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Absorptive potentials for preequilibrium reactions are studied in connection with the absorptive
potentials at finite temperature. As a temperature fixed state is a mixture of many-particle many-
hole states, an absorptive potential at finite temperature is constructed from exciton number fixed
absorptive potentials obtained in the previous paper. Our results, which include terms linear in
temperature, are compared with those of Morel and Noziéres which lack these terms. The absorp-
tive potential at finite temperature is decomposed by dividing the occupation probability function
into the particle and hole parts. The resulting potentials are associated with six processes, and
by introducing further approximation we obtain the correspondence with previously obtained ones.
Using the Fermi liquid approximation the absorptive potentials for each process and both contribu-
tions of polarization and correlation are investigated in detail and the origin of the linear terms in
temperature is found coming from the Pauli blocking effect. The results are compared with those
without the Fermi liquid approximation using a simplified Skyrme interaction. It is found that the
Fermi liquid approximation works fairly well when absorption is not restricted to the bound config-
urations. Furthermore the Pauli correction term is found important and is shown to be easily taken
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into account by using the thermal formalism.

PACS number(s): 24.10.Ht, 24.60.Dr, 24.60.Gv

L INTRODUCTION

Optical potentials have been devised to generate an
energy averaged total cross section and applied to nu-
merous analyses of experimental data. If we assume that
the incident particle is a nucleon (this assumption is kept
throughout this paper), the optical potential is the self-
energy of the nucleon and is calculated from the expecta-
tion value of the mass operator. The absorptive potential
is the imaginary part of the optical potential. If the low-
est order terms in perturbation series are taken, the ab-
sorptive potential corresponds to the absorption process
of the nucleon by creating a particle-hole pair [1].

In finite nuclei, surface vibrational modes are very im-
portant in evaluating the absorptive potential, which gen-
erates the surface term [2,3]. However in this paper these
effects will not be considered but put off for future works,
as the volume effects are the first to be treated as a con-
tinuation of our previous work [4]. In this paper we re-
gard the nucleus as nuclear matter, and the surface ef-
fects are taken into account only through the change of
the density around the nuclear surface as in our previous
paper.

In that paper we calculated the absorptive potential for
preequilibrium process by using semiclassical approxima-
tion. In preequilibrium theories [5-7], the exciton num-
ber, a sum of particle and hole number, is fixed for each
stage, and absorptive potentials are needed to calculate
formation and decay rates of the compound system with
fixed exciton number. For this we consider three types
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of processes. First is creation of a particle-hole pair in
which the exciton number is increased by 2. Second is
the process in which the exciton number does not change.
Particle-particle, particle-hole scatterings belong to this
process. The last is the process in which the exciton num-
ber is reduced by 2. Annihilation of a particle-hole pair
by the nucleon corresponds to this. For the calculation of
the absorptive potential spectator nucleons are included
to share the energy. However the Pauli blocking effect
by the spectator was not included in the paper, although
the effect was very crudely estimated on an average. This
effect is expected to be important.

In most preequilibrium theories the compound system
is restricted to the space constructed from bound nucleon
states, which is called Q space. The absorption is also
restricted to the Q space. However in compound reaction
theories and in some preequilibrium reaction theories ab-
sorption is allowed to all space in which nucleons occupy
bound and continuum states, which we call P + Q space.
So the absorptive potential is calculated for both @ and
P + @ absorption and we found the differences between
them are not small except at low energy.

In preequilibrium theories equilibration must be as-
sumed within states of certain exciton number. Although
validity of this assumption is questioned [8], at present
this assumption cannot be avoided. On the other hand
in equilibrium process like the compound process, equi-
libration must be maintained through all the stages con-
sidered. Of course equilibration within each exciton state
must be assured. Therefore the absorptive potentials cal-
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culated by thermal formulation for a fixed temperature
[9-11] can be utilized in our preequilibrium potential. It
is known that an equilibrium state with fixed tempera-
ture is considered as a mixture of many-particle many-
hole states [12]. So it must be possible to decompose the
temperature fixed absorptive potential into an exciton
fixed absorptive potential for various processes.

To advance the above program we found that the use
the of semiclassical approximation [13] is helpful, as it
gives an average over the energy and the mass number,
as well as it makes the calculation easy and concrete. An
absorptive potential at finite temperature has two contri-
butions, polarization and correlation, and each contains
three occupation probability functions of nucleons. In
the preequilibrium theory particles and holes are distin-
guished, and the number of particles and the number of
holes have an important role. Therefore to divide the oc-
cupation probability function into the particle part and
the hole part at the Fermi energy is an essential proce-
dure.

By dividing the occupation probability into two par-
tial ones, the absorptive potential at finite temperature
is decomposed into six parts, and each is identified with
processes that are the same as those encountered in the
preequilibrium calculation except one. The calculation
of each term is carried out adopting Fermi liquid ap-
proximation [14]. With this help each term is calculated
analytically, and furthermore the effect of Pauli blocking
is studied in detail.

