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We explore the process of coalescence as a way to create deuterons, antideuterons, and other co
particles in proton1nucleus and nucleus1nucleus collisions. We discuss several approaches to coalesc
calculations, and describe in detail some work using an extension to the transport theoretical approach R
We compare our calculations to measured yields of composite particles produced in proton1nucleus and
nucleus1nucleus collisions.
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I. INTRODUCTION

The creation of novel states of nuclear and possibly qu
matter using relativistic heavy ion collisions has interest
many scientists over the past several years@1#. In order to
understand the properties of the collision region, it is impe
tive that experiments be able to give us information on
lifetime and thermodynamic attributes such as temperatu
volume, density, and entropy. In particular, a transition
nuclear matter to quark matter is expected to result in
strongly interacting region that lives for a long time, and th
expands to a large volume with large concomitant entro
production.

We discuss below some ways by which one can calcul
the abundances of deuterons produced in heavy ion co
sions via the mechanism of coalescence. Our initial inter
in such calculations was to investigate the dimensions of
collision volume at freeze-out@2#. Our success in describing
the yields of deuterons prompted us to investigate how w
our techniques applied to studies of the antideuteron@3#. Our
work has resulted in an improved understanding of some
the subtleties in doing coalescence calculations. A study
the production of light nuclei should enable us to obta
information that constrains the temperature, baryon dens
entropy, and lifetime of the collision volume at ‘‘freeze out.
We attempt to elucidate some of our ideas in this paper.

We discuss the shortcomings of the simple coalesce
and thermal models, and how they can be remedied thro
use of a coalescence extension to a transport model. We
investigate the effects of source expansion and hydro
namic flow on the yields of composite particles. We compa
the predictions of phenomenological and wave function a
proaches to coalescence calculations and compare our re
with data for light and heavy colliding systems.

II. SIMPLE COALESCENCE MODEL

In 1963, Butler and Pearson developed a model for d
teron formation in proton-nucleus collisions@4#. According
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to them, ‘‘the proton-neutron pair interacts with the stati
nuclear optical potential which, together with the usualp-n
strong force, allows them to bind together to form a deu
teron.’’ Their calculation used second-order perturbatio
theory to obtain a relation between the density of deutero
in momentum space and the density of protons and neutro
in momentum space. The key result is that, on account
simple momentum phase space considerations, the deute
density in momentum space,d3Nd /dK

3, is proportional to
the proton density in momentum space,d3Np /dk

3, times the
neutron density in momentum space,d3Nn /dk

3, at equal
momentum per nucleon (K52k), and can be expressed as

g
d3Nd

dK3 5B2S g
d3Np

dk3 D S g
d3Nn

dk3 D . ~1!

Since many experiments measure protons but not neutero
it is useful to rewrite this equation assuming the neutron a
proton densities to be identical:

g
d3Nd

dK3 5B2S g
d3Np

dk3 D 2, ~2!

where

B25uV0u2kS 11
m2

k2 D J~kR!. ~3!

Herem is the nucleon mass,k2/m52.225 MeV is the bind-
ing energy of the deuteron,uV0u is the depth of the optical
potential, andJ(kR) is a dimensionless function depending
on the optical potential of the target nucleus. Schwarzchi
and Zupancˇic extended this phase space relation to descri
the production of various light nuclei in nucleus-nucleus co
lisions @5#. However, the constant coefficientBA was no
longer thought to represent an admixture of the binding e
ergy of the deuteron and the nuclear optical potential of th
target nucleus. For more violent nucleus-nucleus collisio
367 © 1996 The American Physical Society
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368 53NAGLE, KUMAR, KUSNEZOV, SORGE, AND MATTIELLO
the optical potential for the original nucleus is not a mea
ingful concept. However, the underlying phase space re
tionship survives, and is expressed in a form generalized
nuclear species as

g
d3NA

dK3 5BAS g
d3Np

dk3 D A, ~4!

where

BA5S 2sA11

2A D 1

N!

1

Z!
~Rnp!

NS 4p

3
p0
3D A21

, ~5!

sA is the spin of the cluster of massA, andN andZ are the
neutron and proton numbers of the composite particle. T
factorRnp5(NP1NT)/(ZP1ZT), whereNP , ZP , NT , and
ZT are the neutron and proton numbers for the projectile a
target nuclei. The formulation assumes that the proton a
neutron densities are the same except for a scale factorRnp
which accounts for the initial isospin of the colliding system
The proportionality constantBA is simply reinterpreted as a
function of a momentum radiusp0 within which various
pairs of nucleons will fuse. The parameter is phenomenolo
cal. However, in this model, it should not change with co
liding system and beam energy.

This rather simple picture was used to describe light n
clei production inA1A collisions~systems ranging in mass
from C 1 C to Ar 1 Pb! at Bevelac energies@6#, in higher
energyp1A data from the CERN SPS@7#, p1A data from
Fermilab ~FNAL! @8#, and p1p data from the CERN ISR
@9#. We show as open symbols in Fig. 1 the valuesB2 and
B3 measured by many experiments for both matter and a
matter. The data are consistent with the scale factors be
independent of energy. It is important to note that the sim
phase space relation described in Eq.~4! is applicable to data
measured for collisions at a fixed impact parameter, and d
not hold if one is dealing with impact-parameter-averaged

FIG. 1. Coalescence scaling factorBA for matter and antimatter
plotted as a function of the kinetic energy per nucleonT/A ~GeV!.
The data for nuclei are from@6–8,11–13# and the data for the
antinuclei are from@7–10,12#.
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minimum bias distributions. However, the experimental da
yield relatively constant scale factors for a wide array o
colliding systems. This result is surprising and probably in
dicates that the effects of impact parameter averaging a
smaller than the precision with which data and calculation
have been compared.

