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A parameter-free and relativistic extension of the RuhrPot meson-baryon model is used to define the domi-
nant isoscalar meson-exchange currents. We compupebremsstrahlung observables below the
wr-production threshold using a relativistic hadronic current density that includes impulse, wave function
reorthonormalization, meson-recdiN creation and annihilatiommy + w7y + ppy + wny vector-meson
decay, andNA y(,p) exchange currents. We obtain a good description of the available datd\NXér)
current is shown to dominate the large two-body contributions and closed-form expressions for various non-
relativistic approximations are analyzed. An experimental sensitivity to the admixture of pseudoscalar and
pseudovector admixture of tHéN+ interaction is demonstrated. We examine the Lorentz invariance of the
NN=NN t matrices and show a dominantly pseudovedtid= coupling renders impulse approximation
calculations without boost operators to be essentially exact. Conversely, a similar analysisAdfthN
transitions shows that boost operators and the two-bédyy wave function reorthonormalization meson-
recoil currents are required MN, AN, andAA coupled channdlmatrix applications. The need for additional
data is stressed.

PACS numbsgps): 13.75.Cs, 25.20.Lj

I. INTRODUCTION To isolate the dominant contributions to the observables, it is
useful to consider only the static limit, where the two-body

The realization that meson-exchange currents play a vitatharge density]?z] can be ignored. The isospin structure of

role in the description of the low-energyp-bremsstrahlung the exchange currentl,; for isovector mesons,p,. . .)
observables has consequences which. are onIy_novy coming {Ren reduces to;(lx 7,)%, which vanishes in isospin con-
be understood. For example, the traditional objectiv@pf  serving processes likpp-bremsstrahlung. Relativistic pro-
bremSStl’ah|ung inVeStigationS, as indicated in F|g 1, Centeréesses can a|so be expected to be Sma” Since the dominant
on the capacity of e_xperiment to differe_ntiate the accuracy Ofn-exchange contributions to tszN-pair creation and anni-
the off-shellt matrices that are predicted by a range ofpjjation amplitudes share this isospin structure. Finally, all
model—dependeﬂlNN interactions. This is now reCOgnized NN'y Coup"ngs with meson-recoil terms can be neg'ected
[1,2] as an exceedingly difficult task and, at best, is contin-since they are exactly canceled by the corresponding wave
gent on a completely reliable and consistent description ofynction reorthonormalization contributiori8]. All of this

the associated meson-exchange currents. As such, a megfformation suggests that a static limit description pyb-
ingful calculation of thepp-bremsstrahlung observables re- premsstrahlung involves only the photon coupling to one of
quires knowledge of the meson-baryon form factors, mesonte protons either before and/or afteut not during strong
exchange currents, and téN interaction within a fully  interaction. The leading-order exchange currents, according
consistent and microscopic effective theory. to this analysis, begin with the (549 MeV), (782 MeV),

Recognizing the importance of exchange currentppr  and e (975 MeV) isoscalar mesons, and can therefore be
bremsstrahlung implies a complete departure form the coneasonably neglected.

ventional approach to the problem and considerably changes
the nature of such investigation. For many yearp-
bremsstrahlung was regarded as something of a special cage
in nuclear physics because both meson-exchange curren
and relativistic effects were expected to be small. The prin- |3
ciple reason for this expectation stems from the fact that
gauge invariance demands the real photon couples only to (p.)
conserved currents, so that thebody parts of the complete
hadronic currend;,; for any givenNN interactionVyy must

i

+ + + MEXC

(b) (c)
(p,p7)

FIG. 1. Relationship between the on-shethatrix in pp scat-

satisfy tering, (p,p) and the off-shellt matrix in pp bremsstrahlung
= .0 (p,py). The parameters in th&8IN interactionV defining t=V
0=V-J+i[.7,J"], +VGt (shown as a bubbjeare fitted to the KI,N) phase shifts.
v-J +i[Hq,3%,] (one body Bremsstrahlung is usually considered in nucleon-pole dominance,
[1] 0:¥[1] ' L ) L ;
. o where(a) initial, (b) final, and(c) rescattering interactions are re-
=0=9 V-Jz+i[Vnn. [l . (1.D)  tained, but all meson-exchange currents are neglected. Within this

assumption, bremsstrahlung has been regarded as the best means of
testing the off-shellt matrix. However, a sensitivity to off-shell
effects requires a large photon energy, so tBat(E—Hy) ! di-
minishes the dominant nucleon pole contributions and the exchange
“Electronic address: jamie@deuteron.tp2.ruhr-uni-bochum.de  currents become important.

+i[Ho+Vyn.Jdfz]  (two body
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. \| A M\ FIG. 3. In the RuhrPot effective meson field theory, meson-
A v ‘ baryon form factors are calculated nonperturbatively and the results
(g) (h) (i) are used without adjustment as input for subsequent calculations of
electromagnetic form factors, tH¢N interaction and the meson-
FIG. 2. Currents included in the present calculatio@:im-  €Xxchange currents. Such consistency is necessary, for example, to
pulse current(b) radiative vector-meson decay curreit®y =  satisfy gauge invariancévhich relates the meson-exchange cur-

pmy + wmy + pny + wny, (©) NAy 7- and p-exchange cur-  rents to theNN interaction and ensure orthonormality of the wave
rents, (d) and (e) wave function reorthonormalization and) functions(through inclusion of wave function reorthonormalization
NNy meson-recoil currents, an@) and (i) NN-pair creation and exchange currenks
annihilation currents. In each ¢fl)—(f) and (g)—(i) we show 3 of
;he 15 l;nme-ordereddeagramﬁ with the energy cutsbreprbes_entgd tificant improvement on the standard set by Brown, although

otted lines. None of the exchange curreliibs-(i) can be obtained 016 are important technical differences in these works that
from Eq (1.2). . .

we will need to consider.

However, the above analysis is flawed for several reasons. !N the present work we will subject the RuhrPot descrip-
Even within the static limit there are purely transverse curtion of meson-baryon interactions to the test of reproducing

rentsJ, which automatically satisfy - J, =0, so that current "€ PP-bremsstrahlung data below theproduction thresh-

conservation places no constraints on the manifestly gaug@d' T_he reasons for selecting this effective theory are the
invariantpmy, wmy andNAy exchange currents shown in following. _ o _
Fig. 2. None of these two-body currents can be included (_1) A microscopic def|n|t|o.n of the strong form factors is
simply by introducing the commutators shown in Eg.1), available from nonperturbative and self-consistent calcula-
yet they all possess nonvanishing isoscalar contributionon [23]. The results are compatible with Skyri#4], non-
which can be important ip p-bremsstrahlung. In addition, as topological soliton[25], and bag-mode[26] calculations,
new experiments have succeeded in selecting kinematics thand moreover, with an analysis of experimga|.

escape the consequences of the low-energy theofdrak (2) An NN-interaction model using calculatédot fitted

and on-shell expansion$,7], they necessarily emphasize form factors has been constructed and gives an excellent de-
dynamics where théusually dominantnucleon-pole contri- scription of the world data for thMN-scattering phase shifts
butions of Figs. a)—(c) are heavily suppressed by the [28].

Green’s functions accompanying the highly off-shelina- (3) The extension to include meson-exchange currents in
trix. As such, otherwise less important contributions gainthe calculation of observables introduces no free parameters
considerable significance in the observables. This shows th@fhatsoevef1,15).

the pp-bremsstrahlung dynamics involves much more than  (4) A parameter free extension of the model to define the
the off-shellt matrix and the impulse current, and appears tonree-hody interaction has been shown to provide an accurate
share the complexity of other observables likep- description of the triton bonding energgg].

bre;nsstrarlunglland;r p:deFV' " culations h We indicate the relationships between the form factors,
very long list of pp-bremsstraniung calculations have ., n interaction, and the exchange currents in Fig. 3. Al-

been reported over the last 45 years. We will make no atfhough such consistent calculations ¢anprinciple) be per-

tempt to review them a!l since more recent wois-20) formed for any effective meson field theory, such work has
already contain appropriate citation and serve to remove a

number of questionable approximations. A notable exceptior?O far only been completed for the_Ruhqut descr_|pt|on ‘f"”?' It
to this trend is found in the very detaileespace calculations appears that there are severe difficulties in obtaining similar

reported some 25 years ago by BrofaL,2d, where the consistency in_ other models. For e_x_ample, the RuhrPot fqrm
rescattering amplitudes of Fig(c) were retained and Eq. factor calculations have_ been modified to adopt the cpuplmg
(1.1) was used to constrain the longitudinal meson-exchanggonstants of a conventional boson-exchahige interaction
currents. Noteworthy calculations since that time have gen@nd yield result§23] which can be accurately parametrized
erally been less complete, but find their merit in the applica@s monopoles with typical regularization scales/of-0.8

tion of more reliableNN interactions and the exploration of GeV. While consistency demands the use of such form fac-
Coulomb correction$17] and relativistic corrections to the tors, conventional boson-exchange models requitg arti-
impulse curren{8,11,14,16. Only a few of the most recent ficial scales(“cutoffs”) of A ;=1.3 GeV andA ,~1.8 GeV.
pp-bremsstrahlung calculatiori4,15,19,20 attempt a sig- Such an artificial description of the meson-nucleon vertices
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necessarily frustrates any attempt to obtain a realistic deplied in the three appendices. In Sec. IV, after establishing
scription of the meson-exchange currents and tNeirRer-  the sensitivity of the selectquip-bremsstrahlung observables
action. to each of these currents and concluding that a relativistic
Coupled channel matrices providing a nonperturbative calculation of the isobar amplitudes is necessary, we com-
description of all possible transitions betwdgil, AN, and  pare our relativistic results with the complete data set avail-
AA states have been available for more than 25 yg#tss  able from the 1990 TRIUMF pp-bremsstrahlung experiment
33] and have already been used to calculate Ahisobar  [35]. We obtain a good description of the experimental data
contributions top p-bremsstrahlung observablegkd,2(. Un-  and conclude that a large pseudoscalar admixture in the
der these circumstances it may appear curious that we chooBEN# Lagrangian is ruled out. Further conclusions and future
to develop a perturbative description of the\y - and  objectives are given in Sec. V.
p-exchange currents. However, the coupled chathmehtri-
ces used in recenpp-bremsstrahlung calculations are ob-

tained by the inconsistent combination of the PdBd] Il. EORMALISM
NN=NN and a static limit version of the Ried-parametrized
Bochum[32] NN=AN interaction. It is therefore impos- A. Observables

sible to accur.ately remove the dou_,lble-counted two-pion ex- \We begin by presenting the model-independent expres-
change amplitudes with intermedialéA states, so a free sjons we require for the calculation observables for the reac-

parameter is introduced to permit an approximate subtractiofion N+N— N+ N+ y. The S matrix from covariant pertur-
procedure. As such, this approach discards from the outsgftion theory

any hope of obtaining a microscopic description and the

quality of the results must be interpreted in terms of a mean- _ 4 ) _

ingless parameter. We will later show that, even if these in- Sri= 5fi_'f d*x(f1I*(x). 2,00} +- -+ (2.1

consistencies were to be resolved by fully consistent calcu-

lation, such an approach is contingent upon a reliablgjives the probability amplitude for a transitioi) — |f) as a

description of boost operators, as well @ssubset ofthe  series involving 0,1. . . interactions where the photon field

relativistic meson-exchange currents that will be developeq/gﬂ(x) couples to the hadronic current densitf(x). Since

in this work. only terms with an odd number of electromagnetic interac-
In the present work we develop our earlier descriptiontions can contribute to the production of a single real photon,

