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1/Nc expansion of the quark condensate at finite temperature

D. Blaschke, Yu. L. Kalinovsky, G. Ro¨pke, S. Schmidt, and M. K. Volkov*
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Previously the quark and meson properties in a many quark system at finite temperature have been
within effective QCD approaches in the Hartree approximation. In the present paper we consider the infl
of the mesonic correlations on the quark self-energy and on the quark propagator within a systematiNc

expansion. Using a general separable ansatz for the nonlocal interaction, we derive a self-consistent e
for the 1/Nc correction to the quark propagator. For a separable model with cutoff form factor, we obt
decrease of the condensate of the order of 20% at zero temperature. A lowering of the critical tempera
the onset of the chiral restoration transition due to the inclusion of mesonic correlations is obtained with
that seem to be closer to those from lattice calculations.

PACS number~s!: 24.85.1p, 12.38.Aw, 12.40.Yx, 14.40.Aq
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I. INTRODUCTION

QCD motivated effective theories are the most promis
approaches to the low energy behavior of QCD and me
physics in terms of quark and gluon degrees of freedom
symmetries. Starting from chiral quark model Lagrangian
perturbative approach to the occurrence of a chiral cond
sate below a critical temperatureTc in a mean-field approxi-
mation is usually considered. Simultaneously, the pseudo
lar Goldstone boson—the pion—occurs. Perturbation the
can be formulated in 1/Nc , whereNc is the number of colors
@1#. The leading order is the Hartree approximation.~Results
are reported in Refs.@2–5#.! Amore general approach, whe
a nonlocal instantaneous interaction is applied, has been
sented in Refs.@6–11#. A still open but very important ques
tion is the influence of mesonic degrees of freedom, wh
are neglected in the Hartree approximation. These degre
freedom are supposed to be dominant in the low-tempera
limit. For the NJL model, an effective 1/Nc expansion which
accounts for the mesonic fluctuations has been consider
@12#. However, the set of diagrams for the self-energy
next-to-leading order considered in this reference was
complete. This has been observed in Ref.@13# where the role
of the scalar isovector mesons in the 1/Nc approximation at
zero temperature was also discussed. It was shown that i
1/Nc expansion the Schwinger-Dyson equation for the qu
self-energy is different from the gap equation for the qu
condensate and has to be solved separately. A complete
lection of diagrams in 1/Nc was given in Ref.@14# and re-
cently studied in the chiral limitm050 atT50 in Ref.@15#.
At T50, effects of the order of 10–20% have been obtai
in these approaches, showing that mesonic fluctuations
an important role.

In this work, we consider the influence of mesonic cor
lations on the quark condensate at finite temperature.
expected that such a calculation beyond the Hartree lev
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description will lead to corrections to the temperature beha
ior of the quark condensate since the medium allows f
mesonic degrees of freedom. The relation of a generaliz
gap equation to the thermodynamical potential of a qua
meson plasma has been considered in Ref.@16#. The present
paper is a first step for a consistent description of a mes
gas at finite temperature within a chiral quark model.

The paper is organized as follows. In Sec. II the nonloc
chiral quark model is briefly introduced, which is used i
Sec. III to derive a generalized formula for the quark con
densate inO (1/Nc) expansion. In Sec. IV we include dy-
namical fluctuations into the self-energy and treat the sca
and pseudoscalar contributions within the pole approxim
tion. The numerical results for a calculation within the NJ
model at finite temperature are discussed in Sec. V.

II. THE MODEL

Our starting point is the chiral-symmetric effective La
grangian in the quark sector of the general form

L5q̄ 1~p!~gmp
m2m0!q1~p!1L int , ~1!

where the interaction term

L int52
1

2
q̄ 1~p1!L12

f q2~p2!

