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a-cluster structure of the yrast bands of 44Ti

J. Zhang,* W. D. M. Rae, and A. C. Merchant
Department of Physics, University of Oxford, Nuclear Physics Laboratory, Keble Road, Oxford OX1 3RH, United Kin
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The Bloch-Brink microscopica-cluster model is used to investigate the structure of the positive and nega-
tive parity yrast bands of44Ti. Unlike the resonating group method or the local potential model, we approxi-
mate the wave function of44Ti by an intrinsic configuration which is obtained from a variational principle.
States with good angular momenta are constructed using angular momentum projection techniques. The wave
function is completely antisymmetrized and the center of mass motion is treated properly. The calculatedE2
transition strengths reproduce experiment very well, but the energy spectra are in a poor agreement with the
data.

PACS number~s!: 21.60.Gx, 23.20.Js, 23.20.Lv, 27.40.1z
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I. INTRODUCTION

It has been well established that the positive and negat
parity yrast bands in44Ti can be described usinga- 40Ca
cluster models. Numerous calculations@1–7# reproduce the
experimentally observed positive parity band terminated b
Jp5121 level at 8.04 MeV. All the models predict a nega
tive parity band, often termed aninversion doublet. Indeed,
the first few states of a negative parity yrast band have b
found recently@8,9# and fit nicely into the theories.

The peculiar and intriguing feature of the yrast bands
44Ti is that the energy spectra, and the intrabandE2 transi-
tion strengths in the positive parity band, deviate substa
tially from the prediction of an axial rigid rotor model. This
nucleus appears to be a rotor with a changing moment
inertia but the puzzle is that the decreasing energy gap a
function of angular momentum indicates a stretching rot
while the diminishingB(E2) values would imply a shrink-
ing rotor. This abnormality, very similar to what is observe
in 20Ne @10#, is not yet fully understood.

Calculations concerning thea-cluster structure of44Ti
can all be classified into two groups: microscopic models a
phenomenological local-potential models. In a microscop
calculation one usually uses either the shell model or t
resonating group method~RGM!. The shell model assumes
that four nucleons occupy thef 7/2 subshell. This is basically
a truncated configuration-interaction calculation and it h
been shown to give correctB(E2) values only when large
effective charges (de50.5e) are used@2#. The RGM@1,3# is
more flexible in that the wave functions for the constitue
clusters are specified microscopically and the relative mot
can in principle be solved variationally. To simplify the
calculation, one usually takes the wave functions fora
and 40Ca to be, respectively, the configurations~0! 4 and
~0! 4~1! 12~2! 24 where the numbers in parentheses are the to
quanta of a single particle harmonic oscillator wave functio
A numerically less difficult yet physically more intuitive ap
proach is the binary local potential model~LPM! which, as
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initially proposed by Bucket al. @11#, assumes that the inter-
action between two clusters is described by a local poten
and the clusters retain their free space properties.

In the calculations presented here the wave function
44Ti is specified microscopically using the Bloch-Brink
a-cluster model@12# . No intercluster potential is introduced
but rather an effective two-body nucleon-nucleon interactio
the Brink-BoekerB1 force @13#, is used throughout the cal-
culation. The Coulomb force is also included. We compa
our results with those of Friedrich and Langanke@1#.

II. a-CLUSTER WAVE FUNCTIONS FOR 44Ti

The Bloch-Brink ~BB! a-cluster model is well docu-
mented; we refer the interested reader to the original pa
by Brink @12#.

The cluster geometry of40Ca has been recently computed
@1,14# and it can be accurately represented by a regular t
rahedron with threea-clusters on each edge. Minimization
of the total binding energy of40Ca yields a distance between
two adjacent clusters of 1.25 fm and the oscillator frequen
common to alla clusters in the configuration is such tha
\v0511.2 MeV.