Next the calculations without the Fermi liquid approx-
imation using a simplified Skyrme interaction are per-
formed and the results are compared with those of the
Fermi liquid approximation. The Fermi liquid approxi-
mation is expected to be valid at low temperature, and
differences between the two are examined. In usual cir-
cumstances the Fermi liquid approximation is found to be
very useful in practical application for P + @ absorption.
Throughout the present paper it is assumed for simplicity
that the Coulomb interaction is neglected and the target
nucleus has equal and even numbers of protons and neu-
trons Z = N = A/2. Therefore the mean potential is
assumed to be independent of spin and isospin. In the
ground state the nucleus is the 0p-0h state; consequently,
in the excited state, particle number n, and hole number
ny are equal and the exciton number is 2m = n, + ny.
The type of reactions treated in this work is restricted to
nucleon-induced reactions, and the absorption potential
is always evaluated on the energy shell.

In the next section the absorptive potential for equi-
librium process is constructed from the preequilibrium
absorptive potentials obtained in the previous paper. In
Sec. III the Wigner transform of the absorptive poten-
tial at finite temperature is evaluated in the semiclassical
approximation. For this purpose the Wigner transform
of a product of residual interaction potential is evalu-
ated for the simplified Skyrme interaction and the finite
range Gaussian interaction. In Sec. IV the absorptive
potential at finite temperature is decomposed into those
for various types of processes and the relation with pre-
equilibrium absorptive potentials is established. Sec-
tion V is devoted to the calculation in Fermi liquid ap-

proximation, and analytical results are shown. Numer-
ical calculations with the simplified Skyrme interaction
are carried out in Sec. VI without the Fermi liquid ap-
proximation. In Sec. VII summary and discussions will
be presented. In Appendices detailed evaluation of in-
tegrals appearing in the Fermi liquid approximation will
be given.

II. ABSORPTIVE POTENTIAL FOR EXCITED
NUCLEI IN EQUILIBRIUM

In the previous paper [4] we calculated the absorptive
potential for a mp-mh state of a target nucleus. In this
case four processes contribute. The first is creation of
a particle-hole pair, which is called the (a) process, and
the exciton number increases by 2. In the approximation
adopted in the paper the absorptive potential w(®) (E;) is
only a function of the incident energy E;, and indepen-
dent of m and the excitation energy of the target nucleus.

The second (b) and third (c) processes correspond to
scattering by a particle and a hole, respectively. In this
case the exciton number does not change. The absorptive
potentials without the spectator nucleons are denoted by
w® (Ey,€3) and w(®)(Ey,€z), where €, is the excitation
energy of the nucleon to which the incident nucleon inter-
acts. To obtain the absorptive potential for a nucleus in
a mp-mh state, the absorptive potentials for the elemen-
tary processes w(® (Eq, €3) and w(®) (B, €3) are multiplied
by m with e; = 0.

In the fourth process (e), which was called the (d) pro-
cess in the previous paper, a particle-hole pair is annihi-
lated and the exciton number decreases by 2. The ab-
sorptive potential is obtained if the absorptive potential
for the elementary process w(®)(E1,e€;) is multiplied by
m(m — 1)/2 which is the number of combinations to pick
up two holes from a mp-mh state.

When a nucleon impinges on a mp-mh nucleus, these
four processes contribute and the absorptive potential is
given by

W (m,m, E1,€) = w'® (Ey) + m[w® (Ey,0)
+w(® (£1,0)]

m(m —1
+~—(-—2——)w<"‘)(E1,0), (2.1)
where the excitation energy of the target nucleus is de-
noted by e, which is independent of m. Using this we
calculate the absorptive potential for an excited nucleus
in an equilibrium state.

A. Fixed excitation energy

Let us assume that the target nucleus is excited with an
excitation energy € and in an equilibrium state, namely
the compound state. This state is considered to be a
mixture of many-particle many-hole states. As the state
is in equilibrium the probability to find a mp-mh state is
proportional to the partial state density w(m,m,€),
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P.(m) = w(m,m, e)/Zw(m',m',e). (2.2)

Among available formulas of partial state densities the
one given by Ericson [15] and Williams [16] is the sim-
plest, by which the partial state densities are calculated
for 2%8Pb and are shown in Fig. 1(A). The shape has a
Gaussian-like form and it is approximated by

P.(m) ~ \/% exp[—2(m — m)? /).

In the above formula the mean particle or hole number
m is given by

(2.3)

m = +/gre/2,

(2.4)

where gp is the single particle state density for neutrons
and protons at the Fermi energy Er. The variance of the
particle or hole number is 7z/4.

The equilibrium absorptive potential is obtained by
averaging the one for mp-mh state (2.1) with the weight
(2.2) as
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FIG. 1. Probability distribution of the mp-mh state in an
excited state with excitation energy € for 2°*Pb [shown in (A)]
and with fixed temperature T' [shown in (B)]. The values of €
shown in (A) correspond to the values of T shown in (B) in
that order.