Higher energy~10–15A GeV/c! heavy ion collisions at
the BNL-AGS have provided new data for the production o
light ~anti!clusters. Experiment 858@10# has measured the
scale factor for antideuterons and experiment 814@11# has
measuredB2 for deuterons andB3 for tritons in Si1 Au, Pb
collisions at 14.6A GeV/c, as shown in Fig. 1. The scale
factors are measured at zero degrees as an average
events at different impact parameters~minimum bias!, and
both reveal significant deviations from the simple coale
cence model. Experiment 814 has also measured the sc
factor for deuterons as a function of collision centrality an
finds thatB2 decreases by a factor of 40 andB3 decreases by
a factor of 104 in going from peripheral collisions to the most
central. The discrepancy between the AGS data and t
simple models has been attributed to the failure of the mod
to account for the relative spatial separation of the two nucl
ons. Preliminary results from experiment NA44 in S1 Pb
collisions at 200A GeV/c for B2 @12# are also shown in Fig.
1. Again significant differences with the simple coalescenc
model are revealed. It should be noted that the NA44 resu
are for central~small impact parameter! events and are mea-
sured over a range of transverse momenta. Thus caution
warranted when making a comparison between theBA values
obtained in the CERN and AGS measurements. A hint of th
discrepancies with the global scaling can also be found in t
lower energy Bevalac data for the heaviest projectile
@13,14#.

If the size of the colliding system when coalescence
considered is on the order of the size of the deuteron~rms
radius5 2.1 fm!, then only the relative momentum of the
nucleons is a determining factor in their fusion. However,
the system is large enough that two nucleons can be mu
more than a few femtometers apart, the spatial separatio
must be considered in calculating the rate of coalescen
Although largeA projectiles were used at the LBL Bevalac
few secondary particles are produced due to the low bea
energy. Thus, the data are consistent with the collision vo
ume not appearing to expand significantly before freeze-o
~though hydrodynamic flow can also affect composite pa
ticle yields!. The data~except the NA44 result! at higher
energies~greater than 200A GeV/c! from SPS, Fermilab, and
ISR are forp1A systems. These collisions, therefore, hav
small interaction volumes despite the significantly higher e
ergy. However, largerA1A systems at AGS and CERN-SPS
energies appear to have larger freeze-out volumes.

III. DENSITY MATRIX MODELS

Bond et al. @15# developed a fireball model for coales-
cence using the sudden approximation. In their model, a s
dimensional Wigner density of the composite particle is re
lated to the product of Wigner densities of its ingredients an
an overlap of the cluster wave function with the wave func
tions of its ingredients. Under the assumption that th
nucleon phase space distribution is uniform over a volum
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TABLE I. B2 values as functions of rapidity (y) and transverse momentum per nucleon (pt /A) from experiment 802 for 7%sgeomcentral
Si1Au collisions. The numbers are calculated using measured values for proton and deuterondN/dy and slopes (T).

y 0.5 0.7 0.9 1.1 1.3 1.5

pt /A ~MeV/c!

0 1.831023 1.631023 1.631023 1.631023 2.131023 2.631023

200 1.831023 1.731023 1.731023 1.731023 2.231023 2.731023

400 2.031023 2.031023 2.131023 2.031023 2.531023 3.031023

600 2.331023 2.531023 2.731023 2.731023 3.031023 3.531023

800 2.831023 3.531023 3.931023 4.031023 3.831023 4.331023

1000 3.531023 5.031023 5.831023 6.231023 5.031023 5.531023
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V, this expression can be cast into a familiar coalesce
form as

d3NA

dK3 5
2sA11

2A F ~2p!3

V GA21

~Rnp!
NS d3Np

dk3 D A, ~6!

whereK5kA is the momentum of the cluster. As this calcu
lation is nonrelativistic, it does not depend on the relativis
factor g. A scale factorBA can still be calculated by com-
paring the above equation with Eq.~4! ~assumingg'1).
This factor will depend inversely on the volumeV of the
interaction zone.

Sato and Yazaki have used a similar density matrix mo
@16# to calculate deuteron and triton yields. They assum
sudden approximation when particles cease their inter
tions. They further assume that the positions and moment
particles are uncorrelated~namely, no collective expansion!.
The particle distributions are represented by density matri
and the wave functions of the particles are assumed to
Gaussian in form. Once again, this formalism results in
power law expression for the abundances of nuclei expres
in terms of the abundances of nucleons. In addition, the sc
factor BA can be related to the root mean square rad
Rrms of the emitting source as

BA5S 2sA11

2A D ~Rnp!
NA3/2S 4p

nAn

nA1n D 3/2 ~A21!

, ~7!

wherenA are the parameters of the Gaussian wave functio
and the size parametern is related to the rms radius of the
excited region as

Rrms5A 3

2n
. ~8!

The values used for the wave function parameters
n250.20 fm22 andn350.36 fm22.