A recent completely unconstrained variational calculatio
@15# shows that the intrinsic configuration of the ground sta
of 44Ti is reminiscent of ana- 40Ca structure. In the same
paper the energy spectrum of the positive parity band h
been also computed using the cranking approximati
@16,17# and familiar results such as centrifugal antistretchin
effects on the cluster geometry and deviation of the ener
spectrum from that of a rigid rotor model are obtained. Id
ally, the model should be subject to more stringent tests,
example, by comparing theoretical intrabandB(E2) values
with the experimental results, but the cranking approxim
tion on its own does not allow such calculations. To calcula
B(E2)’s one has no choice but to perform angular mome
tum projection. In the context of angular momentum proje
tion variation after projection is always preferable. Unfortu
nately, such a calculation for a nucleus as heavy as44Ti is
too time consuming; the reason is that there are in this ca
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28 coordinate parameters to vary, far too many even fo
modern workstation.

To make the problem tractable we approximate the clus
geometry by ana plus 40Ca structure. We shall as usua
impose the condition that eacha cluster has the samev0 so
that spurious center of mass motion is not a problem. W
construct the wave function of44Ti by putting an extraa
cluster on a continuation of one of the lines joining an ap
to the center of the opposite face of the40Ca tetrahedron.
The reason that we choose this arrangement is because o
possible orientations of the tetrahedron at a certaina- 40Ca
distance, which we callD, the above-mentioned geometry i
found invariably to give the maximum binding energy. W
do not constrain the tetrahedron size orv0 to have the same
values as in the40Ca case; instead, we calculate the bindin
energy of the intrinsic configuration as specified above f
variousD ’s, v0’s, and the sizes of the tetrahedron. It is foun
that for a givenD there are certain values ofv0 and the
tetrahedron size that maximize the binding energy. For
values ofD the optimized tetrahedron size is very close
that of 40Ca and the optimizedv0 corresponds to
\v0511.6 MeV, exactly in agreement with the well-know
formula @18#

\v0~A!5
41

A1/3 ~MeV!. ~1!

For this reason, and also to further facilitate our calculatio
we therefore fix thev0 and the tetrahedron size to the abov
values, leavingD the only variational parameter.

III. VARIATION AFTER PROJECTION

We then perform exact angular momentum projection@19#
along with parity projection at various values ofD. Because
the assumed intrinsic configuration possesses a three
symmetry (C3), the allowedKp values satisfy@10#

Kp506,36,66, . . . . ~2!

We check theK-mixing matrix elements at allD ’s. They are
found to be negligibly small so that we may ignoreK mix-
ing.

Figure 1 shows the projected binding energies vsD for
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different Jp. In the positive parity case all levels up to
Jp5141 have minima at someD ’s. The calculated mini-
mum for Jp5141 becomes very tenuous and this is not in
consistent with the fact that the observed positive parity ban
terminates atJp5121. In the negative parity case there are
minima for levels up to Jp5112. Higher levels do not have
a minimum at all. It is seen that the values ofD at the
minima monotonically decrease with angular momentum fo
both parities. It is also obvious that the negative parity ban
has a much larger intercluster separation, especially for t
lower angular momentum members. The optimizedD for
both 12 and 32 is 5.5 fm while the sum of the experimen-
tally determined radii ofa and 40Ca is 5.16 fm@20#. This
probably means that ana- 40Ca cluster model is more appro-
priate for the negative parity band.

We associate eachJp with a value ofD that maximizes
the binding energy of thatJp value and then compute intra-
bandB(E2)’s using the angular-momentum-projected wav
fuctions. In Table I we have listed the calculatedB(E2)
values and the optimizeda- 40Ca distances. We also make a

FIG. 1. The binding energies of projected states with good a
gular momenta; see text for details.
TABLE I. Calculated intrabandB(E2;J12→J) values and optimizeda-40Ca distances. BE5binding
energy, RM5rotor model.

Kp501 band Kp502 band
D(J) BE B(E2;J12→J) (e2fm4) D(J) BE B(E2;J12→J) (e2 fm4)

