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Momentum distribution in nuclear matter within a perturbation approximation
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A. F. R. de Toledo Piza
Instituto de Fı´sica, Universidade de Sa˜ o Paulo, C.P. 20516, 01498 Sa˜ o Paulo, Brazil

~Received 10 July 1995!

It is shown that the norm corrections, introduced to avoid the violation of the constraints on the depletion of
the hole states in the standard perturbative 2p2h approach, leads in nuclear matter to a dependence of the
momentum distribution with the total nucleon number. This unphysical behavior, which in turn makes the
depletion to be nonextensive, arises from contributions of disconnected diagrams contained in the norm. It is
found that the extensivity is again recovered when the 4p4h excitations in the ground state are included, and a
reasonable value for the total number of nucleons promoted above the Fermi level is obtained.

PACS number~s!: 21.65.1f, 21.60.2n
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I. INTRODUCTION

A great amount of theoretical effort was devoted to stu
the influence of ground-state correlations on the nucle
physical observables. In most of them the nuclear respo
function is evaluated after introducing two-particle–two-ho
~2p2h! admixtures within first-order perturbation into th
0p0h ground-state wave function@1–6,9#. It was found that
2p2h ground-state contributions modify significantly th
mean field results for the strength function. Recently, ho
ever, the use of this perturbation procedure has been obje
by Van Necket al. @7# because it largely overestimates th
effect of ground-state correlation, when the norm correctio
are neglected. This happens because the perturbation ad
very large number of relatively small excited 2p2h comp
nents, with relative weights in the perturbed wave functio
typically large enough numerically as to strongly enhance t
norm corrections. Specifically, it is reminded in Ref.@7# that
a shell-model approach for occupation numbers in nuclei i
poses constrains in the sense that the number of parti
lifted out the Fermi sea has to be<2. This constrain is not
respected in the above-mentioned works as put in evide
by several calculations of the occupation numbers within t
same perturbation approach@10#.

In a recent study@8# of the Gamow-Teller strength the
ground state was worked out within a finite nuclei formalis
up to the first order, both in the Rayleigh-Schro¨dinger and
Brioullin-Wigner schemes, and including the effects of th
norm as was suggested in Ref.@7#. The result was the strong
reduction of 2p2h contribution to the response function.
the present work we intend to implement better controll
approximations for the correlation structure of the groun
state for the case of nuclear matter, which may have imp
tant consequences in the evaluation of the response func
in the quasielastic region. As a first step in this direction w
analyze here the momentum distribution in the ground sta
The reason for that is that, as shown within a simple mod
by Takayanagi@9#, the longitudinal response in the quasifre
region is directly related to the momentum distribution o
nucleons in nuclear matter. Our initial intention was to in
clude the norm effects in the same way as we have pre
5356-2813/96/53~4!/1664~6!/$10.00
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ously done for the finite nuclei@8#. But, we soon discovered
that this procedure makes the depletion of the nuclear c
not to be anymore an extensive quantity because of the
mentum distribution dependence on the total nucleon num
A. Clearly, such a behavior is unphysical and has its origin
the contributions arising from the infinite series of disco
nected Goldstone diagrams contained in the norm, as ca
put in evidence by performing a perturbation expansion
the later. In order to exactly cancel these disconnected gra
one is forced to enlarge the configuration space by includ
npnh amplitudes withn.2. This is done in the present wor
for the 4p4h components in the ground-state wave funct
To go beyond this configuration space is not only a cumb
some task but hard to justify also.

II. FORMALISM

The occupation number for the single-particle statek in
the ground stateu0& is defined as

n~k!5^0ua†~k!a~k!u0&, ~2.1!

and the total number of particles promoted above the Fe
level, N. , and those remaining below the Fermi leve
N, , are

N.5 (
k~e

k
.e

F
!
n~k!, N,5 (

k~e
k
,e

F
!
n~k!5A2N. .

~2.2!

