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Realistic model of the nucleon spectral function in few- and many-nucleon systems
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By analyzing the high-momentum features of the nucleon momentum distribution in light and complex
nuclei, it is argued that the basic two-nucleon configurations generating the structure of the nucleon spect
function at high values of the nucleon momentum and removal energy can be properly described by a facto
ized ansatz for the nuclear wave function, which leads to a nucleon spectral function in the form of a
convolution integral involving the momentum distributions describing the relative and center-of-mass motion
of a correlated nucleon-nucleon pair embedded in the medium. The spectral functions of3He and infinite
nuclear matter resulting from the convolution formula and from many-body calculations are compared, and
very good agreement in a wide range of values of nucleon momentum and removal energy is found. Applic
tions of the model to the analysis of inclusive and exclusive processes are presented, illustrating those featu
of the cross section which are sensitive to that part of the spectral function which is governed by short-rang
and tensor nucleon-nucleon correlations.

PACS number~s!: 21.10.Jx, 21.65.1f, 24.10.Cn, 27.10.1h
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I. INTRODUCTION

The nucleon spectral functionP(k,E) represents the joint
probability to find in a nucleus a nucleon with momentu

k[ukW u and removal energyE, and therefore it provides fun
damental information on the dynamics of the nucleon in
nuclear medium. Since the momentum and removal ene
dependencies ofP(k,E) are governed by the single particl
features of nuclear structure as well as by the behavior of
nuclear wave function at short nucleon-nucleon (NN) sepa-
rations~see Ref.@1#!, the relevance of the experimental an
theoretical investigations ofP(k,E) is clear.

As far as the experimental investigation is concerned, i
well known that within the impulse approximation the cro
section for nucleon knockout processes is directly prop
tional to the nucleon spectral function, and, although fin
state interactions and meson exchange currents can de
such a proportionality, several experiments have already
vided relevant information on the general features
P(k,E), e.g.: ~i! the y-scaling analysis@2# of inclusive
(e,e8) experiments @3# has clarified the link between
P(k,E) and the nucleon momentum distributionn(k); ~ii !
the high-resolutionA(e,e8p)X experiments have shown tha
the shell-model occupation numbers can be substantially
than one, which is a clear signature of the breakdown of
mean field picture@4#; ~iii ! the exclusiveA(e,e8p)X experi-
ments onA53 andA54 nuclei, performed in kinematica
regions corresponding to high excitation energies of the
sidual nuclear system, have given the first direct signature
the effects ofNN correlations onP(k,E) @5,6#; ~iv! the re-
cent data on the process12C(e,e8p)X have raised the ques
tion of multinucleon emissions generated byNN correlations
@7,8#. The above experimental information clearly indicat
that the single-particle strength is not concentrated uniqu
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at low values ofk andE ~as it is the case within a mean fiel
picture!, but, due to short-range and tensorNN correlations,
is spread over a wide range of nucleon momenta and
moval energies.

As far as the theoretical investigation of the nucleon sp
tral function is concerned, the calculation ofP(k,E) for
A.2 requires the knowledge of a complete set of wa
functions for (A21) interacting nucleons. Thus, since th
latter ones should be obtained from many-body calculatio
using realistic models of theNN interaction, the evaluation
of P(k,E) represents a formidable task. In case of3He the
nucleon spectral function has been obtained using three-b
Faddeev@9# or variational@10# wave functions, whereas fo
A5` the evaluation ofP(k,E) has been performed usin
the orthogonal correlated basis approach@11# and perturba-
tion expansions of the one-nucleon propagator@12–16#. It
should be mentioned thatP(k,E) has also been obtained fo
A54 @17# using a plane-wave approximation for the fin
states of the three-nucleon continuum. Finally, it is only r
cently that the results of the investigation within
G-matrix perturbation theory of the effects of the short-ran
and tensorNN correlations on thep-wave single-particle
spectral function of16O, have been reported@18#. Thus mi-
croscopic calculations of the full nucleon spectral function
light and complex nuclei are still called for, and it is for th
reason that the development of models ofP(k,E) is useful
and necessary.

In Ref. @1# a model of the nucleon spectral function ha
been proposed according to which, at high values of
nucleon momentum and removal energy,P(k,E) is ex-
pressed as a convolution integral of the momentum distri
tions describing the relative and center-of-mass~CM! motion
of a correlatedNN pair. The basic assumption of the mod
is that the high momentum and high removal energy parts
the nucleon spectral function are generated by ground-s
1689 © 1996 The American Physical Society
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1690 53C. CIOFI DEGLI ATTI AND S. SIMULA
configurations in which two nucleons are very close a
form a correlated pair, whose CM is, at the same time,
apart from the other (A22) nucleons. This means that th
two nucleons in the pair have large relative momenta~i.e.,
krel[ukW12kW2u/2.0.3 GeV/c;kF), whereas the CM mo-
mentum of the pair is a low one (kCM[ukW11kW2u,0.3
GeV/c). It has been shown@1# that such a model satisfacto
rily reproduces the spectral function of3He and nuclear mat-
ter calculated within many-body approaches using realis
models of theNN interaction. However, a comprehensiv
derivation of the model for complex nuclei was not present
in Ref. @1#; thus the aim of this paper is to provide the gen
eral formulation of the convolution model and to apply
both to few-nucleon systems and complex nuclei.

The paper is organized as follows. In Sec. II the definitio
of P(k,E) as well as its general form for uncorrelated an
correlated many-nucleon systems are recalled; since
model for the spectral function relies on some peculiar fe
tures of the nucleon momentum distributions and their re
tionships with the spectral function, in Sec. II this matter w
be also discussed in some details. In Sec. III the convolut
model of P(k,E) sketched in Ref.@1# is extended to any
value of the mass numberA. In Sec. IV the predictions of
our model both for few-nucleon systems and complex nuc
are presented and compared with available many-body c
culations. In Secs. V and VI some applications of our mod
to the analysis of inclusive and exclusive quasielastic ele
tron scattering are presented. Finally, the summary and
conclusions are presented in Section VII.

II. GENERAL THEORETICAL FRAMEWORK:
THE SPECTRAL FUNCTION AND THE NUCLEON

MOMENTUM DISTRIBUTION

A. General definitions

The nucleon spectral functionP(k,E) gives the joint
probability to find in a nucleus a nucleon with momentu
k and removal energyE. Since the latter is defined as
E[uEAu2uEA21u1EA21* @ EA21* being the~positive! excita-
tion energy of the system with (A21) nucleons measured
with respect to its ground state, andEA (EA21) the binding
energy of the nucleusA (A21)#, the spectral function also
represents the probability that, after a nucleon with mome
tum k is removed from the target, the residua
(A21)-nucleon system is left with excitation energ
EA21* . Adopting a nonrelativistic Schrod¨inger description of
nuclei, the nucleon spectral function is defined as follows

P~k,E!5
1

2J011 (
M0s

^CA
0 uakW ,s

† d@E2~H2EA!#akW ,suCA
0&,

~1!

whereakW ,s
† (akW ,s) is the creation~annihilation! operator of a

nucleon with momentumkW and spin projections; CA
0 is the

intrinsic eigenfunction of the ground state of the nucle
HamiltonianH with eigenvalueEA and total angular mo-
mentum~and its projection! J0 (M0). Note that, beingCA

0 an
intrinsic wave function, the motion of the center of mass
the residual system cannot contribute to Eq.~1!. Note, more-
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over, that bothkW andE are intrinsic quantities; the forme
one is the internal momentum conjugate to the relative d
tancezW between the nucleon and the center of mass of
(A21) system, and the latter is directly related to the intr
sic quantityEA21* by E5EA212EA1EA21* [Emin 1EA21* ,
whereEmin[uEAu2uEA21u is the ~positive! minimum value
of the removal energy. Using the completeness relat
( f uCA21

f &^CA21
f u51 for the final states of the residual sy

tem, one has

P~k,E![
1

2J011(
M0s

(
f

u^CA21
f uakW ,su CA

0&u2

3d@E2~EA21
f 2EA!#, ~2!

whereCA21
f is the intrinsic eigenfunction of the statef of

the Hamiltonian HA21 with eigenvalue EA21
f [EA21

1EA21* . Introducing the overlap integralGf0
s (zW) defined as

Gf0
s ~zW ![E dxW . . .dyW @xs

1/2CA21
f ~xW . . . yW !#*CA

0~xW . . . yW ,zW !,

~3!

wherexs
1/2 is the two-component Pauli spinor of the nucleo

one has~cf. Ref. @10#!

P~k,E!5
1

~2p!3
1

2J011 (
M0s

(
f

U E dzW eik
W
•zWGf0

s ~zW !U2
3d@E2~EA21

f 2EA!#. ~4!

B. The nucleon spectral function for uncorrelated
and correlated many-nucleon systems

From Eq.~4! it follows that the nucleon spectral functio
can be represented in the following form~cf. @19#!

P~k,E!5P0~k,E!1P1~k,E!, ~5!

with

P0~k,E![
1

~2p!3
1

2J011 (
M0s

(
f,c

U E dzW eik
W
•zWGf0

s ~zW !U2
3d@E2~EA21

f 2EA!#, ~6!

P1~k,E![
1

~2p!3
1

2J011 (
M0s

(
f.c

U E dzW eik
W
•zWGf0

s ~zW !U2
3d@E2~EA21

f 2EA!#, ~7!

where f,c ( f.c) means that all final states of the residu
system below~above! the continuum threshold are consid
ered, i.e., inP0(k,E) only final states corresponding to th
discrete spectrum ofHA21 are included, whereas all fina
states belonging to the continuum spectrum ofHA21 contrib-
ute toP1(k,E).

Let us now consider the predictions of the mean fie
approach for the nucleon spectral function. If we consider
nucleus as an ensemble of independent nucleons filling s
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model statesa with momentum distributionsna and single-
particle energies«a , one has1

P0
~SM!~k,E!5

1

4pA(
a

Aana
~SM!~k!d@E2u«au# ~8!

and

P1
~SM!~k,E!50. ~9!

In Eq. ~8! Aa is the number of nucleons in the statea
((aAa5A) and the sum overa runs only over hole states of
the target, which means that the occupation probabilitySa is

Sa
~SM![E

0

`

dk k2na
~SM!~k!51 for a,aF

50 for a.aF . ~10!

In the limit A→`, the nucleon spectral function for a non-
interacting Fermi gas is given by

P0
~FG!~k,E!5

3

4pkF
3 u~kF2k!dFE1

k2

2M G ,
P1

~FG!~k,E!50, ~11!

which implies that the occupation probability for the single
particle plane-wave states is equal to 1 fork<kF and 0 for
k.kF .

The main effect ofNN correlations is to deplete states
below the Fermi level and to make the states above the Fer
level partially occupied. By such a mechanismP0(k,E)
ÞP0

SM(k,E) andP1(k,E)Þ0. Disregarding the finite width
of the states below the Fermi level, the~modified! shell-
model contribution can be written as

P0~k,E!5
1

4pA (
a,aF

Aana~k!d@E2u«au#, ~12!

where the occupation probability for hole states (a,aF) is

Sa5E
0

`

dk k2na~k!,1. ~13!

