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Hanbury-Brown –Twiss analysis of anisotropic transverse flow
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Department of Physics, University of Pittsburgh, Pittsburgh, Pennsylvania 15260

~Received 3 May 1995!

The effects of anisotropic transverse collective flow on the Hanbury-Brown–Twiss~HBT! correlation func-
tion is studied. There exist three different physics contributions related to flow which affect the correlat
function: anisotropic source shape, anisotropic space-momentum correlations in pion emission, and the e
related to the HBT measurement of the size of a moving source in different reference frames. Resolutio
these contributions experimentally can lead to a detailed understanding of both collective flow in nucle
nucleus collisions and the HBT technique itself. A method is presented which permits the derivation of mo
independent relations between the radius of a source measured in a frame in which it is moving and in its
frame.

PACS number~s!: 25.75.Ld, 21.65.1f, 13.85.Ni
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I. INTRODUCTION

The discovery of anisotropic transverse flow in nucleu
nucleus collisions at BNL AGS energies@1# implies that
some previous results should be reevaluated taking into
count the effects of flow. One set of results in this category
the measurements of collision volumes using the Hanbu
Brown–Twiss ~HBT! technique. In this paper we discus
how HBT results are affected by flow. In addition we sho
that the HBT study of nucleus-nucleus collisions can prov
valuable information on the understanding of flow itself.

By anisotropic transverse flow we generally mean
rected flow. We restrict ourselves to the consideration
symmetric collisions of identical nuclei. In this analysis w
use the following geometrical definitions. In the transve
plane we define as ‘‘in1’’ the direction of transverse flow,
‘‘in 2’’ is defined as the opposite direction, and ‘‘perp’’ is th
direction perpendicular to the ‘‘in’’ direction. We use the c
ordinate system where thex axis coincides with ‘‘in1’’ and
the z axis coincides with the beam direction. The reacti
plane is then the plane defined by the ‘‘in’’ direction and t
beam~the x-z plane!. In this paper we consider only pio
correlations~unless stated explicitly otherwise!, and we call
a pion source simply a source.

We discuss the problem essentially on a qualitative lev
Our goal is to find the physics which affects the HBT me
surements, not to generate a complete set of formula
describe the general case. In the discussion we keep in m
a heuristic picture of pion production and try to understa
how different features of the production affect the HBT co
relation function. In this very simple picture pions are pr
duced from two sources different in origin. ‘‘Direct’’ pion
are mostly produced in deep inelastic nucleon-nucleon co
sions in the zone where the nuclei overlap. This source
be relatively small and is located close to the center of
line joining the centers of the colliding nuclei. The seco
source of pions in our picture is resonance~mostly delta!
decays. This source size should be close to the freez
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nucleon radius. In this naive picture it is clear that, for ex
ample, the ‘‘geometry’’ of the source of pions of differen
rapidities ~or different pt , or different orientation of pion
momenta with respect to the reaction plane, etc.! can be very
different. The effective source responsible for the emissio
of pions with a given rapidity can have nonzero longitudina
and transverse velocity. Note that we use the picture only
illustrate the sensitivity of the HBT function to different fea-
tures of the source; one should remember that the real co
sion picture is much more complex.

In general, the difference in the effective sources for pion
in different rapidity (pt , etc.! regions can be treated math-
ematically as a correlation between the momentum and sp
position of pion emission.~Following many others we con-
sider pion emission semiclassically, and do not discuss t
space-time quantum mechanical uncertainty.! For example, if
low pt pions are produced mostly in the totally expande
stage of the collision, the extracted source size could
larger than that evaluated by using highpt pions, emitted
from the hot stage. In Sec. III we discuss how these corre
tions appear in the expression for the correlation function.

