasticS matri-
ces. One can thus verify that each of these independent
nary channel inputs to the composite projectile reactio
mechanism are consistent with whatever experimental da
are available for these systems.

We have reanalyzed experimental data of reaction cro
sections for the two-neutron halo nuclei6He, 11Li, and
14Be and the representative one-neutron halo system11Be,
all on a 12C target at 800 MeV/nucleon. We have also pre
sented calculations at 400 MeV/nucleon for the two-neutro
halo projectile11Li. By use of the adiabatic treatment of the
internal coordinates, we have incorporated realistic two- an
three-body wave functions for these projectiles. We hav
compared the few-body and static density calculations of r
action cross sections for these systems. We have shown t
the granular structure of the projectiles implied by realisti
few-body wave functions reduces considerably the calculate
reaction cross sections and thus increases significantly t
values of matter rms radii deduced from experimental dat
compared to those from static density estimates. By refe
ence to the integrands of the cross sections, we have sho
this to result from a very significant increase, 35% in the cas
of 11Li, in the transparency of the valence nucleon compo
nent of the cross section as a result of few-body correlation

We deduce matter rms radii for11Li and 11Be of
3.5360.10 fm and 2.9060.05 fm, respectively, increases of
14.0% and 7% over previously tabulated values. Our radiu
for 11Li is now consistent with models with a significant
1s-wave intruder state component. Our radius for11Be is
consistent with models which include core excitation an
reorientation. We present cross sections for a range of the
retical models for the14Be structure. The error on the avail-
able cross section measurement for this system takes in
these models but we estimate^r 2&14

1/253.2060.30 fm. Calcu-
lations show that the few-body description generates a mat
radius greater than static density estimates by up to 0.35 f

for
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For 6He, using the static densityS matrix for free
4He-target scattering, few-body calculations suggest an r
radius of 2.7160.04 fm from the reported cross section mea
surement. This rms radius can be obtained from current th
retical models only at the expense of underbinding the thre
body system. Taking account of a possible scaling of t
core size in this system, by of order 1.5%, required in som
structure calculations to bind6He appropriately, does not
significantly reduce this deduced value. For6He we have no
unambiguous conclusion. Our calculations show that fe
body models of6He with the correct binding energy predic
a reaction cross section on12C at 800 MeV/nucleon of 705
mb. The discrepancy of this value from the experiment
datum of 72265 is as yet unexplained.

For 11Li there are also data at 400 MeV/nucleon and th
ms
-
eo-
e-
he
e

w-
t

al

e

model is able to reproduce the observed energy depende
without parameter variation, other than the energy depe
dence of the freeNN interaction. We show that the inclusion
of the real part of the forward scatteringNN amplitude is of
little significance in calculated results.
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