W(El,e)z/ P.(m)W (m,m, Ey,e)dm
0

~ w(“) (El)

€
+,/952’— [w(") (E1,0) + w(C)(El,o)]

1
+§£§£w<e> (E4,0). (2.5)

B. Fixed temperature

In the previous subsection the compound nucleus is
specified by giving the excitation energy, but it is also
possible by assigning the temperature. In a compound
nucleus with a given temperature T nucleons are dis-
tributed in single particle states according to the Fermi
distribution function. From this the distribution function
of mp-mh states is evaluated as

The mean value of the particle or hole number 72 and the
variance o2 are given by

Pr(m) ~ (2.6)

2

—m—m)? = 1gxT, (27

m = (In2)grT, o 5

both of which are proportional to the temperature [12].
In Fig. 1(B) this distribution function is illustrated in the
case of 298Pb with gr = 9.04 MeV~! [4]. By using the
well-known relation for Fermi gas

7=,/%¢ (2.8)
T gF
the mean particle or hole number 7@ given by (2.7) is ex-
pressed in terms of the excitation energy, which does not
agree exactly with the one given by (2.4). The width of
the distribution for fixed temperature given by Eq. (2.7)
is large compared with that for fixed excitation energy
given by Eq. (2.3).

After averaging over the probability distribution
Pr(m), the equilibrium absorptive potential is expressed

by
Wr(E) = w@ (E,)
+(In2)grT[w® (Ey,0) + w) (Ey,0)]
+%[(ln 2)grT) 2w ) (E4,0), (2.9)

which consists of independent, linear, and quadratic
terms in temperature T'.

III. ABSORPTIVE POTENTIAL FOR FIXED
TEMPERATURE

For fixed temperature the absorptive potential is given
by the imaginary part of the self-energy associated with
the retarded Green function [3,11]. Using Matsubara for-
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malism it is expressed in the lowest order as

A|Wrp|1'y = _g S "(12|V|34)5(E; + B — Es — Ea)

X [n(E2)n(E3)n(Es) + 7(E2)n(E3)n(E,))
x (43|V]21) (3.1)

where 1,2,3,4 represent the quantum states of partici-
pating nucleons. The first term of the square brackets
in Eq. (3.1) is often called the polarization contribution
and the second term is the correlation contribution. The
occupation probability of a hole and of a particle is given
respectively by

1
n(E) = 1 +e(E—A)/T’ (32&)
_ _ _ 1

where A is the chemical potential.

The absorptive potential for a fixed temperature has
been studied by many authors. To our knowledge Morel
and Nozieres [17] were the first to estimate the polar-
ization term of Wy in an infinite fermion system under
the assumption that interaction matrix elements are con-
stant, and obtained the expression

Wr(By) = 50205 [v*T7 + (By — Er)?] n(Ey), (3.3)

where v? is the average square of the nucleon-nucleon
interaction matrix elements. If the correlation contribu-
tion, which is proportional to n(FE), is added then the
factor 7(E) is dropped because of Eq. (3.2b), and the
absorptive potential becomes a function of 72 and the
square of the excitation energy of the incident nucleon,
which restores the particle-hole symmetry [3]. This ab-
sorptive potential has no linear term in 7', and it is not
consistent with the results obtained in the previous sec-
tion. This contradiction will be resolved later.

A. Semiclassical approximation

As in the previous work [4] we introduce the semiclassi-
cal approximation [13], because we are interested in the
averaged absorptive potential. Introduction of temper-
ature is also compatible with averaging. The Thomas-
Fermi model with the local momentum approximation is
adopted for the nucleus which is assumed to be spheri-
cally symmetric. If the local wave number at the location
R is denoted by K(R) and the potential by U(R), then
the single nucleon energy is given by

ﬁ2

E= W[K(R)lz + U(R)

(3.4)
where m}, (R) is the effective nucleon mass at the location
R. As the real potential U(R) we consider a finite well
like the Saxon-Woods type. The probability of finding
a nucleon at a location R and with energy E, which we
call the spectral density, is given by

m;, (R)K (R)

9-(E, R) = 4 2m2p2

(3.5)

where the factor 4 is included as this spectral density is
for neutrons and protons and spin up and down. The
semiclassical state density is obtained as

0.(B) = [ 9c(B. R)R. (3.6)
The integral is extended over the classically allowed re-
gion. So below the minimum of the potential U, which is
denoted by B, the state density vanishes. Above zero en-
ergy for neutrons and the Coulomb barrier for protons the
state density diverges. The state density given by (3.6) is
defined when it has a finite value. When it becomes nec-
essary to use the state density beyond the defined region
it must be extrapolated. In nuclear matter the state den-
sity may be defined at any energy. Therefore the state
density is extrapolated as

E-B

ge(E) = g.(0) _B

(3.7)
The above energy dependence is the same as the state
density of Fermi gas.

The state density of a single nucleon is conveniently
defined as

9(E) = [9c(E)O(—E) + g.(E)O(E)]| ©(E, — E) (3.8)
where Ey is the upper limit of the energy, and O(E) is
the unit step function. For Q space Ey = 0 and for P+ Q
space Fy = oo. This extension of the state density to con-
tinuum is necessary in calculating the chemical potential
when equilibrium reactions are considered.

The chemical potential A is fixed by the following equa-
tion

/ED n(E)g(E)dE = A (3.9)
B

and we call the chemical potential at zero temperature
as the Fermi energy Ep, which is defined to satisfy the
relation

Ep
/ 9(B)dE = A. (3.10)
B

In Table I the chemical potentials for 2°8Pb are shown.
For details of the calculation see Sec. VI.