3K~p1 ,p2 ,p18,p28!q̄ 28~p28!L1828
f q18~p18! ~2!

is given as a nonlocal generalization of the current-curre
type interaction. Here the matricesL12

f denote the decompo-
sition into the color (c), flavor (f ), and Dirac (D) channels.
In this work we restrict ourselves to scalar and pseudosca
channels. Therefore we chooseL12

s 5@1c•1 f•1D#12 and
L12

p 5@1c•tf• ig5#12.
The gluonic degrees of freedom do not occur explicitly i

this effective approach to the low-energy sector of QCD
They are assumed to form a condensate which is respons
for the nonperturbative character of the quark-quark intera
tion in this domain. We make the phenomenological ansa

ys-
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53 23951/Nc EXPANSION OF THE QUARK CONDENSATE AT FINITE . . .
of an instantaneous interaction kernel, which can be form
lated in a covariant way@11#. We employ here a separab
form for the nonlocal 4-point interaction of the form

K~p1 ,p2 ,p18 ,p28!52
K0

Nc
gS up11p2u

2 DgS up181p28u
2 D

3dp12p2 ,p182p
28
. ~3!

TheNc dependence arises from the Fierz transformation
the quark current-current interaction in the color sing
channel considered here~see, e.g.,@17#!. For our numerical
calculations in Sec. V we useNc53. The dependence of th
form factor on the modulus of the three-momentu
(upu5p) has been discussed for different shapes, e.g
Gaussian one„g(p)5exp@2(p/LGauss)

2#… or the well-known
NJL-type interaction @g(p)5Q(12p/LNJL)# ~see @10#!.
Note that the potential does not depend on the energy an
therefore obtain the NJL model with a three-momentum c
off. The spectral properties of the quark model defined by
Lagrangian~1! are obtained from the single-particle prop
gator

G12~p1p2!5@G~p1!1c1 f #12dp1 ,p2
, ~4!

which is a diagonal matrix in color, flavor, and momentu
space. The matrix elementG(p) obeys the Dyson equation

G~p!5@G0
21~p!2S~p!#21, ~5!

whereG0
21(p)5gmp

m2m0 is the vacuum Green functio
~see Fig. 1!. The self-energy((p) is defined by an analysi
of all one-particle irreducible diagrams contributing to t
propagator. Having the single-particle propagator at our
posal, the physical quantity of interest which is straightf
wardly evaluated is the quark condensate. For our separ
potential we introduce the nonlocal quark condensate as

^q̄q&5NcNf(
p
g~p!Tr @G~p!#, ~6!

whereTr stands for the trace over the Dirac space only. T
finite temperature investigations are performed using
Matsubara technique@18–20#, wherep05 ivn with the fer-
mionic Matsubara frequenciesvn5(2n11)pT, and(p is
short forT(n*dp/(2p)3. In order to obtain estimates for th
quark condensate one has to make approximations for
self-energy.

The first step towards a systematic investigation of
Dyson equation~5! is the self-consistent Hartree approxim
tion ~see Fig. 2!,

SH~p;GH!52K0Nfg~p!(
k
g~k!Tr @GH~k!#, ~7!

FIG. 1. The Dyson equation with the full self-energy.
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which defines upon insertion in~5! the propagator in Hartree
approximation

GH~k!5~G0
21~k!2SH@k;GH# !21. ~8!

The Hartree self-energy~7! is a Dirac scalar and appears as
mass term in the propagator,

mH~p!5m02g~p!
K0

Nc
^q̄q&H, ~9!

with a momentum dependence due to the nonlocality of t
interaction kernel~3!. The quark condensate in Hartree ap
proximation is@cf. Eqs.~6!–~8!#

^q̄q&H5NcNf(
k
g~k!Tr @GH~k!#

522NcNfE d3k

~2p!3
g~k!

mH~k!

E~k!
$122 f @E~k!#%

~10!

~for details see Refs.@2–5,10#!. In this approximation, the
magnitude as well as the temperature dependence of the
namical mass generation is determined from the condens
only. Note that the restoration of the chiral symmetry at tem
peratures above the critical one (Tc;200 MeV,@10#! is gov-
erned by the Fermi distribution function of quarks in th
medium,f @E(k)#5$exp@„E(k)…/T#11%21, where the quasi-
particle dispersion relation

E~k!5Ak21@mH~k!#2 ~11!

contains the momentum-dependent Hartree mass~9!.
It is, however, questionable whether the Hartree appro

mation is appropriate for the description of the nonperturb
tive low-energy region of QCD where free quarks should b
absent due to confinement. Since mesonic correlations
supposed to dominate the low-energy excitation spectrum
the quark matter system, one has to study their influence
the results obtained within the Hartree approximation. A sy
tematic perturbation theory for strong interactions, howev
is lacking. Instead, one resorts to an expansion of diagra
to orders 1/Nc , which we will investigate in this work at
finite temperatures.