In case of nuclear matter one has@11#

P0~k,E!5
3

4pkF
3 Z~k!u~kF2k!d@E1ev~k!#, ~14!

whereZ(k) is the hole strength andev(k) is the hole single-
particle energy spectrum@in absence ofNN correlations
ev(k)5k2/2M andZ(k)51, so that the Fermi gas spectra
function„Eq. ~11!… is recovered#. As for P1(k,E), its general
expression reads as follows:

1In this paper the normalization of the nucleon momentum distr
butionn(k) is chosen to be*0

`dk k2n(k)51.
-

mi

l

P1~k,E!5
1

~2p!3
1

2J011(
M0s

(
fÞ$a,aF%

U E dzW eik
W
•zWGf0

s ~zW !U2
3d@E2~EA21

f 2EA21!#, ~15!

where more complex configurations of the (A21)-nucleon
system are included, like, e.g., one-particle—two-hole states
which can be reached when two-particle—two-hole states in
the target nucleus are considered. In such a way, the mai
effects ofNN correlations onP1(k,E) is to generate high
momentum and high removal energy components.

Before closing this subsection, let us consider explicitly
the case of nuclei withA<4, for in this case the mean field
picture underlying Eq.~12! is not a realistic one. In case of
the deuteron there is only one possible final state, becaus
the residual (A21) system is just a nucleon; this means that
P1(k,E) for A52 is identically vanishing, even in presence
of NN correlations. Thus the dependence ofP(k,E) upon
the removal energy is simply given by a delta function. Ex-
plicitly, the nucleon spectral function of the deuteron reads as
follows:

P~k,E!5
1

4p
n~D !~k!d@E2Emin#, ~16!

whereEmin52.226 MeV is the deuteron binding energy and
n(D)(k) is the nucleon momentum distribution in the deu-
teron ~see the next subsection!. In case of helium nuclei the
residual (A21)-nucleon system has only one bound state,
namely the ground state of the two- and three-nucleon sys
tem forA53 andA54, respectively. Thus Eq.~6! yields the
nucleon spectral function associated to the ground-to-ground
transition, viz.

P0~k,E!5
1

~2p!3
1

2J011 (
M0s

U E dzW eik
W
•zWG00

s ~zW !U2
3d@E2Emin#, ~17!

whereEmin[uEAu2uEA21u equals to 5.5 MeV and 19.8 MeV
in case of3He and 4He, respectively. As far asP1(k,E) is
concerned, it is given by

P1~k,E!5
1

~2p!3
1

2J011 (
M0s

(
fÞ0

U E drW eik
W
•rWGf0

s ~rW !U2
3d@E2~EA21

f 2EA21!#. ~18!

C. The spectral function and the nucleon momentum
distribution

The nucleon momentum distributionn(k) is defined as
follows:

n~k![
1

2p2E dzW dzW8 eik
W
•~zW2zW8!r~zW,zW8!, ~19!

where~omitting spin indices!

r~zW,zW8![E dxW . . .dyW @CA
0~xW . . . yW ,zW !#*CA

0~xW . . . yW ,zW8!

~20!
i-
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is the off-diagonal one-body density matrix. The calculatio
of n(k) is simpler than the calculation ofP(k,E), for only
the ground-state wave function is required. The relation b
tweenn(k) andP(k,E) can be easily obtained by inserting
in Eq. ~20! the completeness relation( f uCA21

f &^CA21
f u51

for the final states of the residual system and by using E
~4!; one obtains the following momentum sum rule:

n~k!54pE
Emin

`

dE P~k,E!. ~21!

Using the decomposition given by Eq.~5!, one has~cf. @20#,
@19#!

n~k!5n0~k!1n1~k!, ~22!

with

n0~k![4pE
Emin

`

dE P0~k,E!

5
1

2p2

1

2J011 (
M0s

(
f5$a,aF%

U E dzW eik
W
•zWGf0

s ~zW !U2,
~23!

n1~k![4pE
Emin

`

dE P1~k,E!

5
1

2p2

1

2J011 (
M0s

(
fÞ$a,aF%

U E dzW eik
W
•zWGf0

s ~zW !U2.
~24!

For A53 andA54, one gets@cf. Eq. ~17!#

n0~k!5
1

2p2

1

2J011 (
M0s

U E dzW eik
W
•zWG00

s ~zW !U2, ~25!

whereas for a complex nucleus, whenNN correlations are
considered, one has@cf. Eq. ~12!#

n0~k!5
1

4pA (
a,aF

Aana~k!. ~26!

It can be seen therefore that in both cases there is a di
relationship betweenP0(k,E) andn0(k), viz.

P0~k,E!5
1

4p
n0~k!d@E2Emin# ~27!

for a few-body system, and Eq.~12! for a complex nucleus.
On the contrary,P1(k,E) cannot be expressed in terms o
n1(k) both in case of light and complex nuclei.

The integration ofn0(k) andn1(k) over the nucleon mo-
mentum yields the spectroscopic factorsS0 andS1 , respec-
tively, viz.
n

e-

q.

rect

f

S0[E
0

`

dk k2n0~k!5 (
a,aF

Sa ,

~28!

S1[E
0

`

dk k2n1~k!,

with S01S151. Within the mean field picture one has
S051 andS150. WhenNN correlations are considered, it
turns out that the spectroscopic factor of the ground-t
ground transitionS0 is equal to.0.65 and.0.8 ~implying
S1.0.35 and.0.2) for 3He @20# and 4He @21,17#, respec-
tively, whereas the average depletion of single-particle sta
below Fermi level in complex nuclei is expected to b
S0.0.8 in overall agreement with the results obtained fro
high-resolution exclusive experiments@4#. In case of the in-
finite nuclear matter the calculation of Ref.@22# yields
S0.0.75, which meansS1.0.25.

The nucleon momentum distributionn(k) has been calcu-
lated for several nuclei, ranging from the deuteron to nucle
matter @20–29#, using nonrelativistic ground-state wave
functions with realistic models of theNN interaction~like,
e.g., the Reid soft core interaction@30#, the Paris potential
@31#, and the Argonnev14 interaction@32#! and considering
also three-nucleon forces~cf. Ref. @23#!. A sample of the
results of those calculations is reported in Fig. 1, where it c
be clearly seen that~i! the low-momentum part ofn(k)
(k,1.5 fm21) is almost totally exhausted byn0(k), which
means thatn(k) at low momenta is dominated by the single
particle features of the nuclear structure;~ii ! the high-
momentum tail ofn(k) (k.1.5 fm21) is entirely governed
by n1(k), which at high momenta overwhelms the contribu
tion from n0(k) by several orders of magnitude; this mean
that n(k) at high momenta is governed by the short-rang
properties of nuclear structure;~iii ! both at low and high
momenta the results of the existing calculations ofn(k)
agree fairly well with the general trend of the nucleon mo
mentum distribution extracted from inclusive and exclusiv
experiments.

In Fig. 2~a! the nucleon momentum distributions calcu
lated for complex nuclei are directly compared with the on
of the deuteron. It can be clearly seen that the hig
momentum tail ofn(k) at k.2 fm21 is similar for all nuclei
and it is essentially given by the nucleon momentum dist
bution of the deuteron times anA-dependent scale factor.
Therefore, the ratio ofnA(k) for a nucleusA to nD(k) for the
deuteron is expected to exhibit a plateau fork.2 fm21, as it
indeed appears in Fig. 2~b!. The height of the plateau turns
out to be;2 for the proton in3He, ;4 in 4He and 16O,
;4.5 in 56Fe, and;5 in nuclear matter. The similarity be-
tween the high momentum parts of the momentum distrib
tions for complex nuclei and the deuteron has been firs
illustrated in Ref.@28#.

From the above considerations it follows that a simp
model for the nucleon momentum distributionn(k) could
read as follows:

n~k!.n0~k!5
1

4pA (
a,aF

Aana~k! for k, k̃,

n~k!.n1~k!5CAndeut~k! for k. k̃, ~29!
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FIG. 1. The many-body nucleon momentum distributionn(k) @Eq. ~19!# corresponding to the parametrization described in the Appendix~solid
lines!. Considering the representation~ 22!, the momentum distributionn0(k) @Eq. ~25! for A53,4 and Eq.~ 26! for complex nuclei# is given by
the dotted lines. The deuteron momentum distribution has been calculated using the Paris potential@31# and the many-body results for the
momentum distributionsn0(k) andn(k) have been taken from Refs.@20# (3He! @23#, (4He! @24#, (12C and 40Ca) @25#, (16O! @26#, (56Fe! @27#,
(208Pb!, and @22# ~infinite nuclear matter!. The normalization ofn(k) is *0

`dk k2n(k)51. The theoretical calculations are compared with th
experimental values ofn0(k) andn(k) extracted from the experimental data on inclusiveA(e,e8)X and exclusiveA(e,e8p)X reactions. The open
squares represent the results obtained within they-scaling analysis of inclusive data for2H, 3He, 4He,12C, 56Fe and nuclear matter performed in
Ref. @2#, and the full triangles are the results forn(k) in 4He extracted from the exclusive reaction4He(e,e8p)X @6#. The open triangles represent
the values ofn0(k) obtained from the exclusive experiments off2H @33#, 3He @5#, 4He @34#, and 12C @35#.
where k̃.2.0 fm21. We have parametrized the results
many-body calculations forn0(k) and n1(k), shown in
Fig.1, using simple functional forms inspired by Eq.~29! ~cf.
Appendix!.
of In what follows we will make use of two important quan-
tities, viz. the relative and center-of-mass~CM! momentum
distributions of a two-nucleon cluster (N1N2), which are de-
fined as follows:
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nrel
N1N2~kW rel!5E dkW CM nN1N2S kW rel1 kWCM

2
,2kW rel1

kWCM
2

D ,
~30!

nCM
N1N2~kWCM!5E dkW rel n

N1N2S kW rel1 kWCM
2

,2kW rel1
kWCM
2

D ,
~31!

wherekW rel[ (kW12kW2)/2 andkWCM[ kW11k2W are the relative
and CM momentum of the pairN1N2 , respectively, with
kW1 andkW2 being measured from the CM of the system. In E
~30! nN1N2(kW1 ,kW2) is the two-nucleon momentum distribu
tion

nN1N2~kW1 ,kW2![
1

~2p!6
E dzW1 dzW2 dzW18 dzW28 e

ikW1•~z
W
12zW18!

3eik
W
2•~z

W
22zW28!rN1N2~zW1 ,zW2 ;zW18 ,zW28!, ~32!

where

rN1N2~zW1 ,zW2 ;zW18 ,zW28![E dxW . . .dyW @CA
0~xW . . . yW ,zW1 ,zW2!#*

3CA
0~xW . . . yW ,zW18 ,zW28! ~33!

is the off-diagonal two-body density matrix. It should b
pointed out that the evaluation of bothnrel

N1N2 andnCM
N1N2 re-

quires the knowledge of the ground-state wave function on
Till now, calculations of the relative and CM momentum
distributions, obtained within many-body approaches, ha
been reported only forA53 @9# andA54 @36#.

Before closing this subsection, we would like to mentio
that all the calculations ofn(k) considered in this paper are
based on the use of a non-relativistic nuclear wave functi
It is only recently that estimates of the relativistic correction
to the nuclear Hamiltonian has been calculated in case
light nuclei @37#; however, the effects of such corrections o
n(k) turns out to be quite small up tok;4–5 fm21, which
is just the limit considered in this paper.