[1,14,13 of the RuhrPot meson-baryon interactions in theand each of these diminishes hyv]_/137' we retain On|y

pp-bremsstrahlung data below the-production threshold.  the lowest-order contribution and define the transition ampli-
In [14] we included the relativistic single and rescatteringtyde as

impulse-current amplitudes, and [ib,15] we introduced the

fully relativistic description of the radiative vector-meson de-

cay currents and the nonrelativistic description of the (2m)%7;8Y(Ps—P))=—i f d*x(f|3#(x). Z,(x)]i).
NA y7- and p-meson-exchange currents without recourse to 2.2)
the soft-photon approximation. In the present work we inves-

tigate a number of important extensions. In particular, aftelollowing a well-trodden path, we integrate the transition
describing our model-independent formalism in Sec. I, weamplitude over the phase space available to the final state,
provide in Sec. Ill the first bremsstrahlung calculations in-ang divide by the incident flux, so that with plane wave

cluding a fully relativistic description of the wave function normalized to a$ function, we obtain the lab-frame differ-
reorthonormalization and meson-recoil currents that are reantial cross section as

quired to ensure the orthonormality of the wave functions is
preserved. We also investigate the Lorentz structure of the
NN vertex by providing the first calculations for the purely —
relativistic NN pair creation and annihilation currents. We dQ3dQ,de, p1
further present relativistic expressions for th& y - and

p-exchange currents and identify the source of error in variwhere, for thepp- and nn-bremsstrahlung reactions, we
ous approximations. Supporting calculation details are suphave

d30' (277)‘5%m3

| 7411235, (2.3

|.7%] if Ms, Mg, \ measured,
2

- > 2 | #]? if Mg, Mg, A not measured,
4sMg siMs, =1 f

/;[f i |2 =

=

(2.9

and fornp-bremsstrahlung we require
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1
= > | %)% if Mg, Mg, A measured,
27T, i f

| 7432 = 1 2 (2.5

- > > | #il? if Mg, Mg, N not measured,
87T SMs SiMs, X=1 i f

with the invariant amplitude given by 0,—0, whered—0 is guaranteed\ ! possesses singulari-
. 15722 U2 ties butksing,/N remains well defined. Our description of
i =1(2m) [20E,EoEE,]7 7. (2.6 kinematics and phase space is the same as that reported in
We retain only the transverse polarization vectors for the redf'® detailed discussion ¢86]. As such, it is sufficient to
photon since, within the Gupta-Bleuler quantization formal-note that in[36] it was shown thaf,s possess a square root
ism, the longitudinal and scalar components can be made ®jngularity at the kinematic limit of noncoplanarity, although
cancel with a gauge transformation, and therefore cannot af? the present work we avoid the nonrelativistic simplifica-
fect the observables. The “phase-space facthg'appearing  tions discussed therein.
in Eq. (2.3 is defined for arbitrary noncoplanarity For the calculationA of polarized observables it is conve-
O=(7+ p3— Pa)/2 as nient to denotedo(*i) as the cross section of E.3)
measured with the beam polarized in tthe direction. We

3= D%pzzl ‘ . N ‘71 2.7 choose the quantization axis as the beam direction in the lab
ps E3E4|c0397||ksmaycosey\ frame, and define the vector analyzing powers as
with
N= (p,Sind,— psSinds)[sin( 63+ 6,) — ( Bssing, A__dg(ﬂ‘)_da(_i“)  Srra T (oD 753
+,843in03)c0397]—ksinzay(ﬁ3c0394—,34c0393) I_d<)'(+f)—i-do'(—f) B ETinxTr{//Zfi.,//ZIi} ’

o (2.9
+ 255iNA3SinG ,SIPd[ (p3COSH3— P4COSH,)

- - cod, ], 2.8 A A -
(PaBa=Paa) 2 @8 wherei=X,y, or z in the lab frame. Similarly, the tensor
where we uses;=p;/E; for laboratory-frame reaction kine- analyzing powergsometimes called “spin-correlation coef-

matics p;+ p,— pPs+ps+k. We realize that in the limit ficients”) are given by

Cdo(+i, D +da(—1,~ ) —do(+, - D —do(=T,+])  ErtaTiZu(e Do Dz )

= — — = — = ——— 2.1
Vodo(+i,+])+da(—i,— ) +da(+i,—])+da(—i,+]) ST Ze 2401} (210
|
where, for exampleda(+f,—]) is the cross section mea- u 07 07
sured with the beam polarized in thei direction and the J (X):&“a(a,,.,,r%u)_a.%u (212

target polarized in the-j direction.
for the Lagrangian” describing electromagnetic interac-
tions with the interacting meson-baryon system. Direct cal-
B. The Hadronic current culation of Eq. (2.11) is impossible since|¥{")) and
To obtain a microscopic definition of the invariant ampli- |‘If$_)> represent complete meson-baryon states and there-
tude we compute the Fock-space matrix elements of the phdere involve nucleon, resonance and meson degrees of free-
ton field and hadronic current densities appearing in Eqdom to infinite order. The problem can, however, be ap-
(2.2), so that after making use of translational invariance angproached with a Hamilton formalisi3] where the total
selecting the Lorentz-Heaviside system with natural unitsHilbert space is partioned into mesbresonance

Eq. (2.6) can be recast as +antinucleon vacuum and existing subspaces,
Agi=(2m)9m 2B E,E5E €, (K, N(W )| 34(0) W)y, T ,={INN)}, 7, ={|the resf}. (2.13
(2.1

We will refer to these subspaces as fhepace, and space,
respectively. Definingy and A as operators satisfying the
where the field-theoretic hadronic current is given by conventional algebray?=7, \?=\ and yA=A7=0 and
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which project out the components o¥, and. 7, , respec-
tively, we apply a unitary transformation to decouple the
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M= (2m)%m 2B ELESE (21| €,(K,\) 3%(0)].23),

meson-resonance vacuum and existing components of wave

functions. Although this formalism makes provision for ap-

plications involving(for example explicit meson and/onA

(see Appendix Adegrees of freedom in the initial and final
states, we confine our present application to energies below
the m-production threshold, so that the complete interacting

meson-baryon wave function can be written as

|T)=(1+A)

1
—|.2), (2.14
V1I+ATA ’
where|.2" is the two-nucleon state vector akd=\A7 is

required to satisfi\(H-+[H,A]—AHA) »=0. In particular,
we can expand botA and the Hamiltoniatd in powersn of

(2.20
where
JEx(0) = 77;(1+AT)J“(0)(1+A);77
ef J1+ATA J1+ATA

= 5 I*(0)+JI*(0)A+ATI*(0)+ATI*(0)A
1 1
—EJ“(O)ATA— 5A*AJ#(0)+.-. 7 (2.2))

is the effective meson-baryon current density. Equation

the coupling constant, so that with the free-particle energy2.21 provides a time-ordered relativistic description of the

denoted a#l,, we have

H=Ho+ > H,, A= A, (2.15
n=1 n=1
and note thatyH, n=nHo\ =\Hy7=0, to obtain
0 n—1
0=n§l N Hn+[Ho,An]+§l HiAn_
n-2n—-i—-1
-2 2 AHA |7 (2.16
i=1 j=1

We are free to further constrafkby demanding Eq.2.16) is

satisfied at each order of, as would be required for any

perturbative application. Sinceélyn|¥)=;7|V), where

impulse- and meson-exchange currents implied by the strong
interaction Lagrangian density defining any model of inter-
est. This provides, without approximation, a noncovariant
three-vector representation where all particles are confined to
their mass shells and energy need not be conserved at indi-
vidual vertices. An intuitive understanding of the processes
embedded in the effective current density can be obtained by
noting that the operatoA is always associated with transi-
tions from the# space into thex space, so that with our
present definitionsA serves to create mesonesonance
+antinucleon existing states ad serves to restore purely
two-nucleon states. In the second-order expansion of this
current we observe direct ternds initial- and final-state in-
teraction termsJA + A'J, meson-recoil term&'JA, and
wave function reorthonormalization terrd&\'A and ATAJ.

The wave function reorthonormalization terms result directly
from the requirement that the transformation used to obtain

&, is the asymptotic energy of the free two-nucleon state, wéEq. (2.14) is unitary — or equivalently, from the fact that we

obtain
n—1

(4= HoAy=\| Hyt 2, HiAy

n-2n-i—-1

_;1 ,Zl AHA |7 (217

SinceAy=0, we have

A
Al:—gi_HOHlny (2.183
A= Hon+ A H A H
27 Z—Ho 2T Z=H, YZ—Hy T
(2.18
Finally, with
H,=—J Zd3x (2.19

we observe thaf is completely determined by the strong

insist upon working with orthonormal wave functions. This
point has been discussed in considerable detail else\Bkre

We select a momentum-space representation and perform
a t-matrix expansion of the two-nucleon wave functions ac-
cording to the standard procedure. With the photon field
quantized in the Gupta-Bleuler formalism, we require only
the transverse polarization vectors. Since these have a van-
ishing time component, we require only the spacial parts of
the effective current density, so that

g i=Ne(KN)(PaPasarld e(0)|PaPri ) (2.223
+Ne(K,N)(PaPas | Je(0)Git | Bupaier) (2.220
+Ne(K,N)(PaPa; e[t TG e 0)|Brpz; avy) (2.229

+Ne(K,N)(PaPa e[t TG Je(0)Git [ B1pg )},
(2.229

whereG; and G; are n-space Green’s functions describing
the propagation of two-nucleon states and

interaction Lagrangian density defining any model of inter-

est. Combining Eqs(2.11) and(2.14), we then obtain

N=—(27)%m 2JE,E,E;E,. (2.23
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TABLE |. RuhrPot parameters adopted in the present calculationNAlimeson form factors are taken
from direct calculation. For the meson this requires a meson scale\of=0.6 GeV, whereas all other
mesons requiré\ ; =0.8 GeV.(Further details can be found [23,28.) We adopt the experimental results
9,7y=0.53,9,,,,=2.58,9,,,=1.39,9,,,=0.15, andk'S=—0.12, x'*=3.706. SW6) and vector dominance

indicate uy,=3.993.

B mg (MeV) OnNNg Kg (GeV) 2 P g gang
77 136.5 12.922 49516 28.85
7 548.8 6.015
p 776.9 1.651 6.400 0.0124 28.105 20.73
o 782.4 4.945 1.088 12.379 0.4334
1) 983.0 6.043
€ 975.0 10.567 5.6911
The four terms shown in Eq2.22 will be referred to as
direct, initial-state, final-state, and rescattering amplitudes, INNy= eNl//?’” bt
respectively.
€pdpv > >
Lpvy= 2—\/7 " 7F by 3.7,
G & A5 3
IIl. MODEL DEFINITION AND CALCULATION DETAILS Inay= Tl Yy T dF et H e, (3.2

We adopt the strong-interaction Lagrangian densities,

_ . - 1 i o
Lnne= TGN NV (1N 5=y y4(id,) [y 7,

o ONNy —

LNy =~ 2mn'p753’#&#¢77'
:%NNp:_gNNpl//'yMl//ﬁu';'
NNo= ~INNe Y Y Y@,

LNNe= gNNﬁl/f'r//S' T
ZNNe= — INNeP e,
‘:%NA'IT: gNAW¢ 7-NAlﬁé’ 7T+H C.,
- Onap — > >
Inap= "1 2mP Yry°y AW+ H-C (3.3
where p,,=d,p,—d,p,, and we have denotedy,,=

lu’NAgpl gNNp:(l/z)gp! andgNNw:(l/z)gw! Wheregp and
g, the strong charges for the and » gauge fields. For the

A. The RuhrPot Lagrangian

whereF ,,=d,A,—d,A, d) porw ¢ —7-ror77, en=
e [(1+177)/2] "and UN= (1+K'S)/2+[(1+K'V)/2]T3 = 1+
Ky With «'°=—0.12 andx"'=3.706.

These Lagrangians describe the bare coupling of mass
renormalized fields. The form factors describing the coupling
constant renormalization have been calculafgd] as a
coupled set of integral equations yielding results which can
be accurately parametrized as monopoles with the regulariza-
tion scales shown in Table |. These renormalized couplings
are implemented by replacing the Lagrangians with the ver-
tex functions describing their dressed counterparts,

I'nne= — 19NN NNa

1 _ ..
X(kvs—(l—k)ﬁvsy"(lﬁﬂ)) Y7,

_ gNNr;FNNn "
Fnny=— om py>yra b,
_ K, FRN .-
FNNp:_gNNplp(Fl(\lllzlp H— WPUW%) bp,- T,
KPR,
I'nno™= QNNw’// FiRe “om ¢ d, | po,,

T ns= — OnnsF s 88 7.0 e = — OnneF et e,

gNAW NA7
FNAW: Tl/l TNAl/I& ’7T+ HC

INNeG NAp INA - -
FNAP= I# TTW‘ y”TNAzpp#,,-i-H.C.,

electromagnetic-interaction we use the Lorentz-Heaviside (3.3
system with natural units, where the charge of the proton is

defined a®,= + \4ma with a~1/137.04, and we adopt the WhereGy,,=F{1,+x,F{, and we normalize all form fac-

Lagrangians

p" NAp
tors asF(0)=1. As in other exchange-current applications
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B. Impulse and exchange currents

M 5 We describe here the impulse and meson-exchange cur-
b L rentsJgs, as required in Eq(2.22). We adopt a partition of
S M Hilbert spaces into mesdfresonance antinucleon vacuum
(2) @ and existing parts, as described in Sec. Il. In the present work
o \ we confine our attention to leading-order exchange currents
N involving the electromagnetic coupling to tHéN, NN,
o PV=pm, wm, pn, andown andNA currents, so that
() (e NN, 1NN, 1PV, NA
Je= Jott T dort T de T Joff - (3.5
q
5 N The effective current can therefore be derived unambigu-
M 4 R ously from Eqs(3.2), (3.3), (2.12, (2.18), (2.19, and(2.21).
© @ Throughout we describe the momenta of a meson with mass

mg with
FIG. 4. NNy wave function reorthonormalization and meson-

recoil exchange currents. These currents are necessary to preserve . . \/ﬁ 0 ) )
the orthonormality of the initial- and final-state wave functions. 91=P3—P1, @;=Vdi+mg q;=E;—E;, Q1=-—qj,

42=Pa— P2, w2=\/(322+m§, 05=E;—E,, Q3=—0aj,

[37] the experimentally unknown values g, ,=20.73 and (3.6
na=3.993 are fixed according to $6) [38,39 and vector- ) )
meson dominance as and, denoting the nucleon amd-isobar masses as and
m, , we condense our notation with
v INAT ONnA - - .
MNA= N v Onap= Onnp(1t K,) , (3.4 - pi—k for i=1,2,
INN7 INN7 Pik=

A pi+k for i=34,
whereuy= %G,\\,,’(O)=2.353. Note that the tensor couplings

Kk, andk, are absent from the Lagrangians of E8.1) but Ex= VPt Mm%,  £yx=Ej+m,
appear in the dressed vertex functions of 833 since they
are directly computed from the loop integrals appearing in Exik=VPik+ M3, Zai=Eaixtmy. (3.7

the form factor calculatiof23]. A similar consideration for
the electromagnetic form factors is obviously not required
for the real photon.

