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A method for settinge f , one of the parameters in the interacting boson approximation-1~IBA-1! with one
f boson, by using the systematic behavior of the centroids of observedE3 strength is proposed and applied to
obtaining fits for octupole bands in the deformed rare earth region. The ordering of bands with differeK
values,B(E3) strengths andB(E1) values are well reproduced. The calculations are in good agreement w
the data in nearly all theK50, 1, and 2 octupole bands examined here. The least satisfactory fits w
obtained for theKp502 bands in160,162Dy. It is predicted that in160,162,164Dy, 168Er, and 172Yb the K53
octupole states based on the ground state and having significantE3 strength are above 6 MeV and are strongly
fragmented. These results are quite different from predictions made previously.@S0556-2813~96!04007-1#

PACS number~s!: 21.10.Re, 21.60.Fw, 23.20.Lv, 27.70.1q
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I. INTRODUCTION

In spherical nuclei, a single collectiveJp532 low energy
octupole state~LEOS! occurs at an energy below 4 MeV. In
a nucleus with a stable quadrupole deformation, the LEOS
fragmented into four states havingKp502, 12, 22, and
32, whereK is the projection of the octupole phonon’s an
gular momentum on the symmetry axis of the nucleus. T
distribution of theE3 strength~which is concentrated in the
single 32 state in a spherical nucleus! among the four 32

states corresponding to the fourK values varies from nucleus
to nucleus and depends on the microscopic structure of
individual 32 states as well as the Coriolis interaction be
tween the states.

Barfield, Wood, Barrett, and Scholten@1# demonstrated
that the interacting boson approximation-1~IBA-1! ~in which
proton and neutron bosons are not distinguished! provides a
straightforward framework for interpreting octupole vibra
tional behavior in the well-deformed rare earth nuclei. Th
authors of@1# were able to reproduce energies of octupo
states andE3 strength distributions for nine nuclei in this
region, but noted that considerable variations occured in
values of several of the parameters. In the present work,
focus on one of these parameters,e f , which is the energy
associated with thef boson. We interprete f in a directly
physical way as the energy of the LEOS. Since the LEOS
fragmented in deformed nuclei, we take the energy of t
LEOS ~and thereforee f) in a deformed nucleus to be the
centroid of the octupole strength, which is given by@2#

C5
S iEiB~E3;0gs

1→3i
2!

S iB~E3;0gs
1→3i

2!
. ~1!

The quality of the data on the distribution of octupol
strength varies from nucleus to nucleus, so we sete f in in-
54/96/54~1!/176~13!/$10.00
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dividual nuclei by using the systematic behavior of the ob
served centroids ofE3 strength in the deformed rare earth
nuclei, instead of relying on the data in individual nuclei.~In
contrast, Barfieldet al. @1# sete f so as to make the average
energy of the calculated bandheads the same as the exp
mental average, without any reference to the distribution
E3 strength.! With this prescription fore f , we fit the experi-
mental data on energies,E3 strength distributions, andE1
transition strengths for theKp502, 12, and 22 bands of
eight even-even deformed rare earth nuclei. Considerab
data are available for these octupole bands, and we are a
to satisfactorily reproduce nearly all of the available data
Finally, we use these calculations to predict the behavior
Kp532 octupole bands, for which little experimental data
are available. We predict that in several deformed rare ea
nuclei theE3 strength associated withKp532 octupole
states is located at energies above 6 MeV, the energy ran
usually associated with the low energy octupole resonan
~LEOR! @3#.

II. OCTUPOLE STATES IN THE IBA-1
AND THE PARAMETER e f

Octupole states are described in the IBA-1 by adding
single f boson withL53 to the usuals-d boson model space
@4,5#. The total number ofs, d, and f bosons is conserved,
and the number off bosons,nf , can be zero or one, for
positive and negative parity states, respectively. The Ham
tonian is

H5Hsd1Hf1Vsd f , ~2!

where Hsd describes the positive parity core,Hf is the
f -boson Hamiltonian, andVsd f describes thef -sd interac-
176 © 1996 The American Physical Society
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54 177SYSTEMATIC BEHAVIOR OF OCTUPOLE STATES IN . . .
tion. Thesd core Hamiltonian used here is the ‘‘consisten
Q’’ Hamiltonian, which was proposed in@6# and used in@1#:

Hsd5a1Ld•Ld1a2Qd•Qd , ~3!

where

Ld5A10~d†d̃!~1!, ~4!

Qd5~s†d̃1d†s!1x2~d
†d̃!~2!. ~5!

The f -boson Hamiltonian,Hf , is given by

Hf5e fnf , ~6!

where e f is the f -boson energy. The interaction termVsd f
used here is identical to that used in@1#:

Vsd f5A1Ld•L f1A2Qd•Qf1A3 :Edf
1Edf :, ~7!

where

L f52A7~ f † f̃ !~1!, ~8!

Qf522A7~ f † f̃ !~2!, ~9!

:Edf
1Edf :55:~d† f̃ !~3!

•~ f †d̃!~3!:. ~10!