D. The saturation of the momentum sum rule

In Ref. @20# a relevant relationship between high mome
tum and high removal energy components has been for
first time illustrated by considering the partial momentu
distributionnf(k), defined as follows:

nf~k![4pE
Emin

Ef
dE P~k,E!, ~34!

where the upper limit of integrationEf can be varied from
E min to `. By definition, the partial momentum distribution
nf(k) represents that part ofn(k) which is due to final
(A21)-nucleon states withE<Ef . WhenEf→`, one gets
nf(k)→n(k), and the momentum sum rule@Eq. ~21!# is re-
covered. Thus the behavior ofnf(k) as a function ofEf
provides information on the saturation of the momentu
sum rule and the relevance of binding effects. The calcu
q.
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ve
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tion of nf(k) clearly requires the knowledge of the nucleo
spectral function and, therefore, till now has been perform
only for A53 andA5`. The results of@20# for 3He are
reported in Fig. 3~a! for various values ofEf . It can be seen
that at low values ofk (,1.5 fm21) the momentum sum
rule is saturated already at values ofEf very close toEmin ;
this is not surprising, for at low momenta the nucleon spe
tral function is dominated by its componentP0(k,E), whose
strength is almost totally concentrated at low values of t
removal energy@cf. Eq. ~17! for 3He and also Eq.~14! in
case of infinite nuclear matter#. On the contrary, at high val-
ues ofk (.1.5 fm21) the momentum sum rule is saturate
only when high values ofEf are considered in Eq.~34!; one
finds that the higher the value ofk the higher the value of
Ef needed to saturate the momentum sum rule. These
tures of the saturation of the momentum sum rule at hi
momenta are due to the fact that the correlated p
P1(k,E) of the spectral function is spread over a wide rang
of values ofE for a givenk, in agreement with the theoreti-
cal predictions of many-body approaches~see Ref.@1#! as
well as with the experimental data on the exclusive proces
3He(e,e8p)X @5# and 4He(e,e8p)X @6#, in which the re-
moval energy and momentum dependencies of the nucle
emission roughly follow the kinematics of the emission from
a two-nucleon system. Recently, such an important feature
the saturation of the momentum sum rule at high momen
has been also demonstrated for infinite nuclear matter in R
@11#, as exhibited in Fig. 3~b!.

III. THE CONVOLUTION MODEL FOR THE NUCLEON
SPECTRAL FUNCTION

To develop our model spectral function, we make use
the two main results emerging from the analysis of existin
calculations ofn(k) andnf(k) presented in the previous sec
tion, namely~i! the ‘‘deuteronlike’’ tail ofn(k), i.e., the ob-
servation that, apart from an overall scale factor, the behav
of n(k) at high momenta (k.2 fm21) is almost independent
of the atomic weightA; ~ii ! the saturation of the momentum
sum rule at high momenta, which clearly indicates the stro
link between high momentum and high removal energy co
ponents of the nuclear wave function, which are both gen
ated byNN correlations. Both features should reflect som
local properties of theNN wave function in the nuclear me-
dium at short internucleon separations.

A. The two-nucleon correlation model

The analysis of the momentum distributions and the sa
ration of the momentum sum rule presented in Sec. II, sh
that high momentum and high removal energy compone
in nuclei are generated byNN correlations resembling the
ones acting in a deuteron, with the many body aspects
pearing through the constantCA @cf. Eq. ~29!# and the rich
spectrum of removal energy values of the spectral functi
for anA.2 nucleus. A first microscopic model ofNN cor-
relations generating both high momentum and high remo
energy components has been proposed in@38#, where, by
analyzing the perturbative expansion of theNN interaction
and the nucleon momentum distribution forNN potentials
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decreasing at largek as powers ofk, it has been argued tha
the nucleon spectral function at high values of bothk and
E should be governed by ground-state configurations

which the high-momentumkW1[kW of a nucleon is almost en

tirely balanced by the momentumkW2.2kW of another
nucleon, with the remaining (A22) nucleons acting as a

spectator with momentumkWA22.0.2 When the momentum
and the intrinsic excitation energy of the (A22) system are
totally disregarded, the energy conservation would requ
that

2Configurations corresponding to high values ofukWA22u should be
ascribed to three-nucleon correlations; indeed, high values

ukWA22u can be due to ground-state configurations with a th
‘‘hard’’ nucleon, whose momentum balances the CM one of p
ticles 1 and 2.

FIG. 2. The nucleon momentum distributions of Fig. 1 show
all together~a! and their ratio to the deuteron momentum distrib
tion n(D)(k) ~b!. The solid, dashed, dotted, dot-dashed, long dash
dot-long dashed lines correspond to2H, 3He, 4He, 16O, 56Fe, and
nuclear matter, respectively.
in

ire

EA21* 1EA21
R .

k2

2M
, ~35!

where EA21
R 5k2/2(A21)M is the recoil energy of the

(A21)-nucleon system; thus the intrinsic excitation of the
(A21) system would be

EA21* 5
A22

A21

k2

2M
. ~36!

Within such a picture, the nucleon spectral function
P1(k,E) has the following form:

P1~k,E!5
1

4p
n1~k!d@E2E1

~2NC!~k!#, ~37!

with

of

rd
r-

n
-
ed,

FIG. 3. The saturation of the momentum sum rule in3He ~a!
and infinite nuclear matter~b!. The dotted and solid lines corre-
spond to the momentum distributionn0(k) and to the total momen-
tum distributionn(k), respectively. In case of3He the dot-dashed,
dashed, and long dashed lines correspond to Eq.~ 34! calculated in
Ref. @20# atEf517.75,55.5,305.5 MeV, whereas for nuclear matter
the dot-dashed and dashed lines correspond@11# to Ef5100 and
300 MeV, respectively.
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1696 53C. CIOFI DEGLI ATTI AND S. SIMULA
E1
~2NC!~k!5Ethr

~2!1
A22

A21

k2

2M
, ~38!

where Ethr
(2)[uEAu2uEA22u is the two-nucleon breakup

threshold.
Let us denote byE1

peak(k) the value of the removal energ
at which, for a given momentumk, the spectral function
P1(k,E) has its maximum, and bŷE(k)&1 the mean re-
moval energy for a givenk, viz.

^E~k!&1[
4p

n1~k!
E
Emin

`

dE EP1~k,E!. ~39!

Using the spectral function given by Eq.~37! one gets

^E~k!&15E1
peak~k!5E1

~2NC!~k!. ~40!

FIG. 4. Momentum and removal energy dependences of
nucleon spectral functionP(k,E) ~timesk2) calculated in Ref.@10#
for 3He ~a! and in Ref.@11# for infinite nuclear matter~b!.
y

In what follows, the model given by Eq.~37! will be referred
to as the two-nucleon correlation~2NC! model. At high val-
ues ofk andE, the nucleon spectral function calculated
3He @10# and nuclear matter@11# exhibits, indeed, for fixed
values ofk, broad peaks inE, whose width increases with
k. This is illustrated in Fig. 4, where the spectral function
3He and infinite nuclear matter are shown fork.2 fm21

andE.50 MeV. In order to emphasize the high-momentu
part of P1(k,E) due to NN correlations, the quantity
k2•P1(k,E) has been plotted; it can indeed be seen that
fixed values ofk, a peak-shaped behavior is exhibited, whi
can be characterized by three relevant quantities, viz.
peak positionE1

peak(k), the mean removal energŷE(k)&1
defined by Eq.~39! and the full width at half maximum
~FWHM!. In Ref. @1# a quantitative comparison between th
2NC model and the many-body spectral function has be
presented. The results are reported in Fig. 5, which shows
impressive agreement between the value of^E(k)&1 calcu-
lated with the many-body spectral function and the pred
tions of the 2NC model. However, it can also be seen that
2NC model cannot predict the difference between^E(k)&1
andE1

peak(k) obtained within many-body calculations. More
over, the 2NC model, by definition, cannot provide values
the spectral function forEÞE1

2NC(k).

B. The extended two-nucleon correlation model

In Ref. @1# the NN correlation mechanism, which pro
duces a nonvanishing spectral function forEÞE1(k), has
been found to be the motion of the CM of the correlat
NN pair, and an expression ofP1(k,E) in terms of a convo-
lution integral of the relative and CM momentum distribu
tions of a correlated pair has been derived in details for
case of 3He. In this section we show that a convolutio

the

FIG. 5. Comparison of the values of the mean removal ene
^E(k)&1 ~open squares!, defined by Eq.~39!, and the peak position
E1
peak ~full squares! for 3He and nuclear matter, calculated with th

spectral functions of Refs.@10# and@11#, respectively, with the pre-
dictions of the 2NC model@see Eq.~37!#. The dotted lines are the
results obtained using Eqs.~40! and ~38!, which yield explicitly
^E(k)&15E1

peak5Ethr
(2)1k2/4M in case of3He and^E(k)&15E1

peak

5Ethr
(2)1k2/2M for nuclear matter.



s

ng

tive

ral
in
h
ral
a
s

e
n
a

he
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formula can be obtained for any value of the mass numb
A, and that such a convolution formula follows from the
high k2E limit of the spectral function. We will obtain our
model of the spectral function of a nucleonN1 (N15n,p)
starting from the definition~4!. We are interested in 2p-2h
(1p-2h) configurations ofCA

0 (CA21
f A21) appearing in the

overlap integral~3!. The following Jacobian coordinates and
conjugate momenta referring to particles 1 and 2~with rest
mass M ) in the continuum, and ‘‘particle’’ 3 @the
(A22)-nucleon system# with rest mass (A22)M , will be
used

xW5rW12rW2 , kW x5
kW12kW2
2

, yW5rW32
rW11rW2
2

kW y5
2kW32~A22!~kW11kW2!

A
. ~41!

In what follows the sets of coordinates$rW i% and conjugate
momenta$kW i% are measured from the CM of the nucleus~i.e.,
they satisfy the relations( i51

A rW i50 and( i51
A kW i50), so that

one has

kW x5
kW12kW2
2

[kW rel , kW y5kW352~kW11kW2![2kWCM ,

~42!

wherekW rel andkWCM are the relative and CM momentum of the
correlatedNN pair, respectively. In terms of these variable
the ground-state wave function can be written in the follow
ing general form:
er

-

CA
0~$rW i%A!5ÂAH (

nmfA22

anmfA22
@Fn~xW ! ^ xm~yW !#

^ CA22
f A22~$rW i%A22!J , ~43!

where Â is a proper antisymmetrization operator;^ is a
short-hand notation for the standard Clebsh-Gordan coupli
of orbital and spin angular momenta;$Fn(xW )% ($xm(yW )%)
represents a complete set of states describing the rela
~CM! motion of the pair (1,2) and$CA22

f A22($rW i%A22)% the
complete set of states describing the (A22) system. The
ansatz~43! is the exact one needed to calculate the spect
function corresponding to states in which two particles are
the continuum. Our aim, however, is to describe the hig
momentum and high removal energy parts of the spect
function. To this end, we adhere to the argument that such
part of P1(k,E) is generated by ground-state configuration
in which two particles are strongly correlated, with the
(A22) particles simply creating the mean field in which th
correlated pair is moving. If we view such a configuration i
momentum space, we would say that we are dealing with
NN correlated pair with a very high relative momentum
(ukW xu.kf;1.5 fm21) and a low CM momentum (ukW yu,1.5
fm21); these assumptions allows one to safely describe t
CM motion wave function in~43! by ans-wave state~which
we denote bym50), obtaining

CA
0~$rW i%A!.ÂH x0~yW ! (

n fA22

an0 f A22
@Fn~xW !

