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We discuss systematics of theM1 scissors mode within the interacting boson model when theg-boson
degree of freedom is included explicitly and microscopically motivated choices of model paramete
adopted. We try to relate theM1 centroid energy to the energetics of deformation. We conclude that, with
introduction of a hexadecapole-hexadecapole interaction and ag-boson admixture in the ground state of on
a few percent, we can obtain reasonable estimates of theM1 centroid energy, without invoking a Majoran
interaction. If one takes seriously variations in microscopic estimates of bosong factors, then the summed
M1 strength near midshell can be interpreted in terms of boson occupation numbers which saturate.@S0556-
2813~96!05206-5#

PACS number~s!: 21.10.Re, 21.30.Fe, 21.60.Fw
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One of the triumphs of the interacting boson model~IBM !
is its ability to account for the properties of theM1 scissors
mode discovered after its introduction@1#. There are, how-
ever, disquieting features: First, there is the fact that to
produce the excitation energies of 11 scissors states the
somewhat artificial Majorana interaction is apparently r
quired @2#; second, the summed strength does not appea
be consistent with the saturation of the groundstated-boson
occupation number expected near midshell@3# ~the ‘‘M1
saturation’’ problem!. In this paper, we present possible res
lutions to these problems. Our primary result is that, if on
includes ag-boson degree of freedom~in addition to the
usuals andd bosons!, then one can dispense with the use
the Majorana interaction while still adhering to microscop
cally motivated values of the model parameters. If one tak
seriously variations in microscopic estimates of bosong fac-
tors near midshell, then the summed strength does admit
terpretation in terms of boson occupation numbers whi
saturate.

In earlier work@4#, we identified a deformation contribu-
tion Ec

def to the centroid energy arising from the dependen
in the action of the ~standard! quadrupole interaction
2kQ̂p•Q̂n on the neutron-proton~or F-spin! symmetry of
states. The magnitude of this deformation contribution wou
have been inadvertantly underestimated in@2# because of the
nonstandard~and microscopically implausible! F-spin scalar
quadrupole interaction2k(Q̂p1Q̂n)•(Q̂p1Q̂n) adopted.
For the deformed Sm isotopes, we found thatEc

def almost
certainly could account for a substantial fraction of the ce
troid energy~80% or so for the choice of model paramete
made in @4#!. In this paper, we attempt to understand th
energetics of theM1 scissors state solely in terms of th
deformation contributionEc

def. We believe this approach to
be natural: Within the sdIBM-2, theM1 scissors mode may
be viewed in the intrinsic frame as anF-spin isovector quad-
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rupole excitation@5#; within the sdgIBM-2~which we con-
sider below!, the scissors mode is a superposition ofF-spin
isovector quadrupole and hexadecapole excitations.

In most IBM studies of theM1 scissors mode, it is cus-
tomary to work within the sdIBM-2@6,7#. We, however, are
lead to adopt the sdgIBM-2 for a variety of reasons. Firs
there is the specific finding that the influence ofg bosons on
global properties of theM1 mode can be substantial, becaus
the contribution of a boson type is weighted by its sp
squared. Second, we want to explore the impact onEc

def of
the hexadecapole-hexadecapole interaction between neu
and proton bosons. Third, there is the general considerat
that the microscopic foundations of the sdgIBM-2 are mo
transparent than those of the sdIBM-2. It is possible with
the sdgIBM-2 to reproduce a spherical-to-deformed grou
state shape transition in an isotopic chain with essentia
constantHamiltonian parameters~not the case within the
sdIBM! which are microscopically reasonable@8#. The fact
that one can work with essentially constant parameters s
gests that reliable microscopic estimates should be poss
even in the regime of deformed nuclei.

The influence of theg boson on theM1 mode is illus-
trated by the generalization within the sdgIBM-2 of the G
nocchio sum rule forM1 strength@3#. Under the approxima-
tions that the neutron and proton bosong factorsgn andgp
are independent of the boson spin~supported by microscopic
estimates@9#! and that the ground state is a state of maxim
F spin ~apparently accurate to within a few percent for de
formed nuclei!, the summedM1 strength@4#

(
i
B~M1,01

1→1i
1!5

3

4p
~gp2gn!

