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Comment on ‘‘Large-space shell-model calculations for light nuclei’’

Attila Csótó1,* and Rezso˝ G. Lovas2
1National Superconducting Cyclotron Laboratory, Michigan State University, East Lansing, Michigan 48824

2Institute of Nuclear Research of the Hungarian Academy of Sciences, Debrecen, H-4001, Hungary
~Received 27 February 1995!

In a recent publication Zheng, Vary, and Barrett reproduced the negative quadrupole moment of6Li and the
low-lying positive-parity states of5He by using a no-core shell model. In this Comment we question the
meaning of these results by pointing out that the model used is inadequate for reproducing these properties.
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Recently, Zheng, Vary, and Barrett have published a nu
ber of no-core shell-model calculations for light nuclei in
series of papers; see@1# and references therein. By reprodu
ing a vast number of data, they have demonstrated the via
ity and overall validity of this ambitious fundamental a
proach. In this Comment we would like to point out that
one respect this approach is not realistic: in treating fe
body dynamics in the asymptotic region of the configurat
space. Wave-function asymptotics matters for states tha
near or over the breakup thresholds, and the results for t
states should be viewed with extreme caution. This sh
coming of the~noncontinuum! shell-model approach is no
self-evident; it is only revealed when viewed from the p
spective of the complementary cluster-model approa
which treats the few-body dynamics properly.

In their recent article@1# Zheng, Vary, and Barrett pre
sented results for two long-standing problems of light nuc
Namely, they reproduced the negative quadrupole momen
6Li and found the previously predicted low-lying positive
parity states of5He. We shall, however, show that these r
sults hinge on the treatment of the asymptotic few-body
namics and, in this respect, the shell-model approach us
inadequate. We first discuss the quadrupole moment of6Li
and then the positive-parity states of5He.

The experimental value of the6Li quadrupole moment is
20.083e fm2 @2#. It is very difficult to reproduce this nega
tive value. The failed attempts to reproduce it include var
tional three-body calculations@3#, the hyperspherical har
monics expansion method@4#, the Faddeev approach@5#, and
a large-space six-bodya1p1n three-cluster model@6#. All
these calculations gave positive values forQ, in the 0.2–0.6
e fm2 range. In Ref.@7# it was claimed that a three-cluste
model can reproduce the negative quadrupole momen
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6Li if the full six-body antisymmetrization is properly take
into account. This claim was, however, disputed@6#, and the
result was shown to arise from a restriction on the mo
space~see also@8#!. These macroscopic and microscop
a1p1n calculations revealed that the value of the6Li
quadrupole moment results from a delicate balance betw
the contributions coming from configurations of different a
gular momenta in thep-n anda-(pn) relative motions@6,5#.
This indicates that, forQ to be reliable, thep-n and
a-(pn) dynamics must be described correctly.

In Ref. @1# the model producesQ520.116e fm2. How-
ever, in Table I of Ref.@1# we can see that the ground-sta
binding energy of6Li is incompatible with those of the deu
teron and of thea particle. As a consequence, the mod
6Li seems to be unstable against thea1d breakup by 0.21
MeV, in sharp contrast with reality.~The ground state of
6Li is below thea1d threshold by 1.475 MeV@2#.! The
wave function of6Li carries information on these aspects
its projection onto the product of the intrinsic wave functio
of a andd. This projection involves ana-d relative-motion
function, and the falloff of the tail of this function bears th
imprint of the a1d separation energy. Since the no-co
shell model is intended to be a consistent model for all lig
nuclei, it is a relevant test to examine whether it reproduc
the separation energies. In fact, the separation energy sh
be calculated from binding energies obtained in fully cons
tent state spaces, which is not exactly so in Ref.@1#. The
state space used for6Li is restricted by 2\v more than those
of a andd; thus the breakup energy implied by the6Li wave
function may differ from 0.21 MeV. Nevertheless, it look
likely that such a major discrepancy cannot result from su
a minor mismatch between the state spaces. This value o
separation energy seems to imply that the model is not r
istic enough~i.e., it is still too restrictive!.