FIG. 2. The Dyson equation in self-consistent Hartree appro
mation.
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III. 1/ Nc EXPANSION

The self-energy in the self-consistent Hartree approxim
tion appears of the orderO @1# as the leading term in the
1/Nc expansion, as can be seen from Eq.~7!. In order to
improve this approximation, we will study next-to-leadin
order diagrams, i.e.,O @1/Nc# contributions. Therefore we
make the following Ansa¨tze for the self-energy and for th
quark propagator:

S~p!5SH@p;G#1
1

Nc
dS@p;G#1O @1/Nc

2#, ~12!

G~p!5GH~p!1
1

Nc
dG~p!1O ~1/Nc

2!, ~13!

where the corrections to the self-energy depend in the g
eral case on the full Green functionG(p) and on the
4-momentum p. The corrections to the self-energ
dS@p;G# are not yet specified and will be discussed in t
following section. Using the 1/Nc approximation~12! for
S@p;G# in the Dyson equation~5!, the 1/Nc expansion to the
propagator is given as
n

e

a-

g

en-

e

G~p!5~G0
21~p!2S@p;G# !21

5SG0
21~p!2SH@p;GH#

2
1

Nc
@SH@p;dG#1dS@p;GH#1O ~1/Nc!# D 21

.

~14!

Expanding the 1/Nc contribution in the denominator an
comparing with~13!, we obtain a self-consistent equation f
dG(p) in the form

dG~p!5GH~p!SH@p;dG#GH~p!

1GH~p!dS@p;GH#GH~p!. ~15!

Note, that this consistent 1/Nc expansion for the quark
propagator is a new result of this paper. In particular, the
term on the right-hand side~rhs! of ~15! has not been con
sidered in some of the previous approaches~see@12,21#!. In
order to get a closed expression, we use the fact that
functional dependence of the Hartree self-energy on
1/Nc corrections to the quark propagatordG is known from
Eq. ~7!. After insertion ofSH@p;dG# on the rhs of Eq.~15!,
we obtain
(
p
g~p!Tr @dG~p!#52K0Nf(

p
g2~p!Tr @GH~p!GH~p!#(

k
g~k!Tr @dG~k!#1(

p
g~p!Tr @GH~p!dS@p;GH#GH~p!#

5
1

12Js~0!(p g~p!Tr @GH~p!dS@p;GH#GH~p!#, ~16!
e
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where the scalar quark loop integralJs(0) is defined in Ap-
pendix A. The 1/Nc expansion of the quark condensate co
responding to that of the propagator~13! and the definiton of
the quark condensate~6! reads

^q̄q&5^q̄q&H1d^q̄q&1O @1/Nc
2#. ~17!

The 1/Nc correction to the condensate is obtained in clos
form using the result~16!

d^q̄q&5Z•Nf(
p
g~p!Tr @GH~p!dS@p;GH#GH~p!#

~18!

with a prefactorZ51/@12Js(0)# as derived in~16! coming
from the 1/Nc contributions to the Hartree self-energ
SH@p,dG# ~see in Fig. 3!. This prefactor leads to a consid
erable rescaling (Z;4) which has first been pointed out i
Refs. @13,15# for the NJL model at zero temperature and
obtained here for the more general case of a nonlocal s
rable interaction at finite temperature.
r-

d

s
pa-

IV. MESONIC CORRELATIONS

Within the chiral quark model as defined in Sec. II, th
complete set of diagrams contributing inO @1/Nc# to the self-
energy is given in Fig. 4. The double line corresponds to
random-phase approximation~RPA!-type partial resumma-
tion of the chain of bubble diagrams, where the qua
antiquark loop in Hartree approximation defines the polari
tion functions Jf(p2k) in the scalar and pseudoscala
channel (f5s,p) ~see Appendix A!.

TheO @1/Nc# self-energy contribution is given by

dS@p;GH#5K0(
k
g2S up1ku

2 D F GH~k!

12Js~p2k!