There are newer calculations that make less restrict
assumptions to include distributed freeze-out times and
ferent source geometries@17#. However, they still do not
account for collective expansion, and the positio
momentum correlations which we now know exist in th
distributions of particles in high energy heavy ion collision

IV. THERMODYNAMIC MODEL

A thermodynamic model of heavy ion collisions was d
veloped to describe the production of light nuclei in a rapid
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expanding system of nucleons@18#. In the model, qua-
sichemical and thermal equilibrium are maintained since r
action rates are fast compared to nuclear expansion ti
scales. After a particular stage in the evolution of the coll
sion volume, the model assumes an abrupt transition from
strongly interacting system to a free-streaming one. Th
nucleon abundances at this time provide information abo
the volume of the system at freeze-out under the assumpt
that the phase space density of particles is low, and th
quantum statistics can be ignored. The resulting invaria
multiplicity of the composite particles can be expressed a

d3NA

dK3 5
2sA11

2A F ~2p!3

V GA21

e2E0 /T~Rnp!
NS d3Np

dk3 D A.
~9!

The parameters of the equation have been defined previou
@see Eqs.~4! and~6!#. The exponential factor suppresses ex
cited states with energyE0 which should be summed over
with the appropriate spin factors. Once again, a scale fac
can be calculated which will depend inversely on the vo
ume.

V. SPACE-MOMENTUM CORRELATIONS

The above models~barring the simple coalescence mode!
can explain variations in the scale factorBA with centrality
and colliding system through changes in the source volum
However, they all assume that in the colliding system, th
emitted particles have no correlations between their positio
and their momenta. Thus, for a given colliding system an
centrality, theBA value should be the same irrespective o
the momentum region of the measurement~all momenta
sample the entire spatial extent of the source!. Much theo-
retical and experimental work has gone into the descriptio
of relativistic heavy ion collisions as exhibiting hydrody-
namic flow @19–22#. Such collective expansion will lead to
space-momentum correlations. If an experiment measu
the scale factor within a limited momentum acceptance,
only samples a portion of the total source spatial distributio
Thus, if the baryon density or the space-momentum corre
tions vary over the source, one would measure different sc
factors at different momenta.

Data from experiment 802 for central collisions of Si1
Au at 14.6A GeV/c show that the scale factorB2 increases
with increasing transverse momentum@23#. There also ap-
pears to be some rapidity dependence, although one sho
be cautious in interpreting data at very low rapidities due
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contributions from fragmentation. In Table I we showB2
values ~calculated from measured values ofdN/dy and
slope! as functions of transverse momentum and rapidity. A
of the above analytic models cannot explain the variations
B2 as a function of the momentum region of the measu
ment, shown in Table I. Any theory without space
momentum correlations will be unable to reproduce the e
perimental data.

A rather involved analytic model was formulated by Do
ver et al. @24# and accounts for the longitudinal expansio
~some space-momentum correlations! of the source of deu-
terons. However, in order to obtain analytic solutions, a
sumptions of boost invariance and simple spatial distrib
tions were still necessary. In addition, no transver
expansion was included and the model would therefore s
fail to describe the data of experiment 802.

VI. COALESCENCE EXTENSION
FOR TRANSPORT MODELS

Rather than approximate the phase space distribution
particles at freeze-out using an analytic expression, one
use the generated final state of the relativistic quantum m
lecular dynamics~RQMD! transport model@25# which has
been used extensively in describing spectra of produced
ticles in heavy ion reactions at AGS and CERN-SPS en
gies. All calculations presented in this paper have been d
using RQMD 1.08@26# in the so-called cascade mode~no
potential-type interactions between baryons!. Semiclassical
transport models such as RQMD do not include the transp
of light ~anti!clusters and thus such a calculation must
added as an extension.

A. Phenomenological model

The RQMD simulation produces the space-time a
momentum-energy four-vectors of all particles at their poin
of final interaction. Also, the transport model yields a d
tailed space-time evolution of the system, thereby allowi
one to choose when to apply the coalescence calculat
Since the binding energy of the deuteron is quite sm
~2.225 MeV!, the nucleons being considered should not ha
a high probability of sustaining any collision above this e
ergy ~otherwise many of the deuterons calculated would a
tually be broken up!. RQMD tracks all particles down to an
interaction energy of 2 MeV, which is a reasonable point
which to do the coalescence calculation.

We first consider a phenomenological parameter mo
for coalescence. This approach follows the work of Dov
et al. @27# and Baltzet al. @27# who used the cascade
codeARC ~a relativistic cascade! to predict the abundances o
hypernuclei. The procedure we follow considers all possi
neutron-proton pairs from each given event. The part
which has its last interaction at an earlier time is propaga
to the later time in the two-particle center-of-mass system
this frame, their relative momentumDp5up1W2p2W u and rela-
tive spatial separationDr5ux1W2x2W u are calculated. If they
are less than some maximum valuesDP andDR, the two
nucleons are considered to be a deuteron. These param
are phenomenological and are determined from matching
perimental deuteron data. However, once the parameters
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set, they should not vary with colliding system and collisio
geometry. Additionally, the two nucleons must have the co
rect spin stateS51 to form a deuteron. The spin penalty
factor is 3

4 and is explicitly included as a weight factor mul-
tiplying the total deuteron abundances.

In a previous work@2#, we found good agreement with
deuteron yields from experiments 814 and 802 for Si1 Pb,
Au interactions at 14.6A GeV/c, using parameters similar to
those found by the ARC group~accounting for different defi-
nitions since they define their relative momentum a

Dp5 1
2 up1W2p2W u and relative position asDr5ux1W2x2W u). We

found little dependence of the deuteron yield on the exa
parameters, assuming the product (DR3DP) was kept con-
stant. We used this technique to understand the spatial dis
bution of nucleons as a function of centrality of these coll
sions.

