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Pairing strength in neutron-rich isotopes of Zr
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Rotational bands based on two-quasi-neutron excitations have been observed for the first time in neutron-

rich isotopes. The bandhead excitation energies have been used within the BCS model to determine the

strength G of the neutron pairing interaction. Values of G=0.21 and 0.19 MeV have been obtained for
Zr and ' Zr, respectively. For these neutron-rich nuclei the strength G is thus close to 20/A MeV, smaller

than the value 23/A MeV used to describe even-even nuclei near stability in this region.

PACS number(s): 21.10.Re, 21.30.+y, 23.20.Lv, 27.60.+j

It has been established [1—6] that neutron-rich isotopes
near mass number 100 have large stable deformations char-
acterized by values of the quadrupole deformation parameter

E2 between 0.3 and 0.4. The large moments of inertia of the
ground-state rotational bands in the even-even neutron-rich
Sr, Zr, and Mo isotopes suggest that pairing is relatively
weak in these nuclei. Indeed, it has been proposed [7] that
pairing much weaker than generally accepted for nuclei near
the line of stability close to this mass region is necessary for
the large deformations to be attained. As yet no data exist to
give a direct measure of the strength of pairing in these
neutron-rich isotopes. A first indication of effects possibly
related to the pairing strength comes from the experimental
values of the pairing energy, determined by nuclear masses,
which reduces by 28(4)% between ' Zr and ' Zr. In this
Rapid Communication we present the first observation of
two-quasi-neutron rotational bands in ' Zr and ' Zr, the
excitation energies of which allow a direct determination of
the pairing strength within the BCS model.

Partial level schemes of iooZr and io2Zr have been estab-
lished using triple coincidences between prompt y rays emit-
ted following the spontaneous fission of Cm. The Cm
source was placed at the center of the EUROGAM I array at
Daresbury Laboratory. For this experiment the array con-
sisted of 45 Compton-suppressed Ge detectors and 5 low-
energy photon spectrometers. Triple coincidences between
the Ge detectors (and unfolded higher multiplicity events)
were placed into a yyy cube, enabling rapid creation of one-
dimensional y-ray spectra produced by supplying two gates
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on chosen y rays. The selectivity of double gating enabled
detailed decay schemes to be constructed. Partial level
schemes of ' Zr and ' Zr are shown in Fig. 1. The 1821
and 1981 keV levels in ' Zr have been observed [8] in the

P decay of a high-spin isomer in ' Y. The higher sensitivity
of the present data has allowed the observation of three
weaker y-decay branches from the 1821 keV level.

Rotational bands with bandhead energies near 2 MeV
have been observed in both ' Zr and ' Zr. The decays of
the bandheads are complicated suggesting that the bands
have a large K quantum number. Since the sequences of
levels built on the bandheads follow closely rotational model
expectations, it is possible to restrict the K values of the
bands by considering the ratios of transition energies. This
procedure strongly suggests that the K values are 6 and 4 for

Zr and ' Zr, respectively. The assignment of I=4 and 5
to the 1821 and 1981 keV levels of ' Zr is supported by the
population [8] of these levels in the P decay of ' Y.

Comparison [1] with calculated single-particle Nilsson
levels and experimentally observed bands in the neighboring
odd-N isotopes of Zr suggest that the configurations of these

bands are I =6+, v-', + [404]Sv-', [411], and I =4
v'-, [532]I3 v'-, + [411] for the two-quasi-particle bands in

Zr and ' Zr, respectively. Evidence to support these as-
signments comes from the observed in-band branching ra-
tios. Within the rotational model the ratio of cascade to
cross-over transition intensities determines the magnitude of
the parameter (g/r —g~)/Qo, where gran and gtt are gyromag-
netic ratios and Qo is the intrinsic quadrupole moment of the
band. Values of 0.18(2) (eb) ' and 0.13(2) (eb) ' have

been determined [1] for the bands based on K"=-,' and
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FIG. 1. Partial level and decay schemes for ' Zr and ' Zr. The thickness of the arrows indicate the branching ratios of decays from a
level.