II. GEOMETRICAL SHAPE OF PION SOURCE

We start with the question of whether it is possible t
observe different source sizes looking at the emitting obje
from different directions. The answer is definitely ‘‘yes,’’ for
several reasons. One of them is simply the anisotropic sou
shape; due to transverse directed flow the effective sou
could be extended in the reaction plane. Directly produce
pions are emitted mostly from the ‘‘center’’~of the transverse
plane!, while pions fromD ~which undergo the collective
motion to a greater extent! decays could have an ‘‘off-
center’’ origin. Thus the source size appears to be different
measured from ‘‘in’’ or ‘‘perp’’ directions.

We use RQMD~relativistic quantum molecular dynamics!
1.08 @2# generated events to evaluate the approximate ma
nitude of the effect. We study production point distribution
of pions with rapidity ~in the laboratory frame! around
ylab'3 which is close to beam rapidity in Au1Au collisions
for a projectile energy of 11.4 GeV/nucleon. We select pion
which are emitted in the transverse plane in the1x, 2x,

w,
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TABLE I. The first and second moments and correlation coefficients of spatial and temporal distribut
of charged pions in Au1Au collisions as seen from different directions. Pions are required to lie in th
rapidity interval 2.7,ylab,3.2 and have transverse momentum 0.14,pt,0.25 GeV. The impact parameter
3.0,b,6.0 fm. Units for the first moments are fm and for the second moments fm2.

1x 2x 1y 2y 1x 2x 1y 2y

^x& 4.9 -0.5 1.6 1.7 ^xy&2^x&^y& 0.2 0.0 0.1 -0.7
^y& -0.2 -0.2 3.0 -3.0 ^xz&2^x&^z& 9.3 1.6 7.3 9.1
^z& 11.2 9.2 9.9 9.3 ^xt&2^x&^t& 12.2 -7.1 5.3 9.1
^t& 19.7 16.7 18.2 17.3 ^yz&2^y&^z& -2.4 -2.1 4.7 -2.5
^x2&2^x&2 12.8 17.4 17.6 15.8 ^yt&2^y&^t& -1.6 -3.0 9.3 -8.6
^y2&2^y&2 19.1 16.6 16.9 17.1 ^zt&2^z&^t& 72.8 68.4 74.7 72.7
^z2&2^z&2 69.4 61.1 68.7 66.2
^t2&2^t&2 92.3 92.2 98.0 99.1
r
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and y directions, and analyze their distributions inx, y, z,
andt. Pions are considered as being emitted in1x direction
if their transverse momentum components satisfy the con
tion 0,upyu/px,0.5. All calculations are performed in the
center of mass~Au1Au! frame. To suppress fluctuations re
lated to very rare cases of decays of very long-lived res
nances, we consider only pions produced within the first
fm/c after the collision. The results are summarized in Tab
I.

From the first moments, one can see that the center of
observed pion source is shifted from the center line in t
direction of flow. The variances of the distributions can b
considered as squares of the effective source sizes in dif
ent directions. These are the sizes which one would meas
if the pions were to carry the information on their productio
points ~this is not the case in reality!. Due to the collision
symmetry with respect to the reaction plane some coe
cients in Table I~such aŝ y& for the1x and2x cases! are
expected to be zero and others~such as^x& for 1y and
2y cases! are expected to be equal. The values actually o
tained in the calculation can be used to estimate roughly
uncertainty in the results.

The effective source velocities for each of the cases
1x, 2x, 1y, and2y directions of pion emission can be
estimated from Table I using the formula

v i5
^r i t&2^r i&^t&

^t2&2^t&2
, ~1!

which gives, for example,vx
$1x%'0.13, vx

$2x%'20.08,
vy

$1y%'0.10, and for all direction of pion emission
vz'0.76. Note the difference between the magnitudes
vx