2~Nf
221!

g5G
H~k!g5

12Jp~p2k!G . ~19!

The denominators 12Jf(p2k) occur due to the resumma
tion and thus strong correlations can be described. N
that the 1/Nc self-energy is a dynamical quantity and ha
not yet been solved in its complexity. The most dram
atic effect is the occurrence of collective excitations in t
quark-antiquark channel when ReJf(P5Mf)51 @and
ImJf(P5Mf)50# which correspond to mesonic boun
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states. In what follows we restrict ourselves to the consid
ation of bound states only and use an expansion of the
larization function at the mesonic poles~pole approxima-
tion!, which leads to the introduction of meson propagato
and meson-quark-antiquark form factorsgfq q̄ ~see Appendix
A!:

1

12Jf~P!
'

1

Mf
22P2

gfq q̄
2 ~Mf!

NfK0
. ~20!

The full treatment of the RPA approximation that contain
bound and scattering states is possible for the separable
teraction and will be regarded in an additional work.

Using the expression~19!, ~20! for the self-energy and the
short notation withGs51D andGp5 ig5 , we obtain

FIG. 3. 1/Nc expansion of the quark condensate.
er-
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d^q̄q&f5
gf q̄q
2

12Js~0!
E d3p

~2p!3
g~p!E d3k

~2p!3
g2S up1ku

2 D
3E dp0

2p E dk0
2p

1

Mf
22~k2p!2

Tr @GH~p!Gf

3GH~k!GfGH~p!#. ~21!

After evaluation of the Dirac trace

FIG. 4. 1/Nc approximation for the self-energy. The scalar and
pseudoscalar correlations are described by a RPA-type partial su
mation of bubble diagrams.
ne, i.e.,
1

Mf
22~k2p!2

Tr @GH~p!GfGH~k!GfGH~p!#524F m~p!6m~k!

@p22m2~p!#@k22m2~k!#@~k2p!22Mf
2 #

1m~p!

3S 1

@p22m2~p!#2@~k2p!22Mf
2 #

2
Mf

22@m~p!6m~k!#2

@p22m2~p!#2@k22m2~k!#@~k2p!22Mf
2 #

2
1

@p22m2~p!#2@k22m2~k!# D G , ~22!

we perform the Matsubara summation~see Appendix B! and obtain as the final result for the 1/Nc mesonic contributions~21!
to the quark condensate

d^q̄q&f5
gf q̄q
2

12Js~0!
E d3p

~2p!3
g~p!E d3k

~2p!3
g2S up1ku

2 D H 2mH~p!

E2~p! S 122 f @E~p!#

2E~p!
2
f @E~p!#$12 f @E~p!#%

T D S 122 f @E~k!#

2E~k!

2
112n@Ef~k2p!#

2Ef~k2p! D1S F $12 f @E~p!#2 f @E~k!#%$11n@E~p!1E~k!#1n@Ef~k2p!#%

E3~p!E~k!Ef~k2p!@Ef~k2p!1E~p!1E~k!# FE2~p!@mH~p!6mH~k!#

1mH~p!$Mf
22@mH~p!6mH~k!#2%SEf~k2p!12E~p!1E~k!

Ef~k2p!1E~p!1E~k!
1
E~p! f @E~p!#$12 f @E~p!#%

T D G1@E~k!→2E~k!#G
1@E~p!→2E~p!# D J , ~23!

with the energiesEf(k2p)5A(k2p)21Mf
2 and the bosonic distribution functionn(E)5@exp(E/T)21#21. The upper sign

holds for the scalar, the lower one for the pseudoscalar meson, respectively. TheO @1/Nc# contribution~23! consists of two
parts, and the numerical analysis shows that the contribution due to mesonic correlations is dominated by the first o

d^q̄q&f'
gf q̄q
2

12Js~0!
E d3p

~2p!3
g~p!E d3k

~2p!3
g2S up1ku

2 D mH~p!$122 f @E~p!#%

E3~p! S 122 f @E~k!#

2E~k!
2
112n@Ef~k2p!#

2Ef~k2p! D ,
~24!
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which has a simpler structure than~23!.
In order to compare our results with previous works we will now discuss theT50 case. At zero temperature the Fermi a

Bose distribution functions vanish. In theT50 limit of Eqs. ~10! and ~23! we obtain

d^q̄q&f5
gf q̄q
2

12Js~0!
E d3p

~2p!3
g~p!E d3k

~2p!3
g2S up1ku

2 D F mH~p!

2E3~p!
•S 1

E~k!
2

1

Ef~k2p!
D

1
$Mf

22@mH~p!6mH~k!#2%@Ef~k2p!12E~p!1E~k!#mH~p!