In @1#, the parametere f was determined so as to make th
average energy of the calculated bandheads the same a
corresponding experimental average. Here we propose
other physical interpretation fore f , that it is equal to the
octupole phonon energy, which is given by the energy ce
troid of E3 strength. To sete f in each nucleus we used the
systematic behavior of the observed energy centroids so
inaccuracies introduced by the poor quality of data in sing
nuclei are minimized.

The systematic behavior of the octupole centroids for t
N5822126 major shell is shown in Fig. 1. This information
comes from inelastic scattering and Coulomb excitation me
surements performed with protons, deuterons, and alpha
ticles. Experimental studies in which more than one 32 state
was measured were included. There are experimental er
inherent in the measurements of theB(E3;0gs

1→32) values,
and these translate into errors in the centroid energies. H
ever, these errors are always less than 45 keV, so we h
not included them in the figures. In206,208Pb @19,20#, 32

states at energies of 3.5 MeV and higher have been m
sured. These high energy states are probably associated
the LEOR. To exclude fragments of the LEOR as much
possible in these nuclei, we do not include 32 states with
energies higher than (20 MeV!/A1/3, which is the lowest
energy for this resonance included in the compilation of K
son@3#. In other nuclei, we include all 32 states, even if they
are not assigned to octupole bands by the experiment
There is some variation in the quality of the data; howev
the compilation is sufficient for the purposes of the prese
work.

The centroid energies forN5822126 are graphed
against neutron numberN in Fig. 1~a!. A clear systematic
trend is evident in the graph. From the beginning of th
major shell (N582), the centroid energy decreases, reachi
a minimum nearN590. The energy then appears to increa
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in a uniform way all the way toN5126, although there are
no data forN51102114. This behavior can be explained in
terms of a schematic description of octupole states. In sphe
cal nuclei, octupole states consist primarily of two quasipa
ticle excitations involving the unique parity orbit and th
common parity orbit with three fewer units of both total an
orbital angular momentum than the unique parity orbit. F
the N582–126 major shell, the relevant neutron orbits a
i 13/2 and f 7/2. NearN582, thef 7/2 orbit is actually the low-
est in the major shell. As neutrons are added at the beginn
of the shell, thef 7/2 orbit fills and the energy of the octupole
state falls. When thef 7/2 orbit is filled nearN588, the Fermi
surface is located between thef 7/2 and i 13/2 orbits and the
energy of the octupole state reaches a minimum. At th
point, thei 13/2 orbit begins to fill and the energy of the oc-
tupole state~or centroid of octupole states! begins to in-
crease, and continues to increase untilN5126. The onset of
quadrupole deformation atN590 results in the breaking of
the degeneracies of the magnetic substates of the sin
particle orbits; however, the centroids of the orbits rema
roughly the same, and this general description of the beh
ior of the octupole centroid remains valid, even in deforme
nuclei.

In Fig. 1~b!, the octupole centroid energies are graphe

FIG. 1. Octupole centroids graphed against~a! the neutron num-
berN and~b! the proton numberZ. The data are from@2,7–20# and
the dashed line shown in~a! is discussed in the text.
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178 54P. D. COTTLE AND N. V. ZAMFIR
againstZ. The trends in the graph, while at first not as cle
as those in Fig. 1~a!, are nevertheless useful for understan
ing the underlying microscopic structure of the octupole
citations. The unique parity orbit in the valence prot
(Z550282) shell ish11/2, and the common parity orbit with
angular momentum three units less isd5/2. Near theN582
shell closure, there is a large gap atZ564 @21#. The d5/2
orbit lies below andh11/2 above the gap. NearN590, the
energy of theh11/2 proton orbit drops, closing theZ564 gap.

For N582 and 84, the separation of thed5/2 and h11/2
proton orbits produces a sharp minimum in the energy of
octupole state atZ564, where thed5/2 orbit is full and the
h11/2 orbit is empty. Close toN590, the gap between th
d5/2 andh11/2 orbits closes, so that the minimum in the oct
pole centroid energy is not so pronounced. However,
general trend is still clear: the energy of the octupole state~or
centroid! decreases as protons are added early in the s
reaching a minimum nearZ564. As more protons are adde
pastZ564, the occupation of theh11/2 orbit increases and
the energy of the octupole state~centroid! increases as well
This trend can be seen all the way to the end of the pro
shell nearZ582.

While there are clear systematic trends with respec
bothN andZ, the variation withN is clearer, and we use thi
relationship between the octupole centroid energy and
neutron number to sete f . The dashed line drawn in Fig. 1~a!
from N590 toN5126 is given by the equation

ELEOS5@~0.040!3N22.35# MeV. ~11!

This equation gives a reasonable description of the syst
atic behavior of octupole centroids aboveN590 and pro-
vides a prescription fore f ~with e f5ELEOS).

III. CALCULATIONS OF ENERGIES AND B„E3… VALUES
FOR Kp502, 12, 22 BANDS

A considerable amount of data is available f
Kp502, 12, 22 octupole vibrational bands in some eve
even deformed rare earth nuclei, so we attempted to re
duce much of the information available on these bands. C
culations using the IBA-1 with anf boson were performed
for the Kp502, 12, 22 bands of eight nuclei:154Sm,
156,158Gd, 160,162,164Dy, 168Er, and 172Yb. These nuclei were
selected because energy andB(E3) information was avail-
able for at least two of the these bands in each nucleus.

