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Restoration of overlap functions and spectroscopic factors in nuclei
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An asymptotic restoration procedure is applied for analyzing bound-state overlap functions, sepa
energies, and single-nucleon spectroscopic factors by means of a model one-body density matrix em
from the Jastrow correlation method in its lowest order approximation for16O and40Ca nuclei. Comparison is
made with available experimental data and mean-field and natural orbital representation results.

PACS number~s!: 21.60.2n, 21.10.Pc, 21.10.Jx, 21.60.Jz
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Both single-nucleon spectroscopic factors and the over
functions have attracted much attention in questions conce
ing the interpretation of recent (e,e8p), (d,3He!, and
(g,p) experimental data~e.g.,@1–15#!. The growing interest
is motivated in principle by the possibility to clarify the limi-
tation of the nuclear mean-field picture. For instance, t
relatively low values of the spectroscopic factors deduc
from these experiments show clearly the importance of t
short-range correlation effects in nuclei and the necessity
detailed investigations of the high-momentum compone
of the nucleon wave function which cannot be include
within the mean-field approximation@16–21#.

The underlying relationship between the differential cro
section and the structure of the nuclear wave function is
ten empirically analyzed using the plane-wave impulse a
proximation~PWIA!. For instance, in this approximation the
(e,e8p)-reaction cross section for a transition to a speci
state with quantum numbersa in the residual nucleus has the
following form ~see, e.g.,@12,22#!

s~e,e8p![
d5s

dVe8dVpdEp
5Ksepufa~k!u2. ~1!

The first termK is kinematical factor ,sep is the off-shell
electron-proton scattering cross section@23#, and the nuclear
structure componentufa(k)u2 is the squared Fourier trans
form of the overlap function between the ground state of t
target nucleusC (A) and the final state of the residual nucleu
C (A21) @24,25,16#:

fa~r !5^Ca
~A21!ua~r !uC~A!&, ~2!

a(r ) being an annihilation operator for a nucleon with spat
coordinater ~spin and isospin coordinates are not put
evidence!. The overlap function~2! is not orthonormalized.
Its norm defines the spectroscopic factor of the levela,

Sa5^faufa&, ~3!

and the normalized overlap function

f̃a~r !5Sa
21/2fa~r !. ~4!

Usually,f̃a(r ) is calculated from an empirical Saxon-Wood
potential with a distinct potential radius for each separa
transitiona. Quantitative estimates are then deduced by
ting both the potential radius and the spectroscopic fac
536/53~3!/1254~4!/$10.00
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Sa in order to obtain a good agreement between the exp
mentally measured cross sections (ds/dV)expt and those
predicted from appropriate calculations for the reaction p
cess.

The full theoretical description of the experiments me
tioned above has many components. We should like to m
tion among them the proper account of the reaction mec
nism, of the distortion effects~including the distortion due to
the final state interaction!, of the meson exchange curren
contributions, the study of theA dependence, and other
~see, e.g.,@22,12#!. Obviously, however, the theoretical est
mates of the overlap functions~2! and the spectroscopic fac
tors ~3! are of crucial importance for the adequate evaluat
of recent (e,e8p), (d,3He!, and (g,p) experiments. The
problem is that the normalized overlap functions~4! cannot
be identified with a phenomenological shell-model sing
particle wave function especially for energies farther fro
the Fermi energy, sometimes even within the valence s
@16#. It is known that generally, the independent-partic
shell model cannot explain the fragmentation or spreading
the hole strength@26,22,20#. This is because, due to the re
sidual interaction, the hole state of the target nucleus is
an eigenstate of the (A21)-nucleon system and its strengt
is distributed over several states of the final system. Poss
modifications going beyond the uncorrelated shell-model
proximation quickly become rather involved.

Recently, it has been shown@27# that the knowledge of
the ground-state one-body density matrix of the targ
nucleus is sufficient to determine, at least in principle, t
overlap functions, spectroscopic factors, and separation
ergies of the bound (A21)-particle eigenstates. The aim o
the present paper is to apply the procedure suggested in@27#
using the model one-body density matrix@28–30# in which
the short-range correlation terms of the Jastrow correlat
method are taken into account. The resulting quantitative
timates allow us to make instructive conclusions for t
properties of the overlap functions in comparison with t
associated shell-model orbitals and the natural orbitals@31#
which are of frequent interest in this context@16,19,20#.