Within the Hartree-Fock~HF! approximation, u0&[uHF&
5u0p0h&, one obtains the well-known step function fo
n(k), i.e., n(k)5u(e

F
2e

k
), wheree

k
and e

F
are, respec-

tively, the single-particle and Fermi energies. This is t
zero-order approximation for the occupation numbers dis
bution. Whennpnh correlations are added to the ground-st
wave function, states above the Fermi level are popula
with the corresponding depletion of the nuclear core, and
occupation number takes the form

n~k!5u~e
F
2e

k
!1dn~k!, ~2.3!
1664 © 1996 The American Physical Society
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being

N.5 (
k~e

k
.e

F
!

dn~k!. ~2.4!

A. 2p2h correlations

The ground-state wave function, with the first-order 2p
perturbations included to the HF state, reads

u0&5N @ uHF&1
1

4 (
p8s,h8s

cp1p2h1h2up1p2h1h2&], ~2.5!

where

cp1p2h1h252
^p1p2h1h2uV̂uHF&

Ep1p2h1h2

, ~2.6!

are the 2p2h amplitudes, and

N 5
1

A11N 2p2h

, ~2.7!

is the overall normalization factor, with

N 2p2h[
1

4 (
p8s,h8s

ucp1p2h1h2u
2. ~2.8!

up1p2h1h2& andEp1p2h1h2
stand, respectively, for the 2p2

configurations and single-particle energies, andV̂ is the re-
sidual interaction.

The usual second-order approximation forn(k) is ob-
tained by retaining only the first term in the expansion

N 2512N 2p2h1N 2p2h
2 2•••, ~2.9!

FIG. 1. Goldstone diagrams corresponding to the second-o
correctiondn(2)(k). Each line indicates schematically a particle
a hole state, the dots represent the residual interaction and th
circled dots correspond to the number operator.
2h

h

and fordn(k) one gets

dn~2!~k!5
1

2 (
p8s,h8s

~dk,p1
2dk,h1

!FVp1p2h1h2

Ep1p2h1h2
G 2,

~2.10!

whereVp1p2h1h2
stand for the antisymmetrized matrix ele

ments ofV̂. The contribution ofdn(k)(2) is schematically
shown in Fig. 1, and

N.
~2!52N 2p2h. ~2.11!

This result is only valid whenN 2p2h!1, condition which is
not fulfilled in most of the numerical calculations performe
so far. This was precisely the reason why Van Necket al. @7#
have proposed to use the second-order normalized appr
mation @with N given by ~2.7!#. This leads to the variation
in the occupation numbers

dn~2N!~k!5N 2dn~2!~k! ~2.12!

and the corresponding number of promoted particles is

N.
~2N!5N 2N.

~2!52
N 2p2h

11N 2p2h
<2, ~2.13!

which is a satisfactory bound forN. . Yet, dn(2N)(k) con-
tains an infinite series of disconnected diagrams, illustra
in Fig. 2. We show below how they are removed by enlar
ing the configuration space.

B. 4p4h correlations

The ground-state wave function with the 2p2h and 4p
admixtures included is written as

rder
or
en-

FIG. 2. Goldstone diagrams corresponding to the expansion
the norm in the normalized second-order 2p2h approximati
dn(2N)(k).
u0&5N F uHF&1
1

~2! !2 (
p8s,h8s

cp1p2h1h2up1p2h1h2&1
1

~4! !2 (
p8s,h8s

cp1p2p3p4h1h2h3h4up1p2p3p4h1h2h3h4&G , ~2.14!

where

cp1p2p3p4h1h2h3h45
^HFuV̂up1p2h1h2&^p1p2h1h2uV̂up1p2p3p4h1h2h3h4&

Ep1p2h1h2
Ep1p2p3p4h1h2h3h4

, ~2.15!

and
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N 5
1

A11N 2p2h1N 4p4h

, ~2.16!

with

N 4p4h5
1

~4! !2 (
p8s,h8s

ucp1p2p3p4h1h2h3h4u
2, ~2.17!

which is the norm factor coming from the 4p4h contrib
tions.