^ CA22
f A22~$rW i%A22!#J . ~44!
ri-

e
r

FIG. 6. The high-momentum part of the rela-
tive ~rel! momentum distribution and the low-
momentum part of center-of-mass~CM! momen-
tum distribution@see Eq.~42! for the definition of
the relative and CM momenta of a correlated
NN pair!. In case of 3He the open~full ! dots
correspond to the results of Refs.@10# and@9#, for
app (nn) pair, respectively~the interaction is the
RSC one@30#!; the full and dashed lines fornrel
represent the rescaled deuteron momentum dist
butions @Eq. ~55! with CA51.8 for thepp pair
and CA52.5 for thepn pair#, whereas the full
line for nCM is the Gaussian parametrization
given by Eq.~56!. In case of4He the triangles
represent the results obtained in Ref.@21# using
the RSC interaction, whereas the full curves ar
the rescaled deuteron momentum distribution fo
nrel @Eq. ~55! with C

A53.2# and the Gaussian pa-
rametrization of Eq.~56! for nCM . The values
adopted for the parameteraCM are reported in
Table I.
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1698 53C. CIOFI DEGLI ATTI AND S. SIMULA
To further elaborate on the structure of the wave functi
~44!, we make use of the results illustrated in Sec. II C
namely, since the CM of the pair involves only low
momentum components, the excitation spectrum of t
(A22) system ($ f A22%) is mainly limited to the ground
state and to the~low-lying! excited states corresponding t
configurations generated by the removal of two particl
from different shell model states of the target; thus denoti
such states byf A2250̄, we have

CA
0~$rW i%A!.Â$x0~yW !@F~xW ! ^ CA22

0̄ ~$rW i%A22!#%, ~45!

where

F~xW !5(
n

an00̄Fn~xW ! ~46!

describes the relative motion of the correlated pair in t
nuclear medium, which at smalluxW u can be considered inde-
pendent of the particular shells from which the two nucleo
of the pair are removed by the effects of short-rangeNN
correlations. Let us reiterate that Eq.~45! is our basic starting
point for obtaining the spectral function. The basic assum
tion underlying Eq.~45! is that high-momentum component
in nuclei are due to strong correlations between two nuc
ons, whose CM momentum is a low one~which, in turns,
means thatuxW u,,uyW u); once such an assumption is made,
follows that the (A22) system is in its ground state; the
nucleons belonging to the (A22) ‘‘spectator’’ system may
well be strongly correlated between themselves, but the ba
assumption is that they are almost independent from the ‘‘
tive’’ correlated pair which ‘‘feels’’ the (A22) system only
through the low-momentum CM motion. An important fea
ture of our 2NC model is that high values of the excitatio
energy of the residual (A21) system are almost totally due
to high values of the kinetic energy of the relative motion
the correlated nucleon with the ‘‘spectator’’ (A22) system,
i.e., they are not generated by high values of the excitat
energy of the (A22) system. To sum up, we assume that th
ansatz~45! can describe the real configurations leading to t
high momentum and high removal energy components of
spectral function.

Let us now discuss the final statesCA21
f A21 of the residual

(A21)-nucleon system. The wave functionCA21
f A21 is ap-

proximated as

CA21
f A21~$rW i%A21!5ÂA21$e

ikW2•r
W
2^ CA22

f̃ A22~$rW i%A22!%,
~47!

where the distortion effects arising from the rescattering
particle 2 with ‘‘particle 3’’ have been neglected. The form
~48! is the natural extension to the final states of the resid
system of the basic assumption underlying Eq.~44! for the
initial state. As a matter of fact, after the removal of partic
1 from a correlated pair, the correlated particle 2 is emitt
because of recoil and ‘‘feels’’ the mean field produced by t
(A22) system only in the low-momentum part of its fina
amplitude. In other words, the final state interaction of pa
ticle 2 is suppressed by the fact that the configurations r
evant for the highk-E part of the nucleon spectral function
n
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are those in whichuxW u!uyW u. It should be pointed out that in
case of 3He explicit many-body calculations@39# of the
nucleon spectral function clearly show that the effects of t
interaction in the residual system are relevant only for t
low removal-energy part ofP1(k,E), whereas they are neg-
ligible for the highk-E component which we are intereste
in.

Placing Eqs.~45! and ~47! into Eq. ~3! and omitting spin
indices for sake of simplicity, we get for the Fourier trans
form of the overlap integral the following expression:

E dzW eik
W
•zWGf0~zW !}E dxW dyW eik

W
x•x

W1 ikWy•y
W
x0~yW !F~xW !

5x̃0~kW y!F̃~kW x!, ~48!

whereF̃(kW x) @x̃0(kW y)# is the amplitude for the relative~CM!
motion of the correlated pair in momentum space. Within o
model the energy conservation appearing in Eq.~4! reads as
follows:

E2EA21
f 1EA5E1uEA22u2

u tWu2

2m
2uEAu

5E2S Ethr
~2!1

u tWu2

2m
D , ~49!

where

u tWu2

2m
[

~A21!

2M ~A22!
F ~A22!kW22kW3

A21
G2

5
~A22!

2M ~A21!
FkW1

~A21!kW3
A22

G2 ~50!

FIG. 7. Comparison of the values of the mean removal ener
^E(k)&1 ~open squares!, defined by Eq.~39!, and the peak position
E1
peak ~full squares! for 3He and nuclear matter, calculated with th

spectral functions of Refs.@10# and@11#, respectively, with the pre-
dictions of the extended 2NC model@see Eq.~51!#. The dashed and
solid lines correspond, respectively, to the values of^E(k)&1 and
E1
peakobtained using in Eq.~53! the effective relative and CM mo-

mentum distributions given by Eqs.~55! and ~56!, respectively.
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53 1699REALISTIC MODEL OF THE NUCLEON SPECTRAL FUNCTION . . .
is the energy of the relative motion of particle 2 and ‘‘3
(A22), i.e., the excitation energy of the (A21) system.
Thus placing Eqs.~48!–~50! into Eq. ~4! the following con-
volution formula is obtained for any value ofA:

P1
~N1!

~k,E!5N (
N25n,p

E dkW3 dFE2Ethr
~2!2

~A22!

2M ~A21!

3S kW1
~A21!kW3
~A22!

D 2GnrelN1N2S UkW1
kW3
2
U D

3nCM
N1N2~ ukW3u!. ~51!

In Eq. ~51! the value ofN can be chosen in order to repro
duce the correlated part of the nucleon momentum distrib
tion n1(k)5n(k)2n0(k)@.n(k) for k.1.5 fm21#, viz.

E
Ethr

~2!

`

dE P1
~N1!

~k,E!5n1~k!. ~52!

From Eq. ~51! it can be seen that the 2NC model can be
recovered by placingnCM

N1N2(kW3)5d(kW3), i.e., the spectator
nucleon at rest. When the motion of the latter and the li
betweenkW , kW3 andE are considered, a nucleon spectral fun
tion in the whole range of variation ofE (Ethr

(2)<E,`) is
generated. Moreover, the removal energy dependence
P1
(N1)(k,E) is governed by the behavior ofnCM

N1N2 and

nrel
N1N2 , whose calculation, unlike the case of the spect
function itself, requires the knowledge of the ground-sta
wave function only.

A further integration in Eq.~51! over the angular variables
of kW3 yields

P1
~N1!

~k,E!

5
2pM

k
N (

N25n,p
E
k3

2

k3
1

dk3 k3nrel
N1N2~kx* !nCM

N1N2~k3!, ~53!

wherek3[ukW3u and

k3
65

A22

A21
uk6k0u, k05A2M

A21

A22
@E2Ethr

~2!#,

kx*5AAk21~A22!k0
2

2~A21!
2

Ak3
2

4~A22!
. ~54!

It can be easily seen that Eq.~53! reduces forA53 to the
convolution formula given by Eq.~18! of Ref. @1#. As al-
ready pointed out, in Eq.~53! nrel

N1N2 refers to a proper spin
and isospin combination of aN1N2 pair in the continuum,
and, correspondingly,nCM

N1N2 represents the momentum distri
bution of aN1N2 pair with respect to the (A22) system in
its ground state. The ‘‘three-body’’ configuration underlyin
Eq. ~53! is such that two correlated particles are very clos
whereas the (A22) core is far from their CM. Therefore, in
Eq. ~53! the relevant contribution has to be provided by th
low-momentum part ofnCM

N1N2 and by the high-momentum

one ofnrel
N1N2 . Such a ground-state configuration is automa
’’
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cally generated by the use of the CM momentum distribut
in the l 50 ~mean field! state, which, fork.2 fm21, does
not include the high-momentum components generated
the short-range and tensor correlations. We would like
stress here that, according to our assumptions, Eq.~53! is
expected to correctly describe the nucleon spectral func
only for high values ofk andE, when the (A22) system is
in its ground state; in terms ofnrel

N1N2 andnCM
N1N2 it means that

only high ~low! values ofkx* (k3) have to be considered in
Eq. ~53!.

IV. THE MODEL SPECTRAL FUNCTION FOR
FEW-NUCLEON SYSTEMS AND COMPLEX NUCLEI

In this section our model spectral function will be pre
sented for 3<A,`. For the three-nucleon system and infi
nite nuclear matter our model spectral function will be com
pared with the one obtained from many-body calculatio
According to Eq.~53!, the basic ingredients to calculate th
spectral function are the relative and CM momentum dis
butions ofNN pair in the nucleus. These quantities ha
been calculated forA53,4 and their behavior will be dis-
cussed together with model distributions for complex nuc

A. The relative and CM momentum distributions

The quantities~30! and ~31! pertaining to a neutron-
proton and neutron~proton!–neutron~proton! pairs in 3He
and 4He, calculated in Refs.@10# and @36# using the Reid
soft core interaction@30#, are presented in Fig. 6, where the
are compared with a rescaled deuteron momentum distr
tion for the high-momentum part of the relative distribution
and with a simple Gaussian parametrization for the lo
momentum part of the CM distributions@see also Eq.~42!
which relates the relative and CM momenta (kW rel and kWCM)
with the Jacobian momentakW x andkW3 appearing in Eq.~53!#.
It can be seen that~i! the high-momentum part of the relativ
distribution can be very accurately explained by a resca
deuteron momentum distribution, as suggested by severa
vestigations; therefore, the following effective relative m
mentum distribution will be used in Eq.~53!

nrel
eff~krel!5CAnD~krel!, ~55!

whereCA is the same constant appearing in Eq.~29!;3 ~ii ! the
low-momentum part ofnCM

N1N2 can be fairly well reproduced
by a Gaussian distribution, in agreement with our assump
that the CM moves in ans-wave state; thus, for complex
nuclei we will use in Eq.~53! the following effective CM
momentum distribution:

nCM
eff ~kCM!5S aCM

p D 3/2e2aCMkCM
2

~56!

with the parameteraCM determined as follows. Let us star
from the trivial relation^(( i51

A kW i)
2&50, where the expecta-

tion value is performed with respect to the intrinsic wa

3Note that by using~55! in ~51! one gets, due to~29!, that
N .1 for k.2 fm21.
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1700 53C. CIOFI DEGLI ATTI AND S. SIMULA
function CA
0; such a relation implies A^k2&1A(A

21)^kW1•kW2&50, wherê k2& is the mean value of the square
single nucleon momentum; then̂kCM

2 &52(A22)^k2&/
(A21). Since, according to our model, the distribution~56!
should not include high-momentum components genera
by short-range and tensor correlations, the value of^k2& is
taken to be equal to the one obtained within the mean-fi
approach. Therefore,aCM appearing in Eq.~56! is given by

aCM5
3

2^kCM
2 &

5
3~A21!

4~A22!

1

2M ^T&~SM! , ~57!

where ^T& (SM) is the expectation value of the~single!
nucleon kinetic energy calculated within the mean-field a
proach. The value ofaCM determined by Eq.~57! for various
nuclei as well as the value of the parameterCA Appearing in
Eq. ~55! are listed in Table I.