As we will discuss later, if one looks at deuteron yields i
p1 Be collisions, one can describe the data in a phenomen
logical model assumingDP5 300 MeV/c. The value of
DR can be varied over all values in excess of 2.1 fm withou
appreciably affecting the predicted abundances of deutero
This result supports the validity, in collisions of limited spa
tial extent, of the simple momentum space coalescence
proach used before@5#.

B. Deuteron production mechanisms

In considering the coalescence of light nuclei, one mu
be careful to specify the process modeled. At the low ene
gies relevant for big bang nucleosynthesis, the reacti
mechanism for deuteron production is primarilyp1n→d
1g. Its free space cross sections are used to calculate rela
nuclear abundances. However, the free spacep1n capture
cross section is too small~only 0.1 mb at 10 MeV/c relative
momentum! to account for the yields of deuterons in relativ
istic heavy ion collisions~where the conditions are signifi-
cantly different from the relatively long-lived low density
universe!. Another possible deuteron-forming reaction i
N1N→d1p. The additional particle, here the pion, is re
quired in order to conserve momentum and energy in a rea
tion with two ingoing nucleons. In principle, there are mor
complicated processes which can produce a deuteron in
NN collision. However, their rates are expected to be rath
small because cluster formation is not favorable from pha
space arguments.

There is another class of processes which allow for de
teron formation in the final state: three-nucleon collision
more generally 3,4, . . . -body collisions, with a nucleon pair
in the ingoing state. The cross sections for such processes
significantly higher, but now require at least three particles
be in close proximity~with two of them being nucleons close
in momentum space!. Recently, Danielewicz and Bertsch
have developed a model for deuteron production@28# em-
ploying the impulse approximation. They multiply their re
sult with an energy-dependent factor in order to account f
deviations from experimental data which were measured
reactions going in the reverse direction (p1d→p1p1n).
The strengths of these transitions in the two directions a
related by detailed balance. As a by-product of this approac
the dynamics of deuteron propagation can be studied in
transport theoretical framework. The deuterons are treated
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just another species in addition to the nucleons, pions a
other particles@28#. In principle, such an approach is bes
suited to calculate deuteron yields in simulations of nucleu
nucleus collisions. However, the crucial ingredient is a go
knowledge of the transition rates~for example,
p1d→p1p1n). The reaction strength has to be known a
a function of all independent relativistic invariants which ca
be formed from the three-momenta on the right-hand side
this type of reaction. Such detailed knowledge does not ex
presently.

C. Wigner function approach

Nuclear cluster formation is a truly quantum-mechanic
~bound state! problem beyond the limits of applicability for
semiclassical transport theory. However, one can give a
proximate solutions for ‘‘weakly’’ bound systems employin
the formalism of Wigner transforms@29–31#. A ‘‘weakly
bound state’’ means that the binding energy is small co
pared to all relevant mass scales, particle masses, and typ
kinetic energies in the problem. Here it is assumed that sin
the deuteron binding energy is very small, one can treat
problem as if the deuteron were a state near threshold, bu
the continuum. It is tacitly assumed that other particles in t
neighborhood of thenp pair absorb the excess energy due
bound-state formationwithout changing the transition
probabilities.1 If one knows the proton-neutron~two-body!
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density matrixr̂pn(t) of a system at a given time,2 one can
calculate the number of deuterons with given momentum
PD
W as

d3ND

dPD
3 5Tr@ r̂Dr̂pn~ t !#. ~10!

r̂D5uCD&^CDu is the projector onto thenp pair in the deu-
teron state andCD is the bound-state wave function for a
deuteron with some given momentum. The final number o
deuterons is given by taking the limitt→`.

In order to solve the problem, thepn two-particle phase
space density from the transport model must be related to t
pn two-particle density operator. One can make the conne
tion using the Wigner representation of the density operato
The Wigner transformation is just a particular representatio
of quantum mechanics. Every single-particle operatorÂ is
represented by a function in phase space@32#,

AWigner~p,x!5E dye2 ipy^x1 1
2 yuÂux2 1

2 y&, ~11!

with a straightforward generalization to 2,. . . ,N-particle op-
erators. TheN-body density operator can be transformed to
the Wigner representation~referred to as the Wigner density!
rN
Wigner~p1 ,x1,p2,x2, . . . ,pN,xN!5E dy1•••dyNe

2 ip1y1
•••e2 ipNyN^x11

1
2 y1, . . . ,xN1 1

2 yNur̂Nux12
1
2 y1, . . . ,xN2 1

2 yN&.

~12!
ng
n,
e

-

e
t
er
y.
rgy

n

The pn two-particle Wigner density can be simply obtaine
either by integrating theN-particle Wigner density over all
coordinates except for a proton and a neutron or by Wig
transforming thepn two-body density matrixr̂pn(t). The
Wigner density, when integrated over the momenta, yie
the probability distribution in the coordinate representati
and also, when integrated over space, yields the probab
distribution in momentum space. The overall normalizati
is defined to beh3 for integration over both coordinate an
momentum space. One must keep in mind that while
Wigner density appears formally as a probability density, it
only a quasiprobability, in that its sign can be positive
negative at a given point in phase space, while its integ
over any unit phase space cell is positive semidefinite.

