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Continuity equation in electron scattering from nuclei
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The role of the continuity equation in the calculations usually performed in the context of the electron
scattering from nuclei is analyzed. Special attention is paid to the uncertainty introduced in the theoretical
predictions after this equation is considered in the calculation of the transverse electric multipoles, when the
models are not gauge invariant. Quantitative analysis of this point is done for a simple model based on a
harmonic oscillator Hamiltonian with a constant spin-orbit potential.
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Electron scattering from nuclei has produced a large b
of work about nuclear structure. Elastic scattering has p
vided the shape of the nuclear charge density. Inelastic s
tering has provided information on the charge and cur
distributions involved in a given transition. The particu
characteristics of the electron-nucleon interaction~i.e., it is
rather well known and relatively weak! have ensured, to
some extent, the reliability of the results obtained in
analysis of the experimental information. This is basica
the cross section, which is given by@1#
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wheresMott is the well-known Mott cross section,Ji is the
angular momentum of the initial state of the nucleus,u i &, h
is the nuclear recoil factor, andQm5(v,q) is the four-
momentum carried by the photon exchanged between
electron and the nucleus. This result is obtained in the fra
work of the plane wave Born approximation~PWBA!, after
assuming that the continuity equation~CE! is satisfied. Ac-
tually, electron waves are distorted by the nuclear field,
distorted wave Born approximation should be used, and
previous expression for the cross sections is no longer v
Despite the fact that the effect of the distortion can be
portant, especially for heavy nuclei, we will continue with
the PWBA in order to facilitate a clearer discussion.
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The charge and current distributions mentioned above en
ter in the longitudinal~charge! tCl and transverse~current!
tEl and tMl multipoles. These are reduced matrix elements
of multipole operators between the nuclear states involved i
the transition considered. They are given as follows:

tCl~q!5^Jf iMl
Coul~q!iJi&, ~1!

tEl~q!5A l11

2l11
^Jf i iTll21~q!iJi&

2A l

2l11
^Jf i iTll11~q!iJi&, ~2!

tMl~q!5^Jf i iTll~q!iJi&, ~3!

with

Mlm
Coul~q!5E dr j l~qr !Ylm~ r̂ !r~r !,

TlL
m ~q!5E dr j l~qr !YlL

m ~ r̂ !•J„r ….

Here j l is a spherical Bessel function,YlL
m ( r̂ ) is a vector

spherical harmonic, andr(r ) andJ(r ) are the nuclear charge
and current densities operators, respectively.

In this context the CE enters as a basic aspect. This equ
tion is just the formulation of the charge-current conservation
and it follows directly from the property of gauge invariance
of the electromagnetic field and its coupling to the particle
field @2#. As a consequence, the CE is expected to hold in
quite general situations. It can be written as

@H,r~r !#5 i¹•J~r !,
1430 © 1996 The American Physical Society
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whereH is the nuclear Hamiltonian. If we take thel multi-
pole of the above equation and evaluate the reduced ma
element between the nuclear statesuJi& and uJf&, which are
supposed to be eigenstates ofH with eigenvaluesEi and
Ef , respectively, it is straightforward to obtain@3,4#

v

q
tCl~q!52A l

2l11
tl2~q!2A l11

2l11
tl1~q!, ~4!

with v5Ef2Ei the energy transfer and where we have d
fined the multipoles

tl6~q!5^Jf i iTll61~q!iJi&.

One of the main implications of the CE is the constrain
introduces in the charge and current distributions. As we
see in Eq.~4!, the longitudinal~charge! multipoles are re-
lated to the two transverse~current! multipoles of electric
type. This means that, in general, the measurement of
cross section allows one to separate three independent
ties: the charge multipole, the magnetic multipole, and one
the two electric ones, the other one being fixed by the C

When these multipoles are calculated, some problems
pear, mainly because, in most cases, the wave functions
are nonrelativistic and non-nucleonic degrees of freedom
not considered. This problem is considerably more severe
the current than for the charge@4#, and this is the reason why
it is a common practice to eliminate one of the two terms
Eq. ~2! by means of the CE~4!. In this way, tEl is not
obtained directly from the current operator and part of t
deficiency is taken out by including explicitly the charg
multipole in the calculation.

Though, in principle, there is nothing to argue against t
procedure, it is worth pointing out that usually the mode
taken into account to perform the calculations do not sati
the CE and, as a consequence, a great limitation appe
because~i! the ansatz considered is not unique and~ii ! the
results one obtains by using the different possibilities co
disagree to a very large extent.