FIG. 3. Goldstone diagrams corresponding to the different c
tributions in the fourth order 4p4h correctiondn(4C)(k).
-

The occupation numbers in the ground state~2.14! read

dn~k!5N 2@dn~2!~k!1dn~4!~k!#, ~2.18!

where

dn~4!~k!5
4

~4! !2 (
p8s,h8s

~dk,p1
2dk,h1

!ucp1p2p3p4h1h2h3h4u
2.

~2.19!

Now, making an expansion up to the fourth order

dn~k!5@12N 2p2h#dn
~2!~k!1dn~4!~k!, ~2.20!

and after working out the 4p4h amplitudes we get

dn~4!~k!5N 2p2hdn
~2!~k!1dn~4C!~k!, ~2.21!

or

dn~k!5dn~2!~k!1dn~4C!~k!, ~2.22!

with

n-
dn~4C!~k!5
1

4 (
p8s,h8s

Vp1p2h1h2
Vp3p4h3h4

Ep1p2h1h2
Ep3p4h3h4

H 2~dk,p1
1dk,p2

2dk,h1
2dk,h2

!FVp1p2h1h3
Vp3p4h2h4

Ep1p2h1h3
Ep3p4h2h4

1
Vp1p3h1h2

Vp2p4h3h4

Ep1p3h1h2
Ep2p4h3h4

G
1~dk,p1

2dk,h1
!F4Vp1p3h1h3

Vp2p4h2h4

Ep1p3h1h3
Ep2p4h2h4

1
1

2

Vpp2h3h4
Vp3p4h1h2

Epp2h3h4
Ep3p4h1h2

G J , ~2.23!
-
the
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-
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by

um-
being the contribution of the connected diagrams illustrat
in Fig. 3. Figures 3~a!, ~b!, and ~c! describe the different
contributions that can arise from the first term, while Fig
3~d! represents the second term. For the depletion num
we now get

N.52N 2p2h22N 2p2h
2 14N 4p4h52N 2p2h14N 4p4h

C ,
~2.24!

where the last term comes fromdn(4C)(k). Note that the
result~2.24! corresponds to the expansion up to fourth ord
of the quantity

2N 2p2h14N 4p4h

11N 2p2h1N 4p4h
<4 ~2.25!

which is the total depletion number obtained from the exa
occupation probabilities~2.18!, and same as~2.13!, is also
properly bounded.

Regarding the results of this subsection, the followin
should be remarked.

~a! In expansion~2.9! are retained the first two terms.
~b! The contributions todn(k) coming from the discon-

nected graphs brought around byN 2p2h are not present in
final result because they cancel out with topological simil
ed

.
ber

er

ct

g

ar

contributions arising in the wave function~2.14!, i.e., the
first term ofdn(4)(k) in Eq. ~2.21!.

~c! The norm termN 4p4h does not contribute in a calcu
lation up to the fourth order and has been ignored in
expansion ofN 2.

~d! We do not include the coupling among the 2p2h sta
(^2p2huV̂u2p2h8&50), because it would only lead to a redis
tribution of the 2p2h occupation probabilities, which do
not have any effect ondn(2)(k).

C. Evaluation of the occupation numbers distribution
in nuclear matter

In nuclear matter the HF ground state is approximated
the Fermi gas, the single-particle quantum numbersk are the
momentumk, the spin projectionms and the isospin projec-
tion mt of the particle, andn(k) turns into the momentum
distribution

n~k!5u~12k!1dn~k!, ~2.26!

wherek is measured in units of the wave numberkF that
defines the Fermi surface. The corresponding depletion n
ber now reads

N.53AE
1

`

dkk2u~k21!dn~k!. ~2.27!
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The residual interaction is generically expressed in the fo
@6#

V̂~q!5(
I
VI~q!O1

I ~ q̂!•O2
I ~2q̂!, ~2.28!

whereVI(q) are the interaction strengths andI[T,S,J en-
compasses the isospin, spin, and total angular momen
quantum numbers of the operatorsOI(q̂), defined as

O000~ q̂!51, O010~ q̂!5 i ~ q̂•s!, O011~ q̂!5~ q̂3s!,

O100~ q̂!5t, O110~ q̂!5 i ~ q̂•s!t, O111~ q̂!5~ q̂3s!t.
~2.29!