The NNa properties are taken from the fit of the RuhrPot 1. Impulse and exchange currents
two-nucleon interactioi28] to the NN-scattering data. The with the relativistic NNy vertex
form factor scales adopted (28] were actually calculated

W|th|_n_a_ nonrelat|y|st|c frameworl{_40,4]], but the recent  contributions involving a vertex where the photon couples to
relativistic calculation23] has confirmed the parameteriza- \, 1 \cleon current must satisfydy 7= 7Inph =0, SO that
tions. We acknowledge some ambiguity in the signs of theEq (3.5 requires NN NNE

PVy coupling constantg42,43 but adoptg,,,=0.53,

For the partition of Hilbert spaces defined in Sec. Il B, all

Jury=2.58,0,,,=1.39, andy,,,,=0.15, as reported if44]. (P3Pall I8 1#1P1P2) = Jkin, [ 11(P1.P3) (Ps—P2)

We use the experimental resgl,, = 28.85, which is con- - - - -
sistent with the Chew-Low45] and strong-coupling46— +INN,L21(P2,P4) 8(Ps—P1)
48] models and, moreover, with the form factor calculations - - o

[23]. We will not fiddle with these values in order to opti- +(P3P4| Hyrrd P1P2), (3.9

mize selected experimental results since this would spoil thevhere the first two terms describe the impulse currents for
consistency between the calculation of the meson-baryonucleons 1 and 2, and the last term denotes the wave func-
form factors, theNN interaction and the exchange currents. tion reorthonormalization and meson-recoil currents

<5354|J</LVFRR| 5152> =—0sr

x% [DANE N[ 11(Pak,Pa) Hiingl 11(P1, Paid H gl 21(P2,Pa)

+DYPH AL L1(Pak, P2)Hingl 21(P2, Pa) Iin, [ 11(P1c . P1) 1+ (1,3=2,4), 3.9
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where 8 = m, 5, p, , 6, ande, and the factor—g,.  currentsd{gr Simply vanish. The same conclusion can be

resulting from the contraction of the vector-meson polarizayeached within the soft-photon approximation in the barycen-
tions and all references to the Lorentz indieeandr are to  tric frame.

be ignored for the scalar mesons. Explicit expressions for the Since we will avoid these approximations, we are forced

vertex functionsH g and currentlyy,, are supplied in Ap-  to accept that a relativistic description of the photon coupling
pendix B. The propagator functions are labeled in correspon the positive-frequency components of the impulse current

dence to Fig. 4 and are defined as Jin, Necessarily leads to an effective current densigy
1 comprising both one- and two-body operators. These two-
ngcz body contributions have, to date, never been explicitly in-

[Es—Ezx—w,][E;— Eg— ;] cluded in any of the bremsstrahlung calculations that seek to
—1/2 include the relativistic components of tihNvy vertex.

+

[Ez—E1—w][Ex—E4—wy]
-1/2

+ , 2. Pair currents
[Es+E4—Es—Ez;— w,][E;—Eg— w;]

The sum of one-body impulse-curredtg,, and the wave

s _ 1 function reorthonormalization and meson-recoil exchange
Ddef_[Eg—Elk—wz][Ez—E4—w2] currentsJ{yrr do not exhaust the requirements needed to
obtain a relativistic description of the photon coupling to the
N —1/2 nucleon current density since the off-shell nucleon comprises
[Es—E,— w,][E;—E3— 5] a linear superposition of positive algb far neglectexdnega-
tive frequency components. In the FeynmaneRaiberg ap-
n —1/2 proach, the negative-frequency components of the off-shell
[Es—Eix— ws][E4+Es—E—Es— 5]’ nucleon field are interpreted as antiparticles, so we are led to

(3.10 intrqd_uce the photon coupling to théN-pair creation and
annihilation currents.
Within  our partition of Hilbert spaces, the
In the static limit we note thabD%, .=D4.,=0 so that the photon coupling to theNN-pair creation and annihilation
wave function renormalization and meson-recoil exchangeertices must satisfyyJyy7=0, so that Eq(3.5 requires

<5354|[J2f'f\l:|#| 5152> =—0or

% 2, [DasEHY el 1P Pad Hiingl 2](P2.Pa) Iy, [ 1](Pak Po)

+Dger I, L1(Prc POHG L L1(Paic, Pa) Hiingl 21 (P2, Pa) 1+ (1,3=2,4), (313
|
whereB = m, 7, p, w, 8, ande, and the factor-g,, and p 1
all references to the Lorentz indicesand r are to be ig- Dger=

o ) _ Es—E—Es—E4][—E—Es—
nored for the scalar mesons. Explicit expressions for the pair- e e )

creation and -annihilation currently, and Jyy, and all 1
required vertex functions are described in Appendix B. The

propagator functions are labeled in correspondence to Fig. 5 [Ex—Ew—Es—E4l[Ex— w0~ E4]
and are defined as

1
+ .
[Es—wo—Ex][—Ex—Ez—w;]
Df — 1 (3.12
abe [~ Esx—E1—wy][E4—Es—E1—E3] . . .
1 We will adopt these expressions for our numerical work.
+ Nonetheless, it is interesting to consider the corresponding

[E4—E2—w2][1E4— Ea—E1—Eo] result under various approximations. If we demand energy
+ ’ conservation across the current matrix elements, then Eq.
[—Esk—E1—wy][Ex—wy—E4] (3.12 reduces to
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06— —2w, nr 2 spa ]
T (Eg+k+Eg)(03—mp) @z (2M+k)  w,m

_2(,()2 nr 2 Spa 1

DA = ~ ~
T (Es—k+Ep)(a5—mp)  @2(2m—kK)  wpm

, (3.13

where we also provide the static-limit and soft-photon reductions. The corresponeixghange contribution under such
approximations are

e e Ny B FAN (D) - . - [+ P (L4 D)
p INN 7 ' NN 7\H2 17172 1 2 1
(P3pallIet 1#1p1p2) ~ (2m)° 4m(q2+ m2) o1(02-02) M=Kk "MFK +(1=2),

Spa_)\epgﬁleFﬁle(dz)» S e e s
~ (277)64m2(q§+mf,)Jl(UZ'qZ)(IHXTZ) + (1=2). (3.19

(P3Pal[I5t 1“1 P1P2)

Both of these results scale linearly with the parameter

AT
controlling the admixture of ps- and pv couplings in the<p3p4| ef P1P2)

NN7 Lagrangian, but the well-known isovector structure of e.0vp.Fyp, VAwp(dy) ov(]y) o
the nonrelativistic pair currents holds only for soft photons. =— p2 g 72_ 72— Hanel11(P1,P3)
Since the data with which we will compare our results was (2m)*my[aq;—mp]laz—my]

planned to maximize the photon energy, we anticipate a non- 0 e . > S
negligible contribution fom the isoscalar components of Eq. X{HNn2](P2,Pa)[ 41X 2] +Hind 2](P2,Pa)
(3.11). This offers the possibility of studyiny without the % - I T +(1.3=2 4 31
complications of describing the many leading-order ex- [(G2)o1 = (Aa)oda 1} + (1, A (316

change currents that contribute n@-bremsstrahlung. . o .
We will not resort to the nonrelativistic limit, but we realize

it implies q(1’=q(2)=0, so that we recover the well-known re-

sult for the emission of a real photon of momentﬁm

3. PVy currents ;
Y 1€p9vp,INNVINNP

S5 5 . o nr

The @ meson(782.4 Me\) decays as»v— 7%y with an (P3palJetf|P1P2) ~ (2m52mym[ 2+ M3 ][ 2+ m2]
8.7% branching ratio and indicates the coupling constant of
dun,=2.58. As such, thewmy exchange currents can be o _
expected to make a nontrivial contribution to both fhe- X(o1-qU)(A1X92) (1) p(12)y+(1,3=2,4), (3.17
and np-bremsstrahlung observables. Analogous arguments
indicate that thepsy contributions will be large innp-  \where (;1)P(;2)V = ;1.;2, ;2, ;g and 1 for the pmy,
bremsstrahlung, and perhaps also of some lesser importangg;,, 5y andw 7y, currents, respectively.
in pp-bremsstrahlung.

Our desire to preserve complete consistency between the
form factors, NN interaction, and the exchange currents
leads us to introduce all leading-order exchange currents de- 4
scribing the photon coupling to the decay of all vector-meson
mesons present in the form factor aNd\-interaction calcu- N
lations. We therefore include theVy = pmy + oy + (a) (d)
pny + wny exchange currents as shown in Fig. 6. Each of
these vertices satisfieglpy 7= 0, so that after making use of N
Egs.(3.2), (2.12, and(2.21), Eq. (3.5 requires / ~ \

= > A 2
V4wp(d1) oy(d2) (b) (e)

2m)3my[g;—ma][a5—my] «

<5354|[‘]gﬁp]#| 5152>: (

X Hynel 11(P1,P3) €,(82 M) Hind 21(P2.P4) I p,(01.,02) .

+(1,3=2,9), (3.15 B (c) ®

FIG. 5. NN pair creation and annihilation meson-exchange cur-
where Jyp, is given in Appendix B. We require only the rents. These currents are necessary for a relativistic description of
three-vector current, for which the relativistic form is the NNy vertex.
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4. NA y exchange currents

All contributions involving a vertex where the photon couples tolle current must satisfyyJyn 7= 7Iya 7= 0, S0 that
Eq. (3.5 requires

<5354|32ﬁA| 5152> =—0or
x% [D & InasL 11(Pak.P3)H N 11(P1.Pa) Hingl 21(P2.Pa)

+ Do H AL L1(P1k.P3)Ian, L 11(P1, P10 Hingl 21(P2,Pa) 1+ (1,3=2,4), (3.18

where ,3:7; or ,3 and the factor—g,, resulting from the below the w-production threshold. This is surely adequate
contraction of the>-meson polarizations and all references tofor the first-orderS; matrix described in Sec. Il A.

the Lorentz indicessr and = are to be ignored foB=1. We introduce the condensed notation

Explicit expressions for the vertex functions and currents

shown in Eq.(3.18 are supplied in Appendix B. We ignore

all negative-frequency resonance contributions. The propaga- . 5i R Pik A .
tor functions are labeled in correspondence to Fig. 7 and are 7 = 7 AKIT 2 Cij= pik<m_) —Pj,
defined in analogy to the previous sections. Using energy ! “Alk A
conservation for the current matrix elements and introducing
the A decay widthI'y via [47,48 E —Ea—il'A/2, the
propagators reduce to - - [2Exk—Ei| -
Hi= Pik —A —Pi
B 2&)2
Dabc: 2_ M2 Kk— : )
(az—mpg) (Ez+k—Eys+il'2/2) A A
20, ,Q}=(Pi— P memy), i=1234, (3.20
(3.19 Zaik i

B =
D™ (2= m2)(Ey—k—Eaget 1T4/2)

An exact calculation of Eq(3.18 can be achieved with the 544 proceed to calculate separately the contributions from
use of the vertex functions and currents given in Appendix B, . andp exchange