The exact one-body density matrix associated with
ground stateC (A) of the target nucleus withA nucleons is
defined as

r~r ,r 8!5^C~A!ua†~r !a~r 8!uC~A!&. ~5!
1254 © 1996 The American Physical Society
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Inserting the complete set of eigenstatesCa
(A21) of the re-

sidual (A21) nucleus, Eq.~5! reads

r~r ,r 8!5(
a

fa* ~r !fa~r 8!5(
a

Saf̃a* ~r !f̃a~r 8!, ~6!

wherefa and f̃a are the overlap functions~2! and ~4!, re-
spectively,Sa is the spectroscopic factor~3!, and the sum-
mation implicitly includes also the continuum states asso
ated with all scattering channels of the (A21) system.

The one-body density matrix has a quite similar form
its natural orbital representation@31#

r~r ,r 8!5(
a

Naca* ~r !ca~r 8!, ~7!

where the natural orbitalsca are defined as a complete o
thonormal set of functions which diagonalize the one-bo
density matrix~5! with eigenvaluesNa called natural occu-
pation numbers. Properties of the overlap functions and
natural orbitals are considered for various many-body s
tems, such as atomic nuclei@16,28,29,19,20,32–34# and liq-
uid drops of 3He @35#.

In the case of a spherical ground stateC (A) with 01 an-
gular momentum and parity, each eigenstateCa

(A21) is char-
acterized by the ‘‘single-particle’’ quantum numbersl jm,
i.e.,a[nl jm, with n being the number of thel jm state. The
overlap functions and the natural orbitals then factorize i
radial and spin-angular parts

fa~r !5fnl j~r !Yl jm~V,s!,

ca~r !5cnl j~r !Yl jm~V,s!,
~8!

where Yl jm(V,s)5@Yl(V)3x1/2(s)#m
j and s is the spin

variable. Using Eq.~8!, the one-body density matrix reads

r~r ,r 8!5(
l j

r l j ~r ,r 8!(
ms

Yl jm* ~V,s!Yl jm~V8,s!. ~9!

Because of the spherical symmetry,Snl j , Nnl j , and the radial
contributionsr l j (r ,r 8) entering the one-body density matri
~9! do not depend on the magnetic quantum numberm. From
Eqs.~6! and ~7! it then follows that in eachl j subspace the
spectroscopic factorSnl j is smaller than the largest natura
occupation numberNnl j

max with the samel j , i.e.,

Snl j<Nnl j
max. ~10!

The procedure of@27# is based on the generally accepte
asymptotic behavior of the neutron overlap functions asso
ated with the bound states of the (A21) system,

fnl j~r !→Cnl jexp~2knl j r !/r , ~11!

where

knl j5\21A2m~Enl j
~A21!2E0

~A!! ~12!
ci-

in
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depends on the separation energyea5Enl j
(A21)2E0

(A) . Obvi-
ously, the higher excited states have faster decay. Therefo
for large valuesr 85a→`, Eqs.~6! and ~9! lead to the as-
ymptotic relation

r l j ~r ,a!→fn0l j
~r !Cn0l j

exp~2kn0l j a!/a, ~13!

wherefn0l j
(r ) is the radial part of the lowest overlap func

tion in the l j subspace considered. The unknown consta
Cn0l j

can be derived from the asymptotic behavior of th

diagonal partr l j (r ,r ) since

r l j ~a,a!→uCn0l j
u2exp~22kn0l j a!/a2. ~14!

By means of Eqs.~13! and~14! one can derive the lowest
~bound-state! overlap function with quantum numbersl j and
radial part

fn0l j
~r !5

r l j ~r ,a!

Cn0l j
exp~2kn0l j a!/a

, ~15!

as well as the associated separation energy

en0l j5\2kn0l j
2 /2m ~16!

and the spectroscopic factor

Sn0l j5^fn0l j
ufn0l j

&. ~17!

One can repeat the above procedure for the second bo
state with the same multipolarity~if it exists! after subtract-
ing the contribution of the lowest eigenstate. The result is

fn1l j
~r !5

r l j ~r ,a!2fn0l j
~r !fn0l j

~a!

Cn1l j
exp~2kn1l j a!/a

, ~18!

with expressions similar to~16! and ~17! for the separation
energyen1l j and the spectroscopic factorSn1l j , respectively.
The restoration procedure can be continued and one is a
to analyze all bound states of the (A21)-particle system
once the one-body density matrix of theA-particle ground
state is known. In the case of proton bound states so
modifications due to the Coulomb asymptotic behavior of th
overlap functions have to be taken into account.

The present calculations of the bound-state overlap fun
tions, separation energies, and spectroscopic factors h
been performed applying the recipe~13!–~18! to a model
one-body matrix@28–30# obtained within the Jastrow corre-
lation method in its low-order approximation for16O and
40Ca nuclei. The model is based on harmonic oscillat
single Slater determinant and Gaussian-like sta
independent correlation factor. Although the resulting dens
matrix has a simple analytical form, it is physically signifi
cant that the short-range correlations are incorporated in it
a large extent. In addition, its natural orbital representation
well investigated@28–30#.