$1x% and vx
$2x% which is just the difference in transvers

flow velocities due to anisotropic flow. In collisions at thi
energy, flow is mostly carried by nucleons. Pions are i
volved in flow mainly through baryon resonance decays. It
important for our analysis that the pions fromD decays al-
most do not ‘‘remember’’ the flow, since the change in pio
momenta due to flow is small. The physical reason is t
same as that for the lowpt enhancement. When the reso
nance decays, the products share the resonance mome
in proportion to the ratio of their masses. The pion fro
D→pp decay carries only about 1/7 of the momentum
theD. Thus we can expect for pions only about an extra
di-
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MeV/c of transverse momentum in the direction of flow, if
one takes reasonable values for baryon flow@6#. Analysis of
experimental data@7# yields an average value ofv t'0.3; for
the longitudinal component it givesv long'0.5. These values
could be different from our estimate due to the particula
region of pion phase space considered.

The HBT analysis in principle permits to investigate the
source size in many dimensions, studying the dependence
the correlation function on different components of the rela
tive pion pair momentum. Usually the so-called ‘‘long-side-
out’’ coordinate system is used for such an analysis. We re
mind the reader that the ‘‘long-side-out’’ coordinate system
is defined in the following way~see Fig. 1!. ‘‘Long’’ is the
direction of the beam, ‘‘out’’ is the direction of the pion pair
transverse momentum, ‘‘side’’ is the direction in the trans-
verse plane perpendicular to the ‘‘out’’ direction. In the case
of anisotropic flow the picture becomes more complicated
one must also take into account the direction of flow. Con
sequently, we denote, for example, by ‘‘in1-out’’ the ‘‘out’’
direction for the case when the pion pair momentum point
in the direction of flow; and ‘‘in2-side’’ source size would

FIG. 1. The definition of transverse momenta in the ‘‘long-side-
out’’ coordinate system.
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mean the mean size of the source in the ‘‘side’’ direction as
appears for pions emitted in the direction opposite to flow

If one considers something like ‘‘in-out’’ and ‘‘in-side’’
source sizes, many interesting possibilities appear. One
see from Table I that, for example, the1x and2x effective
sizes are quite different. One of the reasons for this is sh
owing. Direct pions are produced most often in the regi
where colliding nuclei overlap. Let us look at the collisio
from the flow ~‘‘in 1’’ ! direction, where one expects th
spectators and most of the nucleons of the projectile. C
tainly these nucleons distort the real image of the pi
source. From this direction one can see mostly the pio
from the nucleon fireball and, consequently, one measu
this fireball size. For an observer from the opposite~in the
transverse plane! ‘‘in 2’’ direction the source image is not
distorted by shadowing so the picture could be quite diffe
ent. From this direction one sees simultaneously the hot p
fireball and, spatially separated from it, the nucleon fireba
The ‘‘out’’ size is the effective transverse size of the sour
in the direction of the transverse momentum of the pion pa
‘‘in 1-out’’ and ‘‘in 2-out’’ sizes should be determined by th
sizes of the two sources and their separation. This co
explain the difference in ‘‘out’’ sizes from Table I seen from
‘‘in 1’’ ( A12.8 fm! and ‘‘in2’’ directions (A17.4 fm!.
‘ ‘ In 1-side’’ and ‘‘in2-side’’ sizes are the dimensions of th
source perpendicular to the direction of the pion momentu
as seen from ‘‘in1’’ and ‘‘in 2’’ directions. The difference in
‘‘in 1-side’’ and ‘‘in2-side’’ sizes (A19.1 fm andA16.6 fm,
respectively! is mostly due to the difference in sizes o
nucleon and pion fireballs, not to their separation. Anoth
reason for the difference could be the shadowing of the p
source by nucleons in ‘‘in1’’ case, which effectively results
in a larger observed source size.

If this picture is correct one could study very interestin
effects, varying the pseudorapidity of the correlated pair a
the relative~azimuthal! angle between the pion pair and th
reaction plane. In connection with the arguments made ab
it is also interesting to study in detail the pion triple differ
ential distributions calculated with respect to the reacti
plane. For example, the shadowing discussed above co
result in nonzero values of the third harmonic Fourier coe
ficient of the pion azimuthal distribution. The rapidity~pseu-
dorapidity! dependence, if observed, could provide inform
tion on the localization of dense nucleon matter.