However, at present there exists some uncertainty in the cou-
pling constantgy,, and uyy , SO that such a rigorous pro-

cedure is of limited interest. We simplify matters by drop- SNA L ZNA 2NA
ping terms of ordep?/ (E+m)? beyond leading order, an Jeit = Jetr (7) + Jeir (p)- (3.2
approximation which does not involve amp/m expansion
and should be accurate to within a few percent at energies
i s
i e
7 B N @t
(a) (d) “;N N
A / R s
[ 28 b ¢ (b) (e)
N N
(b) (e)
NaYa% 4 SNAA N
/ N
R $.
T I () )
N b~
(©) () FIG. 7. NAy =~ and p-meson exchange currents. In the

RuhrPot model ther-exchange contributions represent the largest
FIG. 6. VPy = pmy + wmy + pny + wny exchange cur- of the two-body currents in pp-bremsstrahlung but the
rents. When energy is conserved across these current matrix elp-exchange contributions are very small. When energy is conserved
ments, the time-ordered graphs exactly sum to form the correspon@cross these current matrix elements, the time-ordered graphs ex-
ing Feynman diagrams. actly sum to form the corresponding Feynman diagrams.
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5. NAy mr-exchange currents

The effective current describing the excitation of intermediatessobars throughr exchange can now be obtained from
Egs.(3.18 and Appendix B. For the real photon, we require only the spacial current, which takes the form

(5354|j§f?(7)|5152> =N, (?4_-57)2)[273_ (i 1y X 1) 1[( T+ Z1) X Oyat (101X Org) Z1+i oy X [((F1— Z1) X Dyl

=20 03[ (1= 71)- Cral ]+ Naoo (74— 7)) 275+ (i1 X ) I A 3+ Zg) X Day— (101X C)

X L= 0 X[(F3— L)X Oagl+ 2 04[ (T3~ Z3) - ar]]+(1,3=2,4), (3.22
where
_ —iepMNAgNAngNW[ ;51&//2(({3;{4 :|1/2FNN77(Q§)FNA17(Q§) _NOgAlkDgef _NOgASKD;TbC (3 23
0 (2m)°72m? 16E,E,E3E, w(03) Lot 2B,y 0 2E a3k '

We will adopt Eq.(3.22 for our numerical applications and use it to consider the merit of various approximations that are
conventionally adopted to recover a simplified operator structure.

The first level of approximation involves taking the static limit and ignoringNkh& mass difference in E43.20. We call
this thevertex static limitapproximation and note that it is equivalent to casting B2 as

I - (02:02) 4o oy o
<p3p4|32ﬁA(7")|p1p2>:(N1+N3)T[4TSQ2_(|71><7'2)3(|01XCI2)]X|(

(02-Gp)
2

~2(Ny=Ng)—

[73(101X ) — (i 71X 75) 0] X K+ (1,3=2,4). (3.24

The substantial simplification results primarily becausetion, thiscomplete static limiapproximation will differ little
the vertex static limit approximation indicate®&’;=%,= from the vertex static limit and, if we further sEt,=0 and
—K, and. %= %,=K, so that all operator structures involv- drop the form factor dependence, it is equivalent to casting
ing .77, — #, immediately vanish. However, if we consider Ed-(3:22 in the simpler form
the static limit with the more reasonable approximation

my~ (4/3)m, then we find I - - —iepunaONAZINNT
(P3PalIoi () p1p2) = ?277_)636”]3
. 17. 1. .. 3. 13. 4(my—m)qy+2|K|(i01 X qy)
AR ety Sy URY A S Zi ety Sy ST X (05-q 2 2 R
8 8 28| Yy me- K@)
17. 1. 3. 13. +(mA_m)(i0'1XQZ)+2|k|q2(._, -3l o
Wk S —K— — W a— L —K+ — ———— it X7,)° XK
Azt LamgkmogPas Ham La gkt ogps, [(my—m)2—[K[?](q3+m?2)

(3.29 +(1,3=2,4). (3.26

so that theZZ; + .%#; terms surviving in the vertex static limit The third and final L ider is obtained b
are rather well approximated, but the neglectdt|— e third and final approximation we consider is obtained by

terms are poorly represented. neglecting thelk| dependence in the complete static limit

The second level of approximation involves casting thedescription of the baryon propagators. Thisft-photon ap-
complete expression in the static limit. This is the approxi-Proximationgives the conventional descriptid87] of the
mation we adopted in earlier wofld,15]. At the small mo- NAy(w) exchange current for the radiation of a photon of
mentum transfers relevant to the present numerical applicanomentunk,
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structive interference between the two makes it necessary to

> 2 13NA > > —iepuNaONA7INNT s ne
(P3PalJerr (7)|P1P2) = 623 include both. In the present work, we anticipate the
(27r)°36m>(m, —m) — . :
ae L .. p-exchange contributions to be less important than in other
- - 40, (iT X 7)o Xqp) | - works because the RuhrPot model suggests a very weak
X(o2-02) a§+m2 a§+m2 Xk NNp coupling constant[In particular, RuhrPo{28] uses

g,%,Np/477=0.2169 andk,=6.4, whereagfor example Bonn
+(1,3=2,4). (327 B [49] adoptsgyy,/4m=0.92 andx,=6.1]
. ) I Since theNA y p-exchange currents are expected to be
We anticipate that this result will differ _from the complete small, we proceed by taking thesrtex static limitapproxi-
static limit whenever the photon energy is comparable 10 the,agion from the outset. In complete analogy to the derivation
N-A mass difference. of Eq. (3.22, we obtain

6. NAy p-exchange currents A A A
Within the soft-photon approximation, it is well known Jeir (P) = Jeit (P3B) - Jeir (P M), (3.28
[37] that theNA y p-exchange currents are small compared

to the correspondingr-exchange currents, although the de-where

(P3PalINg (p;E)|P1p2) ={[ANE" (Po+ Pa) X Qo+ 2NE i 0y X [(Pot Pa) X 0o 1175

+[2N§57)(52+ Pa) ><52+ N(E+)i 0’1[(52"‘ 54)Xaz]](i 71X 75) 3 X k+(1,3=2,9) (3.29
and
(P3Pl I8t (p;M)|P1P2) ={[4N{ [ 02X Gp) X da]— 2N (01 X [ (072X A2) A1 1) 75
+ NG (102X 02) 020 = NG Lo X [(0X 02) X Q] 71X 72) 3 XK+ (1,3=2,4)  (3.30
with

SUoe, gRn pG\r&(O)G'l\“/IAP(Qg)

° 100m%(2m)fw,(dy)

NE™ = No FRR p(Qg) [DhertDovcl, Ny~ = No [FR p(Qg)—'_KP Fl(\lzlzlp(Qg)][Dgef_F D%l

NE = No FR ,(Q2) [Dfer—D5udd,  Niy’ = No [FRR,(Q2)+k, FiN,(Q9)]1 [Dfer — D%l
(3.3)

where we normalizes,’t',,A"(O)z 1+ «, and adopt the propagatod®’ of Eq. (3.19. The complete static limiandsoft-photon
approximations follow in analogy to the procedures used to develop(B@8 and(3.27), the latter resulting in

. Lo ANg(1+k,) | 47T3(Pat P Xy (71X 7230 X[(PatP2)X o] | -
(P3PalIei (p;E)|p1p2) = . { o T <k

my—m qz+m’ qz+m’
+(1=2), (3.323
. e L. ANg(1+k,)? [ Ar3[(102XA) XAl (71X 72) 361X [(1G2X dp) X 2] >
<p3p4|‘]'e\lf?(p;M)|p1p2>: — . = 3 - > Xk
my—m q;+mg az+my
+(1=2), (3.32h

WherejgﬁA(p; M) is the conventional result, anﬂ'f?(p;E) is an additional piecéesulting from the convection current part of
the NNp verteX which is usually ignored on the basis that it is smaller tﬁaﬁ(p;M) by a factor of about +«,~ 7.
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C. Direct, single and rescattering amplitudes //ZfDi = Ne(K,\) - [{PsPa; acld et papa; i)
A model-independent expression for the complete invari- .. ..
ant amplitude was given in E¢R2.22, where we developed a —(=1)S"T(papy;ald el P2P1; )],
decomposition into the four terms describing direct, single (3.36
(i.e., initial and final state and rescattering amplitudes
shown in Fig. 1. The left-hand side of E(.22) is defined .
by the model-independent expressions of E(s2 and whereN is defined in Eq.(2.23 and J. is given by Eqg.
(2.6), and is Lorentz invariant by construction. However, (3.5). However, momentum conservation demands that the
since the right-hand side of Eq2.22 is determined by a direct terms cannot involve the one-body part of the effective
model-dependent calculation, there can bearmmriori guar-  current density, so in the present numerical results we in-
antee that each of the direct, single, and rescattering ampl&lude the photon coupling tdIN currents with recoil and
tudes are individually Lorentz invariant unless the wavewave function renormalization current$N creation and an-
functions are calculated in a manifestly covariant formalismnihilation currentspmy, wmy, pny, and wny exchange
[61]. currents,AN currents withsr and p exchange, as described
Since the wave functions are usually constructed from amy Egs.(3.9), (3.11), (3.16), (3.22, (3.29, and(3.30.
NN-interactiont matrix that is defined only in the barycen-
tric frame, and two distinct barycentric frames appear in Eq.
(2.22, we cast the entire expression into tfrmaximally
symmetri¢ average barycentric frame, so that the momenta 2. Single-scattering amplitudes
satisfy 1 1 The initial-state interaction amplitudes appearing in Eq.
Aframe: p;+p,— Elz:O: P3+pat EIZ (3.33  (2.22b are given by

and we acknowledge that a formal solution of the initial, //\ =Ne(k,\)-(Pspa; | Jes(0)Git )| pipa; ai)

final, and rescattering amplitudes requires the application of

boost operatorf50-53. N T .
In the following we will make use of the fact that the _Nf(kﬁ\)'g dp1dpy(PsPa; @t Jer(0)[P1P2; @)

effective current operator of Eq3.5) is totally symmetric

under interchange of particles 1 and 2. As such, we obtain in

an arbitrary frame, x(ﬁ;amit(“fﬁﬁ;;ai). (3.37
(PaPa;(5152) St (t1t2) Te Jes] P1P2; (5152) S5 (tato) T} A formal specification of this amplitude follows by inserting

the full effective current density of Eq3.5 and defining
boost the operators needed to castttimeatrix in the initial-
=(P4Ps;(5251) St ; (tot ) Te| Jerl P2P1; (5251 S ; (1ot ) T}) state barycentric frame. None of the.bremsstrahlung calcula-
tions known to us has attempted either of these tasks. In-
stead, the current has been truncated to include only one-
=(P4P3;(5152) St ; (t1t2) T el P2P1:(5152) S (1t) T;) body contributions and boost operators are ign_ored under_ the
assumption that the part of the invariant amplitude resulting

X(—1)STSHTitTy, (3.349  from initial-state correlations alone is itself individually Lor-
entz invariant.

The first approximation could be removed with a straight-
forward application of the expressions provided in earlier
sections, but since we anticipate the impulse current to be
significantly larger than the summed exchange currents, our
. 1 present numerical applications share the conventional ap-
|5152;a>:_{|5152;a>_(_1)<S+T)|5251;a>}_ proximation of retaining only the impulse current in the

V2 single-scattering amplitudes. The second approximation will
(3.39  be justified in Sec. IV A, where we provide a perturbative
analysis that indicates thN+y impulse-current contribu-
tions to the single-scattering terms are close to invariant un-
er Lorentz transformation into the barycentric frames.