2
P

N21 (
l even

l ~ l11!nl
g.s.,

~1!

where nl
g.s. is the ground-state occupation number of a

bosons ~both neutron and proton! of spin l and
P[NpNn /N ~as usual!. In line with the assertion of the pre-
vious paragraph, the boson occupation numbers are weigh
2849 © 1996 The American Physical Society
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by the corresponding spin squared. This multipolarit
weighting enhances the contribution to the summedM1
strength of any~presumably small! g-boson admixture in the
ground state by a factor of 10/3 relative to the contributio
from the d-boson admixture. Thus, even a smallg-boson
admixture of 5% or so can account for some~20–30%! per-
cent of the summedM1 strength @4#. Multipolarity-
weighting factors reappear below in Eq.~6! for Ec

def.
The unwieldiness of the sdgIBM-2 in comparison to th

sdIBM-2 would seem a high price to pay for a more micro
scopically acceptable description of theM1 scissors mode.
However, to discuss the summed strength and centroid
ergy of theM1 scissors mode, it is enough to evaluat
ground-state expectation values. Furthermore, provided
confine ourselves to well-deformed nuclei, we can legit
mately make two simplifying approximations about the cha
acter of the ground state: first, that it is of maximalF spin,
and second, that ground state expectation values can be
ably estimated within the Hartree-Bose approximation.
this way, we reduce the problem at hand to one of manag
able proportions. The requisite calculational techniques we
developed in@10# and the viability of this approach has bee
confirmed by application to the Sm isotopes@4#.

Within our approach, the summedM1 strength evaluates
to @4#

(
i
B~M1,01

1→1i
1!5

3

4p
~gp2gn!

2PSM1 , ~2!

where, to leading order inN ~consistent with our neglect of
angular momentum projection!, SM1 concides with the aver-
age angular momentum squared

l c
2[ (

l even
l ~ l11!xl

2 ~3!

of a boson in the axially symmetric Hartree-Bose condensa
(xl is the probability amplitude that a condensate boson h
spin l ). For the sdgIBM-2 HamiltonianĤ 5 Ĥ01V̂ with the
singled- andg-boson energiese l

r accommodated in

Ĥ05(
l ,r

e l
rn̂l

r ~4!

@r distinguishes between neutrons (r5n) and protons
(r5p)# and an attractive multipole neutron-proton interac
tion

V̂52(
k

kkT̂p
~k!
•T̂n

~k! ~5!

containing quadrupole (k52) and hexadecapole (k54)
terms, the deformation contribution to theM1 centroid en-
ergyEc is given by

Ec
def/N5

1

2(k k~k11!kkOp
~k!On

~k!/SM1 , ~6!

whereOp/n
(2) (Op/n

(4) ) is the expectation value of the quadrupol
~hexadecapole! moment operator for a single proton/neutro
condensate boson:
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Or
~k![ (

j 1 , j 2
^ j 10 j 20uk0&~ tr

~k!! j 1 j 2xj 1xj 2, ~7!

the (tr
(k)) j 1 j 2’s being the set of sdgIBM-2 parameters appea

ing in the multipole operatorT̂r
(k) and normalized so that

(tr
(k))0k[1[(tr

(k))k0 . ~Below, we shall drop the distinction
between the parameters ofT̂n

(k) andT̂p
(k) .) Equation~6! is the

generalization of the result of@4# for Ec on inclusion of a
hexadecapole-hexadecapole interaction.

We now aim to evaluateEc
def/N using a mixture of global

microscopic estimates@11# of the sdgIBM-2 parameters re-
quired and empirical information@12# to fix SM1 and the
Hartree-Bose wave function$xl%. We believe that the global
parameter estimates of@11# should suffice for a qualitatively
reliable description of systematics. Estimates inferred fro
@11# of the differenceep2en in the energies of single proton
and neutron bosons~of a given spin! seem to account at least
qualitatively for the systematics of 21

1 g factors in heavy
rare-earth nuclei@9#; as we now discuss, microscopic esti
mates in@9# of the differencedg [gp2gn in theg factors of
proton and neutron bosons~of a given spin! seem to provide
a resolution of the ‘‘M1 saturation’’ problem first pointed
out in @3#. ~We denote bygp/gn the average of theg factors
of d andg proton/neutron bosons; microscopic estimates i
dicate that the dependence of bosong factors on the boson
spin is small.!

The default choice of a microscopically plausible valu
for dg would bedg[1. However, the interpretation of val-
ues of SM1 extracted from summedM1 strength data is
problematic with this choice ofdg. Given its relation to the
order parameterl c

2 for deformation, one would expectSM1 to
saturate as one approaches midshell~and deformation satu-
rates!: Instead, with the ‘‘naive’’ choice ofdg[1, one finds
that the extracted values ofSM1 do not saturate as one ap-
proaches midshell, but show a marked decrease@cf. Fig.
1~a!#. ~In the context of the theoretical analysis of this pape
this is the ‘‘M1 saturation’’ problem.!