It is very interesting to compare the results of pion inte
ferometry with the results of source size measurements
the two-proton correlation technique. In our~oversimplified!
picture the proton source is different from the pion sourc
The effects discussed in the next two sections are also
ferent for the two approaches, which makes the comparis
more difficult but also more interesting.

III. HBT FUNCTION AND SPACE-MOMENTUM
CORRELATIONS

All of the arguments related to the difference between t
‘‘in 1’’ and ‘‘in 2’’ sizes given above can be formulated in
terms of the correlation between the pion momentum and
space-time location of its production point. The reason fo
separate discussion~in the previous section! is that the space-
momentum correlations widely discussed in the literature a
it
.

can

ad-
on
n
e
er-
on
ns
res

r-
ion
ll.
ce
ir;
e
uld

e
m

f
er
ion

g
nd
e
ove
-
on
uld
f-

a-

r-
by

e.
dif-
on

he

the
r a

re

generally related only to isotropic transverse flow~any col-
lective movement-phenomena in multiparticle production w
call flow in this paper!. The subject of our study is aniso-
tropic flow.

Below we rederive the expressions for effective sourc
radii measured using the HBT technique, having in mind th
this derivation can be helpful in understanding the flow con
tribution to the correlation function. Under a few simple as
sumptions the correlation function can be written in the ‘‘on
shell’’ form @3#:

C~q,P!511
*d4x1 d

4x2 S~x1 ,P/2!S~x2 ,P/2!e2 iq~x12x2!

@*d4x S~x,P/2!#2
,

~2!

whereS(x,p) is the source function,q5p12p2 is the rela-
tive momentum, andP5p11p2 is the total momentum of
the pair,P5(E,P); p1 and p2 are pion four-momenta. By
consideration of the exact form of the correlation functio
one can generate the corrections@4# to the source parameters
calculated with Eq.~2!.

The mathematics of the space-momentum correlation
very simple; the correlation means that the source functio
does not factorize:

S~x,p!ÞSs~x!Sm~p!. ~3!

A consequence of this is that the values presented in Tabl
depend on the pion momentum. We come to a trivial conclu
sion: the interferometry of pions with definite momentum i
sensitive to the source which emits pions with just this mo
mentum. The measured source sizes are not the sizes of
whole source but only of the effective region which emits th
proper pions~the lengths of homogeneity@8#!.

To give an idea of how the correlation function depend
on the values discussed in the previous section and presen
in Table I, we derive below the expressions for the sourc
radii. We consider the correlation function with a fixed value
of P. In this case the correlation function depends only o
three variables. From the fact that the pions are on the ma
shell it follows that

q05qP/E5qV, ~4!

where V is the velocity of the pion pair. Then, defining
r5x12x25(t,r ) the correlation function can be rewritten in
the form

C~q,P!511
*d4x1 d

4x2 S~x1 ,P/2!S~x2 ,P/2!e2 iq~Vt2r !

@*d4x S~x,P/2!#2
.

~5!

The effective ‘‘mean square source size’’ can be define
@5# through the second derivative of the correlation functio
with respect to the component ofq in the corresponding
direction. There are diagonal

Ri
2521/2~]2C~q!/]2qi !uq505^~Vit2r i !

2&/2, ~6!

and cross terms@4#,

Ri j
2521/2~]2C~q!/]qi]qj !uq505^~Vit2r i !~Vjt2r j !&/2,

~7!
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where we have introduced the notation

^ f &5
*d4x1 d

4x2 fS~x1 ,P/2!S~x2 ,P/2!

@*d4x S~x,P/2!#2
. ~8!

The interpretation of the expressions for the radii is straig
forward:R2 is the mean square of the distance between pio
at the moment the second pion being produced~see also the
discussion of this question in@9#!.