We therefore cast the initial-state correlation amplitudes

into the initial-state barycentric frame, where

Denoting| a) =|(s1S,) S;(t1t,) T), we define the antisymme-
terized states as

It is easy to see that parity conservation is consistent with th
Fermi statistics requiremerit+ S+ T=odd in the barycen-
tric frame.

| frame: ﬁ1+|52=0=|53+|54+lz, (3.38
1. Direct amplitudes

The direct amplitudes appearing in E@.223 can be so that Eq(2.22h becomes, with the kinematical notation of
simplified with use of Eqs(3.34) and(3.35 to give Eq. (3.7),



53 CONSISTENT MESON-FIELD-THEORETICAL DESCRIPTIO. . . 1115

.. Pa e[t P
| NZE 3 > A=NEKD)- 2 <ID23E fle “ilik :
My i=Ne(k\)- 2, (are| INn, L 11(P3k . P3) | @) “ 3 w7

X<a’|jNNy[1](5l!5lk)|ai>

(Paw; |t py; )

. Ba: [t )| P )
2E,—2Eq +i7y - (Paa it
FNe(k M) 2 e e
+Ne(k,\)- IunaL21(Pax. P - .o
(k,N) ; (ai NNy L 2] (Pak Ps)|a) X<a'|‘JNN7[2](p21p2k)|ai>- (3.41)
(Par |t )| P ;) Simple kinematics establishes that the radiation of a real
E—2E.fiy (3.39  photon implies an off-shell matrix, so that we are free to
L 3T immediately take the limity— 0 in Egs.(3.39 and(3.41).
where we have denotedp’,—p’;a|t(7)|p,—p;a;) = 3. Rescattering amplitudes

. ) - :
(p'; et )|p=_ai>- In complete analogy, we cast the final-  pFrom the results of impulse approximation calculations
state correlation amplitudes into the final-state barycentrltfg 10,14 we already know that the impulse contributions to
frame, where the rescattering amplitudes constitute a correctios af5%
to the corresponding single-scattering amplitudes, so for sim-

F frame: 51+52—|2=0=53+54 (3.40 plicity we neglect from the outset all two-body currents in
the rescattering amplitudes of E@®.229. Hence, in theA
so that Eq(2.229 becomes frame of Eq.(3.33 we obtain

AR=NES, f f dp{dpy6 (By+ By~ B1— B2)
X{(P3.Pa [t TG | Bl B )@’ [ Inn, L 11(P1 P10 | @) (B, Bi el Git [ Br, Py i)

+(P3.Pa; art 1G] B, Py ) (@’ |jNN7[2](p2* Bl )P, Pa; el Git )| Py, P )} (3.42

The initial- and final-state barycentric frames differ by the photon momentum, so that no frame can be found where both
matrices are expressed in their barycentric frame. We therefore introduce a boost opevatisfying[50-53

1Pa,Poy ={1—i x(A)}]+P)| )+ A(Lim®),

p=§(pa—pb), 7= (Pa™t Pp)- (3.43

Equation(3.42 is manifestly symmetric under interchange of particles 1 and 2. However, for computation purposes, it proves
convenient to make use of Eq8.34), (3.35, and(3.43 to formally reexpress Ed3.42) in terms of the photon coupling only
to nucleon 1,

R=2N(= 1) STTETS 2| dp(Bat 2K [ 1+ix(— K12t TG [ 1—ix(— KI2)][p+ 2Ka!
fi

—

X(a'|Iny[11(—p—KI2 ,—p+ KI2)|a)(+p— sK;al[1+ix(+ kI2)IGit T [1—ix(+ k/2)]|ps— K;e),  (3.49

where, since thé matrix conserves spin and isospin, the IV. RESULTS AND DISCUSSION
sums over the intermediate-state quantum numbers (
S,Mg,T,M7) are restricted such th&=S,, S'=S;, T=
Ti, T'=T; with conserved isospin projectidv . For rea- In the present work we are primarily interested to inves-
sons already indicated in the discussion of the singletigate a consistent calculation of the dominant isoscalar
scattering amplitudes, the boost operators can be neglectediifeson-exchange currents jyp-bremsstrahlung. An impor-
the present work. A recipe for performing the numerical in-tant precursor to this lies in establishing that the well-known
tegration over the pole structures of H§.44) is given in  discrepancy between impulse approximation calculations and
Appendix C. experimental data cannot be resolved by selecting a different

A. Impulse contributions
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(phase-equivalentNN interaction. Although a qualitative 5 e - S N Py
similarity exists between the results of recent impulse ap- T i@ ]
proximation calculations fop p-bremsstrahlung observables u: 4 F 113}1,1;; on B
[8—14,16,18 the calculation differences are generally not = b P:risg =
confined to the differingNN potentials. Some of these cal- S

(]

culations describe the photon coupling to the one-body cur-
rent via a Foldy-Wouthuysen transformatigsl2,13,16,18

or direct Pauli reductiof10,11,14, whereas others adopt a
static limit descriptiorf9]. Some include the rescattering am-
plitudes of Fig. 1c) [9-11,14,18 whereas others do not
[8,12,13,18. Further differences are found in the use of rela-
tivistic or nonrelativistic two-nucleon propagators and/or the
application of(guessef off-shell minimal relativity factors
[10,11].

We avoid all of these uncertainties by presenting the re-
sults of calculations that are identical apart from the defini-
tion of the potential used to generate thmatrix elements.
We also extend the list of commonly compared potentials to
include the Bonn49], Paris[34], Nijmegen[54], and Ruhr-
Pot[28]. For the present comparisons we adopt the impulse
approximation, so that the effective current density devel-
oped in Sec. Il B reduces to the sum (ohe-body impulse
currents, Jeg~ Jun,[ 11+ Jun,[2], as defined in Appendix
B, and is therefore common to all potentials. As such, we
retain initial-state, final-state, and rescattering amplitudes
with the two-nucleon Green’s functions described by the

o
dQ.de,

o

2
(ub/sr® rad) %
CHE TS

dio
— dS3dQadb,

relativistic Lippmann-Schwinger propagators. Partial waves 0.2 00 120 150 180

are summed td, =8 and no form of soft-photon approxi- 8. (deg
mation is adopted at any stage.

In Fig. 8 we compare such calculations with the TRIUMF  FIG. 8. Comparison of impulse approximation calculations us-
coplanar pp-bremsstrahlung data &,,=280 MeV [35]. ing Ruhr, Nijmegen, Paris, and Bonn potgntlals and coplaar
The cross section geometries are selected to sample bopfemsstrahlung data Bi,,=280 MeV. The differences between the

dpodel results are smaller than their collective discrepancy with ex-

small and large proton emission angles. The analyzing power " "
é)[erlmen .

geometry is selected on the basis that it is the result mo
different from zero, and therefore presumably the most reli-

ably measured. Some differences exist between our analy%?rsr?er::io22Ierecc)1fuc?ign;ngm1ee Qg\ggg;t Cgetﬁzg;rggree'
ing power results and those reported elsewléig, prima- P

rily due to differences in the rescattering calculation, asequatlon. As such, the Lippmann-Schwindematrix with

discussed in Appendix C. The essential conclusion here igﬁin_imal rel_at_iyity factors ShOUId not be confused with a co-
that impulse approximation calculations using Bonn B variant definition of theN N interaction[61]. The most seri-

Nijmegen, Paris, and RuhrPot wave functions are almost ino|S flaw in the use of minimal relativity factors is, however,

distinguishable, but exhibit a collective discrepancy with ex-that it:qe Ioff-shell féchztj)r\sNarre co:gp:ﬁ;[elyrunkgﬁ\r/vn andn;nu?t
periment. Given that the purpose of this experiment was tggnsablp );?btfter:lfe a.rticjlaﬁgasinces tﬁeoceuesseezs r%inien?al
distinguish the predictions of such potentials, the differenceg°NaPY Y, partic y 9

between theory and experiment are large. relativity factors contradict the well-known form of the two-

The final task remaining here is to establish that the im_nucslienocr; Eﬁgftrr?;ﬁ;afgfjg{ni% in the conventional way as
pulse current contributions to the single-scattering ampli- y

tudes given in Eqs(3.39 and (3.41) can be accurately de- t=V+VGt but is available only in the barycentric frame, we

scribed without boost operators. This approximation isconsider the arbitrary-frame perturbative reduction of these

common to all momentum-space bremsstrahlung calculatior‘%mp.“tUdes py constructing a toy-model one-boson exchange
known to us, yet it appears to have never been verified. Som N interaction as

authors[10,11,2Q have sought a solution to the problem by , >, *,|V| ol

arguing that the nonrelativistiematrix can be made Lorentz (P1,P2lV|P1,P2)

invariant simply by attaching “minimal relativity” factors B E S, 1 1

[62], so that the Lippmann-Schwing€rS) equation can be N 22,3 7Hnngl11(P1, PN “i—Hg + “i—Ho

cast in a form that is apparently identical to the o

Blankenbecler-Suga(BbS) equation. However, although XNHnngl 21(P2,P2) 7+ (1=2), 4.1

both of these integral equations describe ¢ interaction

in ladder approximation, they are not formally identical be-where 8=, 7, p and o, andHyygli] is the interaction
cause the LS kernel is constructed in a time-ordéneshco-  energy for a meson coupling to nucleon as defined in
variand relativistic framework, whereas the BbS kernel rep-Appendix B. In Fig. 9 we present the results including only
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B e S=—gylo+iyST 7'y 4.2)
Té 4 —(i A-frame -
% [ --- Lframe ] With a chiral transformation  ¥—(1
g 3 - + &)~ Y2ex{iy’r ')y, Weinberg[55] showed that, for a
%*2 iuitably CPnstrained E and redefined pion fields
% Qj . : 7=(2m/g)¢&, the Lagrangian tranforms to givdN7 and

NN interactions with

o

€
E 222
g [ J L = — i m + g_ﬂ-
% 4 I om Y| 1 e
5 sf
= g
k. 5 - - e - -
Sof X|yytr-d,m+ ﬁ?’-(wx d,m . (4.3
ol | ]
RN 65 = 28.07
g 9: — 9789 Similarly, the chiral transformation ¢—(1
00 50 50 00" 130" 1503580 + &)~ Yexdi(g/i2m) 7- (7' X €)1y has been shown by
6.,(deg) Wess and Zuming56] to yield NN# and NN 7 interac-
tions with
FIG. 9. Initial- and final-state interaction amplitudes in impulse
approximation when the matrix is replaced with a toy-model bo- 2=2
son exchange potential and evaluated in Ael, andF frames. &~ —_ 9 g 7. 52 = 9 -
This justifies the neglect of boost operators in the present work. s 2m 1+ a? ||'YT T om™ g @44

the initial- and final-state interaction amplitudes when thel™ @n elegent summary of these chiral Lagrangians, Gross
RuhrPott matrix is replaced with our toj(N interaction, the 271 noted that bothZ,s and 7, give the correctr—N
complete expression being cast into tel andF frames of scattering lengths and that thN 7 interactions havep

Egs. (3.33, (3.39, and (3.40. We find that the neglect of a@ndo quantum numbers.

boost operators represents an error of about 3% or less. We OUr immediate interest lies in the pseudovedior) and
conclude that Eqs(3.39 and (3.41) are essentially exact PSeudoscalatps) NN7 couplings, both of which are in-
descriptions of the impulse contributions to the single-cluded via the hybrid form of theiNw Lagrangian we adopt
scattering amplitudes. As such, the application of minimal" Eq. (3.3 with O\ =<1. Itis a trivial exercise to show that

relativity factors[10,11,2Q may need to be reconsidered.  the 7 coupling to the positive-frequency components of the
nucleon current described in E.3) is independent ok,

so that nonrelativistic calculations cannot differentiate the ps
In Sec. Il B we showed that a relativistic description of and pv couplings. In relativistic applications=0 is com-
the part of the effective current operator involving the photonmonly preferred, presumably because the presence of the de-
coupling to the nucleon current comprises not only the im<ivative in the pv-coupling provides for the gauge coupling
pulse current, but also two-body contributions from theof a photon to theNN vertex, so that the purely isovector
meson-recoil, wave function reorthonormalization, and paimonrelativistic seagull exchange currents can be included
currents. Although relativistic corrections to one-bddily  even when the microscopic structure of thbl7 form factor
currents have received considerable attention in repgat is ignored. However, there are no formal arguments to rule
bremsstrahlung workis,11-13, the two-body contributions outA#0 and the subject is still under investigatids8,59.
remain to be investigated. In Fig. 10 we examine the relativistidNy currents in
The wave function reorthonormalization and meson-recoilp p-bremsstrahlung by comparing the results of calculations
contributions are not expected to be individually small, butwith RuhrPot wave functions which negle@®) or retain
in Sec. Il B we recalled3] that their nonrelativistic limits (IA+MEXC) the wave function reorthonormalization,
cancel exactly, leaving only purely relativistic effects in the meson-recoil, antN pair-creation and annihilation currents
pp-bremsstrahlung observables. In the present numerical agvith purely pv-type §=0) and ps-type X=1) NN cou-
plications we retain these contributions in the spirit of ex-plings.
ploring the relativistic aspects of tiéNy currents. The first observation is the most important okecan be
By far the most interesting aspect of the relativistic determined by pp-bremsstrahlung experiments. This is
NNy currents is found in the different manifestations of thesurely the cleanest probe of the Lorentz structure of the
NN creation and annihilation pair currents given by variousNN7 vertex yet considered. We reserve our prediction for
Dyson-equivalent chiral Lagrangians. In particular, the sim-\ until we have included the other exchange currents given
plest meson-theoretic Lagrangian satisfying partially conin Sec. Ill.
served axial-vector currentf®CAC) and the chiral commu- A secondary observation, which we anticipatedid], is
tation relations is the renormalizabdemodel, for which the that the two-body contributions are small fer=0. In par-
nucleon-meson interactions are of the form ticular, thex =0 NNy MEXC contributions to the cross sec-

