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Dynamical analysis of the evolution of nuclear density modes
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We study the evolution of density waves in an expanding nuclear system taking into account nonline
and finiteness effects. The main differences with the standard spinodal decomposition are that the tran
from the stable to the nonstable region is gradual, and that it takes place at densities higher than
associated to the spinodal line.
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In recent years emerged the concept that, after a he
ion collision at intermediate energies, the highly excited
sulting nucleus expands and finally decays through fragm
emission. In order to describe the instabilities that prec
the decay of the nuclear system into fragments, Pethick
Ravenhall @1# considered the linearized hydrodynamic
equations for infinite nuclear matter that lead to an anom
lous dispersion relation for the density waves inside this s
tem. Using this dispersion relation, the density-temperat
phase diagram separates into stability and instability zon
This is the well-known spinodal decomposition for h
nuclear matter. Therefore, in this approach, when an initia
homogeneous hot nucleus expands beyond a threshold v
some compression modes become unstable. Accordin
these authors, such instabilities are responsible for the f
mentation of the nuclear system.

The picture mentioned above is based on a linear anal
of the growth of the amplitudes of the density modes and
the hypothesis of infinite nuclear matter. In a previous wo
dealing with this problem@2#, we tried to remove these con
straints. We performed a nonlinear analysis of the growth
these instabilities on a finite nucleus with spherical symm
try. Those calculations showed that the higher-order te
tend to stabilize the density modes that are unstable in
linear analysis. The average density of the system was, h
ever, considered to be fixed in time. Therefore, such
analysis is valid only for cases in which the growth of th
instabilities is much faster than the expansion of the nucl
system. In a later work@3#, we studied the growth of the
density modes in an expanding nucleus and showed that
growth and stability depend strongly on the initial conditio
of the expansion.

Here we continue the previous work, performing a sy
tematic study of the behavior of the system for a diversity
initial conditions. We show that the inclusion of the expa
sion dynamics leads to a division of the phase diagram i
stable and unstable regions that of very different from
one found in the linear and quasistatic study of Ref.@1#.

In order to describe the dynamical evolution of th
nuclear system as it expands, we use the Euler and contin
equations for an irrotational ideal fluid, modeling the syste
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as a spherical liquid drop at a uniform temperature. The pr
sure is given by the equation of state@3#

P5P~r!2
br2

r̄
¹2r, ~1!

whereP(r) is the pressure associated with the homogene
nucleus,r is the density,r̄ the average density, andb580
MeV fm5 the van der Waals parameter@4,5#.

The nuclear density may be written as a superposition
radial compression modes@6#,

r5 r̄S 11(
n

bnj 0~knr ! D , ~2!

wherej 0(knr ) are the zeroth-order spherical Bessel functio
that satisfy the boundary conditionj 0(knR)50, in whichR
stands for the radius of the expanded nucleus, i
kn5np/R. In what follows we restrict our discussion to th
n51 mode, since it is the first to become unstable as
system expands. Using this model and assuming that the
pearance of compression waves has little effect on the t
evolution of the radius of the system, in the previous pap
@2,3# we derived the following approximate equations for th
first mode amplitude and the nuclear radius:

R̈~ t !5
20p

3mA
P~R!R2, ~3!

RR̈

2
2
R2

p2 b̈1F11
b1
2 G2

2RṘ

p2 ḃ1F11
b1
2 G2

R2ḃ1
2

2p2 F11
1

pG
5F]P]r

1br̄k1
2Gb1m 2F]P]r

23br̄k1
2G b122m , ~4!

whereR(t) is the radius of an isentropically expanding un
form nucleus@4#, P is the pressure, expressed as a functi
of R(t), A is the nuclear mass number,r̄5A/(4/3)pR(t)3

the space-averaged density, andb1 the amplitude of then51
compression mode. We should keep in mind that the assu
tion of an isentropic expansion, generally employed in h
drodynamical treatments of the evolution of a hot nucle
system, may influence the appearance and growth of the
sity modes we purport to study. A recent comparison betwe
1873 © 1996 The American Physical Society
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molecular dynamics and Vlasov descriptions of the evoluti
has shown that, for some initial conditions, the average de
sity has an oscillatory behavior in the Vlasov approach and
steadily decreasing one when studied through classical m
lecular dynamics@7#. It appears, from this study, that the
expansion is isentropic until particles begin to be emitte
Since this effect is not included in our treatment, which
similar in spirit to the Vlasov description, we have limited
the scope of our calculations to the low-temperature regio
where, presumably, emission effects are not so important

In order to fix the initial conditions for the evolution of
the system, we assumed that it was prepared in thermo
namical equilibrium with an initial radiusR0 and an initial
temperatureT0 . The energy associated with then51 com-
pression mode is assumed to bekT0 , in accordance with the
equipartition theorem. Thus, the initial conditionsb1 ,ḃ1
must satisfy the relationship

p2r̄

k1
3 FA1b1

21
m

k1
2 ḃ1

2G5kT0 , ~5!

where

A15
]P

]r
1br̄k1

2 , ~6!

kT0 is the energy associated with then51 compression
mode, andk15p/R. In Ref. @3# we showed that, for a given
R0 ,T0 , some initial conditionsb1 ,ḃ1 lead to an indefinite
growth of then51 mode, while for others the trajectories
oscillate around the stable solution.