Equation ~13! provides the ‘‘bridge’’ between semi-
classical transport theory by identifying the semi-classica
generatedN-body phase space distribution from the transp
calculation with theN-body Wigner density as

rpn
Wigner'K (

~pn!
)
i5p,n

h3d3„xiW2 x̃iW ~ t !…d3„ piW2 p̃iW ~ t !… L ,
~13!
d

ner

lds
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ility
on
d
the
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ort

wherex̃iW and p̃iW are the positions and momenta given by the
transport calculation. The angular brackets denote averagi
over all collisions at the same impact parameter. In additio
the two-particle operator projecting onto the deuteron wav

state with momentumPD
W5(pnW1ppW ! can be written in the

Wigner representation as

1We expect this approximation to work much better in ultrarela
tivistic AA collisions than in the environment of nuclear collisions
at a few hundred MeV’s where this model was studied first. In th
region of multifragmentation, the typical excitation energies a
freeze-out are around 5 MeV, giving an average kinetic energy p
nucleon not very large on the scale of the deuteron binding energ
In contrast, the characteristic freeze-out temperature at high ene
at the AGS is expected to be on the order of 100–150 MeV.
2This is strictly true only in the nonrelativistic approximation

which is appropriate if one considers the problem in a frame i
which the deuteron momentum is small.



372 53NAGLE, KUMAR, KUSNEZOV, SORGE, AND MATTIELLO
rD
Wigner~PD

W ;rW,qW 5d3„PD
W2~pnW1ppW !…E dyWe2 iqW •yWCDS rW1

yW

2
DCD* S rW2

yW

2
D , ~14!
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where CD is the deuteron wave function an

qW 5 1
2 (p1W2p2W ) and rW5(r 1W2r 2W ).
The trace in Eq.~10! can be rewritten as a phase spa

integral giving the momentum density of deuterons

d3ND

dPD
3 5E dxpdppdxndpn~rD

Wignerrpn
Wigner!. ~15!

This expression may appear ‘‘classical,’’ but is valid qua
tum mechanically with the density operators written in th
Wigner representation@31#. Thus, using Eqs.~13!–~15! al-
lows one to determine at arbitrary times the ‘‘deuteron co
tent’’ of the state which is generated in a semiclassical tra
port calculation. Each interaction in the transport calculati
which involves a nucleon will change the deuteron conte
This can be written as the change in probability of a nucle
pair to be in a deuteron state, ‘‘before’’ and ‘‘after’’ eac
collision with another third hadron~see@30#!.

Of course, by taking the phase space density from
transport calculation, the deuteron content would also cha
d

ce
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e
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nge

~decrease steadily! after the stochastic interactions hav
ceased. The particles are streaming freely on classical tra
tories and are not subject to forces which may lead to d
teron states. If, however, the nucleon pairs were propaga
quantum mechanically, with a Hamiltonian whose ener
spectrum contains the deuteron state, the formation proba
ity would remain constant@30#. As a consequence, the fina
deuteron content based on the semiclassical dynamics is
alistically’’ calculated only just after the last interactions i
the model have ceased and before free streaming sets in
course, the degree of correctness depends on how well
dynamics of the collision before freeze-out is incorporated
the transport model.

Thus, the final deuteron yields are calculated from t
proton-neutron-pair phase space distributionrpn

Wigner at
freeze-out with the Wigner transform of the deuteron wa
function as a weighting factor, integrated over phase sp
and freeze-out time:
d3ND

dPD
3 5E d4x1d

4x2E d3p1d
3p2rpn

Wigner~p,xW1 ,pW 1 ;n,xW2 ,pW 2!pd~1,2!. ~16!
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The ‘‘coalescence factor’’pd is calculated as

pd5
3
8 d3„PD

W2~pnW1ppW !…rD
Wigner~rWc.m.s.,qW c.m.s.!. ~17!

rD
Wigner denotes the Wigner transform of the deuteron wa
function, with center-of-mass motion removed. Its argume
are the distance between the nucleons at the larger of the
freeze-out times and the relative momentum, all valu
evaluated in the deuteron center of mass frame wh
pW 11pW 250W . While rD

Wigner gives the probability density for an
np pair to form a deuteron given their spatial and momentu
coordinates, the factor 3/8 comes from the projection of
assumed uncorrelated spin-isospin quantum numbers of thn
and thep onto the corresponding deuteron quantum numb
(I50,S51). Calculations using this method at AGS ene
gies are described in the literature@3,33#.

We are aware that a subset of deuterons result fr
neutron-proton pairs with freeze-out coordinates defined
collisions between the very nucleons in the pair. Ideally, su
a collision should be discarded and the interactions w
other hadrons should define the freeze-out coordinates. H
ever, we have circumvented this problem and find, by co
paring to results based on the event-mixing technique~inde-
pendent particle approximation! for nucleus-nucleus
collisions, that the deuteron yields without event mixing a
higher by~15–25!%.
ve
nts
two
es
ere

m
the
e
ers
r-

om
by
ch
ith
ow-
m-

re

The prefactor from spin-isospin projection differs from
the factor used in@27,30,34,35# by 1/2, because those calcu
lations have not accounted for an isospin projection. No p
alty factor for isospin is included in the phenomenologic
parameter coalescence method@27#. However, since the cut-
off parametersDR and DP are phenomenological, such
factor can simply be ‘‘absorbed,’’ which is no longer the ca
in the wave function approach. In using the intranuclear c
cade ~INC! code to simulate collisions at Bevelac energi
@30#, the authors found good agreement with data with
theoretical and experimental uncertainties of order 50%. T
implies that a factor of 2 caused by statistical isospin proje
tion instead of the assumed isospin matching is in the ran
of the estimated error bars.