B. Exchange currents and the relativisticNN y vertex
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FIG. 10. RuhrPot results in impulse approximatida) as in FIG. 11. RuhrPot results in impulse approximatidA) as in
Fig 8 compared to corresponding results when the wave functlor,?cIg 8 compared to corresponding results when\tiey= pmy +
reorthonormalization, meson-recoil, arN- pair currents (IA wmy + pny + wyy exchange currentdA +V Py) are included.
+MEXC) are included with pseudovectok €0) or pseudoscalar The RuhrPot model has relatively weblitNp andNNw couplings,

(A=1) NN= interactions. A can be determined frompp- 5o these exchange currents are small, but comparable to the model
bremsstrahlung experiments. differences shown in Fig. 8.

tion at (LEP) 6;=28.0° and(HEP) 6,=27.8° are almost
entirely negligible. However, the effects are visible in the

analyzing powers, as well as in the cross section at,> > 37156 T 3(e G+ 3(Gn GV 7e - 7
03 12.0° and 04 12.4°, the latter being reduced ary <p3p4| eﬁ|p1p2> gpwygNNp[ (Q1vQ2) (qZIql)]Tl 72,

=0° and 180° by 0.14 and 0.1#b/sr’/rad (i.e., 5% and ey T A e e
89%), respectively. While these effects are certainly small, (P3PalJeff |P1P2) ~9umyOnnal I(d1,02) +I(d2,01)] 77,
they are already comparable to the model differences shown (4.9
in Fig. 8.

where

C. Radiative vector-meson decay currents

In Fig. 11 we compare the results of calculations using 3(qy,0,)= IepgNN’T(Ufz ql)(qufqu) o
RuhrPot wave functions and the relativistic impulse current (2m)°2mym[q7+m2 ][+ my]
which either neglectlA) or retain(lA +VPy) the relativistic
pmy, o7y, pny, andwny exchange currenfst2,43. The  Sinc€dnns, 9,-y, andg, ., are essentially fixed by experi-
RuhrPot contributions are uniformly small, although we ob-ment, the freedom in the vector-meson decay exchange cur-
serve a reduction in the cross sectiorflEP) §;=12.0° and rents is limited to the model-dependent values adopted for
(HEP) 6,=12.4° at#,=20° by about 0.1ub/sr’/rad (i.e., the experimentally unknown coupling constamfgy, and
10%). OnNe - We have adopted the RuhrP@iN-interaction values

We have used the fully relativistic expressions of Eq.of gyn,=1.65 andgyy,=4.95, and note that these values
(3.1 for the numerical applications of Fig. 11, but to iden- are  consistent with the broken &) requirement
tify the dominant behavior of these exchange currents it |sgNNw/gNN =9. The matrix elements of both isopin operators
sufficient to consider only the static limit, neglect theand  in Eq. (4. 5) reduce to unity irpp bremsstrahlung, so that the
p-meson mass difference and neglect fheneson contribu- w7y contribution completely dominates the vector-meson
tions altogether. In the nonrelativistic limit, this allows us to decay current contributions and the correspondingy cur-
write rents are some 15 times smaller.

(4.6
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_ FIG. 12. RuhrPot results in impulse approximatioA) as in FIG. 13. RuhrPot results in impulse approximatidA) as in
Fig 8 compared to corresponding results with relatividiiel), Fig 8 compared to corresponding results with relativitit y ex-

vertex-static limit (VSL), and soft-photon approximatio(SPA) change currents includingr+ p exchange ¢+p) and () ex-

NAy m-and p-exchange currents. A relativistic description of the change ¢r) only. The RuhrPot model has a relatively welsdkip

NAy exchange currents is necessary. coupling, so that th@-exchange contribution to th€A y currents
is small.

The magnitude of eacliPVy exchange current is, of require a relativistic description, but that theexchange
course, dependent on the choiceNdi interaction. For ex- ~ contribution is comparatively small.
ample, the Bonn B model requiregyy,=3.36 and
Inne=17.5, so thatify,/dkn, =27, which severely contra- E. Comparison of exchange currents
dicts the broken S(B) prediction of 9. Although themy | Fig. 14 we examine the individual contributions of
and w7y exchange .currents have never been included iRach of the one- and two-body currents developed in the
Bonn model calculations for bremsstrahlung observables, it eyious sections with the complete effective current of the

is easy to see that these currents alone would be, respegrasent work. We observe that thel y exchange currents
tively, more that 4 and 12 times larger than the correspondy e gybstantially larger than all other contributions and we

ing results of the present calculation. recall from Fig. 13 that, in the RuhrPot description, these are
completely dominated by the-exchange contributions. We
D. A-isobar currents observe minor but non-negligible contributions from the

V P+ currents, and we recall from Sec. IV C that the magni-

In Fig. 12 we compare the results of calculations using,qe of these contributions is essentially determined by the
RuhrPot wave functions and the relativistic impulse currentyy,, coupling constant in th&IN interaction

which either neglectlA) or retain (IA+A) the relativistic
NA y - andp-exchange currents, as prescribed by the rela-
tivistic (rel), vertex-static limit(VSL), and soft-photon ap-
proximation (SPA) expressions developed in Sec. Il B. We In Figs. 15-18 we compare results of calculations using
do not show results for the complete static limit since theséRuhrPot wave functions and the relativistic impulse current
results turn out to be almost indistinguishable from the verwhich either neglectlA) or retain (IA +MEXC) all of the

tex static limit. In Fig. 13 we decompose the contributions torelativistic meson-exchange currents developed in the
the relativisticNA y currents intorr- and p-exchange contri- present work. These include the wave function reorthonor-
butions. Collectively, these figures show that the RuhrPomalization and meson-recoil currents, tN& creation and
description of theNA y exchange currents are very large andannihilation pair currentffor both A\ =0) pv and ¢ =1) ps

F. Comparison with experiment
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periment cannot be resolved in terms of t&l7r coupling
alone.

The importance of our conclusions on the Lorentz struc-
ture of theNN7 vertex are contingent on a reliable data set,
so we vigorously stress the need for more precise measure-
ments of all observables where the ps and pv couplings give
very different results.

(ub/sr? rad)
&

]
)

G. Some problems with nonperturbative descriptions

Strong interaction transitions betweBiN, AN, andAA
states can be described non-perturbatively with a coupled
channelt matrix[31-33 and indeed have already been used
to calculatep p-bremsstrahlung observablg§9,20. Under

3 these circumstances it may appear curious that we have cho-
t. VPy ] sen to present a perturbative description of such amplitudes
_WFRR-I—PaJr 9“‘-;-%:8;'25 as meson-exchange currents. There are, however, a number
: 87 of difficulties in applications of these coupled chanteha-
R T T P T N trices, the most serious of which appears to arise from the
0 30 60 90 120 150 18 inconsistencies that exist between the PE3¥] NN=NN
0.(deg) and the Ried parametrized version of the static-limit Bochum
[31-33 AN=NN interaction. In particular, the conflicting

FIG. 14. Contributions from individual currents to the cross sec-definitions of theNN# and NA 7 coupling constants and
tion. These arélA) = impulse current including initial, final, and fgrm factors makes it impossible to reliably remove the
rescattering correlationsN@A y) with summeda andp exchange,  double-countedd N=NN amplitudes involving intermediate
(VPy) = pmy + omy + pyy + wny, (WFRR+pain = NNy NA states, so that a free parameter is introduced to simulate
wave function reorthonormalization and meson recoil andine necessary subtraction. Any specification of the two-body
NN-pair creation and annihilation currents witk=0. The full line -~y rrents would suffer a similar ambiguity. Finally, the as-
denotes the sum of all these curre(sth interferences sumed Lorentz invariance of tHéN=AN transitiont ma-

trices remains to be investigated.
This leads us to consider a generalization of our formal-
NN-couplingg, thepmy, wmy, pny, andeny exchange ism to obtain a fully consistent and microscopic description
currents and th&lA y currents withm- andp-exchange con-  of the nonperturbative transitions between MiN, AN, and
tributions. We observe that the sensitivity to the admixture ofA A states. More precisely, we will identify two minimum
ps W=1) and pv §=0) couplings survives when the cur- requirements of such an approach that appear to have been
rents are consistently combined. been neglected to date.

The inclusion of the relativistic exchange currents can be Recalling from Sec. Il B the freedom to choose any de-
seen to provide a reasonable description of the cross sectigjived partition of the total Hilbert space, we now modify our
data in Figs. 15 and 16, but Figs. 17 and 18 show that @arlier choice so that th& degrees of freedom are included
persistent discrepancy with experiment remains for smaljn the 7 space(Details can be found in Appendix AWithin
63 and larged,. The impulse approximation results for the this approach, the leading-order contributions involve not
cross section data gives/datum = 5.8, whereas the com- only the NNy impulse, wave function reorthonormalization
plete exchange current calculations with ps andNM7m  and meson-recoil terms, but alBiA vy initial- and final-state
couplings givingxgsldatum= 6.1 andxg\/datum= 4.7, re-  correlation terms andllA y wave function reorthonormaliza-
spectively. Moreover, Figs. 15 and 16 shows that adopting #on and meson-recoil terms, as shown in Fig. 19. Our earlier
ps NN coupling produces structure in the cross section thaspecification of theNNy one- and two-body currents re-
is simply absent in the data. As such, the present calculatiomsains unchanged and will not be further discussed here. The
indicate that the data favors~0, although Figs. 17 and 18 additional leading-order contributions involvingy isobars
show that some of the most serious discrepancies with exare given by

dic
dQ3dQsdb.,
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where,8=fr orﬁ and the factor—g,,. and all references to Portant contribution to the intermediate-stathl amplitudes
the Lorentz indicesr and 7 are to be ignored for the scalar in the low-energy observables.

mesons. The exact form @?# is given in Appendix A, but Since the coupled channieinatrices have been calculated
here it is sufficient to note the nonrelativistic limit, only in the barycentric frame, it remains to either calculate
their boost operators, or demonstrate that they are effectively
PR -1 Lorentz invariant. In Sec. IV Asee Fig. 9 we demonstrated
D1~ D3 ~ 204(Gz) (My—M+wp) such invariance for a toy-model boson-exchange potential

and commented on the reliability of guessing minimal rela-
tivity factors. We anticipate that a similar approximate in-
_ _ (4.9 variance will probably hold for the coupled channel
wg(d2)[My—M+ wg(0z)] NN=NN t matrices involving intermediateAN states.
However, in Fig. 20 we observe that the corresponding
NA vy initial- and final-state interaction amplitudes calculated
The first term in the brackets of E@.8 represents the in the average barycentric frame of E§.33 are seriously
NA+ initial- and final-state strong-interaction amplitudes, different from the corresponding results evaluated in Ithe
and the second term gives tidAy wave function reor- andF frames of Eqs(3.38 and(3.40. This shows that the
thonormalization and meson-recoil currents. Unlike theirleading-order contributions to the coupled channel
analogouNNvy terms, where only one-body currents survive AN=NN andNN=AN t matrices are poorly approximated
in the static limit, theNA y wave function reorthonormaliza- under the assumption that they are Lorentz invariant.
tion and meson-recoil currents dot vanish in static limit— We conclude that a nonperturbative description of she
even for soft photons(cf. [20]). Indeed noting that isobar amplitudes via coupled chantehatrix calculations
m, —m~2m_ shows that these contributions make an im-involves two complications.