We now perform a systematic study, considering a lar
number of initial values ofb1 and ḃ1 , related in accordance
with Eq. ~5!, for given initial values of the temperature an
density. We determine how many trajectories of each set
initial conditions have amplitudesb1 that grow indefinitely.
We may assume, as in@1,3#, that such large amplitudes cor
respond to the fragmentation of the nuclear system.

The results of these calculations, showing, as a functi
of the initial temperature and density, the fragmentatio
probability, are presented in Fig. 1. We notice that ther-T
plane is divided into two large regions, corresponding to s

FIG. 1. Fragmentation probability as a function of the initia
values of the temperature and density of the nuclear system.
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bility and instability with respect to the growth of then51
density mode, and a thin transition region where the fra
mentation probability passes smoothly from 0 to 1. The re
son why a high initial density or temperature leads to th
instability of the system is that for them the system makes
deep excursion into the low-density regions where t
breakup is more probable. This is illustrated in Fig. 2, whe
we give the fragmentation probability in a form similar to
that of Fig. 1, but according to the minimum density reach
in the dynamical evolution of the system, and its correspon
ing temperature. We note that, according to Eq.~3!, this
minimum is independent of the initial values ofb1 and ḃ1 .
Thus there is a one-to-one correspondence between the
tial conditions, depicted in Fig. 1, and the values of the de
sity and temperature presented in Fig. 2.

In this latter diagram, the region to the right of the dash
line is the one associated with stability against the unbou
growth of then51 density mode. This is because it corre
sponds to the least excited systems, which make short ex
sions into the lower-density regions and, as a consequen
tend not to fragment. On the other hand, for the oppos
argument, the instability zone has moved to the low-dens
region to the left of the dot-dashed line. The transition regi
between these two zones is placed much to the right of
classical spinodal line, which is also depicted~solid curve! in
this diagram. Figure 3 shows the dependence of the fragm
tation probability on the minimum density reached by th
system in its evolution for a cut through the transition regio
at a typical temperature.

We may consider the diagram presented in Fig. 2 as
equivalent of the standard phase diagrams of nuclear ma
showing regions of stability and instability, such as the o
presented in Ref.@1#. However, important differences should
be pointed out. First of all, it includes information on th
dynamical evolution that, eventually, leads the system to
fragmentation. This dynamical evolution, starting from wel
defined initial conditions and following the hydrodynamica
trajectory, leads to results very different from the linea
analysis of Ref.@1# and even from the nonlinear, albeit static
of Ref. @2#. For this reason we call it a ‘‘dynamical instability
diagram’’ ~DID!.

l FIG. 2. Similar to Fig. 2, but for the conditions at the lowes
densities reached during the dynamical expansion of the syst
See text for further details.
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The most important differences, however, are in the
gions of instability. In the DID they lie well outside the stan
dard spinodal region. The growth of the instabilities, leadi
to the breakup of the system, is thus strongly influenced
the noninfinitesimal values of the amplitude of the dens
mode. This is also related to the finiteness of the system
the present calculation, as opposed to standard phase
grams which assume infinite nuclear matter. Furthermo
due to the finite time available for the growth of such mod
which is fixed by the dynamics of the nuclear expansion,
all trajectories starting with given conditions of density a

FIG. 3. Cut atT53MeV through the transition region of Fig. 2.
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temperature have similar breakup behavior. This leads to
fuzziness in the separation between the stable and unsta
regions of nuclear matter in the DID diagram, very differen
from the abrupt transitions in the standard spinodal decom
position.

In conclusion, we have developed a new instability dia
gram, based on the dynamics of the evolution of the dens
modes, which is more appropriate than the spinodal deco
position to study the tendency to fragmentation. In particula
we have shown that the details of the dynamics of the e
pansion influence strongly the growth of the compressio
modes. The transition from stable to unstable behavior tak
place over a region of the nuclear matter phase diagra
instead of over a sharp line, like in the standard spinod
decomposition, and is placed entirely outside this zone.

We should remark that although the study of the transitio
region was made for only then51 mode, its generalization
to other radial modes is trivial. In this we have followed the
spirit of Ref. @1#, where the evolution of each compression
mode was analyzed separately. However, in the dynamic
evolution of the system coupling among different densit
modes and the feedback of their growth on the hydrodynam
cal expansion could play an important role. These effec
will be discussed in a future work@8#, based on a treatment
of the expansion that lets the density evolve without specifi
reference to the possible radial modes@9#.

We acknowledge support from CNPq~Brazil!,
PEDECIBA, CSIC, and the Programa Cientı´fico-
Tecnológico CONICYT-BID ~Uruguay!.
.

@1# C.J. Pethick and D.G. Ravenhall, Nucl. Phys.A471, 19c
~1987!.

@2# R. Donangelo, A. Romanelli, and A.C. Sicardi Schifino, Phy
Lett. B 263, 342 ~1991!.

@3# R. Donangelo, A. Romanelli, H. Schulz, and A.C. Sicardi Sch
fino, Phys. Rev. C49, 3182~1994!.

@4# K. Sneppen. Ph.D. thesis, University of Copenhagen, 1989.
@5# H.A. Bethe, Phys. Rev.167, 879 ~1968!; J.A. Lopez and G.
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