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Equivalent photon approach to simultaneous excitation in heavy ion collision
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We apply the equivalent photon approximation to calculate cross sections for the simultaneous excitation of
two heavy ions in relativistic collisions. We study especially the excitation of two nuclei to a 12 state and
show that the equations are symmetric with respect to both ions. We also examine the limit in which the
excitation energy of one of the nuclei goes to zero, which gives the elastic case. Finally a few remarks about
the limits of this approach are made.@S0556-2813~96!06605-8#
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Recently@1# a formalism was presented that allows th
calculation of the equivalent photon spectra corresponding
nuclear transitions of relativistic nuclei (g@1). In this way it
became possible to study corrections such as the influence
nuclear excitations on two-photon processes. The exam
that was studied was one nucleus making a transition to t
giant dipole resonance~GDR! state, while at the same time
emitting an equivalent photon. It is the purpose of this Brie
Report to study simultaneous projectile and target excitatio
using the equivalent photon method. Using this method, w
will see that the results derived previously by Benesh an
Friar @2# can be simplified very much and the physics behin
this process is made more transparent.

Throughout this report we assume that we can always u
the long wavelength approximation. This requires tha
kR,1, wherek is the space part of the photon momentum
andR the radius of the nucleus. From this we conclude th
the excitation energyD and therefore also the energy of the
photonv has to be low, that is,v'D,1/R.

In the equivalent photon approximation~EPA! the cross
section for the simultaneous excitation is expressed as

sD1D2
5E dv

v
nD1

~v!sgD2
~v!, ~1!

wherenD1
(v) is the equivalent photon number of the inelas

tic photon emission process, andsgD2
is the cross section for

the photoabsorption process for a photon of energyv in the
rest frame of the nucleus.

In @1# the equivalent photon number for the inelastic pho
ton emission was derived neglecting the longitudinal comp
nents of the electromagnetic field. In the limit of high ion
energy (g@1) the result is
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nD~v!5E 22v2C1q'
2M2g2D

~2p!32M2g2~2q2!2
d2q' . ~2!

Here q is the four-momentum transfer andC and D are
given generally by

C522p@ uTeu21uTmu2#, ~3!

D5
~2q2!2

~D22q2!2M22pF2uMCu21
D22q2

2q2
~ uTeu21uTmu2!G ,

~4!

whereMC, Te, andTm are the usual Coulomb, electric, an
magnetic matrix elements and2q2 is determined by the ki-
nematics of this process as

2q25
v2

g2 12
vD

g
1

D2

g2 1q'
25qmin

2 1q'
2 . ~5!

For high values ofg we can safely neglect the term propo
tional toC compared toD in Eq. ~2!. The result is

nD~v!5E q'
2

~2p!22~D22q2!2M2 F2uMCu2

1
D22q2

2q2
~ uTeu21uTmu2!Gd2q' . ~6!

Using the long wavelength limit, we can write the matr
elements in terms of theB(EJ) andB(MJ) values~see, e.g.,
@3#!. Assuming that a single value ofJ dominates, the for-
mulas are

uMCu254M2
~D22q2!J

@~2J11!!! #2
aB~EJ!, ~7!

uTeu254M2
D2

D22q2
J11

J

~D22q2!J

@~2J11!!! #2
aB~EJ!, ~8!
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uTmu254M2
J11

J

~D22q2!J

@~2J11!!! #2
aB~MJ!. ~9!

Similarly the cross section for the photoabsorption can
written as follows in the narrow resonance limit:

sg~v!5
p2

2DM2 ~ uTeu21uTmu2!d~v2D!. ~10!

For the photoabsorption of on-shell photons we have
course to set alsoq250 for the process in Eqs.~8! and ~9!.

Let us examine the simultaneous excitation of the GDR
two nucleiA1 andA2 . The corresponding Feynman diagra
is shown in Fig. 1. We can view this process in two differe
ways, depending on which we consider the emitter and
sorber of the equivalent photon. Let us assume that nuc
A2 is at rest and is excited to the GDR by absorption o
photon with energyv5D2 , whereD2 is the excitation en-
ergy of the GDR. This equivalent photon is emitted by t
fast moving nucleusA1 , which is excited to its GDR due to
this emission.