One important characteristic of this set of nuclei is tha
includes isotopes with several different orders of octup
bands. In the beginning of the deformed region, the b
sequence isKp502, 12, 22. As the Fermi level in-
creases, the sequence changes to 12, 02, 22 and then to
22, 12, 02 @22#. Figure 2 illustrates the evolution of th
band ordering with the fractional filling of the shell. Eac
isotope considered in the present study is schematically
cated. For example,154Sm is in the beginning of the de
formed region and the ordering of theK bands is
02, 12, (22). As the number of active particles in in
creased, the order becomes 12, 02, 22 as in 158Gd and
then 22, 12, 02 as in 160Dy. Past midshell, the increasin
of Z and/orN leads to a decrease in the number of act
holes and, consequently, to a decrease in the fractional fi
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in the shell, as in168Er, where the order is 12, 22, 02, and
172Yb, whereZ is still larger~and the fractional filling is yet
smaller! and the band order is 12, 02, 22. Two of the
isotopes studied here have twoK bands which are almost
degenerate: 02 and 12 in 156Gd; and 12 and 22 in 160Dy.
Strong mixing effects are present in both these cases. T
characteristic evolution of the ordering of the octupole vibra
tional bands is also reflected in the level staggerings in th
different bands@23#.

The Hamiltonian used here was discussed in Sec. II. T
E2 operator used for both positive and negative parity stat
is that proposed in@6# and used in@1#:

T~E2!5e2Qd . ~12!

The E3 transition rates are calculated with the operato
@1#

T~E3!5e3@s
† f̃1x3~d

† f̃ !~3!1H.c.#, ~13!

wheree3 is the boson octupole effective charge. The com
puter codes used for these calculations werePHINT andFBEM
@24#. Band assignments for states calculated in the model a
made on the basis of calculatedB(E2) transitions.

Of the eight nuclei examined here, six were also include
in the study of Barfieldet al. @1#. The parameters used here
for the positive parity states for these six nuclei are take
from Barfieldet al., who determined them in the following
way: The parametersa1 anda2 were determined by fitting
the ground state and gamma bands, and the quadrupole
rameter x2 was determined from the experimental ratio
B(E2;22

1→0gs
1)/B(E2;21

1→0 gs
1 ) as described in@6#. For

the two nuclei studied here that were not studied in@1#, the
same procedure was followed to determine parameters
the positive parity states. The parameters for the positiv
parity states are given in Table I.

FIG. 2. Schematic illustration of the energies of the
Kp502, 12, 22 octupole vibrational bands as a function of the
fractional filling of the proton and neutron valence shells. The ap
proximate locations of the nuclei which are shown here genera
reproduce the observed ordering.
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There are four parameters which affect the calculations
the energies of the negative parity states~after the positive
parity states have been set!: e f @Eq. ~6!#, andA1 , A2 , and
A3 @Eq. ~7!#. The parametere f is set with the prescription
described in Sec II. Once this is set, the structure is primar
given by the parametersA2 andA3 . The ratioA2 /A3 deter-
mines the ordering of the octupole bands of differentK val-
ues. Values for these parameters are listed in Table II. F
reasonable values ofA1 , the A1Ld•L f term in Eq. ~7! has
little influence on energy values. This term has no influen
on wave functions and consequently does not affect the tr
sition probabilities. Given these facts, we have leftA150 for
the calculations here.

Calculations of theB(E3;0gs
1→32) transition probabili-

ties depend on two parameters,e3 andx3 . We found that a
single value ofe3 (0.20eb

3/2) was sufficient to describe the
E3 transitions examined here. There was some variation
x3; however, it was considerably less than that found in@1#.
The values ofx3 are listed in Table II.

The results for the energies of octupole band states a
the distribution ofE3 strength among the octupole bands a
given in Figs. 3–10. The experimental data shown in the
figures are taken from@11,13–16,25–33#. For most of the
nuclei shown here (154Sm, 156,158Gd, 168Er, and 172Yb! the
calculations reproduce the data well, although the fits are
quite as good at the higher spins in some of the bands. T
difficulty in fitting higher spin states might be attributable t
the alignment of the octupole phonons, as discussed by V
gel @34#.

The fits to the energies in160,162,164Dy are not as good,
particularly for theKp502 bands. The deviation is greates
in 162Dy, in which the calculated energy for theJp512

bandhead of theKp502 band is 900 keV higher than the
experimental value. Barfieldet al. @1# encountered the same

TABLE I. Parameters inHsd .

Nucleus NB a1 ~keV! a2 ~keV! x2

154Sm 11 0.0 236.0 20.72
156Gd 12 2.0 232.5 20.54
158Gd 13 3.0 227.5 20.63
160Dy 14 4.5 223.5 20.51
162Dy 15 6.0 220.0 20.54
164Dy 16 6.0 215.0 20.54
168Er 16 6.5 217.5 20.49
172Yb 16 4.5 222.5 20.80

TABLE II. Parameters inHf , Vsd f , T(E3), andT(E1).