J fm MeV Expt. Theor. RMa J fm MeV Calc.b Theor. RMa

0 4.3 264.76 120637 145.5 120.0 1 5.5 258.41 264.7 376.6 376.6
2 4.2 264.11 277655 190.9 171.4 3 5.5 257.22 279.1 442.3 443.7
4 4.0 262.58 157628 185.6 188.8 5 5.3 255.08 243.6 365.2 473.1
6 3.8 260.17 .14 164.2 197.7 7 5.1 252.03 184.5 277.1 489.7
8 3.5 256.73 138628 127.4 203.0 9 4.5 248.26 118.1 116.4 500.3
10 3.0 252.05 ,60 63.5 206.6 11 2.9 244.88 54.9 507.7
12 1.8 245.16 209.2

aPrediction of a rotor model forB(E2;J12→J); see text for details.
bTaken from the calculation of Michelet al. @4#.
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comparison forB(E2) values with the calculation of Miche
et al. @4# and with experimental data in the case of the po
tive parity band. The normal free space charges are use
our calculation; no renormalization is required. The calc
latedE2 transitions reproduce the experimental result ve
well in the positive parity case. We also have calculated
trabandB(E2) values for the negative parity band but so f
there is no experimental data to compare with. In passing
note that the BB model predicts identically vanishingE1
transition strengths which would otherwise link the positi
and negative parity yrast levels. Experimentally, no su
transitions are observed. The reason whyE1 is always zero
is that theE1 transition matrix element is actually the expe
tation value of the center of charge which is identical to t
center of mass in the BBa-cluster model as applied to
A54N self-conjugate nuclei.

Assuming pureKp506 bands, we also calculate roto
model prediction forB(E2)’s ~see Table I! of both parity
bands according to@21#

B~E2;I12→I !5
5

16p
Q0
2^20IK uI12K&2. ~3!

The intrinsic quadrupole momentQ0 is chosen to give the
correct value for the observedB(E2;21

1 → 01
1
) in the posi-

tive band case or the calculatedB(E2;31
2→ 11

2
) in the nega-

tive band case.

IV. SUMMARY

Using the BB model we have calculated properties of
lowest positive and negative parity bands in44Ti. Our calcu-
lated intrabandB(E2) values for the positive parity band ar
in good agreement with the observed results, but the ca
lated energy levels, although deviating from a rigid rotor in
direction required by the data, still exhibit a large discre
ancy with experiment. As a matter of fact, all but one calc
lation from those that have been done to date predict m
too large energy gaps for the higherJp levels. The recent
calculation by Bucket al. @7# improves somewhat on this
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situation by introducing a novel parametrization of the loca
potential consisting of a linear combination of Woods-Saxo
and cubed Woods-Saxon terms. The microscopic reason w
such a potential reproduces the data has yet to be inve
gated.

Our calculations are similar to those of Friedrich and Lan
ganke@1#. The main difference is that in Ref.@1# they essen-
tially used an exactly spherical40Ca by taking a very small
intercluster spacing for the40Ca tetrahedron. We have taken
a different approach and fixed the tetrahedron size by min
mizing the total energy before projection. Our calculatio
reproduces the parity splitting and theB(E2) values quite
well at the expense of the energy spectrum which is repr
duced better by the calculations of Friedrich and Langank
@1#. We attempted to take the same shell model limit as Re
@1#, but since we include the Coulomb force exactly, ou
calculation becomes numerically unstable. For this reas
we switched off the Coulomb interaction and repeated o
calculations using the same40Ca tetrahedral arrangement of
Ref. @1#. The result obtained was very similar to that in Ref
@1#, and we found a strongly reduced parity splitting of typi
cally less than 0.5 MeV. To understand the origin of th
parity splitting, the calculation was repeated using our prev
ous finite 40Ca tetrahedral dimension, but without the Cou
lomb interaction. The parity splitting then shows up strongl
once more~typically 5–6 MeV!. It appears that the finite size
of the 40Ca tetrahedron has played a significant role. W
emphasize that this is the chief difference between th
present calculation and that in Refs.@1,5#. As already noticed
@1,5#, the calculated 01 energy using the Brink-Boeker
(B1) force is above thea1 40Ca threshold by some 7 MeV.
The calculations@5# using the Hasegawa-Nagata-Yamamot
force and the VolkovV1 force gave energies in much bette
agreement with experiment. This defect of theB1 force does
not affect the conclusion of the present study. We conclud
that to obtain all the features of the data it may be necessa
to vary all parameters after angular momentum projectio
However, it will immediately become a far more complicated
calculation than the one presented here and it will still b
difficult to include the Coulomb interaction exactly.
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