In this paper we want to investigate in detail these tw
aspects, trying to evaluate the degree of incertitude in
duced in the problem when such a procedure is followed

First, we discuss the indefiniteness inherent to the meth
It is evident from the previous comments that one can p
ceed in two different ways, each one corresponding to
elimination oftl2 or tl1 in Eq. ~2!. Then two new formulas
to evaluate the multipoletEl appear:

tEl
~1 !~q!52A2l11

l
tl1~q!2Al11

l

v

q
tCl~q!, ~5!

tEl
~2 !~q!5A2l11

l11
tl2~q!1A l

l11

v

q
tCl~q!. ~6!

Of course, these two equations produce the same result@and
the same as Eq.~2!# if the CE is fulfilled, but it is not pos-
sible to ensure anything concerning which of them is be
when it does not. This is very important because Eq.~5! is
the one commonly used to rearrange the electric multipo
in calculations where the CE is not satisfied. From the
perimental point of view, the choice selected depends on
trix
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type of transition which is being analyzed:tl2 dominates in
transitions to collective states, while it is negligible in thos
excited levels of strong single particle-hole nature@4#. From
a theoretical point of view, it is important to mention that th
Siegert theorem@5# is satisfied if the prescription of Eq.~5!
is adopted.

In what follows we paid attention to the~rather usual!
situations in which the CE is not verified. If this is the case
the use of Eq.~4! to eliminate one of the two multipoles in
Eq. ~2! can be understood also as a way to force the model
satisfy the CE. As we have previously seen, the determin
tion of the current multipoles needs the knowledge of thre
reduced matrix elementstl2 , tl1 , and tMl . The use of
tEl
(1) , given by Eq.~5!, to evaluate the electric multipoles
means that one modifies the first of these three matrix e
ments while the other two remain unchanged:

tl2~q!→ t̃l2~q!52Al11

l
tl1~q!2A2l11

l

v

q
tCl~q!,

tl1~q!→ t̃l1~q!5tl1~q!,

tMl~q!→ t̃Ml~q!5tMl~q!.

If Eq. ~6! is chosen to evaluate the electric multipoles, th
opposite occurs:tl1 is modified andtl2 and tMl are not.

However, it is clear that these are not the only possibil
ties. One can find infinite pairs (tl2 ,tl1) satisfying the CE
at the level of Eq.~4!, and each of them producing a differen
value for tEl , leaving tMl unchanged. The two cases given
in Eqs. ~5! and ~6! are only particular cases of this more
general situation. The problem at this point is that any valu
of the electric multipole, ranging from2` to 1`, can be
obtained in this way. Thus, the imposition of the CE follow
ing this method is completely out of control and, in som
sense, has no physical meaning.

In order to quantify the different aspects pointed out in th
previous discussion, we consider now a toy model to d
scribe the nuclear structure by means of a single-partic
Hamiltonian based in a harmonic oscillator potential and in
cluding a spin-orbit term:

H52
\2

2m
¹21V01

\2

2m

r 2

b4
1VLSl•s.

The values of the parametersV0 , VLS , and b used in the
calculations have been adjusted to reproduce the energie
the single-particle states around the Fermi level in differe
double closed-shell nuclei and are given in Table I. Th
eigenfunctions corresponding to this Hamiltonian are ha
monic oscillator wave functionsRnl , with oscillator param-
eterb, while the eigenvalues can be found to be

TABLE I. Parameters of the potential used in the toy mode
considered to discuss the violation of the CE~see text!.

Nucleus V0@MeV# b@ fm# VLS@MeV#

16O -53.6 1.67 -4.20
40Ca -55.7 1.80 -1.90
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Enl j5
\2

mb2 S 2n1 l2
1

2D1V01VLScl j ,

where

cl j5
1

2 F j ~ j11!2 l ~ l11!2
3

4G .
It is important to point out that, due to the fact that th
spin-orbit piece of the potential does not depend on the s
tial coordinates, the two single-particle states correspond
to a given value ofl only differ in the energy values, the
wave functions being exactly the same.

Within this model nuclear transitions in closed-shell nu
clei can be described by considering wave functions for t
excited states including a single one particle–one-ho
~1p1h! configuration. In addition, transitions between singl
particle~or single-hole! states describe nuclear transitions
nuclei with one nucleon above~or below! a closed shell.
Obviously, the reliability of the results obtained in this wa
is related to the validity of the extreme shell model in ea
case.