Nucleus e f ~keV! A2 ~keV! A3 ~keV! x3 x1 x18

154Sm 1.33 250 0 0.00 20.030 20.058
156Gd 1.33 270 2134 20.38 20.026 20.054
158Gd 1.41 275 2150 10.38 20.025 20.050
160Dy 1.41 260 2260 11.13 20.025 –0.050
162Dy 1.49 240 2290 11.13 20.024 20.048
164Dy 1.57 222 2312 11.13 20.022 20.044
168Er 1.65 260 2190 10.76 20.023 20.044
172Yb 1.73 283 2220 11.13 20.023 20.046
of
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FIG. 3. Experimentally observed@11,26# and calculated octu-
pole band energies andB(E3;0gs

1→32) values in154Sm.

FIG. 4. Similar to Fig. 3 for156Gd @13,25,27#.
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FIG. 5. Similar to Fig. 3 for158Gd @13,28#.

FIG. 6. Similar to Fig. 3 for160Dy @14,29#.
FIG. 7. Similar to Fig. 3 for162Dy @14,30#.

FIG. 8. Similar to Fig. 3 for164Dy @14,31#.
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difficulty, and noted that a large two quasineutron admixtu
~from the 5/21@642↑# and 5/22@523↓# Nilsson levels! has
been predicted for theKp502 band in this nucleus by So-
loviev @35#. More recently, this large two quasineutron ad
mixture has been measured using the161Dy(d,p)162 Dy and
161Dy(a,3He)162Dy reactions@36,37#. This would explain
the low energy of theKp502 band since the neutron Ferm
level is located between these two adjacent Nilsson orb
This microscopic situation cannot be accomodated in t
present model. In160Dy theKp502 band is calculated to be
500 keV higher than it is observed. In164Dy the calculated
energies for theKp502 band are only 150 keV above the
experimental results, suggesting smaller two-quasineut
admixtures. A measurement of the163Dy(d,p)164Dy reaction
would provide information about the two-quasineutron co
tribution to theKp502 states in164Dy. It should be noted
that the parameters for160,162,164Dy in the present calcula-
tions were selected primarily to fit theKp512 and 22 bands
so that the anomalous locations of theKp502 bands would
not distort the calculations.

TheB(E3) relative and absolute strengths are well repr
duced except forB(E3;0gs

1→3K50
2 ) in 156,158Gd and

162,164Dy where the calculated values are significant
smaller than the data. Despite these disagreements, the
eral trends of the totalB(E3) strength and the individual
octupole strengths for differentK values from 154Sm to
172Yb are well reproduced.
The method used here for settinge f is one way of intro-

ducing microscopic information into the IBA, which doe
not intrinisically include details of single-particle configura
tions. From the behavior of the other parameters, it is cle
that the importance of shell effects goes beyond the behav
of the octupole centroids. However, the present prescript

FIG. 9. Similar to Fig. 3 for168Er @15,32#.
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for settinge f significantly constrains the model, and in fac
determines aunique parameter set (A2 andA3) for fitting
the energies of octupole band states. The results given h
demonstrate that the fits that can be obtained with the s
tematice f prescription are comparable to those given in@1#.

IV. E1 TRANSITIONS

Electric dipole transitions from octupole vibration state
depend not only on the structure of the octupole states b
also on small admixtures of the giant dipole resonance@38#.
We calculatedE1 transitions using an operator which in-
cludes the effect of small giant dipole resonance admixtur
@38# and is constrained to reproduce branching ratios giv
by the Alaga rules for pure states of goodK quantum number
@39#:

Tsd f
~E1!5e1@~d

†f1d f†!~1!1x1O11x18O18#, ~14!

whereO1 andO18 are two-body terms. It was found@39# that
the Alaga rule constraint required thatx152x18.

We first analyzed branching ratios ofE1 transitions, for
which theE1 effective chargee1 cancels out, in order to
focus on the parametersx1 andx18. To satisfy the Alaga rule
constraint, we made only small deviations from the rati
x1 /x1852 to fit the experimentalE1 ratios.

The parametersx1 andx18 used for each nucleus are listed
in Table II, and the results of the calculations are compar
to the experimental data in Tables III–X. In general, th
calculations reproduce the experimentalB(E1) ratios well,
and correctly follow the behavior as a function of spin within
individual bands. Two cases for which data were availab

FIG. 10. Similar to Fig. 3 for172Yb @16,33#.
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over a larger range of spins, theKp512 bands in156Gd and
172Yb, are shown in Fig. 11. In addition, the variation
B(E1) ratios from nucleus to nucleus are well reproduc
Figure 12 illustrates branching ratios forJp532 states of
Kp502, 12, 22 bands for the nuclei studied here. Th
branching ratios for a givenK value have the same order o
magnitude as each other but there are small variations
pending on the details of structure of each nucleus. The I
reproduces these variations quite well with practically
free parameters in theE1 operator.

We also calculated absoluteB(E1) values of transitions
for which data are available. In every case, the effect
charge for the nucleus was set by fitting the calcula
B(E1) values to the data for the 1K50

2 →0gs
1 and

1K50
2 →21

1 transitions. For154Sm, 156,158Gd, 160,162Dy, and
168Er, these calculations allowed us to compareE1 transi-
tions from different states. The calculated and experime
@29,30,32,33,40–42# B(E1) values are listed in Table XI.