Note that quantum statistics~antisymmetrization of the
many-nucleon wave function! does not generate such a
isospin suppression factor. Projecting in the internal quant
number space onI50 andS51 forces the spatial part of the
wave function to be symmetric under particle exchange. A
tisymmetrization under particle exchange is always reflec
on the Wigner function level by the requirement that th
many-particle Wigner function in phase space be symme
under particle exchange, a property which is fulfilled by th
semiclassically generated phase space distribution. It
been suggested that one could order the projections by
performing the spin projection and then the projection on t
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s-wave state for the relative motion of the two nucleons@36#.
After these projections the isospin part of the two-nucle
Wigner function would be nonzero only in the antisymmetr
(I50) isospin part. However, the knowledge about the tw
nucleon state at freeze-out in momentum space changes
cordingly after these projections. For instance, if the tw
nucleon system would be specified by a superposition
plane waves initially, only thePl50 parts would survive the
projection and would therefore change the Wigner functi
of the two-particle state in phase space as well. Such a
culation has not been done yet.

An important point of relevance here is that RQMD n
glects the influence of the force leading to deuteron form
tion during the dynamical evolution of the collision. It
Hamiltonian disregards the presence, location, and poss
disappearance of the deuteron state in the medium. He
one is obliged to assume uncorrelated spin and isospin qu
tum numbers for then and thep, and use a343 1

2 weight
factor when calculating deuteron yields. The isospin fac
cannot be ignored since thed is an eigenstate of the tota
isospin of the two particles, and then and thep individually
are not. It may be instructive to study the dependence of
final d yield on the ordering of the spin and orbital angul
momentum projections which could reveal some of the
trinsic limitations of this semiclassical approach. Of cours
we would not expect any influence from changing the ord
ing of the projection operators on the deuteron state if
calculations were done with the exact Hamiltonian at
times.

D. Choice of deuteron wave function

One must choose the form of the wave function of the tw
nucleons in the deuteron state to construct a deuteron Wig
densityrD

Wigner. The simplest such wave function is from th
square well potential which roughly motivates our choice
phenomenologicial parameters@2#. The next choice would be
the harmonic oscillator wave function which has the adva
tage that the Wigner density can be solved analytically. F
lowing Eq. ~14!, one finds the Wigner density for the deu
teron ~with the center-of-mass motion removed! as

rD
Wigner~rW,qW !58e2r2/d22q2d2, ~18!

whered51.7 fm ~to match the rms radius of the deutero
2.1 fm!.

We have also calculated the Wigner density from t
Hulthen wave function solution to the Yukawa potential@37#.
This choice of potential has the disadvantage of a Wign
density which cannot be solved analytically. We have a
proximated the Hulthen wave function with a parametriz
tion ~a basis set of 15 central symmetric Gaussians! which
can then be Wigner transformed analytically@33#. This ap-
proximation of the Wigner density is able to match the no
malization condition to better than 0.5%.

We can make a direct comparison of the deuteron Wig
densities from the two wave functions. The harmonic osc
lator Wigner density yields rms values ofurWu 5 2.02 fm and
uqW u 5 144 MeV/c, and the Hulthen wave function Wigne
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density yieldsurWu 5 2.92 fm anduqW u 5 109 MeV/c. These
values are similar and thus our calculations using these de
sities should have relatively similar predictions. Plotted in
Fig. 2 are contour lines of the Wigner density shown as func

tions of urWu and uqW u for the harmonic oscillator and Hulthen
wave functions. The Hulthen Wigner density is shown her
for u5p/2 (u is the angle between the relative position and
relative momentum vectors!. It should be noted that the
Wigner density is maximal at this angle. The Wigner densit
for the harmonic oscillator is independent ofu as shown in
Eq. ~18!. The values are relatively similar, although the con
tour lines curve in opposite directions. This curvature gives
greater deuteron yield for the Hulthen case from nucleon
with very small relative momentum and quite large relative
positions. It should be emphasized at this point that this e
tire approach is semiclassical. In a true quantum-mechanic
picture, one could not discern details within regions of phas
space limited by the uncertainty principle. Thus, althoug
one can see detailed differences between the models in
Wigner density, perhaps the overall density should be ave
aged over regions of order\3.

The value ofd51.7 fm in the harmonic oscillator model
corresponds to a rms radius of 2.1 fm for the deuteron. How
ever, Gyulassyet al. @30# vary the value ofd by factors of
2 and find little sensitivity to the scale chosen, which implie
that the nucleon phase space distributions do not change
preciably over the spatial and momentum range of the de
teron. Thus, the calculations are not sensitive to the choice
the exact deuteron wave function. We have attempted simil
calculations and find little sensitivity to the parameterd,
except in very small colliding systems likep 1 Be where
finite size effects are important. Similarly, by comparing the

FIG. 2. Wigner density contour map as functions of relative

space (r5u(r 1W2r 2W u) and momentum~q5u12 (p1W2p2W )u) for har-
monic oscillator and Hulthen wave functions~with u5p/2!. Con-
tour lines are at Wigner density values of 5.0, 1.0, 0.5, 0.2, and 0.
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harmonic oscillator and Hulthen wave functions one c
gauge the sensitivity of the results on the exact form of t
wave function used.