The exchange contributions todn(k) will be dropped out
since, as pointed out Van Order and Donnelly@11#, they are
small in comparison with the direct ones. In this way we g

dn~2!~k!5
1

4E dq@u~k21!u~12uk1qu!F ~k•q1q2,q!

1u~12k!u~ uk2qu21!F ~k•q,q!#

3(
I

@v I~q!#2~2T11!2J, ~2.30!
rm

tum

et

for the second-order correction ton(k),

N 2p2h5
3A

8pE dkdqu~k21!u~12uk1qu!F ~k•q

1q2,q!(
I

@v I~q!#2~2T11!2J ~2.31!

for second-order correction to the norm, and

dn~4C!~k!52
1

16E dlE dpE dqu~12u l1qu!u~ t21!@u~k

21!G ~k,l,p,q!1u~12k!G ~k2q,l,p,q!#,

~2.32!

for the fourth-order correction ton(k). In the above equa-
tions

v I~q!5
2k

F

3

~2p!3eF
VI~q!, ~2.33!
F ~a,q!5E u~x21!u~12ux1qu!
~a1q•x!2

dx5
2p

q H F211 ln21 lnUq22a1q

q222a U2 a

q2
lnUq22a1q

q2a UGu~22q!1F lnUq22a1q

q22a2qU
2

a

q2
q22a1q

q22a2q
1
2

qGu~q22!J , ~2.34!

and

G ~k,l,p,q!5@u~12u l1pu!F ~ l•p1 l 2,l !1u~12uk1pu!F ~k•p1 l 2,l !1u~ u l1q1pu21!F ~2 l•p2q•p,l !

1u~ uk1q1pu21!F ~2k•p2q•p,l !#
u~12uk1qu!

~k•q1q21 l•q!2(I @v I~q!#2~2T11!2J(
I 8

@v I 8~ l !#2~2T811!2J8.

~2.35!
In Eq. ~2.32! we do not include the contributions arising
from the second term in Eq.~2.23!, because, as discussed
later on, they are relatively small.

From Eqs.~2.11!, ~2.13!, and~2.31! it can be easily seen
thatN.

(2) fulfills the extensively condition, butN.
(2N)(k) does

not. This unphysical behavior ofN.
(2N) is due to the discon-

nected diagrams contained indn(2N)(k) and is circumvented
by including the 4p4h excitations. This lead us to the resu
in Eq. ~2.24!, which again satisfies the requirement on exten
sivity.

III. NUMERICAL RESULTS AND CONCLUSIONS

The momentum distributionn(k) has been evaluated for
the normal nuclear matter density, i.e.,k

F
51.36 fm, and by
lt
-

parametrizing the residual interaction~2.28! as follows:

V000~q!5Cp~q! f , V100~q!5Cp~q! f 8, ~3.1!

V010~q!5V011~q!5Cp~q!g,

V110~q!5Cp~q!S g82
q2

q21mp
2 D , V111~q!5Cp~q!g8.

Here f , f 8,g, and g8 are the Landau-Migdal parameters,
Cp(q)5 f p

2 /mp
2Gp

2 (q), mp5mp /kF, and

Gp~q!5
Lp
22mp

2

Lp
21q2

, ~3.2!

is thepNN form factor.
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We do not incorporate explicitly ther meson since, a
pointed out by Dickhoff@12#, it produces too much suppre
sion of the tensor force. Yet, the contribution of heavier m
sons is taken into account empirically by fixing the values
g8 andLp ~as done by Albericoet al., @2#! to reproduce the
effective tensor and central components of the force der
by Dickhoff from a G-matrix calculation~ @12,13#!. This
procedure yieldsg850.5 andLp5800 MeV/(\ck

F
). On

the other hand, forf , f 8, andg we have found more appro
priate to adopt the values obtained by Ba¨ckmanet al. @14#
from the analysis of stability conditions and empirical valu
of physical observables, i.e.,f520.12, f 850.39, and
g50.