Since the cluster-model wave function of6Li contains
many configurations belonging to several different separat
energies, it would be difficult to demonstrate the strong d
pendence of the quadrupole moment on them. Just to giv
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indication of the magnitude of such a dependence, in Fig
we show the quadrupole moment of the ground state of7Li
in an a1t cluster model, using the Minnesota effectiv
nucleon-nucleon force@9#. To mimic the situation in Ref.@1#,
the exchange mixture parameter of the interaction is var
such that the energy of7Li changes, while the binding ener
gies ofa andt remain fixed. We showQ as a function of the
a1t separation energy. One can see that the quadrupole
ment is very sensitive to this quantity. The6Li quadrupole
moment is likely to behave in a similar way. If so, then o
could easily reproduce the6Li quadrupole moment in this
framework by an unphysical artifice: just choose the para
eters so that the energy may exceed thea1d threshold by a
suitable amount, and treat the nucleus as if it were s
bound. This is exactly how the shell model describes6Li,
and a quadrupole moment produced in this way cannot
regarded as physical.

In summary, a theoretical value for the6Li quadrupole
moment can only be accepted as physically meaningful if
model produces the correct separation energies, espec
for the most importanta1d partition. Without this, a repro-
duction of the experimental value can only be fortuitous.

The problem with the low-lying positive-parity states o
5He is even more acute: while the asymptotics of a system
loosely bound fragments can certainly be handled with
square-integrable basis, those of resonant states cannot.
set the zero point of the energy scale of theA-nucleon sys-
tem to the totalA-body disintegration threshold, then an
state below this threshold has a negative energy. This wo
imply an exponentially damped bound-stateA-body asymp-
totic wave function@10#

CA;exp~2kArA! for rA→`. ~1!

HererA is the hyper-radius,rA
25( i r i

2 , wherer i are the one-
particle position vectors, andkA5(2mNEA /\

2)1/2, where
EA is the binding energy of theA-body system, andmN is the
nucleon mass. Such aCA can really be expanded in terms o
square-integrable functions, as in a shell model. Howev
the boundary condition~1! only applies if there is no breakup

FIG. 1. The quadrupole moment of the ground state of7Li as a
function of itsa1t separation energy in ana1t cluster model. The
experimental separation energy is 2.47 MeV, and the quadru
moment is24.06e fm2 @2#.
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channel belowEA . If there is a two-body (A5B1C)
breakup channel belowEA , then the correct boundary con-
dition is @11#

CA;exp~2kArA!1FBFC@x exp~2 ikr !

1y exp~ ikr !# for rA , r→`. ~2!

Here r is the distance between the fragmentsB andC, the
functionsF are the intrinsic states ofB andC with binding
energiesEB andEC , k5@2m(EA2EB2EC)/\

2#1/2, andm
is the reduced mass in this partition. A scattering ‘‘state,’’ o
energyEA , that obeys Eq.~2! will be regarded as a~reso-
nant! state of the nucleusif S52y/x ~the ‘‘Smatrix’’ ! has a
pole at the complex energyEA2 iG/2, whereG is the total
width.

Square-integrable bases, however large they are, are
viously unable to obey the boundary condition in Eq.~2!, so
whatever they predict for states above breakup thresholds
to be taken with reservation. This applies to the low-lyin
positive-parity states of5He, which are above thea1n
threshold. The main component of the 1/21 state, e.g., is
p(0s)2n(0s)2(1s)1, which has a large overlap with the
a1n continuum. Thus this state would be very strongl
coupled to the continuum, which may have a very stron
effect.

We have performed a search for such states in a larg
space cluster model whose wave function is

C5(
S,L

„A$@~FaFn!SxL
an~ran!#JM%

1A$@~FdF t!SxL
dt~rdt!#JM%…, ~3!

whereA is the intercluster antisymmetrizer, the cluster in
trinsic statesF are translation invariant 0s harmonic oscil-
lator shell-model states for thea particle, deuteron, and tri-
ton, the vectorsr are the intercluster Jacobi coordinates, an
@•••# denotes angular momentum coupling. In the sum ov
S andL all possible configurations are included. It is impor
tant to note that bound-state-type cluster-model calculatio
of this type do produce a low-lying 1/21 state@12#, just as
the shell model does~and, somewhat higher up, 3/21 and
5/21 states as well!. Here, however, we impose on the inter
cluster relative-motion functionsx the correct unbound-state
asymptotics. To avoid any ambiguity in the recognition of

resonance in the phase shiftd5 1
2 argS, we searched for

complex-energy poles of theSmatrix directly. Both an ana-
lytic continuation method@13# and the complex scaling
method @14# were used. The 3/22 and 1/22 states were
found, but the next level was the 3/21 state at 16 MeV ex-
citation energy. No sign of any low-lying 1/21, 3/21, or
5/21 states was found. The inclusion of a few monopol
breathing excitations ofa did not change the situation either.
This rules out even the exotic possibility that the low-lying
positive-parity states are Pauli resonances@15#, since with
the departure from the single oscillator description of thea
cluster the configurations that might produce Pauli res
nances get automatically included.