This anomalous behavior in the values ofSM1 extracted
would seem to be an artifact of ignoring variations indg.
The global microscopic estimates ofgp andgn in @9# suggest
that, for heavy rare-earth nuclei, substantial variations
dg ~of some 25% or so! from one isotope chain to the next or
within some isotope chains are possible. When these e
mates ofgp andgn are used in the extraction ofSM1 from
summedM1 strength datawithout any fine adjustments
whatsoever@the corresponding behavior ofdg is plotted in
Fig. 1~b!#, we find that the values ofSM1 obtained do appear
to be consistent with saturation at a value of aboutSsat 5 2
@cf. Fig. 1~a!#.

Although we believe that the decreasingtrend displayed
by the estimates ofdg in Fig. 1~b! is reliable, the value to
which they converge near midshell is too high~the estimates
in @9# omit the quenching of fermiong factors!. We antici-
pate that a value ofdg much closer to unity would emerge in
calculations with more realistic input~e.g., quenched ferm-
ion g factors and a choice of surface-delta interaction co
sistent with a larger splitting in neutron and proton boso
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53 2851g BOSON AND SYSTEMATICS OF THEM1 SCISSORS MODE
energies!, implying a substantially higher saturation value o
SM1 . We shall takeSsat.3 ~corresponding to a value of
dg.1 near midshell!.

Recently, a ‘‘parmeter-free’’ approach to estimatin
summed M1 strength based on the Ginocchio sum r
~within the sdIBM-2! has been shown to be quite successf
with perhaps even predictive power@13#. In this work, varia-
tions indg are ignored@like Eq. ~1!, the Ginocchio sum rule
implies that the summed strength is proportional to (dg)2#;
dg is set equal to unity from the outset. Our consideratio
above on the influence of variations in bosong factors sug-
gest that it may be important to include these at least
P,Psat (.2.25), i.e., the Nd and Sm isotopes. The pro
able outcome would be to worsen the agreement betw
theoretical and empirical estimates of the average quadrup
boson number for these isotopes, although any change m
be compensated by a more careful treatment of theB(E2)
saturation parameterl introduced in Eq.~4! of @13# ~also set

FIG. 1. Empirical values ofSM1 . ~a! Values ofSM1 extracted
from summedM1 strength when a fixed value ofdg51 is used
~crosses! and when varying microscopic estimates ofdg are used
~boxes!. The error bars reflect only the experimental uncertainties
the summedM1 strength.~b! The varying microscopic estimates o
dg used in~a! ~inferred from Fig. 2 in@9#!.
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equal to unity!. In any event, our findings on variations
bosong factors do not seem to be in conflict with the ma
thrust of the work in@13#.

The saturation in the value ofSM1 in Fig. 1~a! is an im-
portant result. We take it as evidence that the ground s
wave function$xl% itself ‘‘saturates’’ forP.Psat. The val-
uesx2

sat and x4
sat at which x2 and x4 , respectively, saturate

can be related toSsat if one introduces the fractionpg of the
summedM1 strength due to theg-boson admixture in the
ground state: In the limit of largeN, x2

sat5A(12pg)Ssat/6
and x4

sat5ApgS sat/20. ~The saturation valuex0
sat of the

s-boson amplitude is obtained via the normalization con
tion x05A12x2

22x4
2.) We leave open for the moment th

choice ofpg . In the absence of anyg bosons (pg50), the
saturation valueS sat53 implies ad-boson content of well-
deformed ground states of 50%@(x2

sat)250.5#, consistent
with sdIBM phenomenology.

The sensitivity ofEc
def/N to pg ~andSsat) will be investi-

gated below. As regards the other input required for
evaluation ofEc

def/N, the following general comments appl
~1! Ec

def/N is insensitive to the precise values of the m
tipole parameters$tr

(k)% provided they are drawn from within
the range of physically reasonable choices. This insensiti
has its origin in the fact that, for physically reasonab
choices of the multipole parameters$tr

(k)%, the dominant con-
tribution to the condensate momentOr

(k) comes from the
term 2x0xk .

~2! For P.Psat ~where the saturated wave functio
$xl

sat% applies!, Ec
def/N is a linear function of a neutron-proto

interaction strengthkk ; Ec
def/N is more sensitive to the

strengthskk than to the multipole parameters$tr
(k)%.