The following three different ways of adding the groun
state correlations to the Fermi gas distribution will be n
merically compared.

~1! The usual 2p2h second-order approximation, i.e.,
~2.30! is employed in the evaluation ofdn(k).

~2! The above approach is modified by including the
fect of the norm through Eqs.~2.12!, ~2.7!, and~2.31!.

~3! Fourth order approximation within the 2p2h14p4h
subspace, in whichdn(k) is given by Eqs.~2.22! and~2.32!.

The momentum space integrals have been evaluated
energies up to 300 MeV. This limit has been established
examining the behavior ofN. /A @with dn(k) given by
~2.30!# as function of the cutoff energy. The results are d
played in Fig. 4.

The resulting momentum distributionsn(k) are shown in
Fig. 5. In approximation~2!, where the results areA depen-
dent, we have chosen, as an example, the40Ca nucleus. For
this case the empirical occupation numbers are avail
from an optical potential analysis of experimental cross s
tions @15# ~see also@4#!. The second-order approach pr
duces a pronounced high-momentum tail above the Fe
level with a corresponding strong reduction of the lo
momentum part as compared with the Fermi gas. In the
malized case~2!, the previous variation of momentum distr
bution dn(k) is just rescaled by the factorN 250.11 and
this diminishes drastically the effect of the ground-state c
relations.~Note that forA590N 250.05.) Within approxi-
mation ~3! the depletion of the momentum distribution
quite significant, but still relatively small in comparison wi

FIG. 4. Plot of the second-order 2p2h approximation
N. /A, as function of the cutoff energyEc ~measured in MeV! for
2p2h excitations.
-
e-
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that obtained in the plain 2p2h approach. This effect can
interpreted as the reduction of the 2p2h occupation proba
ties by the coupling with 4p4h states. It is worth noting th
the effect of the last term in Eq.~2.23! cannot be distin-
guished visually in Fig. 5.

The calculated numbers of particles shifted above
Fermi level, for the implemented approximations, turn out
beN.516.8,1.8, and 1.9, respectively. The last result is
only physically sound, but also consistent with the abo
mentioned study@15#, which yieldsN.(

40Ca)>2.7.
We summarize our conclusions as follows.
The plain second-order approximation for the moment

distribution grossly overestimates the effect of the 2p
ground-state correlation. This is put in evidence by the v
large result obtained for the number of particles shift
above the Fermi level, as already pointed out@7#.

The introduction of norm corrections, following the recip
given in Ref.@7#, leads unavoidably to anA-dependent mo-
mentum distribution, which is engendered by the disco
nected diagrams present in the norm. As a consequence
number depletion becomes a nonextensive quantity for
nuclear matter, which is very strong drawback of the a
proximation.

We have found out that the just-mentioned unphysi
contributions of the disconnected diagrams are cancelled
the inclusion of 4p4h correlations. Besides, the contribut
of the 4p4h connected diagrams strongly hinder the effec
2p2h correlations, yielding a momentum distribution wi
properly bounded depletion number.

The present results seem to indicate that the 2p2h
4p4h correlations are the dominant degrees of freedom to
considered in the description of the nuclear ground state
addition, we feel that the evaluation of the momentum d
tribution up to fourth order is a reasonably good approxim
tion and that is not crucial the inclusion of higher-order co
relations beyond the 4p4h ones.
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or FIG. 5. Momentum distributionn(k) for the different approxi-
mations: Fermi gas~thin full lines!, second-order approximation
with 2p2h correlations@dn(k)5dn(2)(k)# ~long-dashed lines!, nor-
malized second-order approximation for40Ca @dn(k)
5dn(2N)(k)# ~short-dashed lines!, and fourth-order approximation
with 2p2h14p4h correlations, @dn(k)5dn(2)(k)1dn(4C)(k)#
~thick full lines!.
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