The charge density operator has been taken to be the u
one:

r~r !5 (
k51

A 11t3
k

2
d~r2r k!,

while the nuclear current operator includes the convecti
and spin-magnetization one-body terms

JC~r !5 (
k51

A
1

2Mk

1

i

11t3
k

2
@d~r2r k!¹W k1¹W kd~r2r k!#,

JM~r !5 (
k51

A S mP

11t3
k

2
1mN

12t3
k

2 D¹W k¹W @d~r2r k!sk#,

as well as the so-called spin-orbit current

JLS~r !5
1

2
VLS(

k51

A 11t3
k

2
d~r2r k!sk3r k .

HereMk is the mass of thek nucleon,Sk5sk/2 is its spin,
and t3

k51 or 21 according this nucleon being proton o
neutron, respectively. Finally,mP (mN) is the proton~neu-
tron! magnetic moment.

It is a simple exercise to check that this model fulfills th
CE and for the following discussion we take the multipole
calculated within it as ‘‘pseudodata.’’ The usual situation of
model not verifying the CE can be simulated by taking o
the spin-orbit term in the current operator. It is to this mod
which we will apply the general procedure described abo

In order to visualize the point relative to the restoration
the CE we have plotted in Fig. 1 the (tl2 ,tl1) plane for the
transitions 01→1d5/21p1/2

21 in 16O ~left! and 1d3/2
21→2s1/2

21 in
39K ~right!, and for two values of the momentum transfe
q51 fm21 ~upper panel! and 2 fm21 ~lower panel!. Therein
the solid line represents the locus of the points satisfying
CE as given by Eq.~4!. The point corresponding to the toy
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model in absence of the spin-orbit current term isP0 , while
the pointX is obtained for the full current operator.

If the prescription in which the electric multipole is cal-
culated by means of Eq.~5! is adopted, one reaches the poin
P1. P2 corresponds to the situation provided by Eq.~6!.

The cases shown in Fig. 1 are representative of the diffe
ent situations that can be found. What is important to note
the lack of systematic results: It is not possible at all t
ensure which of the two pointsP1 or P2 is closer toX. In
the usual situation, the recovering of the CE in the terms w
are discussing, i.e., by going fromP0 to P

1 or P2, does not
permit one to establish any conclusion with respect to th
feasibility of the electric multipole obtained.

To finish the discussion, in Fig. 1 we have plotted also th
point P, which is the point obtained when bothtl2 and
tl1 are modified in order to satisfy the CE and give, simul
taneously, the same value oftEl as the one corresponding to
P0 . As we can see,P is always betweenP1 andP2 and
closer to the last one@the reason for that can be easily de
duced from Eqs.~5! and ~6!#.

It is interesting to analyze in detail the case of the39K at
q51 fm21. Therein ~see upper right panel in Fig. 1! P
coincides withX, which means that the effect of the inclu-
sion of the spin-orbit term in the current is negligible, in

FIG. 1. (tl2 ,tl1) plane for the transitions 01→1d5/21p1/2
21 in

16O ~left! and 1d3/2
21→2s1/2

21 in 39K ~right!, and for q51 fm21

~upper panel! and 2 fm21 ~lower panel!. The solid line represents
the locus of the points satisfying the CE as given by Eq.~6!. X and
P0 are the points corresponding to the model with and withou
spin-orbit current, respectively.P1 is the point obtained by modi-
fying tl2 only, leaving tl1 unchanged, whileP2 corresponds to
the opposite situation. Finally,P is the point giving the same elec-
tric multipole asP0 , but satisfying simultaneously the CE.
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what refers to the calculation of the electric multipole. De
spite the fact thatP0 corresponds to a situation in which the
CE is not verified, it provides a better result than any of th
two possibilitiesP1 or P2. This shows in a very clear way
the fact that the restoration of the CE via the modification
the multipoles of the current cannot be considered as
mechanism which increases the goodness of the calcula
electric multipoles.

Besides all these aspects, from the physical point of vie
there is an additional important question following the pro
cedure under discussion: Does there exist a current oper
J̃(r ) having the new multipolest̃l2 , t̃l1 , andt̃Ml? In prin-
ciple, one cannot ensure the existence of such a curre
which means that the modification of multipoles of the cu
rent to satisfy the CE at the level given by Eq.~6! has no
physical basis.
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This point has been investigated by Friar and Falliero
@6#, who have developed new electric current operators
connection with the extension of the Siegert theorem for th
retarded electric multipole field. As a result, new prescrip
tions to impose the CE constraints to the electric transver
multipoles are generated by these new currents, which, ho
ever, do not appear to be entirely satisfactory@7#.

The main conclusion one can draw from the analysis pr
sented here is that the standard procedures to impose the
by hand, in calculations based on models which do not verif
it, are misleading and do not ensure at all that a better or
more reasonable description of the data will be obtained.
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