~3! With the study of systematic trends in mind, we ch
acterize the multipole parameters and neutron-proton in
action strengths to be used as functions ofP. In fact, we are
able to represent these parameters as linear functionsP
~see below for details!. Our estimate ofEc

def/N then emerges
as a smooth function ofP.

We now discuss our choices of multipole parameters
neutron-proton interaction strengths in more detail.

In our choice of the multipole parameters$tr
(k)%, we take

advantage of the insensitivity ofEc
def/N. For simplicity, we

drop the distinction between proton (r5p) and neutron
(r5n) parameters. Instead, we work with the (F-scalar! av-
eragest j 1 j 2

(k) [1/2@(tp
(k)) j 1 j 21(tn

(k)) j 1 j 2# of the global estimates

in @11# of $tp
(k)% and $tn

(k)%. In the domain of interes
(P*Psat), these averages can be represented approxim
as linear functions ofP @cf. Fig. 2#. We adopt the bes
straight-line fits in our subsequent evaluations ofEc

def/N.
Following @11#, the neutron-proton interaction streng

kk is related to the strengthF (k) of the corresponding shell
model interaction by the multiplicative renormalizatio
kk5akpaknF

(k) ~in the notation of@11#, this relation reads
Kpn
(k)5aknakpFpn

(k)). Perhaps surprisingly, greater uncerta
ties surround the effective shell-model strengthsF (k) in the
region of interest~the deformed region! than the multipole
renormalization constantsakr , estimates of which are give
in @11#.

in
f
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Variations in effective shell-model parameters likeF (k)

through a major shell are anticipated on general groun
More specifically, one expects the hexadecapo
hexadecapole interaction strength to be substantially wea
than the quadrupole-quadrupole interaction strength and b
to decrease as one approaches midshell~although not neces-
sarily in the same way!. In lieu of input from microscopic
shell-model studies~which are, of course, not tractable fo
the complex nuclei of interest!, we draw on the empirical
approach typified by the study in@14#. The extent of the
variation in the interaction strengthsF (k) can be gauged from
the empirical interaction energydVpn between the last pair
of protons and the last pair of neutrons~we adopt the nota-
tion of @14#!: The changesobserved indVpn reflect, in the
first instance, changes in the quadrupole-quadrupole inte
tion strength ~there is an equally important monopole
monopole contribution todVpn which is essentially constant
and, presumably, a weak changing hexadecapo
hexadecapole contribution!. For NpNn.10 ~the domain of
interest to us!, a modest variation in the empirical neutron
proton interactiondVpn is found@cf. Fig. 3~a! based on Table

FIG. 2. Global microscopic estimates of the multipole param
eters$t (k)%. ~a! Quadrupole parameters.~b! Hexadecapole param-
eters.
ds.
le-
ker
oth

r

ac-
-

le-

-

I in @14##, implying that changes in the quadrupole
quadrupole strengthF (2) are weak.

The empirical approach also suggests that the neutr
proton interaction has a simple dependence on the prod
NpNn . For the sake of definiteness, we adopt the functio
form F (k)5F0

(k)@12a(NpNn)
1/d# advocated in@11#. ~For

simplicity, we tacitly assume that variations in th
hexadecapole-hexadecapole interaction strengthF (4) re-
semble those in the quadrupole-quadrupole interact
strengthF (2).) In @11#, a50.12 andd53. We also set
a50.12, but, on the basis of an eyeball comparison with
systematics of variations in the empirical neutron-proton
teraction forNpNn.10 @cf. curveA in Fig. 3~a!#, we employ
d56 @curveB in Fig. 3~a! depicts the variation associate
with the alternative choice ofd53#. No significance should

- FIG. 3. Variation of interaction strengths.~a!: The empirical
neutron-proton interaction energydVpn . In distinguishing between
values obtained from binding energy data on stable nuclei~solid
circles! and unstable nuclei~open circles!, we lump nuclei which
undergoa decay together with stable nuclei~EC in the legend
denotes that electron capture is the primary decay mode!. See text
for the significance of curvesA andB. ~b! The sdgIBM-2 interac-
tion strengthskk .
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53 2853g BOSON AND SYSTEMATICS OF THEM1 SCISSORS MODE
be attached to these particular values ofd anda: They serve
to guarantee that the variation inF (k) is slight for
NpNn.10. Our choice of the scale factorsF0

(k) also differs
from that adopted in@11#. We useF0

(2)50.05 MeV and
F0
(4)50.00177 MeV. With these scale factors, the values

the kk’s for 148Sm, 150Nd, and 196Pt are comparable with
those found in the detailed microscopically motivated para
eter fits reported in@11#.