To produce a low-energy 1/21 state artificially, we made
the intercluster binding stronger, while keeping the clust

ole
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binding energies fixed, by changing a mixing parameter
theN-N interaction. Then we let the mixing parameter ten
toward its physical value, and followed the position of th
1/21 pole. The pole moved rapidly towards higher energi
and, for example, it was found at 19 MeV excitation energ
with a width of 34 MeV while the mixing parameter was sti
highly nonphysical; indeed, the same parameter value p
duced deeply bound 3/22 and 1/22 states. Further change o
the mixing parameter in the direction of its correct valu
pushed this 1/21 state to even higher energies with large
widths.

All in all, in a model that handles the asymptotics co
rectly, the low-lying positive-parity states of5He do not
show up. Although the basis used by Zhenget al. @1# is prob-
ably more flexible than ours to describe the correlated sho
range motion of the nucleons, it is very difficult to imagin
that an improvement of our model in this direction woul
bring down high-lying positive-parity states from the uppe
region of the continuum. On the other hand, with a boun
state treatment, it is straightforward to lower any high-ener
resonant state close to the lowest-lying threshold. Inde
when an oscillator basis is enlarged, the pseudobound st
will converge to this threshold, and not to the correct res
nance energy, even if there exists a resonance@16#. Never-
theless, it is still to be proven whether or not the nonphysic
boundary condition results in the appearance of these st
in the calculations of Zhenget al. The direct way to check
this would be to supplement the wave function of Ref.@1# by
ana1n cluster term which describes the correct asympto
ics. This could be done, for example, in a cluste
configuration shell model@17#. An indirect indication as to
whether these states are real or spurious could be obta
more simply by examining the stability of their energie
against changes in the size of the square-integrable ba
Resonant states produced by a square-integrable basis
distinguishable from spurious states~i.e., bound-state ap-
proximants to plain continuum states! by their energies being
stable against enlargements of the basiswithin some interval
of basis sizes. The resonance energies are then given by
energies corresponding to the centers of these intervals@16#.
.
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Just to give an example that the incorrect boundary co
dition can incur spurious states, here we show the case
8Li. This nucleus is described in a three-clustera1t1n
model with the basis containing a number of different ang
lar momenta@18#. Expanding all intercluster relative-motion
functions in terms of square-integrable functions, one ge
from the diagonalization of the Hamiltonian, two 21 states
below thea1t1n threshold, at binding energies 4.2 MeV
and 1.1 MeV~relative to the three-cluster threshold!, respec-
tively. Experiment has only produced one 21 state in this
region, the ground state. The square-integrable basis is se
ingly adequate, because we are below the three-clus
threshold. However, the 1.1 MeV energy state is above t
7Li1n two-body breakup threshold, which means that th
correct boundary condition has to contain a7Li1n scattering
term. Supplementing our wave function by such a term, t
1.1 MeV 21 state disappears immediately, showing that th
state was an artifact brought about by the incorrect bound
condition.

By this analogy, we suggest that the low-lying positive
parity states of5He could also disappear if the proper bound
ary condition were taken into account. Be that as it may, w
cannot claim that this would disprove the existence of th
states in question. But certainly, before further efforts a
spent on understanding the nature of these states, the em
cal evidence for their existence should be reconsidered.

In conclusion, the reproduction of the negative quadr
pole moment of6Li and the low-lying positive-parity states
of 5He by Zhenget al. @1# in a shell model cannot be re-
garded as well founded because the aspects of few-body
namics underlying these effects are treated improperly in th
model. We think that the no-core shell model has been
significant advance towards understanding nuclear structu
and it is all the more important to understand its limitation
as well.
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