In two of these nuclei,154Sm and156Gd, the calculations
reproduce the absoluteB(E1) data very well. In158Gd, the
calculatedE1 transitions from theKp512 Jp532 state are
an order of magnitude larger than the data because the
culations give too much mixing between theKp502 and
12 bands. In160Dy, the calculatedB(E1) values for transi-

TABLE III. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in154Sm. Data are taken from@26#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

02 12 21
1 0gs

1 2.03~7! 1.90
32 41

1 21
1 1.17~3! 1.15

52 61
1 41

1 0.86~3! 0.90
12 12 21

1 0gs
1 237 3.7

32 41
1 21

1 5.58~55! 2.8
52 61

1 41
1 4.60~60! 50

TABLE IV. B(E1;J1
2→Jf1

1 )/B(E1;J1
2→Jf2

1 ) for octupole
bands in156Gd. Data are taken from@27#.

Kp J1
p Jf1

p Jf2
p Expt. Calc.

12 12 21
1 0gs

1 1.29~2! 1.23
32 41

1 21
1 0.76~4! 0.88

52 61
1 41

1 0.74~7! 0.73
72 81

1 61
1 ' 1.27 0.62

92 101
1 81

1 0.43~18! 0.53
112 121

1 101
1 ,6.88 0.44

02 12 21
1 0gs

1 2.25~3! 2.22
32 41

1 21
1 1.66~15! 1.70

22 22 31
1 22

1 0.49~3! 0.46
32 42

1 31
1 1.21~8! 1.01

32 31
1 22

1 1.33~7! 1.80
32 42

1 41
1 49~7! `

32 22
1 21

1 22~2! 6.8
32 41

1 21
1 0.72~10! 0

42 51
1 42

1 1.94~17! 1.73
42 42

1 31
1 0.53~4! 0.78

52 51
1 42

1 ,0.51 0.49
n
d.
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tions from theKp512 Jp522 state are larger than the data
although they are still calculated to be small relative to th
allowed Kp502→Kp50gs

1 transitions. In 162Dy, the al-
lowed Kp522→Kp52g

1 transitions are calculated to be
very strong, even significantly stronger than th
Kp502→Kp50gs

1 transitions. However, the data show tha
theKp522→Kp52g

1 transitions are several orders of mag
nitude weaker than theKp502→Kp50gs

1 transitions. In
168Er, the calculatedB(E1) values for the transitions from
the Kp512 Jp532 state to the Kp50gs

1 ,
Jp521, 31, 41 states are significantly larger than the ex
perimental values, but this problem does not occur in t

TABLE V. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in158Gd. Data are taken from@28#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

12 12 21
1 0gs

1 0.98~7! 1.11
32 41

1 21
1 0.88~2! 0.88

52 61
1 41

1 0.80~7! 0.76
02 12 21

1 0gs
1 1.79~15! 2.12

32 41
1 21

1 1.32~11! 1.54
52 61

1 41
1 0.65~11! 1.64

22 22 31
1 22

1 0.59~5! 0.45
22 22

1 21
1 490~59! 103

32 42
1 31

1 1.33~11! 1.04
32 31

1 22
1 1.58~13! 1.66

32 22
1 21

1 12.6~20! 11.6
42 42

1 31
1 0.29~6! 0.82

42 42
1 41

1 0.71~16! 13.1

TABLE VI. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in160Dy. Data are taken from@29#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

22 22 31
1 22

1 0.42~1! 0.49
22 22

1 21
1 104~1! 60

32 31
1 21

1 0.64~27! 1.89
32 41

1 21
1 0.74~1! 1.06

42 42
1 31

1 0.74~1! 0.88
42 42

1 41
1 15~2! 5.52

52 61
1 41

1 ,3.99 2.54
62 51

1 61
1 9.38 4.30

82 71
1 81

1 17 3.38
12 22 31

1 22
1 1.32~1! 23

22 22
1 21

1 6.09~4! `

32 42
1 31

1 1.42~19! `

32 31
1 22

1 1.19~9! 0
32 42

1 41
1 0.44~5! 0.38

32 22
1 21

1 0.23~1! 0.014
32 41

1 21
1 0.91~1! 1.51

42 51
1 42

1 5.48~41! 2.02
42 42

1 31
1 0.37~2! 1.00

42 42
1 41

1 5.13~33! 8.80
02 12 21

1 0gs
1 1.75~35! 1.85

32 42
1 31

1 '11.4 0.12
32 31

1 22
1 '0.49 3.78
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TABLE VII. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in162Dy. Data are taken from@30,36#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