E3~p!E~k!Ef~k2p!@Ef~k2p!1E~p!1E~k!#2
1

@mH~p!6mH~k!#

E~p!E~k!Ef~k2p!@Ef~k2p!1E~p!1E~k!#
G .

~25!
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In the following section we present the numerical evaluati
and discussion of the above 1/Nc corrections to the quark
condensate.

V. NUMERICAL RESULTS AND DISCUSSION

In Sec. II we have introduced a general nonlocal intera
tion kernel in separable form. In order to compare the n
merical results with previous approaches within the NJ
model, we will restrict ourselves in this paper to the discu
sion of a cutoff form factor:

gS up1ku
2 D5QS 12

up1ku
2LNJL

D . ~26!

The chiral quark model with soft form factors~e.g., a Gauss-
ian one! has been discussed in Refs.@9,10#.

After fixing the parameters of the model as described
Appendix A, we obtain for the quark condensate in the Ha
tree approximation̂ūu&H52(250 MeV)3 and for the quark
massmH5300 MeV, in agreement with the well-known dat
of the literature@2–5#.

In the next step, discussed in Sec. IV, we have includ
dynamical self-energy contributions due to mesonic corre
tions. Compared with the Hartree term~10! where we have
to solve a one-loop integral, the next-to-leading order con
butions are two-loop integrals that after summation over bo
Matsubara frequencies (k0 ,p0) reduce to three-dimensiona

FIG. 5. The quark condensate as a function of the temperatur
self-consistent Hartree approximation~dotted line! and with inclu-
sion of mesonic correlations~solid line!.
n

c-
u-
L
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r-

ed
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ri-
th

integrals over the variables k,p,z , wherez5cosu, if u de-
notes the angle between the momentak andp.

At first we want to discuss theT50 limit. An open ques-
tion which occurs in the conventional NJL model is th
choice of the cutoff for the second momentum integral
Eqs.~23! and ~25! over k. A very crude approximation pre-
sented in Ref.@21# is the omission of the second integral b
assuming thatk50. In Refs.@13,15# the additional cutoffL̄
was discussed. Reference@13# assumes thatL̄5LNJL and in
Ref. @15# upper and lower limits are determined from a ca
culation of f p in O @1/Nc#. In the formulation we have cho-
sen, such a problem does not exist since the integ
are regularized in the separable approach by the pro
treatment of the form factors. The parameterLNJL in the
cutoff form factor~26! regularizes the integral over p. Th
upper limit of the k integration is given byL̄52pz
1A4LNJL

2 2p2(12z2) and runs between LNJL,L̄
,3L NJL . Note that in solving~23! one has to check the
integral limits for each term separately due to different co
binations of form factors partly hidden in the momentum
dependent quark mass~9!. Thus we have removed the amb
guity in regularizing the second momentum integrati
which occurred in the previous approaches to the 1/Nc ex-
pansion in the NJL model.

The result for such a calculation in theT50 limit is that
for fixed model parameters the absolute value of the cond
sate is decreased by 20% compared to the Hartree app
mation. For comparison, a decrease of the quark mass du
the mesonic correlations in 1/Nc at T50 has been obtained
in Ref. @13#. This result can be understood qualitatively sin
the Hartree contribution~10! and the 1/Nc mesonic contribu-
tion ~23! to the quark condensate have opposite signs,
latter one being smaller in magnitude.