The semiclassical absorptive potential is obtained by
taking the Wigner transform of the quantum mechanical
one defined by Eq. (3.1) [13]. For this purpose the center
of mass R; and relative coordinates x; of the ith nucleons
are defined by

r; + 1':; =2R;, r; — I':; = X;, (311)
respectively, where r; and r} are the locations of the nu-
cleon, with respect to which a matrix element is defined.

The Wigner transform of the absorptive potential W
is given by
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TABLE I. The chemical potential A and the number of excited particles or holes 7 given by (4.3)
and (4.7) are listed at six temperatures T for 2°®Pb. In the next rows mp and m, are quantities
related to the magnitude of the absorptive potential given by (7.1) and (7.2). In the last row those
in the Fermi liquid approximation given by (7.3) are listed.

T (MeV) 0 1 3 4 5

X (MeV) —9.268 —9.337 —9.516 —9.828 —10.256 ~10.780
m 0.00 6.3 12.6 19.1 25.7 32.2
mh 0.00 6.59 13.70 21.45 29.81 38.67
myp 0.00 5.96 11.44 16.38 20.87 25.02

In2-grT 0.00 6.27 12.54 18.80 25.08 31.35

WT(Sl,El,Kl,Rl) = /dxleiK‘x’(slrllWT(E1)|31r'1),
(3.12)

where s; stands for spin-isospin quantum numbers for the
J

3

ith nucleon. However in this paper the absorptive poten-
tial is independent of the spin-isospin state, so henceforth
the quantum number s; will be dropped.

Substituting Eq. (3.1) into Eq. (3.12), the Wigner
transform of the absorptive potential is expressed as

Wr(E1, K1, Ry) = _g(zw)—" / dK »dK3dK ;dR,dR3dR 4

X Z (S]_K]_R]_,SszRleV1|S3K3R3,S4K4R4>

82,83,84

x[n(Ex)7(Es)7i(Es) + 7i(E2)n(Es)n(E4)|8(Ey + Es — Es — Ey),

where the Wigner transform of the interaction part is

(VVi)= Y (s1KiR1,5K:R[VVT|53K3R3, s4K4Ry)

828384

828384

X (8171, S2r2|V|s3rs, sarq)(s11], szr'leJ‘Is;;rg, 84T}).

In the following the Wigner transform of simple inter-
actions is illustrated. First a simplified Skyrme interac-
tion is considered,

(r1r2|Virsry) = 6(ry — r3)é(r2 —r4)(1 — P, P;)

x08(ry — r2)Vo(r1), (3.15)

where the strength of the interaction Vp(r;) depends on
the density which is a function of r;, and O represents
its exchange character,

~

O=a+a,Py +a,P; +a, P, P;. (3.16)

The spin and isospin exchange operators are denoted by
P, and P, respectively, and a, ..., a,, are parameters ex-
pressing the exchange character. The Wigner transform
is given by

(JVVT]) = 6(R; — R3)§(R2 — Ry)6(R; — Ry)
x J[Vo(R1)]?(2m) 2 A(Ry, q) (3.17)

where

Z /dxldx2dx;;dx4e

(3.13)
1Ki1x;+iKoxs—1Kaxzg—1K x4
(3.14)
[
J =6{(a - aor)? + (a0 — a,)?} (3.18)

is a constant associated with the exchange character. The
function

A(Ry,q) = (2m)~° / dxye~ s

x _x 2
Vo (|4 5 ) Vo (R - 3) /000

(3.19)

depends on the change of the total wave number,

9=K; +K; - K3 - Ka. (3.20)

If the strength Vo(R) is proportional to the density and
its distribution is approximated by the Gaussian function

p(r) = poe " /B (3.21)
then
R2\® _ opm
A(Ry,q) = (2_;) e TR/2, (3.22)
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The magnitude of wave number K; is close to the Fermi
wave number Kr = 1.4 fm~!, while the nuclear radius is
Ro=3 ~ 5 fm, so the function A(R;, q) may be regarded
as a delta function of q. In this paper this approximation
is adopted as in the previous paper [4],

([VVT]) = 6(R; — R3)86(Rz — Ry)6(Ry — Ry)
xJ[Vo(Ry)]?(27)%8(q). (3.23)

J

qvvi) = (27r)36(q)/dxv (JRi-Re+3]) v (|Ri-Ra - 3))

For a density independent interaction the above result
becomes exact provided that Vo(R;) is a constant.
Next the finite range interaction

(rir2|V|rsry) = 6(r1 —r3)é(ra — ry)

x(1— P,P,P.)Ovu(|ry —ra|)  (3.24)

is considered, where P, is the space exchange operator.
Then the Wigner transform is

2

x [Z<3132102|8132>{ei(KrK”)X‘s(Rl — R3)J(Rz2 — Ry)

82

+elK1—K)x5(R, — R3)S(Ry — R4)} -2 Z(slszIPaPr0213152)5(R1 +R; -~ R3 — Ry)2°
82

X{e—i(Ka—K,,)(Rl—R2)+i(K1—K2)(R3—R4)5(2R3 — 2R — x)

Sums over spin-isospin give

Jg=2 Z<8132|Oz|3182>
82

=8(a’® + a2 + a2 + a2,) + 8(a + aor)(as + ar) + 4(ady, + aga,),

82

From Eq. (3.18), the following relation is easily shown:

For the special case of Gaussian interaction with the strength Vg and the range ro,

the integral is easily calculated

and

/ (IVVT])dR2dR3dR, = (27)35(q) / {ve(IR1 — Ry|)}?dR;(2mr3)*

ei(Ka—Kao)(Ry —Rz)—i(K1 ~K2) (Rs ~Ra) (2R, — 2R, + x)}], (3.25)

(3.26)

Je =2 (s185|P, P.O%|5152) = 16(aaer + a0a,) + 8(a + aor)(as + ar) + 2(a® + a2 + a2 + a2,). (3.27)
J=Jg—J.. (3.28)

ve(r) = —Vge /78 (3.29)

/ dxe™ g (|R1 =Rz + 3 |) vo (|Ri = Ra = 3|) = e (IR: — Ra|)?(2rrd) Fe~3K/2, (3.30)

x [Jd% {6—1'.‘5%(K1~—K3)2 + e—%a(Kl—K.,)z} —_ Jee—ﬂszl{(Kl—K2)2+(K3_K4)2}] A (331)

By using the relation (3.28) and

[ (Rs — Ral) dRa(amrd)E = Va(rrd)® = 12,
(3.32)

it is easily seen that Eq. (3.31) is equivalent to Eq. (3.23)
in the limit of ro — 0. The notation V; is the strength
of the delta interaction whose volume integral is equal to

the Gaussian interaction (3.29).

To survey the temperature and the incident energy de-
pendence of the absorptive potential Wy, the polariza-
tion and correlation contributions are shown in Fig. 2.
Adopting the same simplified Skyrme interaction as in
Ref. [4] and both P + @ and Q absorptions are as-
sumed. Details of the calculation will be given in Sec. V.
First P 4+ Q absorption is examined, which is shown in
Fig. 2(A). The curves for the polarization contribution



52 IMAGINARY PART OF THE OPTICAL POTENTIAL FOR . . . 843

2.5
(A) n+2%pp
2 P+Q absorption -
s
(1) 15 B
=
<
-
1 r 4
Z
0.5 L correlation polarization
0 Jd
2.5 T T T T T T T
y B) n+2%%p
2 L Q absorption ]
y R=0 q
—
> 15[
=
<
-
1 F
Z
0.5
0
-20 -10 0 10 20
€1
FIG. 2. Absorptive potentials —Wg at temperatures

T = 0,1, and 2 MeV and at R; = 0 are shown both for
P + Q absorption (Eo = 60 MeV) in (A) and for Q absorp-
tion (Eo = 0 MeV) in (B). As the residual interaction, the
simplified Skyrme interaction is adopted, and the numerical
calculation is performed without the Fermi liquid approxima-
tion.

are well reproduced by the well-known quadratic formula
given by (3.3). Below the Fermi energy the curves grad-
ually tend to zero as predicted by @(F;). The correla-
tion contribution is almost the corresponding polariza-
tion contribution reflected at the ¢; = 0 line. The case
of @ absorption is shown in Fig. 2(B). The correlation
contribution for @ absorption is almost the same as the
corresponding P + Q absorption. However the polar-
ization contribution is markedly different from those for
P + @ absorption. The curves do not increase quadrati-
cally as the excitation energy increases. This is because
the particle energy is cut off at the energy zero for @Q
absorption.

IV. DECOMPOSITION OF ABSORPTIVE
POTENTIAL Wy INTO PREEQUILIBRIUM
POTENTIALS

In this section the correspondence between the absorp-
tive potential at finite temperature given by (3.13) and
the preequilibrium absorptive potential whose approxi-
mate formulas were intuitively constructed in the previ-
ous paper [4] is established.

At zero temperature, states up to the Fermi energy Er
are completely filled, and the relation (3.10) holds. At fi-
nite temperature 7', nucleons occupying states below the
Fermi energy are excited to above the Fermi energy ac-
cording to the distribution function given by (3.2a), and
the average number of excited nucleons and its variance
are given approximately by (2.7) at low temperature.

In order to derive the preequilibrium absorptive po-
tential from the fixed temperature one the distribution
function n(E) must be decomposed into the particle part
and the hole part because nuclear states in the preequi-
librium process are specified by the exciton number 2.
The occupation probability n(E) is divided into two par-
tial ones at the Fermi energy Er

n(E) = H(E) + p(E), (4.1)
where
H(E) = n(E)©(Er — B),
p(E) = n(E)O(E - Er) (4.2)

are the hole and particle parts, respectively. The particle
number 7 is given by

Eo
/ p(E)g(E)dE = m
E

F

(4.3)

which also gives the relation between the temperature
and the average exciton number. By using (3.10) and
(4.3) we obtain

* H(B)g(B)E = 4. (4.4)
For the vacancy probability we divide
n(E) =1—n(E) = h(E) + P(E), (4.5)
where
h(E)=7n(E)O(Er — E),
P(E) =n(E)O(E — Ep). (4.6)