In the ‘‘long-side-out’’ coordinate system

q~Vt2r !52qsider side2qout~Voutt2r out!

2qlong~Vlongt2r long!, ~9!

and it follows that

2Rside
2 5^r side

2 &, ~10!

2Rout
2 5^~r out2Voutt !

2&5^r out
2 &22^r outVoutt&1^~Voutt !

2&,
~11!

2Rlong
2 5^~r long2Vlongt !

2&

5^r long
2 &22^r longVlongt&1^~Vlongt !

2&, ~12!

2Rout,long
2 5^~r long2Vlongt !~r out2V outt !&. ~13!

In the absence of flow

^r side&50, ~14!

due to azimuthal symmetry of the collision@4#. For the same
reasonRside,long

2 5Rside,out
2 50. For the case of nonzero flow

these results are valid only for ‘‘in’’ sizes due to the symm
try of the collision with respect to the reaction plane. For th
case of ‘‘perp’’ sizes all of the terms are in the general ca
nonzero.

The expressions for the radii can be rewritten through t
moments of one-particle production point spatial distrib
tions. For example,

Rx
25^~x2Vxt !

2&/2

5^@~x12x2!2Vx~ t12t2!#
2&/2

5^~x12^x1&!2&22Vx~^x1t1&2^x1&^t1&!

1Vx
2^~ t12^t1&!2&, ~15!

and therefore the radii can be estimated using Table I. T
results of radii calculation are presented in Table II takin

TABLE II. Matrix of source radii~in fm2) found using the HBT
correlation function measured from the different directions with r
spect to flow in the center of mass system of the colliding nucl
The input parameters are taken from Table I.

Rx
2 Ry

2 Rz
2 Rxy

2 Rxz
2 Ryz

2

x1 16.9 19.1 12.6 0.8 -1.5 -1.0
x2 25.3 16.6 11.8 -1.1 3.3 1.2
y1 17.6 24.0 12.9 -1.9 2.7 0.6
y2 15.8 24.8 14.7 2.8 1.2 -0.2
ht-
ns
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e
se

he
u-

he
g

into account that in this case the mean transverse and lon
tudinal velocities of pions are approximately 0.38 and 0.8
respectively~in the center of mass of colliding nuclei!.

Due to the relatively small values of pion pair transvers
velocities the radiiRx

2 andRy
2 are not very different from the

values of^x2&2^x&2 and ^y2&2^y&2 in Table II. They still
resemble the features of the true source geometry. Due to
sizable longitudinal pion velocity the values ofRz

2 are very
different from the values of̂z2&2^z&2. Note also the possi-
bility for nonzero values of cross terms in the radii matrix
The relatively large value ofRxz

2 in the2x case could indi-
cate spatial separation of the pion and nucleon fireballs.

IV. HBT MEASUREMENTS OFAMOVING SOURCE

The values given in Table II are the parameters of th
HBT correlation function as measured in the center of ma
frame of the colliding nuclei. As was shown in Sec. II, the
pion source in this frame has nonzero collective longitudin
and transverse velocities. Here we study how this motio
distorts the HBT measurements of the source sizes.

In some models it is possible to perform all necessa
calculations in covariant form by introducing the four-
velocity of the source. However it is useful to derive mode
independent formulas by performing Lorentz transformation
between different systems. Our goal is to establish the re
tionship between the source size in its rest frame and t
HBT correlation function measured in the frame where th
source is moving. The correlation function by definition is
the ratio of the two-particle invariant density and the produc
of the invariant one-particle densities; it is invariant unde
Lorentz transformations. Using this property one can write

C~q,P!5C~q8,P8!

511
*d4x18d

4x28S~x18 ,P8/2!S~x28 ,P8/2!e2 iq8~x182x28!

@*d4x8S~x8,P8/2!#2
,

~16!

where the integrals are evaluated in the source rest fram
and the prime denotes the coordinate and momentum valu
in this system.