With the aboveAnsätzefor theF (k)’s and the estimates in
@11# of the multipole renormalization constantsakr , the
neutron-proton interaction strengthskk are approximately
linear functions ofP for P.1 @cf. Fig. 3~b!#. As was the
case with the multipole parameters$t (k)%, we adopt the best
straight-line fits when evaluatingEc

def. Most of the variation
seen in Fig. 3~b! is due to the productakpakn of multipole
renormalization constants. Observe that thebosoninteraction
strengthskk are comparable despite the fact that thefermion
hexadecapole-hexadecapole interaction strengthF (4) is more
than an order of magnitude smaller than thefermion
quadrupole-quadrupole interaction strengthF (2).

We now turn to the comparison forP.Psat between
Ec
def and empirical data on theM1 centroid energyEc ~taken

from @15#!. Barringpg , all the inputs forEc
def are fixed by the

choices discussed above. Our previous work indicates
the saturation value forpg should be non-negligible: more
than 0.3~cf. Table II in @4#!. We find excellent agreemen
betweenEc

def and empirical data onEc ~taken from@15#! for
a value ofpg of slightly more than 0.4~cf. Fig. 4!. The
hexadecapole interaction term in Eq.~6!, which we have
been at pains to include in this work, is important: Its co
tribution is never less than 40% ofEc

def for pg.0.4. The
correspondingg-boson admixture in the ground state is com
patible with that found in previous studies@4,8#:
(x4

sat)250.06.

FIG. 4. Variation ofEc
def/N with P (.Psat). The curves are

obtained by evaluating Eq.~ 6! for three choices ofpg listed in the
legend;Ssat 5 3 throughout. Empirical values ofEc /N are plotted
as open circles.
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The d-boson content of the ground state implied by th
choice ofSsat.3 andpg.0.4 is 30%, which is arguably a
little low ~in other sdgIBM-2 studies, thed-boson content
saturates at a little more than 40%!. In part, this low value is
an artifact of our neglect of angular momentum projectio
which has the consequence that, with a given wave funct
$xl%, we overestimateSM1 and underestimateEc

def, or, if we
useSM1 andEc

def to constrain the wave function~as we have
done!, we underestimatex2 ~and presumably alsox4). This
low value of x2

sat may also reflect that our choice ofSsat is
inappropriate. Improved estimates of bosong factors would
be desirable.

Our tentative conclusion is that we can account for th
M1 centroid energy solely in terms of the deformation co
tribution Ec

def once we introduce a hexadecapole
hexadecapole interaction. It is clear that a stringent test
our attempt to account for theM1 centroid energy in terms
of the deformation contributionEc

def would be provided by
independent input on reasonable choices ofSsat and pg .
With this in mind, we are currently investigating whether th
choices ofSsatandpg indicated by the present work permit a
satisfactory description of ground-state–band properties
well-deformed nuclei~moments of inertia, static moments
and intraband transition probabilities!. However, given the
uncertainties inherent in the IBM parameters used in our
timates ofEc

def, we still have some latitude~in particular, the
sensitivity of the hexadecapole condensate momentsOr

(4) to
the hexadecapole parameters$tr

(4)% may require more careful
treatment!. Moreover, we find it difficult to believe that the
level of agreement betweenEc

def and empirical data onEc

seen in Fig. 4 is fortuitous: Not only is our estimate ofEc
def

the same order of magnitude asEc , but it also apparently
reproduces the systematic variation withP. In fact, a simple
new phenomenological parametrization of theM1 centroid
energyEc is suggested by the comparison in Fig. 4: A poly
nomial fit to our estimate ofEc

def for pg50.4 yields the qua-
dratic approximationEc /N 5 0.484 MeV2~0.0919 MeV!P
1 ~0.00436 MeV!P2, applicable whenP*Psat. ~To the na-
ked eye, this quadratic approximation coincides with our e
timate ofEc

def/N, which is nominally a cubic inP.) If our
optimism about our description of the energetics of theM1
scissors mode should prove unfounded, this approximate
pression will, hopefully, still prove useful.

In previous sdgIBM studies it has been usual~presumably
for the sake of simplicity! to include only a quadrupole-
quadrupole interaction in the Hamiltonian. We believe o
work shows that a hexadecapole-hexadecapole interac
should also be included. We claim that the need within t
sdgIBM-2 @8# for Majorana-type interactions in the descrip
tion of 11 states should then fall away. In line with the
microscopic considerations of@16#, the Majorana-type inter-
actions in the sdIBM-2 compensate for the omission of t
g-boson degree of freedom.
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