B. The nucleon spectral function of 3He and nuclear matter

Here, the quantityP1(k,E) for
3He and infinite nuclear

matter calculated from Eq.~53! will be presented and com
pared with the same quantity calculated from many-bo
approaches already discussed and shown in Fig. 4. Firs
all, let us show the comparison between our model pred
tions for the peak positionE1

peak(k), the mean removal en
ergy1 and the FWHM, with the predictions from many-bod
calculations. An inspection at Eq.~53! shows qualitatively
the following relevant features of the spectral function:~i! if
nrel and n CM are described within an independent partic
model~e.g., Gaussians with the same length parameter!, Eq.
~53! predicts a maximum of the spectral function close
E5Ethr

(2) with a monotonic decrease withE; ~ii ! because of
the k3 and k0 dependence of the argumentkx* of n rel , the
spectral function exhibits a peak-shaped behavior with
peak position located at a value lower than the one predic
by the 2NC model@see Eq.~38!#; ~iii ! the shift of the peak

TABLE I. The values of the parametersCA @Eq. ~55!# and
aCM @Eq. ~56!# for various nuclei. The value ofCA is estimated
from the height of the plateau exhibited by the ratio of the nucle
momentum distributionn(k) of a nucleus to the one of the deutero
at k.2 fm21 @see Fig. 2~b!#. The value ofa CM is calculated using
Eq. ~57!. In case of3He and4He the value of̂ T& (SM) is estimated
adopting a simple harmonic oscillator~HO! wave function with the
value of the HO length chosen in order to reproduce the experim
tal value of the charge radius of the nucleus. In case ofA5` the
Fermi-gas prediction~i.e., ^T& (FG)53kF

2/10M ) is considered with
kF51.33 fm21.

Nucleus CA
^T& (SM)

~MeV!
aCM

~fm2!

3He 1.9 8.5 3.7
4He 3.8 9.8 2.4
12C 4.0 16.9 1.0
16O 4.2 14.0 1.2
40Ca 4.4 16.7 0.98
56Fe 4.5 14.3 1.1
208Pb 4.8 18.4 0.85
A5` 4.9 22.0 0.71
d
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y
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position with respect to the 2NC model, as well as the sha
of the spectral function near the peak, are mostly govern
by the highk0 dependence ofnrel(kx* ). If the latter is chosen
to be of the Gaussian form, the peak position and the FWH
can be expressed as a series expansion in terms of the
rameter

g[
A21

2~A22!
^kCM

2 &/^k rel
2 &, ~58!

where^krel
2 & and ^kCM

2 & are the mean-square momenta asso
ciated to the high and the low-momentum parts ofnrel and
n CM , respectively. One has

E1
peak~k!.Ethr

~2!1
A22

A21

k2

2M
@122g#1O~g2!, ~59!

FWHM~k!.A^kCM
2 &8 ln2

3
~12g!

k

M
1O~g2!. ~60!

Equations~59! and ~60! show again that in the limit of a
static spectator (A22) system~i.e., ^kCM

2 &→0) the 2NC
model is recovered @i.e., E1

peak(k)5Ethr
(2)1(A22)k2/

2(A21)M and FWHM5 0#. The motion of the spectator
system, coupled, through energy and momentum conser
tion, to the relative motion of the correlated pair@cf. Eq.
~53!#, produces both a shift~by a percentage amount of the
order of.2g) of the peak position from the value predicted
by the 2NC model, as well as the removal energy depe
dence of the spectral function forEÞE1

peak(k). The validity
of the above expressions relies on the smallness of the p
rameterg. From many-body calculations@9–11# one gets
^krel

2 &;6 fm22 (;7 fm22) and ^kCM
2 &;0.5 fm22 (;2

fm22) for 3He ~nuclear matter!, so that g3He;0.08
(gNM;0.14). In Figs. 8 and 9E1

peak(k) and FWHM calcu-
lated using Eqs.~59! and~60!, as well as using the full spec-
tral function, are compared with the corresponding quantitie
predicted by many-body spectral functions shown in Fig. 4
It can be seen that~i! unlike the 2NC model in which
^E(k)&15E1

peak(k), in disagreement with the results of theo-
retical calculations, Eq.~53! is able to correctly predict the
relation^E(k)&1.E1

peak(k) ~cf. Fig. 7!; ~ii ! the values of the
FWHM, which is obviously zero in the 2NC model, is cor-
rectly predicted by Eq.~53!. It turns out also that from the
results presented in Fig. 8, the linear dependence of t
FWHM uponk @see Eq.~60!# provides a satisfactory repro-
duction of the average value of the FWHM up to large valu
of k; at the same time, it appears that the calculations wi
the many-body spectral function also give rise to terms qu
dratic ink, which are reproduced by evaluating Eq.~53! with
realistic momentum distributions. Eventually, in Fig. 9 we
present a direct comparison of our model spectral functio
with the many-body ones. It can be seen that the whole sha
of P1(k,E) is satisfactorily reproduced in a wide range o
values ofE around the peak. It can be noticed that the rang
of k andE for which our model can be applied is wider in
nuclear matter than in3He. This is a typicalA-dependent
effect, since it is due to theA dependence of the FWHM@cf.
Eq. ~60!#. In Fig. 10 we provide a three-dimensional plot o
the spectral functions; there it can be seen that, whereas

on
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nuclear matter the agreement between the model and ma
body spectral functions is a satisfactory one in the who
range of momenta and energies considered, in3He an appre-
ciable disagreement in the lowk–highE region can be ob-
served. Such a disagreement, which, we reiterate, appear
3He but not in nuclear matter, can be ascribed to the effe
of three and more nucleon correlations for the following re
son: our model includes two-nucleon correlations only, i.e.,
cannot account for three and more nucleon correlation
which correspond to configurations in which more than tw
particles get close by. Since the ‘‘exact’’3He spectral func-
tion includes three-nucleon correlations, and since the
mainly affect very low and very high energy tails, the reaso
for the disagreement in3He is clear: it is due to the absence
of three-nucleon correlations in our model. On the oth
hand side, in the case of nuclear matter, the overall agr
ment between the many-body@11# and our model spectral
functions would probably indicate that the three-nucleon co
relations, generated by the Jastrow correlation factor in R
@11#, do not produce a sizable effect onP(k,E), at least in
the k2E region considered. Thus we can conclude that o
model spectral function describes correctly thek2E depen-
dence of the real spectral function generated by two-nucle
correlations in the rangek.2 fm21 andEL,E,E1

peak(k)
1FWHM(k), whereE1

peak(k) and the FWHM can be safely
estimated by Eqs.~59! and ~60!. From Fig. 9 the value of
EL can be estimated to be;30–50 MeV, depending on the
momentumk. Moreover, we would like to point out that,
using Eq.~54!, the lower limit of integrationk3

2 in Eq. ~53!,
calculated atE5E1

peak(k)1FWHM(k), is less than 0.5 (1)

FIG. 8. Comparison of the values of the full width at half maxi
mum ~FWHM! calculated using the spectral functions of Refs.@10#
for 3He ~open dots! and@11# for nuclear matter~open squares!, with
the predictions of the extended 2NC model@see Eq.~51!#. The
dashed line corresponds to the predictions of Eq.~60!, whereas the
solid line is the results obtained using our model spectral functio
calculated using in Eq.~53! the effective relative and CM momen-
tum distributions given by Eqs.~55! and ~56!, respectively. The
dotted line represents the prediction of the ‘‘naive’’ 2NC model@see
Eq. ~37!, in which the CM of the correlated pair is assumed to be
rest#.
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fm21 in 3He ~nuclear matter! and the corresponding value o
the relative momentumkx* is greater than 2 fm21.

C. The nucleon spectral function of 4He
and multiparticle final states

To describe the spectral function forA54 our model has
to be implemented to take into account the so-called fo
body channel, i.e., the configurations of the (A21) system
with 3 particles in the continuum. The reason is as follow
The basic idea, leading to the convolution integral~51!, was
the assumption that 2p-2h ground-state correlations@cf. Eq.

-

n,

at

FIG. 9. The nucleon spectral function of3He @10# and nuclear
matter@11# versus the removal energyE for various values of the
nucleon momentum. For3He ~a! the squares, full dots, and open
dots correspond tok52.2, 2.8, and 3.5 fm21, respectively. For
nuclear matter~b! the open squares, full dots, open dots, and fu
squares correspond tok51.5, 2.2, 3.0, and 3.5 fm21, respec-
tively. The solid lines are the predictions of our extended 2N
model obtained using in Eq.~53! the effective relative and CM
momentum distributions given by Eqs.~55! and ~56!. The value of
the constantN appearing in Eq.~51! is fixed by Eq.~52!, in which
the correlated partn1(k) of the nucleon momentum distribution
calculated in Refs.@10# and @11# has been used.
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FIG. 10. Momentum and removal energy de-
pendences of the nucleon spectral function
P(k,E) ~times k2) for A53 ~left side! and
A5` ~right side!. The predictions of our ex-
tended 2NC model, obtained using in Eq.~53! the
effective relative and CM momentum distribu-
tions given by Eqs.~55! and ~56!, are shown in
the lower part of the figure, whereas the results o
the many-body calculations of Refs.@10# and@11#
are shown in the upper one.
er
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~44!# leading to 1p-2h states of the residual (A21) system
@cf. Eq. ~47!#, are due, at high values ofk andE, to configu-
rations in which the high momentum of particle 1 is almo
entirely balanced by the one of particle 2 with the ‘‘third’
spectator particle@the (A22) system# far apart from the two
correlated particles. The excitation energy of the (A21) sys-
tem corresponding to such a configuration is mainly d
~particularly around the peak wherekW2.2kW andukW3u;0) to
the kinetic energy of the relative motion of particles 2 an
3, with the latter@the (A22) system# being, as previously
explained, in low-lying excited states. WhenE.E1

peak(k)

one haskW2Þ2kW and, in particular, one can haveukW2u,ukW u, if
high values of the excitation energy of the (A22) system are
allowed. Such a mechanism is absent in our model, wh
effectively takes into account only 2p-2h ground-state cor-
relations and, as already pointed out, the agreement we fo
with the many-body calculations of nuclear matter makes
confident of the correctness of our approach. To sum up, i
complex nucleus the removal energy behavior of the spec
function at high values ofk is determined only by the rela-
tive motion of particles 2 and 3. In4He the situation appears
to be rather different, for the (A22) system is the weakly
bound deuteron. Thus, for fixed values ofE even a small
difference betweenukW2u and ukW u at the peak can originate an
intrinsic excitation of the residual (A22) system, which is
sufficient to break up the deuteron giving rise to the fou
body channel. In other words, our model represented by E
~51! with the hard part ofn rel , cannot be applied to the
calculation of the two-nucleon emission channel, for consi
eringnrel

hardwill unavoidably lead to a break up of the residua
deuteron. Moreover, it should be reminded that only in th
st
’
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d

ich

und
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case of a neutron-proton pair~with total isospin equal to 0)
the residual system can be a deuteron, whereas for oth
types of correlatedNN pairs the (A22) system can be only
in the continuum. Therefore we have to describe, within ou
model, the four-body channel. This can easily be done by th
following steps:~i! the summation overf A22 has to be kept
in Eq. ~44!; ~ii ! the factorization of the relative motion of the
pair and the intrinsic excitation of the (A22) system is as-
sumed to hold. The final result is

P1
~N1!

~k,E!5N ~k! (
N25n,p

E dkW3 nrel
N1N2S UkW1

kW3
2
U D

3nCM
N1N2~ ukW3u!•E d tW w~ u tWu!dFE2

t2

M
2

1

3M

3S kW1
3kW3
2

D 2G , ~61!

wherew(u tWu) represents the probability distribution to have a
two-nucleon final state with excitation energyt2/M . We
have evaluated Eq.~61! by replacingw(u tWu) with the hard
part of the deuteron momentum distribution; the results ar
presented in Fig. 11 in correspondence of different values o
the upper limit of integration overu tWu5AMEA22* . In the
same figure the results of the contribution of the four-body
channel calculated in Ref.@17# are also shown.