VII. COMPARISONS WITH DATA

In studies of the production of nuclei, it is important t
make a distinction between the processes of coalescence
fragmentation. Fragmentation of the projectile and target
clei results in the production of light nuclei whose rapiditie

FIG. 3. dN/dy for protons ~circles! and deuterons~squares!
from p 1 Be andp 1Au minimum bias collisions from experimen
802 @40#. The shaded histograms are the parameter model pre
tion for deuterons. The harmonic oscillator and Hulthen wave fun
tion results are shown as dotted and dashed curves, respective

FIG. 4. dN/dy for protons and deuterons from Si1 Au central
collisions from experiment 802@23# and predictions of RQMD.
n
he

and
u-
s

should nominally be similar to those of the projectile a
target. The widths of the fragmentation peaks can be de
mined from a knowledge of the Fermi momentapF of the
nucleons in the interacting nuclei, which are known to
' 270 MeV/c nearly independent ofA ~except for the light-
est nuclei with lower densities!. This momentum would
spread the fragmentation peak byDy'0.33 around target
rapidity (y50). If light nuclei are detected in the midrapid
ity region beyond these Fermi momentum limits, they wou
have undergone a large shift in momentum. Given the l

ic-
c-
ly.

FIG. 5. RQMDB2 values~with a rapidity window of one unit
around midrapidity! are shown as a function of the transverse m
mentum per nucleon for Si1 Au central (b52 fm! and Au1 Au
central (b53 fm! collisions. RQMD deuterons are calculated usi
the harmonic oscillator wave function. Extrapolated data poi
from experiment 802 for Si1 Au collisions ~Table I! are shown.

FIG. 6. dN/dy for protons and deuterons calculated for Au1
Au (b53 fm! interactions using RQMD.
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binding energy of the deuteron, this momentum shift wou
have to occur via numerous small momentum kicks. Sing
collisions resulting in large momentum shifts would break u
the light nuclei into their constituents. Thus, nuclei in th
midrapidity region are not fragments but can only be forme
through the coalescence of nucleons after all interactio
have ceased. In order to stay away from fragmentation
gions, in our previous work to estimate source sizes@2#, only
deuterons at least 1.1 units in rapidity away from target
beam rapidity were used.

In all these calculations, higher mass nuclei (A.2) are
assumed to have a negligible effect on the deuteron spec
This assumption is not always good in the fragmentati
region, but in the midrapidity region of coalescence the num
ber of light nuclei heavier than the deuteron is significant
suppressed. Recent results of experiment 878 in Au1 Au
collisions at 10.8A GeV/c find that the ratiot(3He!/d '
4He/t(3He! ' 1/50 atpt 5 0 and midrapidityy 5 1.6 @38#.
One of the major goals of light nuclei studies is the d

termination of the source volume. If we model the coale
cence process correctly, we still only expect to match t
experimental data if the transport model matches the to
collectivity and system expansion before particles cease
teracting. In the following, we compare the results of ou
calculations with data for light as well as heavy systems
test the model predictions in simple as well as complex e
vironments.

The simplest colliding system studied at AGS energi
@~10–15!A GeV/c# is p 1 Be at 14.6 GeV/c. With only one
projectile nucleon and a small target, the total number
secondary collisions and complex resonance excitations
severely limited. Thus, if RQMD can match the distribution
of elementary particles like protons and pions, we might a
sume that the model has the correct description of the co
sion dynamics.

As shown in Fig. 3, RQMD~version 1.08! matches the
protondN/dy data of experiment 802 for minimum bias col
lisions @40#. First, we use the phenomenological paramet
coalescence model to calculate the deuteron yields. These
shown as the shaded histogram. We find reasonable ag
ment with experimental data when the values ofDR52.3 fm
andDP50.300 GeV/c are used. Applying the wave function
method, we find that the harmonic oscillator and Hulthe
wave function predictions agree with each other and with t
data to within 30% as shown by curves in the same figu
All the predictions are in reasonable agreement with expe
mental data which have~10–15!% systematic errors in addi-
tion to statistical errors. Shown in the same figure are simi
data and models forp 1 Au collisions at 14.6 GeV/c. The
agreement between the model and the data is reasonable

Applying the same techniques to Si1 Au collisions at
14.6A GeV/c, we compare in Fig. 4 the calculations with
dN/dy data from experiment 802. We find good agreeme
between the various predictions of RQMD and the data at
level of 30%. The phenomenological parameters seem
give lower yields by~10–20!% compared to the wave func-
tion methods for all systems. It is not immediately obviou
whether this is in better agreement with experimental da
since systematic uncertainties in the data are at the leve
~10–15!%.
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In Fig. 5 we show, using proton and deuteron spectra fro
RQMD, calculated values ofB2 for Si 1 Au ~impact param-
eter b52 fm! events plotted as a function ofpt /A. The
values are calculated in a rapidity region of width one un
around midrapidity. TheB2 values from experiment 802 at
rapidity y51.5 from Table I are also plotted and show rea
sonable agreement with RQMD. It should be noted that th
rapidity ranges are not exactly matched; however, theB2

values do not depend strongly on rapidity over this region
In a previous publication@2#, we found good agreement

using parametersDR 5 3.8 fm andDP 5 0.185 GeV/c with
deuteron data for Si1 Au, Pb data of experiments 814 and
802. We found that one could reproduce the data while var
ing the parameters and keeping the product of the two co
stant (DR3DP'700 MeV fm!. For this lighterp 1 Be
system, the above parameters underpredict the deuteron y
because of finite size effects (DR 5 3.8 fm is larger than the
system size at freeze-out!. The new parameters with smaller
DR and largerDP values now represent a set of paramete
that are able to reproduce the data fromp1A and Si1 A
collisions at the AGS energies.