The excitation to the 12 GDR is anE1 transition, pro-
portional toB(E1). Using this in Eq.~1!, we get the cross
section as

sD1D2
5
4a2

81
B~E1,D1!B~E1,D2!E q'

2d2q'

~2q2!
. ~11!

We see that the result is symmetric with respect to both io
When integrating over the transverse momenta, we h

to keep in mind that the finite size of the nucleus limits t
range ofq' . The integrand therefore has to be multiplied b
the square of the form factorFi

2(q2) of both ions. Using a
Gaussian form factor for both ionsFi(q

2)5exp(2uq2u/li
2) as

a model for the inelastic form factor, we can evaluate
equivalent photon number analytically as

nD~v!5
aB~E1!

9p Fl2

2
e22qmin

2 /l22qmin
2 E1S 2qmin2

l2 D G , ~12!

FIG. 1. Simultaneous excitation of two ionsA1 andA2 to the
GDR. The excitation energy of each GDR is denoted byD1 and
D2 .
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whereE1 is the usual exponential integral@4#, l is given by
l5(1/l1

211/l2
2)21/2, and qmin5D1

2/g212D1v/g1v2/g2

as defined in Eq.~5!.
An even simpler expression can be found by cutting

the integration overq' at 1/R, whereR is approximately the
sum of the radii of the ions. Integrating and keeping only t
leading term for large values ofg gives the equivalent pho-
ton number

n~v!5
aB~E1,D1!

9pR2 , for v,g/R, ~13!

and the cross section

sD1D2
5
4pa2

81R2 B~E1,D1!B~E1,D2!. ~14!

We can see that the dependence of the cross section oD1
andD2 drops out. It is essentially only proportional to th
product of the correspondingB(E1) values. The limit of
largeg in Eq. ~12! has the form of Eq.~14! with R2 given by
R252/l25 1

3(^r A
2&1^r B

2&). But please note that this result i
only valid for a Gaussian form factor. As discussed in@1#
~see, e.g., their Fig.@10#! n(v) is much more sensitive to the
detailed form of the form factor at largeq2 than in the elastic
case due to the higher order ofq' in the numerator of the
integral. The cross section is also independent ofg unlike the
elastic case where the cross section increases with ln(g) for
large g. It can be shown easily that Eq.~14! is valid if
D i!g/R. As already shown earlier, it is also symmetric wi
respect to ionsA1 andA2 , so the role of both can be inter
changed. Equation~14! has a similar form as found in@2#,
but in contrast to that work our result depends onR and
therefore on the size of the nuclei.

In the Goldhaber-Teller model@5,6# or the sum-rule
model @7# theB(E1) is given by

B~E1,01→12,D!5
9

2mND

NZ

A
, ~15!

and therefore depends on the excitation energies. This de
dence onD1 andD2 remains of course in the final formula

In Fig. 2 we compare the results of the different equ
tions. For the exact calculation we have used the Goldha
Teller model for matrix element and have used a Gauss
form factor, withl chosen to reproduce the usual^r 2& of the
nucleus. No further approximations are made. This is co
pared with the results of the equivalent photon approxim
tion of Eqs. ~12! and ~14!. We see that for not too high
energies we get good agreement between all three. A
shown are the results as given by Eq.~11! of @2#. They agree
reasonably well with our results. Please note that our res
depend on the detailed form of the form factor at largeq2;
the good agreement between our three results therefore
pends also on the use of the same form factor in all of the

Of course the mutual excitation, as shown in Fig. 1, is n
the only process leading to two excited nuclei in the fin
state. There are also other ones, like the one shown in Fig
whose contribution can become more important for high
Z1 andZ2 @8#.
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Let us look also at other multipolarities. MagneticM1
transitions can be treated in a similar way. As an example
look at the case of a 1/21→1/21 excitation, as shown in Fig.
4. As initial and final states have the same quantum numbe
this case can also be used to study the limit of elastic int
action, i.e.,D1→0. We expect to get then the equivalen
photon spectrum due to the static magnetic moment of
nucleus. The equivalent photon spectrum for the static ma
netic moment was already studied in@9,10#. Here we are
looking at the excitation of a 1/21→1/21 transition in the
other nucleus as well. The ion that emits the photon, has
equivalent photon number

nD1
~v!5

a

9p

B~M1!