D. The nucleon spectral function for complex nuclei

Given the success of our model for3He, 4He and nuclear
matter we are confident that it can safely be applied to com
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plex nuclei. In Fig. 12 we present the spectral function f
16O; the results for other complex nuclei look very simila
In Fig. 13 we show the saturation of the energy and mome
tum sum rules, i.e., the quantities

Sf~E!54pE
0

kf
dk k2P~k,E! ~62!

and

nf~k!54pE
Emin

Ef
dE P~k,E!. ~63!

FIG. 11. The nucleon spectral function of4He @17# versus the
removal energyE for two values of the nucleon momentum
k53 fm21 ~a! and k54 fm21 ~b!. The open squares are the re
sults of the many-body calculations of Ref.@17#, whereas the solid
lines are the predictions of Eq.~53! using the effective relative and
CM momentum distributions given by Eqs.~55! and~56!. The dot-
dashed, dotted, and dashed lines are the results of Eq.~61! obtained

using forw(u tWu) the hard part of the deuteron momentum distribu
tion and adopting the values 1.0,1.5, and 2.0 fm21, respectively, for

the upper limit of integration overu tWu5AME2* , with E2* being the
~positive! excitation energy of the residual two-nucleon system.
r
.
n-

As far as the latter quantity is concerned, the trend found f
3He and nuclear matter~see Sec. II D! is confirmed~see Fig.
3!; as for the former one, it can be seen that in order
saturate the energy sum rule, momentum components lar
than 2 fm21 are necessary.

Another quantity of interest is the energy-weighted su
rule @40#

«A5
1

M FA22

A21
^T&2^E&G , ~64!

which relates the total binding energy per particle («A) to the
mean value of the nucleon removal energy

^E&5E dkW dE EP~k,E! ~65!

and of the nucleon kinetic energy

^T&5E
0

`

dk k2
k2

2M
n~k!. ~66!

Using Eq.~12! for P0(k,E) and our extended 2NC model for
P1(k,E) the mean removal energy has been calculated
several complex nuclei. In Table II our results are reporte
and compared with those obtained using in Eq.~64! the ex-
perimental values of«A and the values of̂T& calculated
using Eq.~66! the nucleon momentum distributionn(k) ob-
tained within many-body approaches. It can be seen that
model spectral function satisfies the energy-weighted su
rule ~64!.

Recently@41# a model spectral function for complex nu-
clei, based on the application of the local density approxim
tion ~LDA ! to the correlated partP1(k,E), has been pro-
posed. A direct comparison between the two approach
cannot be performed, since the behavior of the spectral fu

-

-

FIG. 12. Momentum and removal energy dependences of
nucleon spectral functionP(k,E) ~times k2) predicted by our ex-
tended 2NC model for16O using in Eq.~53! the effective relative
and CM momentum distributions given by Eqs.~55! and ~56!.
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FIG. 13. The saturation of the energy
@Sf(E), ~62!# and momentum@nf(k), Eq. ~63!#
sum rules calculated for16O and208Pb within our
extended 2NC model. The dotted and solid line
represent the values ofSf(E) andnf(k) obtained
by considering in Eqs.~62!–~63! the limits kf
(Ef) →` and using the one-holeP0(k,E) and
the total P0(k,E)1P1(k,E) spectral functions,
respectively. As forSf(E), the long-dashed,
dashed, and dot-dashed lines correspond to E
~62! calculated atkf51.5, 2.0, and 3.0 fm21,
whereas in case ofnf(k) they represent the re-
sults of Eq.~63! obtained atEf550, 100, and
300 MeV. For the calculation ofP0(k,E) Eq.
~12! has been used, with the value of the shel
model parameters taken from Ref.@35#.
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tion for complex nuclei obtained in Ref.@41# was not pro-
vided. On the other hand side, it has been shown@41# that the
nucleon momentum distributionn(k), calculated for severa
finite nuclei by applying the LDA to the nucleon momentu
distribution in infinite nuclear matter, compares favorab
with the results of many-body calculations. However, su
an agreement yields only very indirect information about t
removal energy dependence of the LDA spectral functi
We should also stress that it is difficult to compare our sp
tral function with the LDA one on the basis of the calculatio
of inclusive cross sections~cf. Sec. V!, for in the two ap-
proaches the treatment of final state interaction~FSI! is dif-
ferent. Indeed, in our approach@42# the FSI is such that the
inclusive cross section is very sensitive upon the details
the correlated partP1(k,E) of the spectral function, wherea
in @41# the inclusive nuclear response is only weakly affect
by P1(k,E), when the final state interaction of the struc
nucleon is considered as in Ref.@43#. To sum up, it would be
very interesting to know thek andE behaviours of the LDA
spectral function and to compare them with the ones
tained within our model~see, e.g., Fig. 12!. In this respect we
would like to stress that our spectral function provides
microscopic interpretation, in terms of two-nucleon corre
tions, of why the highk2E behavior of the nuclear matte
spectral function is as it is, i.e., featuring peaks at high val
of E located atE}k2/2M with a FWHM given by Eq.~60!.

V. NN CORRELATIONS AND INCLUSIVE QUASIELASTIC
ELECTRON SCATTERING AT x>1

The effects ofNN correlations on inclusive electron sca
tering has been extensively investigated in Ref.@10# for
3He and@19,2,44# for complex nuclei using the plane wav
ly
ch
he
n.
c-
n

of

ed
k

b-

a
a-

es

-

impulse approximation~IA !. Calculations of Refs.@19,44#
have been performed using an approximated spectral fu
tion, elaborated in Ref.@45#. The present spectral function
has been used for the first time in Ref.@42#, where the FSI
has also been taken into account. In@42# the differential
cross section for inclusive quasielastic~QE! electron scatter-
ing off nuclei,A(e,e8)X, has been evaluated at high value
of the squared four momentum transferQ2 @.1~GeV/c)2#.
In particular, the kinematical regions corresponding t
x.11kF /M.1.3 ~wherekF is the Fermi momentum and
x5Q2/2Mn the Bjorken scaling variable! have been consid-
ered, for it is in such regions that the nuclear response, eva
ated within the IA, is sharply affected by the highk2E
components of the nuclear wave function generated byNN
correlations~cf. Refs.@19,2#!. However, it is also well known
that the IA sizably underestimates the inclusive cross secti
at x.1.3 and this fact is usually ascribed to the lack of an
FSI effect within the IA. In@42# the role played both by
NN correlations and FSI has been addressed and the fi
results of a calculation of the inclusive cross section bas
upon a novel approach for evaluating FSI have been p
sented. Such an approach relies on a consistent treatmen
NN correlations both in initial and final states, by extendin
the factorization hypothesis~45! to the final nuclear states
@42#.

The differential cross section for the inclusive proces
A(e,e8)X can be written in the following form:

s~A![
d2s

dEe8dVe8
5s0

~A!1s1
~A! , ~67!

where the indices 0 and 1 have the same meaning as in
~5!, i.e., they distinguish the contributions resulting from dif
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ferent final nuclear states, namelys0
(A) describes the transi-

tion to the ground and one-hole states of th
(A21)-nucleon system ands1

(A) the transition to more com-
plex highly excited configurations. In Ref.@42#, the calcula-
tion of s0

(A) ands1
(A) has been carried out adopting differen

levels of sophistication for the treatment of the fina
A-nucleon state, starting with the IA.

The inclusive cross sectionss0
(A) ands1

(A) within the IA
reads as follows@2#:

@s0
~A!# IA5 (

N51

A E dkW dE seNP0
~N!~k,E!d@n1k02EkW1qW #,

~68!

@s1
~A!# IA5 (

N51

A E dkW dE seNP1
~N!~k,E!d@n1k02EkW1qW #,

~69!

wheren(qW ) is the energy~three-momentum! transfer;kW is the
momentum of the nucleon in the lab system before intera
tion andk05MA2A(MA1E2M )21k2 its off-shell energy;

EpW5AM21upW u2; seN is the electron-~off-shell! nucleon
cross section. Using Eq.~51! for P1(k,E), Eq. ~69! can be
written in the following form:

@s1
~A!# IA

5AsMott (
N1N25n,p

E dkWCM nCM
N1N2~kWCM!Lmn@Wmn

N1N2# IA,

~70!

whereLmn is the~reduced! leptonic tensor and@Wmn
N1N2# IA the

hadronic tensor of a correlated pair, which can be written

@Wmn
N1N2# IA5

kCM
0

2M (
f12
0

(
b12

@^b12u j m
N11 j m

N2u f 12
0 &#*

3(
b128

@^b128 u j n
N11 j n

N2u f 12
0 &#d@n1kCM

0

2A~M2
f12
0

!21~kWCM1qW !2#, ~71!

where j m
N is the nucleon current, kCM

0 5MA

2AMA22
2 1ukWCMu2, ub12& is the relative wave function of the

correlated pair andu f 12
0 & its plane wave final state.

Equation~70! is based upon the assumption that final an
initial A-nucleon states factorize as follows:uCA

f &
;Â@ u f 12

0 &uPW CM&uCA22
f &] and uCA

0&;Â@ ub12&ux12
CM&uCA22

0 &]
@cf. Eq. ~45!#, where ux12

CM& is the CM wave function of a

correlated pair anduPW CM& its plane wave final state@note
that, using Eq.~71! in Eq. ~70!, Eq. ~69! is recovered in
terms of the nucleon spectral functionP1(k,E) given by Eq.
~51! with nrel

N1N2(kW rel)5(b12
u^b12ukW rel&u2#. In Ref.@42# the FSI

has been evaluated by a novel approach based upon the
servation that the FSI involving two nucleons emitted b
cause of ground-stateNN correlations~two-nucleon rescat-
e

t
l

c-

as

d

ob-
e-

tering! should be different from the FSI involving the
outgoing nucleon knocked out from shell model state
~single nucleon rescattering!.