By using (3.10) and (4.5) and (4.6) we obtain the hole
number

/ o M(E)g(E)E = m. (4.7)
B

The divided occupation probabilities (4.1) and the va-
cancy probabilities (4.5) are put in the absorptive poten-
tial given by (3.13), whose last line is expanded in the
following form,
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[TL(Ez)_ﬁ(E3)ﬁ(E4) + ﬁ(Eg)n(Eg)n(E4)]5(E1 + E; — E3 — E4)

= [H(E2)P(E3)P(E4) + h(E2)p(E3)p(E4)]0[E1 — (—E2 + E3 + E,)] (a)
+[p(E2)P(E3)P(Es) + P(E2)p(E3)p(E4)|S[(E1 + E2) — (E3 + E4)] (b)
+[2H(E2)P(E3)h(E4) + 2h(E2)p(E3)H (E4)]|0[(E1 — E4) — (E3 — E3)] (¢) (4.8)
+(2p(E2)h(E3)P(Ey) + 2P (E2)H(E3)p(E4)]0[(Ey + E2 — E3) — E4] (d) ’

+[H(E2)h(E3)h(Es) + h(E2)H(E3)H(E4)]0[(E1 — E3 — Ey) — (—E2)] (e)
+[p(E2)h(E3)h(E4) + P(Ez2)H(E3)H(E,)|6[Ey — (2B, + E2 — Es — E4)]  (f)

where the factor 2 in lines (¢) and (d) appears because Nucleon states with small letter distribution are assigned
the interchange of labels 3 and 4 gives the same inte- to initial states, and it is seen that each line corresponds
gral. Now we explain how the right-hand side of the to each process shown in Fig. 3, although processes up
equation is arranged. At each line the first term comes to the intermediate stage are actually drawn there. The
from the polarization contribution n(E;)7(E3)7(F4) and  arguments of the energy delta function is also rearranged

the second term comes from the correlation contribution accordingly. The interaction part in Eq. (3.13) will be
n(E2)n(Es)n(EF,); the latter is obtained from the former considered later.

by replacing the capital letters H and P by their small For the correlation contributions states with small let-
letter counterparts. Each line is labeled by a,b,..., f to ter distribution are assigned to intermediate states, so
be identified with each process shown in the upper row the correlation contributions are small compared with
of Fig. 3 when the nucleon 1 is a particle and in the lower polarization ones when the nucleon 1 is a particle.
row when it is a hole. Substituting (4.8) into Eq. (3.13) Wz is decomposed
The polarization contribution for an incident particle into 12 components as
is considered first. The hole case will be considered in the
last subsection. As the capital letter distributions H and _ @) .
P measure large compared with the small letter distribu- Wr(E1, Ky, Ry) = Z W (E1, Ky, Ry; T) (4.9)
tions, states with capital letter distribution are chosen as :
intermediate states of nucleons over which a sum is taken. where
J
WO(By, Ky, Ry T) = — 2 (2m) / dK dK 3dK 1dR 2dR3dR4
X (!VV*[)nz(Eg)ns(E3)n4(E4)5(E1 + E2 — E3 — E4) (410)

In the above equation the superscript (i) specifies three partial occupation probabilities.
the kind of processes (a)—(f) as well as the contribu- In the previous work [4] we introduced intuitively the
tion of the polarization p or the correlation ¢, and absorptive potential for preequilibrium processes (a)—(e)
na(E2)nz(Es)ns(E,4) is the corresponding product of for a particle (E; > Er) shown in Fig. 3. In the fol-

IR RER A1 5

(©) (e)
= AmM=0 Am=-1
Am +1 Am‘ -2 FIG. 3. Diagrams of absorp-

tion processes (a)—(f). The up-
per row shows the case when
the incident nucleon is a parti-

3 4 2 3 4
cle, while the lower row the case
of a hole.
1 12 1
(C) (b)

(a)
Am=-2

Am=+1 ©  Am=0 Am=-1
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lowing the expression (4.10) is written for each process, from which the corresponding preequilibrium absorptive
potential is derived, and is shown to reduce to the previous result [4] if further approximation is applied.

A. Calculation of absorptive potential for each process

1. The process (a)

This process is a particle-hole pair creation by a particle, so it is similar to the thermal process. By taking the first
term of the first line of the right-hand side of (4.8), Eq. (4.10) for this process is given by

Wi (B, K1, Ry;T) = ——g(27r)_9 / dK;dK3dK 4dR;dR3dR 4

x8[{E1 — (—E2 + E5 + E4)]<|VVT|)H(E2)P(E3)P(E4).

The above expression reduces to the one we obtained
previously if partial occupation probabilities are replaced
by those of zero temperature. So our present results take
into account the Pauli blocking effects, reduction of the
intermediate phase space due to the excitation of nucle-
ons, whose mean number is equal to the particle number
given by (4.3).

As the process appeared in the absorptive potential
at finite temperature and the process (a) is essentially
the same with respect to the interaction, it may not be
necessary to explain the interaction. But the matrix el-

(4.11)

[

ement (27134|V|1) for the process (a) in Fig. 3 is equal
to (34|V|21) by particle-hole conjugation, which appears
in (3.14). The overline indicates the time-reversed state.
Although 2 instead of 2 appears in (3.14), it does not
matter as a sum over 2 is taken there.

Therefore the absorptive potential given by Eq. (4.11)
is the preequilibrium one for the process (a) where the
target nucleus has the mean particle number 7. The
result of numerical calculation of W3* for n+2%8Pb will
be shown in Fig. 6 in Sec. V.