(my—m)?
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(1) There are nonvanishing contributions from tRe y ing contributions of Fig. (c) were retained, as were the rela-
wave function reorthonormalization and meson-recoil termstivistic p7y, wmy, pny, andwny exchange currents. We
The neglect of these two-body currents contributes seriouslso included theNAy currents with7 and p exchange in
errors at low energies. the complete static limit, as defined in Sec. Ill B 5. No form

(2) The initial- and final-stat&lA y interactions are poorly  of soft-photon approximation was adopted at any stage.
approximated in the absence of boost operators. The neglect | the present work we have extended the exchange cur-
of boost operators contributes serious errors at high energiegans to include the wave function reorthonormalization and

As S.UCh.’ a mear_ungful speuﬂcqtlon of nonperturbat'vemeson-recoil currents of E¢3.9) and theNN-pair creation
A contributions requires the calculation of two-body currents,

and boost operators. This has not been recognized in the paa'\(lj ar;g'S”ﬁrt]log g?rlgem[éoijt))clt:a?\a_r?rsvu?rgi Qf\o_r 2 tFr)jI
Although the first requirement can easily be satisfied by re- 7 coupiings ot 4. {s. q y
taining a subset of the exchange currents we have presenté ativistic description of the‘l N.y verte_x. _We have also re-
in this work, there are outstanding problems that need to bRaced the complete static limit description of the dominant
solved if boost operators are to be defined beyond\IA v(7) exchange current with the relativistic upgrade of
©(1/m*. Such developments stand as a challenge for futur&9: (3'_22)' ) )

theoretical work but can only be approached within a mode|. N Fi9- 21 we consider the magnitude of these purely rela-

providing a consistent and microscopic description of alltivistic effects by comparing with our earjier descriptions of
meson-baryon dynamics. the meson-exchange currents. We consider here only the pv

NN coupling A =0). From Figs 10, 12, and 13 we already
know that the largest difference between these exchange cur-
rent results stems from the relativistic corrections to the
In earlier work [1] we presented selectedop-  NA+y(w) contribution. In addition, from Fig. 12 and Secs.
bremsstrahlung observables calculated using RuhrPot wavld B 5 and IV D we note that this difference results from the
functions and the relativistic impulse current. The rescatterneglect of theN—A mass difference in the complete static

H. Relativistic effects
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limit exchange current operators used[]. Although we

and the form factors that they contain.

find no need to change the qualitative conclusions reported in Although the wave function renormalization and meson-
[1], a comparison ofpp-bremsstrahlung calculations with recoil contributions are well known to cancel in the static
experimental data near the-production threshold clearly |imit for soft photons, this cancellation is poorly satisfied in
requires a relativistic description of the isovector mesonyremsstrahlung experiments where the kinematics has been
exchange currents. contrived to maximize the photon energy. As such, retaining
these contributions is necessary if the orthonormality of the
wave functions is to be preserved. Although these two-body
gurrents have never before been included in bremsstrahlung
calculations, they are necessary for a relativistic description

V. CONCLUSIONS

We have presented a parameter-free and relativistic exte
sion of the RuhrPot meson-baryon model to define the domi

nant isoscalar meson-exchange currents. These include tR&the NNy vertex. _ o
first relativistic calculations for the wave function reor- ~ The motivation for developing such a relativistic scheme

thonormalization, meson-recoil, arfdN-pair creation and is found in one of the oldest outstanding puzzles in nuclear
annihilation currents ip p-bremsstrahlung. We also included Physics. The Lorentz structure of thdN7 Lagrangian
the fully relativistic pry, wmy, pny, andwyy currents -“nn- IS Universally accepted to comprise an unknown mix-
and a relativistic upgrade to our earl¥n y(,p) exchange ture of ps ¢=1) and pv ¢ =0) couplings. This mixture
currents[1,15]. cannot be distinguished by any nonrelativistic calculation

The results of these calculations show that the mesorand, for quite different reasons, makes almost no impact on
exchange contributions to thpp-bremsstrahlung observ- relativistic calculations for thél s scattering lengths. How-
ables below ther-production threshold are large. As such, aever, within our relativistic framework we have shown that
meaningful interpretation of experiment obviously requires ahe existingp p-bremsstrahlung data indicateis small. This
completely consistent description of the meson-baryon dyis surely the most reliable assessment of k¢ Lagrang-
namics defining theNN interaction, the exchange currents, ian available to date.



A. EDEN AND M. F. GARI

] FIG. 18. Same as Fig. 15 ex-
7 cept thatg,=27.8°.

’r"’::-;;\; 11 I

Y *~§:§,§f1 E/ 3

60

1124 J.
b T T T T
— [ = ° P —_
3 [ 63=12.0 , . g
s 4F TA+MEXC( )= it
N‘_‘ N‘_‘
= L <
o 3 - TA T ¢ )
3 f 2
g 2f ts : )
S L 4 ol 3
£iS f{ A
o 1F — ]
=] r ] ]
=8 =
ki F
NE NE
~ ~~ r
a 0
3 2 E
< < of
bg’ . b;‘;’ .
2] r o0 r
=% 1k . IRk
=] r ]
~3 3
’.§ 0.8:— 03:14.00
- F
- 0.6 F
o0 F
g 0.4
T < 02f
<0 0.0
T '
é’l_‘ B -0.2
A —04F
0 -+ A -+ -+ -+ . F -+
0.85— 03 = 22.0° _ 0.85— 63 = 28.0°
0.6 F 3 0.6 F
04F E 0.4F
< 1 < o02f
0.0 f
—0.2F
..... [T P I I _0‘4'_... 1
0 30 60 90 12 150 180 0 30
0 (deg)

1
90 12 150

We quantified theV Py exchange current contributions interaction model differences in impulse approximation, we

and noted their obvious relationship to tNEN interaction.
While the small vector-meson couplings in the RuhrRot
interaction render these effects no larger than MNN-

(@ ~1 (@
®) 1 (o
© ®

noted the necessity to include these currents in calculations
for models using larg&lNw andNNp couplings(e.g., Bonn
B). However, the largest isovector exchange currenppn
bremsstrahlung results from intermediate-state isobar excita-
tion via = exchange. We investigated a series of approxima-
tions for this current and found that a relativistic description
is necessary. Given the practical importance of this result, a
compact closed form expression was provided and the
sources of error in various approximations were identified.
We demonstrated our earlier assertidnl5| that theN
Ay wave function reorthonormalization and meson-recoil
contributions donot vanish, even in the static limit for soft
photons. Their neglect in recent applicatidi®,2q indi-
cates that the the orthonormality of the initial- and final-state
wave functions is not preserved. In a perturbative analysis
we showed that the assumed Lorentz invariance of the
NN=NN interactions is accurate to about 3%, but that a

FIG. 19. NA y wave function reorthonormalization and meson- Similar assumptioi19,20| for the NN=AN interaction im-

recoil exchange currents. These currents are necessary to preseRIEES unacceptable errors of around 20%. We noted that a
the orthonormality of the initial- and final-state wave functions de-nonperturbative development of our parameter-free calcula-

scribed byNN, AN coupled channel transitionmatrices.

tions requires inclusion of th&lAy wave function reor-
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,22 é APPENDIX A: NONPERTURBATIVE NAy AMPLITUDES
20.1F 6y = 12.0°) . . :

g | 8 — 12,49 Within the formalism of Sec. Il B, a nonperturbative de-
0.0 P scription of theA-isobar contributions requires our partition
75 0.5 [(®) 4 of the Hilbert space to be modified such that
2 .,7Jﬂ1:{|NN)}, k7/,,2={|AN>}, .%7,3={|NA>},

%?“

2| ] T, =AA)Y, 7 ={|the res}} (A1)
Q01r 63 = 28.0
| 6, = 27.8°
0‘0 ..... | P | . 1oe04 Loaay |
0 30 60 90 120 150 180 with projection operators satisfyingy=="_,7 and
8, (deg) 7im;= 7;6;; . Denoting an arbitrary operator causing transi-

tions from thes; space to they; space asy;@ 7=}, we

FIG. 20. Comparison of perturbatiA initial- and final-state require [in analogy to Eq.(2.22] matrix elements of the

correlation amplitudes calculated in tiaverage barycenticA
frame and compared to corresponding results that are obtained in

the initial- and final-state barycentric frames. The discrepancies

show the need for boost operators and indicate errors of about 20% oL 4 — .
result when thNN=AN t matrix is assumed to be Lorentz invari- [-Z]11= Nf(k,)\)ijzl (P3Pa; ] 771[l+t(1i7)TGli][\]eff]ij
ant. '

91580
thonormalization and meson-recoil exchange curréfas X[1+Gyatjy '17[P1p2; i), (A2)
which exact expressions were providleahd the application
of boost operators. The need for more precise experimentalthere we have denoted the effective etteo-body current

data has been stressed. density as
5_ ----- T LI LB T ] LALLM I LI LM IR
= [ (a) b 0.4 (b) 9
=4 Full = EE ]
&
3
g FIG. 21. Selected results from
LS Figs. 15-18 using the p&IN7
= Eﬂ coupling with (full) and without
= (IA) the relativistic exchange cur-
. rents, now compared with the
ki (CSL) results of Ref[1]. The CSL
o, results differ from the full ones in
}: that the wave function reorthonor-

malization, meson-recoil, and
NN-pair currents are neglected en-
tirely and theNA y(7) exchange
current is taken in the complete
static limit. The largest numerical
difference in the meson-exchange
current results can be traced to the
neglect of theN—A mass differ-
ence in the CSL operators. See
also Secs. llIB5 and IV D for a
detailed discussion.
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taken between inital- and final-state wave functions con-

- 1
[Jerlij = mi| I+ IA+ATI+ATIA- EJATA structed from theNN—NN t matrix. These amplitudes in-
clude the dominan Ny impulse currents, as well as contri-
1 + butions from theNNy wave function reorthonormalization
- §A Ad+ -7y (A3) and meson-recoil currentsddopting (A1) does not alter the

exact expressions for these currents given by E9) and
First consider the amplitudes involving an effective current(3.10.] However, we now have additional contributions, as
describingNN— NN transitions, which must therefore be shown in Fig. 19, which are given by EG.7) with

1 1
Df= - —— < _
! [Es—Eak—wg(A) [[Ex—Es—wg(d2)]  2[Es—Ey—wg(d2) ][E1—Ez—wps(dy) ]
1
2[E3—Ej1— w,;(ﬁz)][Eﬁ E,—Ea—Ea— wﬁ(az)] ,
1 1
D5=

[Es—Ep— wp(G) [E1—Eas— wp(G2)] 2[E3—Ey— wg(Ga) [~ Es— wp(dy)]

1
2[E3g+E4—Epg—Ex— wg(ﬁz)][El— Eask— wﬁ(&z)] ’

(A4)

where ,6’=77r or ;3. Unlike their analogousNN+vy terms, theseNA y wave function reorthonormalization and meson-recoil
currents donot vanish in the static limit. Their inclusion is required to preserve the orthonormality of the hadronic wave
functions.

Next consider the amplitudes involving an effective current descrifiiNg=NN transitions, which must therefore be taken
between inital- and final-state wave functions constructed fidda=NN andNN— NN t matrices.

[ Z5]12= N€(K,N){(PaPa; sl ma[ 1+t TG111[ Jelid Gortbi 171/ Paba; i)

+Ne(k,\)(PaPasar 7l th, " Guall Jetlal 1+ Guatis 171 P1Poi i) +(1,3=2,3). (A5)
|
These are th&lA y initial- and final-state interaction ampli- APPENDIX B: VERTEX FUNCTIONS

tudes and should obviously be specified in a consistent
frame. However, tha matrices are available only in the

barycentric frame, yet are required for the initial- and final-  For a meson with momentui and massn; we define
state interactions of Eq(A5) in barycentric frames which

1. Interaction energies for strong vertices

: . — & 12

differ by the photon momentum. The procedure adopted in _ ity [ c2. 2
recent workg19,2(Q is to attach(guessegoff-shell minimal Ng=0nng (277)§8¢,)ﬁ|5fEi o @p= N (Q) M.
relativity factors and assume this renders the initial- and (B1)

final-state interaction terms individually Lorentz invariant.

Rather than adopt this assumption, we provide an exact R R

specification of the leading-order contributions to these amThe interaction energie@|b(pf)—fd3xFNNBbT(pi)|O> for

plitudes via Eq.(4.7) with the coupling of mesons to the positive-frequency nucleon
current are

1
Df=
2(E3+E4—Ea—Ep) R )
1 1 Hynz=NzhynzT, HNNp:pruhﬁNpﬂ
X - y
EB_EAlk_wB E4—E2—wﬁ
p 1 HNN5:N5hNN6;v (B2a)
D =
% 2(E;+Ep;—Ej—Ey)
1 1 - I5f Fi}
X — . A6 hyne= —1FNNaT | = — = s B2b
Ei—Eaxsk—wp Ex—Ej—wg (A6) NN A P (B2b)
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E+E; Hune=Nohuna7  Hyno=N e, h’<
h%Np F§\|lr21p+KpF§\12,3|p l——f2m : NN NN NNp = Np€ullyy, ™
1 2 E¢+E Hyn=NshnnsT (B4a)
+| FRRp 6P i 1+ ——
pf pl |(;'(5f><5|) hNN‘IT:_IFNN']T[ 1_(1_)\)m + 1+(1_)\)m:|
+ ———
77 oz | (B29 . .
-D: X .
o L x| PP g | PR (B4b)
- (1) (2) P+ pi - Pt Pi éfci éf@/i
My =[Py 1 Fin ]| 72+ 22 o = ..
E:—E. O-.p.
- > R - 0_ _ | _=f i i
pFF\IZNp( o1 _ PP 1o (PiXpi) M, = | PN+ K FNNp T z
pf I gfgl gfé}" ] o
Ei—Ei||o-p
_| g (2) f ! f
(B2d) PR PR 1+ =5 | |7
PP 10 (PrXpy) (B4o)
= — — — + - - .
hane=Fnel 1 Z 77 (B2¢

The interaction energie$0|b(ﬁf)—fdsxl“NNﬁd(—ﬁi)|0) for e
meson couplings to the pair-creation current are