22 22 31
1 22

1 0.50~3! 0.50
32 42

1 31
1 1.04~18! 1.18

32 31
1 22

1 1.55~35! 1.89
32 42

1 41
1 8.60~177! 43

32 22
1 21

1 5.92~150! 11.9
32 41

1 21
1 1.11~24! 0.62

42 51
1 42

1 1.72~40! 2.08
42 42

1 31
1 0.62~13! 0.91

42 51
1 41

1 1289~309! 11.1
42 42

1 41
1 626~167! 5.34

42 41
1 31

1 0.00063~13! 0.17
52 51

1 42
1 0.12~5! 0.63

52 61
1 41

1 0.90~10! 0.64
52 42

1 41
1 4.75~121! 7.47

02 12 21
1 0gs

1 2.34~64! 1.73
32 41

1 21
1 0.73~23! 0.96

52 61
1 41

1 0.86~24! `

52 42
1 41

1 1.68~21! `

12 22 31
1 21

1 5.31~67! 6.0
22 31

1 22
1 0.91~21! 2.0

22 22
1 21

1 8.20~175! 3.0
32 42

1 22
1 2.02~25! 33

32 42
1 41

1 17.7~29! 0.52
32 22

1 21
1 54.5~164! 0.038

42 51
1 41

1 8.13~114! 0.75
52 51

1 42
1 0.54~10! 0.25

52 61
1 41

1 2.83~100! 1.32
52 61

1 51
1 0.22~5! 4.17

52 42
1 41

1 24.2~804! 0.13

TABLE VIII. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in164Dy. Data are taken from@31#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

22 22 31
1 22

1 0.56~5! 0.50
22 22

1 21
1 4932~1644! 65

32 42
1 31

1 1.26~31! 1.18
32 31

1 22
1 1.64~30! 1.89

32 42
1 41

1 487~257! 43
32 22

1 21
1 234~65! 13.3

32 41
1 21

1 0.99~57! 0.68
42 51

1 42
1 1.76~79! 2.08

42 42
1 31

1 0.69~15! 0.92
52 51

1 42
1 0.88~44! 0.64

52 42
1 41

1 68~14! 8.0
52 61

1 41
1 ,1.51 0.68

12 12 21
1 0gs

1 1.38~30! 1.5
32 41

1 21
1 0.94~49! 1.00

02 32 41
1 21

1 1.76 0.0
transition from theKp512, Jp542 state to the 41 state of
the ground band. Overall, most experimental absolu
B(E1) values are well reproduced by the calculations, eve
though these quantities are very sensitive to small comp
nents in the wave functions.

Figure 13 compares the results of calculations and expe
ments for the 12→0gs

1 transitions and shows predictions for
12→0gs

1 E1 transitions which have not yet been measure

TABLE IX. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in168Er. Data are taken from@32#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

12 22
1 21

1 0.15~3! 0.52
12 12 21

1 0gs
1 3.75~32! 5.07

22 31
1 22

1 0.15~3! `

22 22
1 21

1 3.51~57! 0
32 41

1 21
1 1.52~21! 1.56

32 31
1 22

1 0.056~11! 0.010
42 42

1 31
1 2.71~75! 0.20

42 42
1 41

1 3.57~89! `

52 61
1 41

1 1.19~18! 1.09
62 62

1 51
1 0.70~12! 0.55

62 62
1 61

1 1.68~36! 4.00
72 81

1 61
1 2.62~84! 0.89

22 22 31
1 22

1 0.52~3! 0.48
22 22

1 21
1 1577~100! 95

32 42
1 31

1 1.03~15! 1.10
32 31

1 22
1 1.59~26! 1.72

32 22
1 21

1 1469~755! `

42 51
1 42

1 3.00~50! 1.98
42 42

1 31
1 0.57~10! 0.78

52 62
1 51

1 3.78~80! 2.40
52 51

1 42
1 0.35~6! 0.52

62 71
1 62

1 6.18~138! 3.95
62 62

1 51
1 0.25~7! 0.34

02 12 21
1 0gs

1 3.28~90! 1.87
32 31

1 21
1 0.31~11! 0.0036

32 41
1 21

1 1.72~40! 1.08
52 62

1 61
1 1.05~19! 0.039

52 61
1 41

1 1.56~33! 0.71

TABLE X. B(E1;Ji
2→Jf1

1 )/B(E1;Ji
2→Jf2

1 ) for octupole
bands in172Yb. Data are taken from@33#.

Kp Ji
p Jf1

p Jf2
p Expt. Calc.

12 12 21
1 0gs

1 6.54~24! 9.18
32 41

1 21
1 2.00~18! 2.03

52 61
1 41

1 1.34~15! 1.41
72 81

1 61
1 1.76~25! 1.15

92 101
1 81

1 1.16~39! 0.98
02 12 21

1 0gs
1 1.79~15! 1.96

32 41
1 21

1 0.84~12! 1.28
22 22 31

1 22
1 0.76~14! 0.49

22 22
1 21

1 136~34! 135
32 31

1 21
1 26.2~136! 20.4
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The calculations reproduce rather well the almost const
E1 strength of the 1K50

2 →0gs
1 transitions across the entire se

of nuclei. In addition, the calculations predict very sma
values for 1K51

2 →0gs
1 transitions (102321025 e2 fm2) for

all these nuclei except for156Gd, which is in fact the only
case where this quantity has been measured. The large v
of 1K51

2 →0gs
1 in 156Gd is due to the strong mixing of the

K50 andK51 bands in this nucleus~see Fig. 2 and@23#!.
Data on 12→0gs

1 transitions which have not yet been mea
sured will provide rigorous tests of the present calculation