Here we should like to mention that the procedure su
gested in@27# requires accurate values of the one-body de
sity matrix at larger . In principle this limits the practical
application of the method. In our opinion, however, the an
lytical expressions of the one-body density matrix obtaine
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within some correlation methods give a basis for an eas
numerical application of the procedure. This is the case
the present work. Using the model one-body density mat
from @28–30# we have to avoid, however, another difficult
arising from its Gaussian asymptotic behavior. This
achieved by applying the recipe~13!–~18! not for a single
asymptotic point a but within an asymptotic region
(aL ,aU) bracketing the pointa and sustained after the poin
where the diagonal elementr l j (r ,r ) is less than 10% from
its maximal value. We are looking for such a radial contr
butionrn0l j (r ,r 8)5fn0l j

(r )fn0l j
(r 8) whose diagonal part is

less than or equal tor l j (r ,r ) at each pointr and which
minimizes the trace Tr@(r l j2rn0l j )

2#. ThenaL , a, andaU
as well as the unknownCn0l j

and kn0l j are uniquely deter-
mined by the requirement that the overlap function~15! sat-
isfy Eqs. ~13! and ~14! simultaneously with minimal least-
squared deviation within the region (aL ,aU). We should
mention that the procedure suggested is not a unique one,
this problem does not exist when a realistic one-body dens
matrix with a correct exponential asymptotic behavior
considered.

We have performed the above numerical procedure se
rately for each set of quantum numbersnl ~the model does
not split the states with respect toj5 l61/2). It leads to
predictions for the neutron separation energiesea , spectro-
scopic factorsSa , and the overlap functionsf̃a which are
given in Table I and Fig. 1, respectively.

It is seen from Table I that the calculated separation e
ergiesea are in acceptable agreement with the self-consist
Hartree-Fock~HF! results@36# and the available experimen
tal data. The calculated spectroscopic factorsSa , however,
differ significantly from their mean-field values. Because
the short-range correlations, a depletion of the states be
and a filling of the states above the Fermi level results. At t
same time the calculated values ofSa are consistent with
experimentally deduced spectroscopic factors@6#. In general,

TABLE I. Separation energiesea and spectroscopic factorsSa

calculated on the basis of the one-body density matrix@28–30# for
16O and 40Ca. Comparison is made with the Hartree-Fock~HF!
single-particle energies~set SkI from@36#!, natural occupation num-
bersNa @29#, and experimental data~Expt.!. The energies are in
MeV and only the states withj11/2 are displayed.

nl ea
HF ea Expt. Sa

HF Sa Na Expt.

16O 1s 32.96 35.82 47.0a 1 0.940 0.95
1p 20.81 17.48 21.8b 1 0.953 0.965
1d 5.31 12.76 4.14b 0 0.004 0.006

40Ca 1s 41.04 32.85 56.0a 1 0.763 0.89 0.75d

1p 32.17 29.54 40.0a 1 0.89 0.938 0.72d

1d 22.16 24.75 22.38c 1 0.907 0.946 0.74d

2s 15.67 13.07 18.2c 1 0.953 0.958 0.64d

1 f 11.25 8.69 8.36c 0 0.01 0.013 0.11d

aFrom @37#.
bFrom @38#.
cFrom @39#.
dFrom @6#.
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the values ofSa emerging from the present restoration pro
cedure are larger than the experimental ones. This fact
most probably related to the crude approximation for th
density matrix used. The reason is the same for the larg
value ofS2s1/2 in comparison with the spectroscopic factor o
the lower 1s state in 40Ca.

In Table I we compareSa also with the natural occupation
numbersNa derived after diagonalyzing the same mode
one-body density matrix@28–30#. The comparison shows
that our numerical procedure satisfies the general requi
ment ~10!. The trend of the calculated spectroscopic facto
Sa follows that of the natural occupation numbers. This re
sult becomes more transparent realizing that the overl
functionsf̃a are rather close to the natural orbitalsca as is
seen from Fig. 1.

From Fig. 1 it can be also seen that all three functions, th
overlap, mean-field, and natural orbital wave functions, a
quite similar for the hole states in nuclei. This justifies th
use of shell-model orbitals instead of overlap function
within PWIA calculations~1! for such kind of nuclear states.
This approximation, however, is no longer valid for the par
ticle nuclear states where the mean-field wave functions s
nificantly differ from the overlap functions~see the 1f state
in Fig. 1!. The latter take some intermediate position be
tween the natural orbitals and the HF wave functions.
should be stressed that our model one-body density matrix
completely different from the Hartree-Fock one. It has bee
demonstrated in@28,29,35# that due to the short-range corre-
lations~SRC’s! the correlated particle-state orbitals are muc
more localized than the particle-state mean-field singl
particle wave functions. This is the reason why the HF orbi
als associated with the particle states go farther out than t
overlap functions~or the natural orbitals! associated with the
correlated one-body density matrix. The place of the corr
lated particle-state asymptotic region is affected by th
SRC’s while the HF particle-state orbitals have a large
spread although the orbit is more strongly bound.