2. The process (b)

For this process (4.10) becomes

W (Br, Ky, Ry T) = — 2 (2m)~° / dK dK3dK 4dR;dR5dR

x8[(E1 + Ez) — (Es + Ea)([VV'|)p(E2) P(Es)P(Ex).

(4.12)

In this formula the integrals over K3 and K, are for intermediate states, but the integral over K, is taken with
respect to the initial states, so it is rearranged to fit the process (b). The matrix element of the interaction is just the
one that appeared in Eq. (3.14). The integral over the variable K, is expressed as an integral over the direction K,

and the magnitude in terms of the energy using (3.5)

@r)°

/dKzP(Ez) = 4)3 /df{szzp(Ez)g(Ez)

9c(E2,Ra)

arg(Bs) (4.13)

where the last term on the right-hand side of the above equation is the probability of the particle 2 with energy E;

being located at R,. Then Eq. (4.12) reads

W (Ey, K1, Ry; T) = _g(zw)—ﬁ / dK,dE;dR;p(E;)g(E2)

1
x /dK3dK4 / dR3dR46(E, + E; — E3 — E4)Z(}VV"|)P(E3)P(E4).

gc(EZ’ RZ)
4ng(E2)

(4.14)

It is convenient to define the elementary absorptive potential for the process (b) by the following expression which

appears in Eq. (4.14)

1
w® (K Ry, KoRo; T) = _g(zw)'ﬁ / dK3dK4dR3dR46(E1 + By — E3 — Ea) 7(|VV'|)P(Es) P(Ea),

(4.15)
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although the effect of the target excitation is already in-
cluded through P(FE3) and P(E4). The absorptive po-
tential (4.15) is further averaged over the location and
the direction of the momentum of particle 2

w® (E\Ry, By T) = / dK,dR;

ge(E2,Rz) )
_= = R,;T).
x 4mg.(F2) “r (K1Ry, KoRo; T)
(4.16)
Then the absorptive potential (4.12) is given by
WO (EyRy; T) = / dEp(Es)
xg(E2)w® (E1Ry, E5; T).  (4.17)

This is the preequilibrium absorptive potential for the
process (b) where the target nucleus has 2 M excitons.

W9 (Ey, K1, Ry; T)

T

= -T(2m)~® / dK 4dK,dK 3dR4dR2dR38[(E1 — E4) — (Es — E2)(|[VV|)2h(E,) H(E,)P(Es).

2

Again our present result takes into account the Pauli
blocking effects, and is improved on the previous one in
the process (b).

The factor p(E;)g(F2) has a sharp peak at E; = Ep
while the other factor is a mild function of E5, so the
latter factor may be taken out of the integral with Ey =
Er and the rest p(E;)g(E-) is integrated over E;, which
gives the value 7 by (4.3). Then (4.17) is approximated
as

W (E\R1; T) ~ mw) (B1Ry, By = Ep;T).  (4.18)

Furthermore if the occupation probabilities are replaced
by those of zero temperature in the absorptive poten-
tial for the elementary process we obtain the absorptive
potential for the process (b) of the previous paper [4].

3. The process (c)

The process (c) is treated in the same way as in the
process (b), and the absorptive potential (4.10) becomes

If the absorptive potential for the elementary process (c) is defined by

and averaged over the location and the direction of the momentum of the hole 4,

(4.19)
'lI)I(,c) (K1R1, K4R4;T) = —7I'(27I')_6/dszstdeR36(E1 + E2 - E3 - E4)<lVVf’)H(E2)P(E3) (420)
w) (B1Ry, Eg; T) = / iR ar 2P0 R 0 g R, KRy T) (4.21)

drg.(Ey4) P

is obtained. The interaction (1471|V'|32~1) is equal to (12|V|34) which appears in Eq. (3.14). In terms of this we
finally obtain the preequilibrium absorptive potential for the process (c) as

W) (B Ry; T) = / dEsh(Es)g(Ea)w' (B;Ry, Eq;T)

~ mw(? (E1R1, By = Er; T), (4.22)
where the last line expresses the approximate formula as in the previous process.
4. The process (d)
The absorptive potential for the process (d) is given by
WD By, Ky, Ras T) = — 7 (2m)~° / K ,dK 3dK 1dR;dR3dR4
x8[(E1 + E2 — E3) — Eg)|(|VV|)2p(E2)h(Es)P(E,). (4.23)
As in the previous cases the absorptive potential for the elementary process (d) is defined by
w{® (K1R1, K>Rp, KsR3; T) = —m(2m) 3 / dK4dR,5(Ey + E; — E3 — E4)1%<|VVT|)P(E4). (4.24)
In this case the average must be taken with respect to the initial state of the particle 2 and the hole 3:
wi? (B1Ry, B, E3; T) = /dszRz%ldKadRa%lw@(KthKsz,KaRs;T). (4.25)
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Finally we obtain the absorptive potential for the process (d)

Wi (E1Ry; T) = / dEp(E2)g(E2)dEsh(Es)g.(Es)w(® (E1Ry, Ez, E3; T)

~ m*w{ (ERy, E2 = Ep, E3 = Ep;T),

(4.26)

in terms of the absorptive potential for the elementary process (d). As in the previous cases the last line is the

approximate formula.