Let us consider the finite temperature case. In order
compare the temperature behavior of the quark condensa
both models~Hartree approximation and Hartree approxim
tion with mesonic correlations! we have to fix the parameter
such that the same values for the observables atT50 are
obtained~see Appendix A!. The numerical evaluation of the
final result for the quark condensate is shown in Fig. 5. P
ing attention to the shape of the chiral phase transition,
observe that the inclusion of 1/Nc mesonic correlations shifts
the chiral symmetry restoration to lower temperatures wh
compared with the simple Hartree approximation. This fin
ing is mainly due to the smallerqq̄ coupling constantK0 for
the model with mesonic correlations.

in
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VI. CONCLUSIONS

In conclusion we have obtained the following new resu
~i! a consistent 1/Nc expansion for the self-energy as well
for the propagator and a closed formula for the quark c
densate up to the order 1/Nc , ~ii ! a finite temperature resu
for the 1/Nc quark condensate within the Matsubara form
ism, and~iii ! a consistent regularization of the two-loop di
grams.

The numerical evaluation for a NJL-type model sho
that compared with the Hartree approximation mesonic c
relations lead to a decrease of the absolute value of the q
condensate atT50. After having compensated for this effe
of quantum fluctuations atT50 by readjusting the mode
parameters (L,m0 ,K0), the account for thermally excite
mesonic correlations shifts the onset of the chiral-symme
restoration to lower temperatures in comparison to the H
tree approximation. This behavior seems to be closer to
recent results of lattice calculations where the conden
remains unchanged with temperature up to the chiral tra
tion which occurs atT'150 MeV forNf52 @22#.

The inclusion of quark-antiquark correlations is of princ
pal interest because the treatment of the medium in free
siparticle approximation seems not to be appropriate at l
temperatures. In contrast, in this region the mesonic deg
of freedom are expected to be relevant. This is supported
the fact that in the low temperature limit (T&50 MeV! other
thermodynamic properties of a quark-meson system~e.g., the
pressure! are dominated by mesonic contributions@16#. The
presented 1/Nc expansion should be considered as a first s
in including mesonic correlations. However, at temperatu
where the chiral phase transition occurs, higher orders of
1/Nc expansion may become important.

Within the present approach, the treatment of the tw
particle correlations was given in the usual pole approxim
tion ~20! for the qq̄ T matrix. A next step in the evaluatio
of quark-antiquark correlations is the inclusion of the con
bution of scattering states, which will be considered in
forthcoming paper. In this way the account of the correctio
due to two-particle correlations will be completed on t
basis of the approach presented here.
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APPENDIX A: TABLE OF INTEGRALS AND
PARAMETER FIXING

The polarization operators introduced in Eq.~19! of the
main text are defined as

Jf~P!52K0Nf(
q

g2~q!Tr @GfGH~q1P/2!

3GfGH~q2P/2!#. ~A1!
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The temperature-dependent meson masses are obtained
the solution of the Bethe-Salpeter equation

12Jf@P05Mf~T!,P50#50, ~A2!

where the polarization operatorsJf(P0) after evaluation of
the Dirac trace and angular integration are given by
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The quark meson coupling constants introduced in Eq.~20!
are evaluated in the rest frame of theqq̄ pair (P50), where
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Using Eqs.~A3! and ~A4!, they are given by the integrals
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The pion decay constant which we use for the parame
fixing at zero temperature is calculated by@10#
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The model contains three parameters: the coupling cons
K0 , the current quark massm0 , and the range of the form
factor of the potential. We fix these three parameters to
produce the pion mass (Mp5140 MeV! @Eqs. ~A2! and
~A3!#, the pion decay constant (f p593 MeV! @Eqs.~A6! and
~A7!#, and the quark condensate (2^qq̄&1/35250 MeV!
at zero temperature. The resulting parameter sets
given in Table I for the Hartree approximation with
and without the 1/Nc contribution from mesonic correlations
respectively. The parameters for the Hartree approximat
are similar to those of the standard NJL model~see
Refs.@3,4,12,13,15,21#!.

APPENDIX B: MATSUBARA SUMMATION
The following formulas summarize the results of the on

and two-loop Matsubara sums performed in this paper:
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TABLE I. Sets of parameters for the Hartree approximatio
with and without the inclusion of mesonic correlations for a fixing
scheme described in the text.

Approximations L ~MeV! m0 ~MeV! K0 ~GeV22)

Hartree 660 5.35 9.45
Hartree1mesonic
correlations 765 4.4 6.49
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