Let us assume that our source moves with velocityv. We
start with the casev2!1. In this case the momentum trans-
formation equations are very simple:

q085q02vq5q~V2v!, ~17!

q85q2vq05q2v~qV!, ~18!

P85P2vE. ~19!

Then

q8~x182x28!5q8x85@q~V2v!#t82@q2v~qV!#r 8.
~20!

One evaluates the second derivatives of expression~16! with
respect toqi to obtain the radii. For example,

e-
ei.
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Rx
2521/2~]2C~q!/]2qx!uq50

5^@ t8~Vx2vx!2x81Vx~r 8v!#2&8/2, ~21!

Rxy
2 5^@ t8~Vx2vx!2x81Vx~r 8v!#

3@ t8~Vy2vy!2y81Vy~r 8v!#&8/2. ~22!

The other radii can be computed in an analogous way. T
prime on the bracket (^ &8) means that the mean value i
evaluated usingS(x1 ,P8/2) instead ofS(x1 ,P/2). In fact the
source function depends onP rather slowly and for an esti-
mate of the radii one can neglect the difference for the ca
of small source velocity, which we consider here. Note th
Eqs. ~22! and ~23! show explicitly the dependence of the
correlation function radii parameters on source velocityv.

The physical interpretation of Eqs.~22! and ~23! is the
same as for the case of the source being at rest, as ca
shown by performing an approximate Lorentz transform
tion. The HBT correlation function measures the distan
between the pions at the moment of production of the seco
pion, which is

tV2r5~ t81vr 8!V2~r 81vt8!

5t8~V2v!2r 81V~r 8v!, ~23!

as calculated to the first order ofv.
For the case ofv!1 the values of the second moments o

the spatial and temporal distributions are very close to ea
other in both the systems~note that in the source rest fram
the quantitieŝ t8r 8& are zero!. Taking this into account and
using the values from Table I one can estimate the distort
of the correlation function due to transverse directed flow
considering Lorentz boosts only in the transverse plane.
find, for example, that about half of the difference betwe
Rx
2 in 1x and2x cases is due to the transverse flow, wi

the remaining part attributable to the difference in sour
geometry for the two cases.

We consider the case of arbitraryv and use the exact
Lorentz transformations for one particular case when t
flow velocity and pair velocity are directed along thex axis.
In this case,

q085
q02vqx
A12v2

5
qxV2vqx
A12v2

5qx
V2v

A12v2
, ~24!
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qx85
qx2vq0
A12v2

5
qx2vVqx
A12v2

5qx
12vV

A12v2
, ~25!

whereV is the pion pair velocity, andv is the flow velocity.
From this formula and expressions forq08 andqx8 one can
derive that

Rx
25K S t8~V2v !

A12v2
2
x8~12vV!

A12v2
D 2L 8

5
^@ t8~V2v !2x8~12vV!#2&8

12v2
. ~26!

For a simpler case of instantaneous freezeout (t50) and of a
Gaussian source the analogous formula was derived earli
@10#. Formula~26! is more general; it gives the dependen
of HBT radii on the source velocity independent of an
model. For anisotropic transverse flow the flow velocity d
pends on the orientation of pion momenta with respect to
reaction plane. This results in different apparent radii for t
‘‘in 1, ’’ ‘‘in 2, ’’ and ‘‘perp’’ cases even if the real source
geometry is the same in all cases.

V. CONCLUSION

Anisotropic transverse flow produces anisotropy both
the pion source geometry and in the space-momentum co
lation. It also affects the interferometry size measureme
because of nonzero effective velocity of the source. Th
three are the main phenomena responsible for the dep
dence of the HBT correlation function on the orientation
pion pair momentum with respect to the reaction plane
detailed study of the experimental data and model pred
tions is necessary to disentangle all three effects, but s
studies could be beneficial to our understanding of flow
nucleus-nucleus collisions and of the HBT technique itse
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