Within the spirit of our model, at high values ofk and
E the absorption of the virtual photon by a correlatedNN
pair, which atx.1.3 is the dominant mechanism in the IA, is
expected to resemble the one in the deuteron; if so, the d
teronlike picture of the initial state should be extended al
to the final state by allowing the two nucleons to elastical
rescatter. An important difference with respect to the case
the deuteron is that a correlatedNN pair in a nucleus is
bound and moves in the field created by the other nucleo
The basic step of our approach is the replacement of the
hadronic tensor@Wmn

N1N2# IA by the interacting oneWmn
N1N2 ,

which is nothing but Eq.~71! with the plane wave state
u f 12
0 & replaced by the exactNN scattering wave function

u f 12& ~note that the two-nucleon rescattering process can
be expressed in terms of a spectral function!. It can be seen
from Eq. ~71! that medium effects on the interacting had
ronic tensor are generated by the energy conservingd func-
tion, in that the intrinsic energy available to the pair is fixe
by its CM four-momentum, and, therefore, by the mome
tum distributionnCM

N1N2 appearing in Eq.~70!; even if the CM

motion is neglected@nCM
N1N25d(kWCM)# @38#, medium effects

still would remain through the quantitykCM
0 . We have cal-

culated the inclusive cross section for the deuteron using
Read soft coreNN potential @30#, taking into account the
rescattering inS, P, andD partial waves; then, using the
same two-nucleon amplitudes^b12u j m

N11 j m
N2u f 12&, we have

computed the cross sections1
(A) for complex nuclei. The

results are shown by the dashed lines in Fig. 14, where
inclusive cross section for2H, 3He, 4He and56Fe are plotted
versus the energy transfern at Q2.2~GeV/c)2. In Fig.15
our results expressed in terms of the nuclear scaling funct
F(y,q) ~see Ref.@2#! are plotted against the squared three
momentum transferq2 for fixed values of the scaling vari-
abley @we remind the reader thaty50 (,0) corresponds to
x51 (.1)#. It can be seen that at 1.3,x,2 the process of
two-nucleon rescattering brings theoretical predictions
good agreement with the experimental data taken from Re
@46# and @3#. The most striking aspect of our results is tha
the same mechanism which explains the deuteron data, d
the same in a complex nucleus, provided theA dependence
due tonCM

N1N2 andkCM
0 ~clearly exhibited in Fig. 15! is prop-

erly considered.
However, it can also be seen from Fig. 14 that the tw

nucleon rescattering is not able to describe the experimen
data atx.2. This fact is not surprising, since atx.2 more
than two nucleons should be involved in the scattering pr
cess. In Ref.@42# this process has been mocked up by co
sidering the motion of the outgoing nucleon, knocked o
from shell model states, in the complex optical potential ge
erated by the ground state of the (A21)-nucleon system.
However, the treatment of the single-nucleon rescattering
x.1.3, based only on the use of on-shell optical potentia
is not justified~cf. also Refs.@38#, @49#, and @50#!. Indeed,
the struck nucleon, having four-momentum square
p82[(n1M2E)22(kW1qW )2, can be either on-mass-shel
(p825M2) or off-mass-shell (p82ÞM2) depending on the
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FIG. 14. Inclusive cross sections(Q2,n) ~67!
for the processA(e,e8)X versus the energy trans
fer n at Q2.2~GeV/c)2. The values of the
Bjorken variablex are reported in the upper axis
The experimental data are taken from Refs.@46#
and @3#. Calculations have been performed usin
the free nucleon form factors of Ref.@47#, the
cc1 prescription of Ref.@48# for seN and the
RSC potential@30# for theNN interaction. Dotted
lines: impulse approximation@Eqs.~68! and~69!#
obtained using our extended 2NC model for th
nucleon spectral function. Dashed lines: IA1
two-nucleon rescattering@42#. Dot-dashed lines:
contribution from nucleon inelastic channels es
mated as in Ref.@42#.
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values ofk andE. Ground-state configurations withk,uyu
always give rise to intermediate off-shell~virtual! nucleons,
whose rescattering amplitudes are expected to decrease
virtuality, for off-shell nucleons have to interact within sho
times. Taking into account off-shell effects as in Ref.@42#,
our results, including both the single-nucleon and the tw
nucleon rescattering, are presented in Fig. 15. The agree
with the experimental data is good and holds in the wh
low-energy side of the QE peak. To sum up, both initial st
correlations and final state interaction resemble the ones
curring in the deuteron, apart from the CM motion and t
binding of the pair in a complex nucleus; we have shown t
the effects ofNN correlations on the inclusive cross secti
at x.1 can be described by applying the factorization h
pothesis to the initial as well as to the final states.

VI. NN CORRELATIONS AND EXCLUSIVE
QUASIELASTIC ELECTRON SCATTERING

The most direct way to check ourNN correlation descrip-
tion of the spectral function would be by exclusive expe
ments, in which either bothk andE are measured@e.g., a
(e,e8N) process# or the two nucleons of the correlated pa
are knocked out and detected in coincidence@e.g., a
(e,e82N) process#. We briefly discuss the first proces
which, as already pointed out, has provided a direct evide
of the two-nucleon correlation model@5,6#. As a matter of
fact, within the IA the exclusive cross section for the proce
A(e,e8p)X is directly proportional to the proton spectr
function through

d6s

dEe8dVe8dVpdE
5KZsep@P0~k,E!1P1~k,E!#, ~72!
with
t

o-
ent
le
te
oc-
e
at
n
y-

i-

ir

,
ce

ss
l

where K5p(M1Tp)(dTp /dEm) is a kinematical factor
@with p5upW u (Tp) being the momentum~kinetic energy! of
the detected proton# andZ is the number of protons. Within
the IA one hask5km and E5Em , wherekm and Em are
the experimentally measurable missing momentum (km
[upW 2qW u) and missing energy (Em[n2Tp2TA21), respec-
tively. The cross section for fixed value ofkm will therefore
exhibit the shell-model structure given by the ‘‘one
hole’’spectral functionP0 @see Eq.~12!#, appearing as peaks
corresponding to the single-particle states located at valu
Em5u«au not affected bykm . For large values ofkm
(.1.5 fm21) one is expected to observe the structure ge
erated by the correlated partP1 , i.e. a peak located at
Em;(A22)/(A21)km

2 /2M , whose position changes with
the value ofkm . Such a picture has indeed been experime

TABLE II. Comparison of the mean removal energy in variou
nuclei extracted from the energy-weighted sum rule~64! @40#
(^E&) with the corresponding value calculated within the extende
2NC model of the nucleon spectral function (^E& th). The experi-
mental values of the total binding energy per particle («A) and the
mean values of the nucleon kinetic energy (^T&), obtained within
many-body approaches, are also reported.

Nucleus
«A

~MeV!
^T&

~MeV!
^E&

~MeV!
^E& th

~MeV!

12C -7.7 32.4 44.9 44.8
16O -8.0 30.9 44.8 46.5
40Ca -8.5 33.8 50.1 49.6
56Fe -8.8 32.7 49.7 48.9
208Pb -7.9 38.2 53.7 51.8
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tally observed in the few-nucleon systems, where only o
peak is generated byP0 at Em5Emin @see Eq.~17!#. The
cross sections for the processes3He(e,e8p)X and 4He
(e,e8p)X, measured in Refs.@5# and@6# at various values of
the proton detection angleup , are presented in Fig. 16,
where they are compared with our predictions within the I
@Eq. ~72!# and with the results of a calculation@51,52# which

TABLE III. Values of the parametersAi
(0) , Bi

(0) , andCi
(0) ap-

pearing in the parametrization~A1! of the nucleon momentum dis-
tribution n0(k) corresponding to the ground-to-ground transitio
@Eq. ~25!# for few-body systems.

Nucleus 2H

3He
~proton! 4He

A1
(0)(fm3) 157.4 31.7 4.33

B1
(0)(fm2) 1.24 1.32 1.54

C1
(0)(fm2) 18.3 5.98 0.419

A2
(0)(fm3) 0.234 0.00266 5.49

B2
(0)(fm2) 1.27 0.365 4.90

C2
(0)(fm2)

A3
(0)(fm3) 0.00623

B3
(0)(fm2) 0.220

C3
(0)(fm2)
ne

A

also include contributions from FSI and meson exchan
currents ~MEC!. The structure predicted by Eq.~72! is
clearly seen, i.e., the two-body disintegration peak located
Em.5.5 MeV in 3He (X5 2H! and Emin.19.8 MeV in
4He (X5 3He) as well as the correlation peak~correspond-
ing to X5np in 3He andX5n2H,npn in 4He! located at
Em;k2/4M in 3He andEm;k2/3M in 4He. It can be seen
that the presence of FSI and MEC, which are clearly releva
at up590° in 3He andup5134° in 4He, only affect the
magnitude of the correlation peak, without sharply modif

n

TABLE IV. Values of the parametersA(0), B(0), C(0), D (0),
E(0), andF (0) appearing in the parametrization~A1! of the ‘‘one-
hole part’’ of the nucleon momentum distributionn0(k) @Eq. ~26!#
for complex nuclei and nuclear matter.

Nucleus
A(0)

~fm3!
B(0)

~fm2!
C(0)

~fm2!
D (0)

~fm4!
E(0)

~fm6!
F (0)

~fm8!

12C 2.61 2.66 3.54
16O 2.74 3.33 6.66
40Ca 3.24 3.72 11.1
56Fe 3.57 4.97 19.8 15.0
208Pb 1.80 4.77 25.5 40.3
A5`

(k,kF) 1.08 0.118
FIG. 15. Nuclear scaling func-
tion F(y,q) for 2H, 4He, and
56Fe versus the squared three-
momentum transferq2 for fixed
values of the scaling variabley
@2#. The values of the Bjorken
variablex are shown in the upper
axis. Dotted lines: impulse ap-
proximation obtained using our
extended 2NC model of the
nucleon spectral function; dashed
lines: correlated NN pair contribu-
tion; dot-dashed lines:one-hole
contribution; solid line: IA1 full
final state interaction@42#.
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FIG. 16. Exclusive cross sections for the pro
cesses3He(e,e8p)X and 4He(e,e8p)X versus
the missing energyEm for various values of the
detection angleup of the proton. The solid histo-
grams show the data of Ref.@5# for 3He and Ref.
@6# for 4He after radiative corrections. Dotted
lines: impulse approximation@Eq. ~72!# calcu-
lated using our extended 2NC model for th
nucleon spectral function and adopting the fre
nucleon form factors of Ref.@47# and thecc1
prescription of Ref.@48# for sep. Dashed lines:
distorted wave impulse approximation1 meson
exchange currents calculated in Ref.@51# for
3He and in Ref.@52# for 4He. The arrows locate
the values ofEm corresponding to the maxima of
the cross section expected within the IA; the co
responding values of the missing momentumkm
are also reported. Note that within the IA one ha
k5km andE5Em .
ing its width and location. Thus theA(e,e8N)X reaction off
few-nucleon system is a direct confirmation of the validity
our model spectral function as well as of the original 2N
model of Ref.@38# as far as the peak location is concerne

VII. SUMMARY AND CONCLUSIONS

We have demonstrated that at high values ofk andE the
nucleon spectral function can be expressed as a convolu
integral involving the momentum distributions of the relativ
and center-of-mass motion of a correlated nucleon-nucl
pair. The basic step leading to such a convolution formula
the assumption of the factorization~45! of the nuclear wave
function, which we claim to be the basic configuration whi
produces the high-momentum and high removal energy

TABLE V. Values of the parametersA(1), B(1), C(1), andD (1)

appearing in the parametrization~A2! of the ‘‘correlated part’’ of
the nucleon momentum distributionn1(k) @Eq. ~24!# for various
nuclei.

Nucleus
A(1)

~fm3!
B(1)

~fm2!
C(1)

~fm3!
D (1)

~fm2!

4He 0.665 2.15 0.0244 0.22
12C 0.426 1.60 0.0237 0.22
16O 0.326 1.40 0.0263 0.22
40Ca 0.419 1.77 0.0282 0.22
56Fe 0.230 1.20 0.0286 0.22
208Pb 0.275 1.01 0.0304 0.22
A5`

(k,kF) 0.859 0.043 -0.839 0.12
A5`

(k.kF) 0.432 0.97 0.0313 0.22
of
C
d.

tion
e
eon
is

ch
part

of the spectral function. We have verifieda posteriori the
correctness of the factorization assumption by comparing our
model spectral function with theexactones in case of the
three-nucleon system and infinite nuclear matter; the main
outcome of such a comparison is a very good agreement in
the range of energy and momentum pertaining to the region
of two-nucleon correlations, which is the one investigated in
the present paper. As discussed in Sec. IV, two-nucleon cor-
relations cover a range of values of nucleon momentumk
and removal energyE characterized by

k.2 fm21,

EL,E,Ethr
~2!1

A22

A21

k2

2M
@122g#

1A^kCM
2 &8 ln2

3
@12g#

k

M
, ~73!

with g5@A21/2(A22)#^kCM
2 &/^krel

2 &) and EL ;30–50
MeV, which leads, e.g., fork52.0, 2.5, 3.0 fm21, to 30
MeV ,E,110, 150, 190 MeV for 3He, and 50 MeV
,E,230, 300, 380 MeV for nuclear matter, respectively.
Outside this range, the effects from three-nucleon correla-
tions ~i.e., the sharing of a nucleon high-momentum compo-
nent by two other nucleons! as well as from final state inter-
action between the recoiling nucleon and the (A22) system,
is expected to modify the picture predicted by two-nucleon
correlations only. As a matter of fact, the model and exact
spectral functions of3He substantially differ in the region of
values ofE well outside the range given by Eq.~73!. On the
other hand side, in case of infinite nuclear matter, for which
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realistic many-body calculations include only ground-sta
2p22h correlations, so that the three-nucleon continuu
states are absent, the model and the exact spectral funct
are in very good agreement in the full range of existing ca
culations atk.kF . Thus we are very confident that the con
volution formula realistically describes the high-momentu
and high removal energy parts of the nucleon spectral fun
tion in complex nuclei generated by two-nucleon correl
tions.