V. Kp532 BANDS

While the data on energies andB(E3) values for
Kp502, 12, 22 bands are reasonably complete for th
eight nuclei discussed here, the data onKp532 bands are
limited and questionable. At this time, the best candidate
a Kp532 octupole band is the band based on the 2262
keV state in168Er. With this state, there is evidence for bot
aKp532 band structure and a largeB(E3;0gs

1→32) value.
Davidson and Dixon@43# argued that the 2262.7 keV stat
must haveJp532 because of the spins and parities of th
states (21,31,32,41, and 42) to which it deexcites. Govil
et al. @15# measuredB(E3;0gs→32)54.7 Weisskopf units
~W.u.!, in the (a,a8) reaction at 36 MeV. However, Jung
clauset al. @44# questioned theJp532 assignment for the
2262.7 keV bandhead. Davidson and Dixon@43# reported
that the 2262.7 keV state decays to a 21 state~at 821 keV!,
but Jungclauset al. @44# did not see the transition to this

FIG. 11. Observed and calculatedE1 branching ratios from
Kp512 band in ~a! 156Gd. Data are taken from@27#; ~b! 172Yb.
Data are taken from@33#.
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state in their high statistics coincidence experiment. Cons
quently, they argued that aJp542 assignment could not be
excluded.

Davidson and Dixon @43# also identified five other
Kp532 bands in 168Er, with band-heads at
1541, 1828, 1999, 2323, and 2337 keV. However, th
B(E3;0gs

1→32) values measured for the lowest four of thes
states in the (a,a8) reaction @15# are small, being only
0.25, 0.60, 0.42, and 1.53 W.u., respectively, suggestive o
noncollective origin. The corresponding matrix element fo
the 2337 keV state has not been measured. Data from
167Er(d,p) reaction also support the noncollective interpre
tation of the 1541 and 1828 keV states@45#.

FIG. 12. Observed~points! and calculated~line! E1 branching
ratios fromJp532 states in the~a! Kp502, ~b! Kp512, and~c!
Kp522 octupole bands in the eight nuclei studied here. The ne
tron and boson numbers (N,NB) are indicated for each nucleus.
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TABLE XI. B(E1;Ji
2→Jf

1) values.

Nucleus e1 (e fm! Kp Ji
p Jf

p Expt. (e2 fm2) Calc. (e2 fm2) Ref.

154Sm 0.32 02 12 0gs
1 1.15~8!31022 1.1131022 @40#

02 12 21
1 2.17~48! 31022 2.1031022 @40#

02 32 21
1 1.44~18! 31022 1.5431022 @40#

02 32 41
1 1.73(26)31022 1.7731022 @40#

156Gd 0.28 12 12 0gs
1 3.33(133)31023 3.3231023 @41#

12 12 21
1 4.30(172)31023 4.0831023 @41#

02 12 0gs
1 5.33(197)31023 5.5431023 @41#

02 12 21
1 1.20(44)31022 1.2331022 @41#

158Gd 0.25 12 32 41
1 5.3(17)31024 5.8631023 @28#

12 32 21
1 6.2(19)31024 6.6631023 @28#

02 12 0gs
1 6.63(156)31023 5.9831023 @41#

02 12 21
1 1.19(30)31022 1.2731022 @41#

160Dy 0.43 22 32 41
1 5.9(17)31024 3.3331024 @29#

22 32 21
1 8.0(23)31024 3.1431024 @29#

12 22 31
1 4.7(2)31027 4.2531024 @29#

12 22 22
1 3.6(2)31027 1.8531025 @29#

12 22 21
1 5.9(3)31028 0 @29#

02 12 21
1 1.3(3)31022 1.2931022 @29#

02 12 0gs
1 7.2(8)31023 6.9531023 @29#

162Dy 1.96 22 22 31
1 4.8(10)31025 1.5931021 @30#

22 22 22
1 9.6(19)31025 3.1831021 @30#

22 22 21
1 9.8(19)31029 5.3831023 @30#

02 12 0gs
1 4.9(8)31023 5.7631023 @30#

02 12 21
1 1.15(37)31022 1.0031022 @30#

164Dy 5.36 02 12 0gs
1 5.75(71)31023 5.7031023 @42#

168Er 0.29 12 32 31
1 1.231027 1.6831025 @32#

12 32 41
1 3.331026 2.5131023 @32#

12 32 21
1 2.231026 1.6131023 @32#

12 42 42
1 2.031025 0.8431025 @32#

12 42 31
1 0.6931025 4.2131025 @32#

12 42 41
1 1.031026 0 @32#

02 12 21
1 1.9(4)31022 1.4631022 @32#

02 12 0gs
1 5.7(18)31023 7.8431023 @32#

172Yb 0.14 02 12 21
1 6.4(18)31023 6.2631023 @33#

02 12 0gs
1 3.6(10)31023 3.1931023 @33#
-
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FIG. 13. Calculated~full circles! and experimental~open
squares! B(E1;1K

2→0gs
1) values forK502 and 12. The calculated

values without corresponding experimental points are predictio
for transitions not yet measured.
Kp532 bands have also been observed in162Dy, with
bandheads at 1571 and 1767 keV@36,46#. However, these
states appear to have smallB(E3;0gs

1→32) values because
they were populated only weakly if at all in the (d,d8) ex-
periments of Grotdalet al. @14#. This suggests a non
collective interpretation. Govilet al. @16# measured a rela-
tively large B(E3;0gs

1→32) value (4.7 W.u.! for a state
assigned to haveJp532 at 2030 keV in172Yb and assigned
Kp532; however, there is no band structure establish
with this state, and therefore little evidence for theKp as-
signment.