R2 , for v,g/R, ~16!

FIG. 2. Comparison of the different equations for the simult
neous excitation cross section as a function of the Lorentz fac
g. Shown are the results for C-C, C-Au, and Au-Au collisions a
examples. The solid line shows the result of the exact calculation
using the Goldhaber-Teller model and using a Gaussian form fac
the dashed line the one for the equivalent photon approximat
calculation using also the Gaussian form factor. The cross is
approximation for large values ofg using the cutoff form factor.
Also shown are the results of Eq.~11! of @2# as circles.

FIG. 3. Higher order process leading also to the excitation
both ions to the GDR by the exchange of two photons. The con
bution of this process can be dominant over the one of Fig. 1
large values ofZ1 andZ2
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where we have used the simple cutoff form factor and ke
only the leading term in the limit ofg→`. The cross section
for the simultaneous excitation is then given by

sD1D2
5
4pa2

81R2 B~M1,D1!B~M1,D2!, ~17!

which again is proportional to the product of the two
B(M1) values and identical in form to Eq.~14!. The known
result for a static magnetic moment is obtained by replacin
the B(M1) value in the limit ofD1→0 by the magnetic
momentm according to

B~M1!5
9

4p
m2. ~18!

On the other hand if we exchange the roles of both ion
we have the situation where the equivalent photon spectru
of the 1/21→1/21 transition in the fast moving nucleusA2
~with M1 excitation energyD2) is absorbed by the static
magnetic moment of nucleusA1 ~with v5D1→0). Al-
though the integral over the equivalent photon spectru
taken by itself diverges forv→0, the product with the cor-
responding photoabsorption cross section~which vanishes
for v→0) leads to a constant limit.

It seems interesting to study this limiting case for othe
possible transitions too, for example, for the transitio
01→01. This is a special case as the photon emission
dominated by theuMCu2 matrix element withJ50 and no
correspondinguTeu2 exists. Therefore the photoexcitation
cross section vanishes forJ50 and we do not expect to be
able to exchange the role of both ions.

In principle the equivalent photon approach can also b
extended to other, higher multipolarities, for example, qua
rupole excitations. We may also study transitions with dif
ferent multipolarities for the two ions. We have only looked
briefly at these processes, because the cross sections wil
quite small. For the 01→21 transition, we expect the cross
section to be proportional toB(E2)/R4. These processes
therefore become less and less important, as the higher or
processes, as shown in Fig. 3, dominate the observed cr
sections, see also@11#.
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FIG. 4. Simultaneous excitation of two ions from a 1/21 ground
state to an excited 1/21 excited state. In the limiting case of
D1→0 we recover the usual formula of the excitation due to th
field of a magnetic dipole.
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We now discuss some of the limitations of this approa
that one has to be aware of. One has to keep in mind that
contrast to the elastic case, the inelastic equivalent pho
approach is more and more dominated by the large values
q' when going to higher multipolarities. Therefore the re
sults are much more sensitive to the detailed form of t
form factors of both ions than in the elastic case. The equiv
lent photon spectrum is therefore no longer a property of t
emitting nucleus alone, but of the absorbing nucleus as w
This should become more and more important as the mu
polarity is increased.

In the case of the photon-photon collisions, as studied
@1#, these limitations are less important, because we have
distinct transverse momentum scales; one scale is the limi
theq2 of the emitted photon. This is given by the inverse o
h
, in
ton
of
-
e
a-
he
ll.
lti-

in
wo
of
f

the nuclear radiusR21. The other one is the range ofq2,
where the virtual photon can be replaced by a real phot
This scale is normally given by the invariant mass of th
produced system, which is much larger than the nucle
scale. The only exceptions are thee1-e2 production and to a
smaller extent them1-m2 production.
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