K = -,'states, respectively. In the case of a two-

quasiparticle band, the magnitude of (gz —gg)/Qp can be
predicted from values of the single quasiparticle compo-
nents, and the prediction for the proposed K =4 band is
0.15(2) (eb) . This is in excellent agreement with the value
of 0.14(1) (eb) ' obtained from the present data, supporting
the proposed assignment to the 1821 keV bandhead. No
K = —,

+ band is known in the odd-A isotopes of Zr, however

the p-', +[404] quasineutron has a large g-factor g~ and hence
the cascade transitions in a rotational band including this
single-particle configuration would dominate over the cross-
over transitions. This is seen to be so in the ' Zr excited
band where the crossover transitions have been observed
only weakly if at all. We therefore assign these bands as
two-quasi-neutron excitations based upon the configurations
suggested above. These assignments are supported by the
BCS calculations discussed below, as, at the known deforma-
tions of ' Zr and ' Zr, the suggested configuration for each
nucleus is the lowest-lying two-quasi-neutron state.

The excitation energy of a two-quasiparticle band is de-
termined by the strength of the pairing interaction and the
energies of the contributing single-particle states relative to
the Fermi level. The single-particle energies are, for a fixed Z
and N, dependent upon the deformation of the nucleus and

the parameters of the potential in which the nucleons move.
Therefore, if the nuclear deformation and the potential pa-
rameters are known, it is possible within a model description
of pairing to determine the strength of the pairing interaction
from the bandhead energies. The deformations of ' Zr and

Zr have been calculated, within the rotational model, from
the measured [2—4] lifetimes of the first-excited I =2
states. Nilsson potential parameters for the neutron-rich Zr
region have been presented in the literature [9]. In order to
examine the strength G of the pairing interaction it only
remains to specify the pairing model to be used.

We consider the usual monopole pairing force of the form

+ +
Hpair= G~ a, a; a~a~,

where G is the strength in the BCS [10]procedure and a and
a+ are particle annihilation and creation operators. For the
nuclei in question, the single-particle level densities are
rather low and it is therefore essential to take into account
the blocking effect of the unpaired nucleons. For a two-
quasi-particle state the particle number N is reduced by two
and the blocked states are removed from the calculation (see
Ref. [11]).In addition to blocking, a further effect which
must be taken into account is the Gallagher-Moszkowski
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parameters ~ and p, were taken from Ref. [9] and e4 was set
at zero. Near the expected deformation of F2=0.33, G is
well defined at around 0.21 MeV, and a small reduction is
obtained by including the GM shift. Although the GM shift is
around 10% of the two-quasi-particle energy, it yields only a
2% reduction in G. Inclusion of the predicted e4 deformation
in the calculation gives a further small reduction in G. The
final value of G for ' Zr is determined to be close to 0.21
MeV. Figure 2(b) shows the same quantities for the ' Zr
two-quasi-particle state. The theoretical [14] value of e2 is
0.33, which again corresponds to the situation where G has a
stable value. The experimental [2] value of 0.37 is larger but
it has a 10% error. In this case the best value of G from the
two-quasi-particle energy is around 0.19 MeV, when account
is taken of the predicted F4=0.027.

Although our primary aim has been to fit the energies of
the newly observed two-quasi-particle states in order to de-
termine the pairing strength, it is interesting to see if our
results are consistent with the pairing energy P~(A) defined
in terms of the relevant neutron separation energies. This is
usually accepted as being the quantity which is formally
equivalent to the BCS pair gap

0.16--

0.30 0.35 0.40
&=GP (j+-,') u, v, , (2)

FIG. 2. (a) The pairing strength G determined as a function of
the quadrupole deformation parameter e2 by fitting the bandhead in

Zr; (h) similar curves for ' Zr. Solid squares show the results

for e4 equal to zero, with no spin-spin shift; triangles show results
for e4 equal to zero with the spin-spin shift taken into account;
circles show results for G including the spin-spin shift and the effect
of the theoretically [14] predicted values of E4.