In the framework of the IBA-1, the behavior ofKp532

octupole states can be predicted on the basis of the fits to
Kp502, 12, and 22 bands. This seems to be a reasona
thing to do given the experimental situation, and we proce
to do this here.

In the SU~3! limit of the sd Hamiltonian, thesd-f
quadrupole-quadrupole interaction breaks the degenerac
the negative parity states and develops different bands c

ns
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186 54P. D. COTTLE AND N. V. ZAMFIR
acterized by the quantum numberK @47#. The splitting of the
different bands is proportional toK2 and to the strength o
the sd-f quadrupole-quadrupole interactionA2 . In particu-
lar, for large negative values ofA2 , the energy of the
I532, K532 state based on the lowest SU~3! irreducible
representation of the positive parity core is pushed up
energy relative to theI532 members of theK502, 12,
and 22 bands built on the ground state according to
relation @1#:

E~K !5E01~2N22!~42K2!A2 /A6. ~15!

In the asymptotic limit,N→`, A2→`, if the E3 opera-
tor is s† f̃1 f †s, the four bands,K502, 12, 22, and 32 are
excited in the ratio 1:2:2:2@47#. For a Hamiltonian corre-
sponding to deformed nuclei but not in the SU~3! limit this
pattern is altered, but theK532 state is still highest in en
ergy. In Fig. 14~left!, the locations and octupole strengths
the I532 states of the four bands are shown for differe
values of A2 . The core corresponds t
168Er:NB516, a156.5 keV, a25217.5 keV, and
x520.49. An exchange term in thesd-f interaction pro-
duces a different octupole strength distribution, but for ne
tive values of the strength of this interaction,A3 , the
K532 state is again the highest in energy~Fig. 14, right!.
The presence of both interactions in thesd-f Hamiltonian,
which is necessary to reproduce the ordering of
K502, 12, and 22 bands in deformed nuclei, and of
second term in theE3 operatorx3(d

† f̃1 f †d̃)(3), which is
required to reproduce the corresponding octupole stren
distribution, does not modify this picture with theK532

state at a very high excitation energy~Fig. 15!.

FIG. 14. The calculated energies andE3 strengths of the
J532 states of theKp502, 12, 22, and 32 bands. The core
corresponds to168Er as discussed in the text. Left: different valu
of A2. Right: different values ofA3 .
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In Fig. 16, the calculated octupole strength distribution
for the eight nuclei discussed here are shown. For all the
nuclei but 154Sm, largeK53 strength occurs above 6 MeV
~for 154Sm theK53 strength occurs at 4.3 MeV!. This is
approximately the same excitation energy (31A21/3 MeV!
at which the low energy octupole resonance~LEOR! is lo-
cated. The LEOR is considered to be a 1\v excitation@3#.
Thus, the high energyI532, K532 octupole vibrational
state based on the ground state is either experiment
masked by the LEOR or is the state which has been exp
mentally identified as the LEOR. In any case, the observ
strength of this state provides a constraint on allowab
Hamiltonian or octupole transition operators.

VI. SUMMARY

We have introduced a method for setting the parame
e f in the IBA-1 with f boson by using the systematic behav
ior of the centroids of observedE3 strength and applied it to
octupole bands in eight deformed rare earth nuclei. The e
lution of the ordering of the bands with differentK quantum
numbers and theB(E3) andB(E1) values associated with
the different bands across the deformed region is well rep
duced. The calculations are in good agreement with the d
for nearly all theKp502, 12, and 22 octupole bands in
the nuclei studied here. The least satisfactory fits were o
tained for theKp502 bands in160,162Dy, although this can
be explained as a consequence of the large noncollec
contributions to these states. It is predicted that
160,162,164Dy, 168Er, and 172Yb the E3 strength of the
Kp532, Jp532 octupole vibrational state based on th
ground state is concentrated above 6 MeV, the range
which the LEOR is located.

Octupole vibration states in deformed nuclei have been
interest for at least 25 years~for example, see@22#!; never-
theless, there are still large deficiencies in the informati
available on distributions ofE3 strength in these nuclei, par

s

FIG. 15. The calculatedE3 strength distributions of the
Kp502, 12, 22, and 32 bands are shown for different values o
x3 . The core corresponds to168Er.
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FIG. 16. Calculated E3
strength distibutions for the
Kp502, 12, 22, and 32 octu-
pole bands for all eight nuclei
studied here.
O.
as
rt-
9,
he
ticularly with respect toKp532 octupole states. High reso-
lution focal plane detectors now in use with magnetic spe
trographs provide the opportunity for detailed systemat
studies of octupole states, even in deformed nuclei where
density of states is high and the fragmentation of the oct
pole strength is significant. Such information would be o
vital importance in determining whether the present versio
of the IBA can adequately describe octupole excitations
these nuclei.
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