Data from Au1 Au collisions at 11A GeV/c for deuter-
ons should be available soon from experiments 864, 87
886, and 877. Applying the coalescence methods describ
and using Au1 Au events generated with RQMD, we can
predict deuteron spectra. In Fig. 6, we showdN/dy spectra
for protons and deuterons for central events~impact param-
eter b53 fm!. Again we see reasonable agreement amo
the coalescence predictions, with the wave function metho
overpredicting the cutoff parameter yield by a small margin
In Fig. 5 we show, using proton and deuteron spectra fro
RQMD, calculated values ofB2 for Au 1 Au (b53 fm!
events plotted as a function ofpt /A. One sees that again
B2 varies with phase space. In effect, this plot is a map of th
correlated baryon density for particles within a given mo
mentum region.

In RQMD compression-induced effects can be include
because this transport model contains optional potential-ty
interactions between baryons@39#. The collective
~hydrodynamic-type! behavior of compressed matter in-
creases under the influence of these repulsive mean fie
@33#. The influence of various types of potentials or mea
fields on the nuclear reaction dynamics at ultrarelativist
energies deserves further study. Nuclear clusters are a p
ticularly useful probe, because heavy particles exhibit colle
tive flow much better than hadrons with light masses. Wo
in this direction is in progress. Comparisons of such predi
tions with experimental data should be extremely useful
understanding hydrodynamic flow in heavy ion collisions.

VIII. CONCLUSIONS

The Wigner density approach shows good agreement w
the experimental deuteron data for a large number of colli
ing systems and centralities. Also, a common set of pheno
enlogical parametersDR andDP reproduces the experiment-
tal data. The predictions are not sensitive at the level of 30
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to the coalescence method used. This result is promis
Further studies of cluster formation are certainly warrant
to gain insight into the nucleon source size and collect
flow. The effects of an expanding collision volume and h
drodynamic flow should increase for larger colliding system
~Au 1 Au at the AGS and Pb1 Pb at CERN! and should
provide exciting new physics.
ing.
ed
ive
y
s

ACKNOWLEDGMENTS

We are pleased to acknowledge useful and stimulati
discussions with R. Shankar, S. Mrowczynski, J. Sandwei
P. Stankus, and C. Dover. This work was supported in part
Grant No. DE-FG02-91ER-40609 with the U.S. Departme
of Energy.
i,
@1# For example, see articles inQuark Matter ’95, Proceedings,
edited by A. Poskanzer, J. W. Harris, and L. S. Schroed
@Nucl. Phys.A590, Nos. 1, 2~1995!#.

@2# J.L. Nagleet al., Phys. Rev. Lett.73, 1219~1994!.
@3# J.L. Nagleet al., Phys. Rev. Lett.73, 2417~1994!.
@4# S.T. Butler and C.A. Pearson, Phys. Rev. Lett.7, 69 ~1961!;

Phys. Rev129, 836 ~1963!.
@5# A. Schwarzschild and C. Zupancˇic, Phys. Rev.129, 854

~1963!.
@6# S. Nagamiyaet al., Phys. Rev. C24, 971 ~1981!; R.L. Auble,

ibid. 28, 1559~1983!; M. Anikina, JINR Report No. 1-84-216,
Dubna, 1984.

@7# W. Bozzoli, Nucl. Phys.B144, 317 ~1978!.
@8# J.W. Croninet al., Phys. Rev. D11, 3105~1975!.
@9# W.M. Gibsonet al., Lett. Nuovo Cimento21, 189 ~1978!; K.

Guettleret al., Nucl. Phys.B116, 77 ~1976!; J.C.M. Armitage
et al., ibid. 150, 87 ~1979!.

@10# E858 Collaboration, A. Aokiet al., Phys. Rev. Lett.69, 2345
~1992!.

@11# E814 Collaboration, J. Barretteet al., Phys. Rev. C50, 1077
~1994!.

@12# J. Simon-Gilloet al., in @1#.
@13# M.C. Lemaireet al., Phys. Lett.85B, 38 ~1979!.
@14# S. Wanget al., Phys. Rev. Lett.74, 2646~1995!.
@15# R. Bond, P.J. Johansen, S.E. Koonin, and S. Garpman, P

Lett. 71B 43 ~1977!.
@16# H. Sato and K. Yazaki, Phys. Lett.98B, 153 ~1981!.
@17# S. Mrowczyinski, Phys. Lett. B277, 43 ~1992!; P. Danielewicz

and P. Schuck,ibid. B 274, 268 ~1994!; V.L. Lyuboshits, Sov.
J. Nucl. Phys.48, 956 ~1988!.

@18# A.Z. Mekjian, Phys. Rev. Lett.38, 604 ~1977!; Phys. Rev. C
17, 1051~1978!; S. Das Gupta and A.Z. Mekjian, Phys. Rep
72, 131 ~1981!.
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