Using the convolution formula for the spectral functio
we have calculated the cross section for inclusive and exc
sive quasielastic electron scattering off nuclei. The latter pr
cess can provide a direct check of thek2E correlation de-
pendence of the spectral function, and available data
indeed confirm the correctness of the convolution model.
for inclusive scattering, we have shown that the cross sect
at x,2 can be interpreted as due to the coupling of th
virtual photon to a correlated nucleon-nucleon pair and t
experimental data can quantitatively be explained provid
the final state interaction is taken into account. As a fin
te
m
ions
l-
-
m
c-
a-

n
lu-
o-

do
As
ion
e
he
ed
al

remark, we would like to point out that a direct check of t
factorization assumption would provide a conclusive a
stringent test of the validity of the convolution model.
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APPENDIX

In this Appendix a simple parametrization of the nucle
momentum distributionsn0(k) @Eq. ~23!# and n1(k) @Eq.
24!#, shown in Fig. 1, is presented. Forn0(k) the following
functional forms have been adopted:
n0~k!5(
i51

m0

Ai
~0!

e2Bi
~0!k2

~11Ci
~0!k2!2

for A52,3,4

5A~0!e2B~0!k2@11C~0!k21D ~0!k41E~0!k61F ~0!k8# for 4,A<`. ~A1!
is
The values of the parameters appearing in Eq.~A1! are listed
in Tables III and IV. Forn1(k), we have adopted a simpl
two-Gaussian behavior for all nuclei considered in this pa
~but 3He!, viz.

n1~k!5A~1!e2B~1!k21C~1!e2D~1!k2. ~A2!

The values of the parameters appearing in Eq.~A2! are listed
in Table V. For 3He the following parametrization nicely
reproduces the results of Ref.@20#:
e
per

n1~k!57.40
e21.23k2

~113.21k2!2
10.0139e20.234k2, ~A3!

with k in fm21 and n1(k) in fm3. The normalization of
n0(k) and n1(k) are as in Eq.~28!. Finally, it should be
pointed out that the quality of the parametrizations adopted
satisfactory for all nuclei considered.
@1# C. Ciofi degli Atti, S. Simula, L.L. Frankfurt, and M.I. Strik-
man, Phys. Rev. C44, R7 ~1991!.

@2# C. Ciofi degli Atti, E. Pace, and G. Salme´, Phys. Rev. C43
1153 ~1991!.

@3# D.B. Dayet al., Phys. Rev. Lett.59, 427~1987!; Phys. Rev. C
40, 1011~1989!; 48, 1849~1993!.

@4# For a review see, e.g., P.K.A. de Witt Huberts, J. Phys.
~Nucl. Part. Phys.! 16, 507 ~1990!.

@5# E. Janset al., Phys. Rev. Lett.49, 974 ~1982!; E. Janset al.,
Nucl. Phys.A475, 687~1987!; C. Marchandet al., Phys. Rev.
Lett. 60, 1703~1988!.

@6# J.M. Le Goffet al., Phys. Rev. C50, 2278~1994!.
@7# R.W. Lourieet al., Phys. Rev. Lett.56, 2364~1986!; P.E. Ul-

meret al., ibid. 59, 2259~1987!; 61, 2001~1988!; H. Baghaei
et al., Phys. Rev. C39, 177 ~1989!; L.B. Weinsteinet al.,
G

Phys. Rev. Lett.64, 1646~1990!.
@8# L.J.H.M. Kesteret al., Phys. Lett. B34479 ~1995!.
@9# H. Meier-Hajduk, P.U. Sauer, and W. Theis, Nucl. Phys.A395,

332 ~1983!.
@10# C. Ciofi degli Atti, E. Pace, and G. Salme´, Phys. Rev. C21,

805 ~1980!.
@11# O. Benhar, A. Fabrocini, and S. Fantoni, Nucl. Phys.A505,

267 ~1989!; A550, 201 ~1992!.
@12# A. Ramos, A. Polls, and W.H. Dickhoff, Nucl. Phys.A503, 1

~1989!; W.H. Dickhoff and H. Muther, Rep. Prog. Phys.55,
1947 ~1992!; B.E. Vonderfecht, W.H. Dickhoff, A. Polls, and
A. Ramos, Phys. Rev. C41, R1265~1991!; Nucl. Phys.A555,
1 ~1993!.

@13# H.S. Kohler, Nucl. Phys.A537, 64 ~1992!; Phys. Rev. C46,
1687 ~1992!.



v.

te

.

n

1710 53C. CIOFI DEGLI ATTI AND S. SIMULA
@14# C. Mahaux and R. Sartor, Nucl. Phys.A546, 65c ~1992!; M.
Baldo, I. Bombaci, G. Giansiracusa, U. Lombardo, C. Mahau
and R. Sartor,A545, 741 ~1992!.

@15# F. de Jong and R. Malfliet, Phys. Rev. C44, 998 ~1991!.
@16# P. Ferna´ndez de Co´rdoba and E. Oset, Phys. Rev. C46, 1697

~1992!.
@17# H. Morita and T. Suzuki, Prog. Theor. Phys.86, 671 ~1991!.
@18# H. Muther and W.H. Dickhoff, Phys. Rev. C49, R17 ~1994!;

W.H. Dickhoff and A. Polls~private communication!.
@19# C. Ciofi degli Atti, S. Liuti, and S. Simula, Phys. Rev. C41,

R2474~1990!.
@20# C. Ciofi degli Atti, E. Pace, and G. Salme´, Phys. Lett.141B, 14

~1984!.
@21# Y. Akaishi, Nucl. Phys.A416, 409c ~1984!; H. Morita, Y.

Akaishi, and H. Tanaka, Prog. Theor. Phys.79, 863 ~1988!.
@22# S. Fantoni and V.R. Pandharipande, Nucl. Phys.A427, 473

~1984!.
@23# R. Schiavilla, V.R. Pandharipande, and R.B. Wiringa, Nuc

Phys.A449, 219 ~1986!; R.B. Wiringa, Phys. Rev. C43, 1585
~1991!.

@24# O. Benhar, C. Ciofi degli Atti, S. Liuti, and G. Salme´, Phys.
Lett. B 177, 135 ~1986!.

@25# S.C. Pieper, R.B. Wiringa, and V.R. Pandharipande, Phys. R
C 46, 1741~1992!.

@26# X. Ji and J. Engel, Phys. Rev. C40, R497~1989!.
@27# M. Jaminon, C. Mahaux, and H. Ngo, Nucl. Phys.A452, 445

~1986!.
@28# J.G. Zabolitzky and W. Ey, Phys. Lett.76B, 527 ~1978!.
@29# J.W. Van Orden, W. Truex, and M.K. Banerjee, Phys. Rev.

21, 2628~1980!.
@30# R.V. Reid, Ann. Phys.~N.Y.! 50, 411 ~1968!.
@31# M. Lacombeet al., Phys. Rev. C21, 861 ~1980!.
@32# R.B. Wiringa, R.A. Smith, and T.L. Ainsworth, Phys. Rev. C

29, 1207~1984!.
@33# M. Berheimet al., Nucl. Phys.A365, 349 ~1981!; S. Turck-

Chiezeet al., Phys. Lett. B142, 145 ~1984!.
@34# J.F.J. Van Den Brandtet al., Phys. Rev. Lett.60, 2006~1988!;

A. Magnonet al., Phys. Lett. B222, 352 ~1989!.
@35# S. Frullani and J. Mougey, Adv. Nucl. Phys.14, 1 ~1984!.
@36# H. Morita, Y. Akaishi, and H. Tanaka, Prog. Theor. Phys.79,

863 ~1988!.
x,

l.

ev.

C

@37# J. Carlson, V.R. Pandharipande, and R. Schiavilla, Phys. Re
C 47, 484 ~1993!; R. Schiavilla, in Proceedings of the 6th
Workshop on Perspectives in Nuclear Physics at Intermedia
Energies, ICTP~Trieste, Italy!, May 8-12, 1995, edited by. S.
Boffi, C. Ciofi degli Atti, and M. Giannini~World Scientific
Publishing, Singapore, in press!.

@38# L.L. Frankfurt and M.I. Strikman, Phys. Rep.76, 215 ~1981!;
160, 235 ~1988!.

@39# C. Ciofi degli Atti, E. Pace, and G. Salme´, in Few Body Sys-
tems and Electromagnetic Interactions,edited by C. Ciofi de-
gli Atti and E. de Sanctis, Lecture Notes in Physics Vol. 86
~Springer, Berlin, 1978!, p. 316.

@40# D.S. Koltun, Phys. Rev. C9, 484~1974!; S. Boffi, Lett. Nuovo
Cimento1, 971 ~1971!.

@41# ~a! I. Sick, S. Fantoni, A. Fabrocini, and O. Benhar, Phys. Lett
B 323, 267 ~1994!; ~b! O. Benhar, A. Fabrocini, S. Fantoni,
and I. Sick, Nucl. Phys.A579, 493 ~1994!.

@42# C. Ciofi degli Atti and S. Simula, Phys. Lett. B325, 276
~1994!; and ~unpublished!.

@43# O. Benhar, A. Fabrocini, S. Fantoni, G.A. Miller, V.R.
Pandharipande, and I. Sick, Phys. Rev. C44, 2328~1991!.

@44# C. Ciofi degli Atti, D.B. Day, and S. Liuti, Phys. Rev. C46,
1045 ~1992!.

@45# C. Ciofi degli Atti, L.L. Frankfurt, S. Simula, and M.I. Strik-
man, inProceedings of the 4th Workshop on Perspectives i
Nuclear Physics at Intermediate Energies, ICTP ~Trieste,
Italy!, May 8–12 1989, edited by. S. Boffi, C. Ciofi degli Atti,
and M. Giannini ~World Scientific Publishing, Singapore,
1989!, p. 312.

@46# W. Schutzet al., Phys. Rev. Lett.38, 259 ~1977!; S. Rock
et al., ibid. 49, 1139 ~1982!; S. Rock ~private communica-
tion!.

@47# S. Galsteret al., Nucl. Phys.B32, 221 ~1971!.
@48# T. de Forest, Nucl. Phys.A392, 232 ~1983!.
@49# L.L. Frankfurt, M.I. Strikman, D.B. Day, and M. Sargsyan,

Phys. Rev. C48, 2451~1993!.
@50# T. Uchiyama, A.E.L. Dieperink, and O. Scholten, Phys. Lett. B

233, 31 ~1989!.
@51# J.M. Laget, Phys. Lett.151B, 325 ~1985!.
@52# J.M. Laget, inNew Vistas in Electronuclear Physics, edited by

E. Tomusiak~Plenum, New York, 1986!, p. 361.