(GM) spin-spin shift of the two-quasi-particle states [12].
From two single-quasi-particle levels with K= K& and
K= K2 it is possible to make two two-quasi-particle states
with Ktota&=K& ~K2 and with bandhead spins I=Ktotal. The
two corresponding energy levels are split by the spin-spin
force. The low-spin members of these doublets have not been
observed in this mass region but, from other mass regions
[13],a shift of around 200 keV appears to be typical corre-
sponding to a difference of 400 keV between the two mem-
bers of the doublet. We shall present results of calculations
which either ignore or take account of this correction.

The deformation of ' Zr has been inferred from a precise

P] lifetime measurement, but in the case of ' Zr there is a
large uncertainty in the experimental deformation. We have
therefore checked the sensitivity of our results to variations
of these deformations around their experimental and theoreti-
cally predicted [14] values. Since in Ref. [14] theoretical
values of the hexadecapole deformation parameter e4 are
given, we shall also test the sensitivity of our calculations to
this parameter. It should be noted that the experimental and
theoretical quadrupole deformations of ' Zr are in excellent
agreement.

Figure 2(a) shows the values of G required to fit the two-
quasi-particle state in ' Zr as a function of the deformation
parameter e2 in the Nilsson model. The other Nilsson model

where u, and U~ are the vacancy and occupancy of the
single-particle state of angular momentum j. However, in a
region of low level density the correspondence between 5
and P~(A) is not necessarily a good one and to demonstrate
this we shall calculate both 5 and the theoretical value of the

pairing energy, P~(A), as evaluated using nuclear binding
energies obtained from the BCS calculation. For ' Zr, in the
region of the expected deformation, the calculated 5 is
around 1.5 MeV, or about 40% larger than the experimental
[15]value of 1.08(2) MeV for P~(100). However, by calcu-
lating P~(100) itself in the blocked BCS framework, this
discrepancy reduces to 18%. The introduction of the small
predicted [14] @4=0.007 further reduces the discrepancy to
around 10%. The supposed approximate equality of P~(A)
and 6 is thus violated in this region of low level density.
Numerical calculations confirm that the equality is restored
for higher level densities. In the case of ' Zr, there remains
a discrepancy of slightly more than 20% between P~(102)
and the experimental [15] value of 0.78(4) MeV for
P~(102). Despite these small discrepancies between the ex-
perimental and theoretically calculated values of the pairing
energy, it is notable that with the derived values of G, ob-
tained by fitting the two-quasi-particle states, a reduction of
20% in the pairing energy from ' Zr to ' Zr is reproduced
theor tically. The above results have been obtained using
BCS calculations without number projection. Since Pz
changes from 1.08 MeV to 0.78 MeV with the addition of
just two neutrons these BCS calculations may be inadequate,
since the BCS ground-state wave function is a linear super-
position of states with different, even, particle numbers. Thus
both N= 100 and 102 are contained in the BCS calculations
for both nuclei. Given the observed rapid variations with N
it is possible that particle-number-projected BCS calculations
with variation after projection [16] may improve the agree-
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ment between the calculated pairing energy and that deter-
mined from separation energies.

In summary this Rapid Communication has presented the
first data on two-quasi-neutron bands in neutron-rich nuclei
near mass 100, and has used the observed positions of the
bandheads to determine the strength of neutron pairing. A
consistent treatment within the BCS method shows the
strength to be close to 20/A MeV, smaller than the average
value of 23/A MeV derived [10]from even-even nuclei with
neutron to proton ratios appropriate to stability. We have also
shown that in a region of low level density the usually ac-

cepted equivalence between the pairing energy determined
from separation energies and the energy gap 5 deduced from
a BCS calculation needs careful examination.
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