The instructive conclusion is that neither natural orbital
nor shell-model wave functions can be used as particle-sta
overlap functions in the theoretical analysis of the exper
mental data. The present restoration procedure gives a p

FIG. 1. Overlap functions~solid line!, self-consistent Hartree-
Fock single-particle wave functions~dot-dashed line!, and natural
orbitals ~dashed line! for the nucleus40Ca.
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sible solution of the problem if it is applied to some realist
ground-state one-body density matrices.

Concluding, we have demonstrated in this paper the p
sibility for restoring the separation energies, spectrosco
factors, and overlap functions for bound (A21)-particle
eigenstates on the basis of the ground-state one-body den
matrix of the targetA-particle system. Although we have
used a quite crude approximation for the one-body dens
matrix @28–30#, the asymptotic restoring procedure@27#
leads to acceptable quantitative results. Thus one obtain
method for estimating such important quantities as spect
scopic factors and overlap functions which is supplemen
to the more involved approaches@16#. For this purpose, one
ic

os-
pic

sity

ity

s a
ro-
tal

has simply to apply the present restoring procedure to mo
sophisticated one-body density matrices as, for example,
ones emerging from Brueckner-Hartree-Fock@40,41#, varia-
tional Monte Carlo@35,42#, or simplectic model calculations
@43#. The resulting bound-state spectroscopic factors a
overlap functions will have more realistic properties and ca
be used for reliable description of the characteristics of th
(e,e8p), (d,3He! , (g,p), and other one-nucleon remova
nuclear processes.

This work is supported in part by the Contracts Nos
F-406 and F-527 with the Bulgarian National Science
Foundation.
.

t

o-

n,

i.

.

.

C

ys.

.

s.
@1# G. J. Kramer, H. P. Blok, J. F. A. van Hienen, S. Brandenbur
M. N. Harakeh, S. Y. van der Werf, P. W. M. Glaudemans, an
A. A. Wolters, Nucl. Phys.A477, 55 ~1988!.

@2# G. van der Steenhoven, H. P. Blok, E. Jans, M. de Jong,
Lapikás, E. N. M. Quint, and P. K. A. de Witt Huberts, Nucl.
Phys.A480, 547~1988!; G. van der Steenhoven, H. P. Blok, E
Jans, L. Lapika´s, E. N. M. Quint, and P. K. A. de Witt Huberts,
ibid. A484, 445 ~1988!.

@3# J. W. A. den Herder, H. P. Blok, E. Jans, P. H. M. Keizer, L
Lapikás, E. N. M. Quint, G. van der Steenhoven, and P. K. A
de Witt Huberts, Nucl. Phys.A490, 507 ~1988!.

@4# A. E. L. Dieperink and P. K. A. de Witt Huberts, Annu. Rev.
Nucl. Part. Sci.40, 239 ~1990!.

@5# P. K. A. de Witt Huberts, J. Phys. G16, 507 ~1990!.
@6# G. J. Kramer, Ph.D. thesis, Universiteit van Amsterdam, 199
@7# I. Sick and P. K. A. de Witt Huberts, Comments Nucl. Par

Phys.20, 177 ~1991!.
@8# G. van der Steenhoven, Nucl. Phys.A527, 17c ~1991!.
@9# P. Grabmayr, Prog. Part. Nucl. Phys.29, 251 ~1992!.

@10# L. J. de Bever, Ph.D. thesis, Universiteit van Utrecht, 1993.
@11# L. Lapikás, Nucl. PhysA553, 297c~1993!.
@12# D. G. Ireland and G. van der Steenhoven, Phys. Rev. C49,

2182 ~1994!.
@13# J. Vernotte, G. Berrier-Rousin, J. Kalifa, R. Tamisier, and B. H

Wildenthal, Nucl. Phys.A571, 1 ~1994!.
@14# I. Bobeldijk et al., Phys. Rev. Lett.73, 2684 ~1994!; I. Bo-

beldijk, Ph.D. thesis, Universiteit van Utrecht, 1995.
@15# K. I. Blomqvist et al., Phys. Lett. B344, 85 ~1995!.
@16# C. Mahaux and R. Sartor, Adv. Nucl. Phys.20, 1 ~1991!.
@17# Z. Y. Ma and J. Wambach, Phys. Lett. B256, 1 ~1991!.
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