- I _ u -
HNNﬂ'_NwhNNﬂ'Tv HNNp Npe-,u,hNNp

_ _ - |(pf><p) a(pr-pi)  Pi(a-p) (&'5f)5i}
Hyns= Nshanss (B3a) X -,
Mo e ah o LG L6 L4
_ : Ei Ei (B4d)
hNNW:+IFNNﬂT 1_(1_)\)E + l+(1_)\)m o o
- - - o-p; 0P
y pf.pi-i—i(;- P X Pi ®3 hans= = Fans =t Z | (B4e)
&1 &1, '
0 " E;—E]]o ps where all strong form factors are evaluated at
hﬁ FNNp+K FNNp[l+ °m ?f Q2=—q2:_(Ef_Ei)2+q2'
For theNA B vertices we defingsee Eq(3.7)]
) T 1| A IS
Wt RPN 1 g |7 (B9 Lo O o
g 2m (2m)°8w, E E|
E; K, F &
(1) (2) e NNp .
hNNp |:FNNp+K FNNp 1—- m:|j|0'+ (pf ) NA:gNNpGMAp gANﬂ— gAZ 1/2 (BS)
N - > p 2m gNN7T (2’7T)38(1)pEAE ’
% - P g.p; F(l) F(Z) 1 E|
Z + 7z NRp T KoF R +E
e - > s s - s s The interaction energie®|b,(p) — fd3XI "y b (P)[0) for
v H(ps X pi) n o(Pr-Pi) _ Prlo-p) (o-Pop; meson couplings to the—A current are
g a1 g i |
(B3d) HANTr:NqAThANw;NA! HANp:NﬁhZNpev;NAv
(B6a)
Tpi  o-p;
hyns=—F —t+t —. B3e) > >
NNé NN(S{ gf O/I } ( ) H N . R E_(pAp) -
AN ONA*| Pa My Zam, p
The interaction energieg0|d"(—p;)— S d*T'ynsb (p;)|0) » 11—(0 DA)<U p) (B6b)
for meson couplings to the pair-annihilation current are N & '
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- - N T - -
| T PaONA - -~ ONA“PA 0Py 1 Ei—E;||o-ps
hANp_‘i‘{m—A,O’NA'i‘pA ZAMa ( Zs ) JNNy FNNy-l-KFNN,y 1+ om Z,
N PN BT DY - [N
o-p| - (o-pa)a(o-p) @ 2 Ei—Eil]lo-pi
+ g),a'-i- G - FNNy+KFNN'y_1_ om 7
X[(Pa=P) L& = (Pa=Ph )] (B6C) _ (B10b
- - Ell. «F@&., - -
The interaction energie®|b(p) — fd3XT" sy b5 (Pa)|0) for  Trny=| Finy+ KFiR,| 1- E'} o+ 2anN7(pf+ P
meson couplings to thA— N current are :
- , - o-pr o p; E.
HNAw:NqAThNAwTLA: HNAp:NghNApevTLA’ Z +7| + F,(\jl,z,y%— KF@,7 1+ — }
(B7a °f i m
o-pa\[ o p X[i(ﬁfxﬁi)+&(5f'5i)_5f(5'5i)_(5"5f)5i}
hnar=+|1 ( Z )( (5) TNa g g 1 i |
(B109
- [ E : - , . I
X| pa m__ﬁémp)_p} (B7b)  The photon coupling to the pair-annihilation current
e (0[d" (= Pr) 3en(0)b(py)[0) s given by
, (é-ﬁA [0 5) ECANGCED Iny =Ny, (B119
NAp (/ (; il (){ (;') _ . - _,-
Ea & ENE o E 2 1 E;—E]]lo-pi
>t >t > “ JNNy NNy K NNy 2m &
—TNaPa -y - (onasPa) i
X|—— UNA+ PA———"F— > >
(fAmA E ag.p
— | Fil,+ cF&L 1+ 2 7f
X[(P=Pa) O\ (P=Pa)rS,)]- (B7c) m ]I &
(B11b
2. Currents for electromagnetic vertices E kE2)
> (1) 2) . fll- NNy , > >
We define Inny=| Fny + KPRy 1= 10 o+ — = (et pi)
e i | M? - -
P f o Ps pl (1) (2) Ef
NV (277.) |4Ef ] . (BB) k/f + — ;;I FNN'y+KFNNy 1+m
The photop couplln% tE) the _pos,tlve frequency nucleon cur- y i(prxp)  o(Pspy) ~ pi(opy) B (G Po)P;
rent(0|b(ps)Jex(0)b'(p;)|0) is given by 77 7.7, 77, Z7 |
Jhny =Ny ifiny » (B9a) (B119
where the electromagnetic form form factors are defined as
PRiny=| Fidy+ <FiR,| 1 SRS W _Leas, Lo 0
7 7 4 2m Fany =5 PNy T 5PNy 7
+ F#\lllzly—'— KFF\lzlzly 1+ TH KNFF\lezly_z |sF§\12’2h|/v+ . IVFE\lzlzl«va 2, (B129
Pi-pi i (PrXpy) Soh =protons: F{R,(k?=0)+ knF i, (k?=0)
X | —— — o
g6t T ag | e [
= = o,
- - - 2 P
Pr P P:  Pi
+xkFR N =+ = +ioX| = ——
JNNy [FNNy FNNy] ({ (/(| gf Z,H (Ble)
KFF\JZ&V(D )[ Pi-Pi o (PsXpi) =neutrons: F{R,(k?=0) + kyF i, (k?=0)
- f | - © . .
/f({ éféi KIS— KV
(B9 =(0)+|— )=un.
The photon coupling to the pair-creation current (B120)

(Olb(pr)Ier(0)d(—Ppi)[0) s given by
Inny=Ny€ul iy (B10a For theNA y vertices we defin¢see Eq(3.7)],



53 CONSISTENT MESON-FIELD-THEORETICAL DESCRIPTIO. . . 1129
N2 = €p j OaNm| “af 1’2' _ Thebphoton coupling to the vector-meson-decay current is
v"(2m)%2m 2 gung | AELE| given by
i _ iv_ —€p0vp,Fyvp 1

GI'\\;l(O)_ 1+ KIV_4.706. (813) VPy(O)(qP 7qV)_ mV?’ Y (277)3
The photon coupling to the N—A current 1 -
(0]b,(P)Jex(0)bT(P)|0) is given by X —— €*,(qy \y)

vwwp
Jany=Nyi ANy €l 7a), (B143 X (dp)alAv)b (B16)
—oNa Pa - where Fyp,(k?=0)=1, qy and gp are the four-momenta

jZNy: +

- -1

45 oNAPa
O T -

ma NA T Pa ZAMa

a-ps| (0P| - (o-pyo(a-p)]*
Ba) (6B - (6-Bwes-
) ( %AH %’)'“

ErE
X[(Pa=P) 6y —(Pa—PhS,)]- (B14b
The photon coupling to the A—N current
(0[b(p)Jer(0)bA(PA)[0) is given by
‘]NA'yzNéjKlA'yEV(T?\.IA)Ol (815@

AN PNGENGEE g

o

v
JNA'y_

delivered to the nucleons by the vector and pseudoscalar me-
sons, respectively.

APPENDIX C: THE MOMENTUM-SPACE NNy
RESCATTERING CALCULATION

The NNy rescattering amplitudes in bremsstrahlung were
first calculated by Browf21] in r space. Fop-space calcu-
lations, a recipe has already been givel@], although the
residue terms are valid only for soft photons and the domi-
nant final-state interaction is scaled kyuessef off-shell
minimal relativity factors and cast into theframe with a
barycentric momentunk. This choice of frame does not
minimize the effect of the neglected boost operators and the

N & EaE inclusion of minimal relativity factors disturbs the conver-
- oy -t = a gence properties of the space integral.
% “PaONA -4 +F OnAPa Casting the entire rescattering amplitude into gh&#rame
»ONAT Pa Zamy of Eg. (3.33 requires a somewhat different numerical proce-
) ) dure. We start from Eq(3.44 and simplify our notation by
X[(P=Pa) w0y —(P—Pa)rd,)]- (B15H  defining
.///éfR:Kf f H(p)ded e, H(p)=fa—+dp (C1)
' Gi(p)G(p)
with
F(p)=p’sind[ E(ps+ 1K) +E(p+zK) I[E(p1— 3K) + E(p— 1K)
K | .
x > (p3+ Ik; ;StM g TiM+|| 1+ix ) tOMN1—ix| — 5| |lp+ 1k:SM&TM1)
MgMg
, .k LK
X(StM g TtM|Inn,[1] “Pt5., =P~ 5 ISMs;TiM1)
X(+p— 5K SMs TiM1|| 1+ix| + 5] [Git )| 1=ix| + 5] |[P1— 1K:SMg; TiM7),
Gi(p)=(p1— K>~ (p— 1K) >+im=A%—(p—i|klcosd)*+in,
G(p)=(pa+ K)2—(p+ k)2 +i 7= A7~ (p+ §[K|cos)?+imy,
Ai2=(711||2|C03'9)2_51'52, Af=(%|l2|008ﬂ)2—53~54,
N
K:E(_l)(Sf+Si+Tf+Ti), (CZ)
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with cosf}=f>-ﬁ=sin0psin0kcos(¢p—</>k)+cosapcoa9k. within ~ remains well defined. This formally completes the specifica-

the (maximally symmetrig A frame the effects of the boost tion of the integral. However, for practical purposes, we need

operatorsx(+IZ/2) and)((—IZ/Z) can be expected to sub- to add specigl form_s of zero to s_moc_)th the divergences near

stantially cancel and will therefore be neglected in theth€ poles. With a simple generalization of

present numerical applications. Their inclusion would

change nothing that we will discuss in this appendix. ijaz 1 dp= iln
ForA;,A{<O0, there are no poles on the real axis, but it is a, k*—p? 2k

easy to see that there are singularities in the Green’s func-

tions atp = p,, P2, P3, Ps as well as p;—p)-(p,—p) and  we obtain

(ps—p)- (ps—p), the latter two requiring particular atten-

tion when cos);=*4\/p;-p,/|k| or cosd==4\ps-p./|K| H=Hpo+ Hpt Hppot Hpo, (C7)

causeA;=0 or A;=0, so thatG; ! and/orG; ! each have a

second-order poléon the real axis We adopt the utilitarian where

attitude of noting that for experiments below the

a,+k k—a;

a,—k k+a; (C6)

m-production threshold, the second-order poles only occur a, faz 1 [F(p F@E™Y) N 1 F(pi)
| | o | o H = > i > A~ ()~
af‘b,ﬁz""b.<6' , and even then, only fop'2°<1°. Since no P a1 G;(p) | G(p)  Gy(p! ™)) 24, G,(p[™)
data exist in this region, we simply defer a treatment of sec-
ond order singularities and confine our attention to the kine- (a2— pi<*>) (al— pi(“) _
matics containing the simple and separable poles, X{n (a2—p ™) (al—p ) —lm|, (C8a
i i

(s, L
p=p;" =+Z|k|cost}iAi

F(p) F(ﬁﬁ)l 1 F(p{)

b2 1
H §7)=J — — — — p+_—7
if A?>0 then A= i b1 Gi(p) [ Ge(p) Gi(Pl ) 24 Gy(p{ )

L1
f—)—z‘k|cosﬁ|,
(b2—p{~)) (b1—p{™)

1
N ST x| In — | =i, (C8b
P=Ps 7/ Klcosd = A, (b2—p ™) (b1—p{ 7))
1.
if A?>0 then A;=|p}{*+ 7/Klcosd|,  (C3) . . )
and evaluateA? and A7 to determine if poles exist on the n <+>=f02 1* F(pﬁ) B F(pj ) +i&f+)
positive realp axis. Defining such poles to be vectors so that Pi c1 G¢(p) | Gi(p) Gi(pf”) 2A¢ Gi(P$ ))

P =p; =P, we obtain

A 2_pl) (c1—pt*)
H(p)=v.P.fdp x[m EEZ—E{“; E;_EI); —iwl ., (C89
y F(p) . f f
2 2 ’ N - >0
A?—(p—%llzlcosﬂ) HA%— p+%ll2|cos&) } H <->—fd2 1 |F(p) F(p 5] ERECE
" Jacip)|Gip) Gipt 28 Gi(pi )
€4 d1 G¢(p) | Gi(p) (Pt ) t Gi(ps
where (d2—p;™) (d1-p{*)
{'” (@2—p) (@i-py | 7| €

_imFp) | daRpl) iR
20iG(pi™) " 2AGe(p{ ) 2A:Gi(pT) where the domainsg[L:a2]+ [b1:b2]+[c1:c2]+[d1:d2]
span[0:] and contain the polep{™, p{7), p{*), and

i 7F(p ) (C5) p!~), respectively. In the event thal") does not exist in
2A:Gi(pi ) [0:0], then our expressions requifgp!*))=0.
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