5. The process (e)

The absorptive potential for this process is given by

W (B, K1, Ry;T) = —;—r(27r)_9 / dK>dK3dK 4dR>dR3dR45((Ey — Es — Es) + E5)(|[VV'|)H(Ez)h(E3)h(Es)

(4.27)
while the absorptive potential for the elementary process is defined by
1
w(®) (K1R1, KsRs, KsRy; T) = —m(2m) 3 / dK2dR,6(E, + E; — Es — E4)E(|VV"|)H(E2). (4.28)
As in the previous processes the absorptive potential for the elementary process is averaged over initial states
(e) T = K 9e(F, Ra) 1o i, 9=PoR) 0 ¢ R, KRy, KRuiT 4.29
w(®)(E1R1, E3, Eg;T) /szdR3 ing.(Bo) dK4dR, dmgo(Fa) P (K1R1, K3R3, K4Ry; T), (4.29)
and the absorptive potential is rewritten in terms of (4.29) as
W,Se)(ElRuT) = /dEah(Ea)gc(Es)dE4h(E4)gc(E4)w,(,e)(E1R1,E37E4§T)
2
~ 7“’;’6) (E1Ry,E3 = Ep,Eq = Ep; T). (4.30)

It should be noted that the label of the processes (d)
and (e) in the previous paper [4] is interchanged in the
present work. In addition, the factor 1/2 in Eq. (2.34) of
Ref. [4] should be eliminated.

6. The process (f)

The polarization contribution for the process (f) van-
ishes due to the energy conservation.

B. Correlation contribution and the absorptive
potential for a hole

For the correlation contributions the same treatment
may be applied, but no correspondence is obtained to
the previous work [4] because we did not consider the
correlation contribution there.

Now consider the case in which the incident nucleon is
a hole. By the time reversal invariance the interchange
of all particles and holes does not change the matrix el-
ements of the interaction for the processes (a) through
(f). In Eq. (4.9) the main contribution comes from the
correlation part in the case of a hole. By this interchange
the correlation term of the process (f) becomes the orig-

inal polarization term (a). In this way correspondence is
achieved by reversing the order of the labels. Treatment
of a diagram for each process is the same. All particle
lines and hole lines are interchanged, and the order of la-
bels is reversed, then the lower row of Fig. 3 is obtained
from the upper row. Therefore we need not do any new
calculations for a hole.

V. ANALYTIC FORMULA BASED ON THE
FERMI LIQUID THEORY

In this section we calculate the absorptive potential
W at the nuclear center (R; = 0) adopting the Fermi
liquid approximation [14] which is expected to be valid
at low temperatures. By using the resulting analytic ex-
pressions for W) temperature and energy dependence
of each process are examined.

In the Fermi liquid approximation, wave numbers of
participating nucleons are supposed to be close to the
Fermi wave number Kp, and integrals over the wave
number are carried out by introducing the angles 03, @2,
and ¢. The z axis is taken along K;, and the polar and
azimuthal angles of K, are denoted by 6, and 3. The
momentum conservation K; + K; = K3 + K4 and the
relation K3 ~ K, fix K3 and K, if the angle ¢ between
two planes containing Ky, K, and K3, K, is given. Using
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these angles the following replacement

5(K1 + Kz — K3 — K;)dK,dK3dK,

m* (Rl) 3 02
N ( nhz __) dE>dE3dE, sin 7d92d¢2d¢ (5.1)

is applicable. Momentum conservation is no longer nec-
essary to be taken into account, and the calculation be-
comes easier.

First consider the case of the simplified Skyrme inter-
action with the approximation (3.23), which contains no

angle variables. Therefore the angle integral gives a fac-
tor 8m2. The absorptive potential is given by

o ()
xJ[Vo(Ry)]? / dE,dE3dE,

W(i)(El,KlaRl;T) = —

X&(E]_ + E2 — E3 - E4)
an(Ez)n3(E3)n4(E4). (52)

For the Gaussian interaction, the expression given by
Eq. (3.31) contains the quantities |K; — K3/, |K; — K4/,
and |K3 — K4| which depend on the angle variables.
These are averaged over angles 62, 2, ¢, which is denoted
briefly by €2,

(e—rg(Kl—K3)2/2>n — <€—73(K1_K4)2/2>Q
= gerf (\/i’l‘oKF) / (\/iToKF) s
(5.3)
',2
(e_481{(1(1_1(2)"+(K3—K4)2})n = ——1 F(roKp), (5.4)
roKFr

where

F(z)=e® /0z et dt (5.5)

is Dawson’s integral [18]. Then the absorptive potential
reads

WO (By, Ry; T) = —@:—)4 / ve(|Ry — Ry|)?dRy(2r2) / dE;dEsdE;

k2

x(ﬂﬂﬁﬁ) 5(Bs + By — By — B3) [ 15" exf(v/3r0 K )/ (v/3roKr)

—J.F(roKp) /(TOKF)] na(Ez)ns(Es)na(Es).

The two functions appeared in the last equation

3@erf(\/2‘w)/(\/§:c) and F(zx)/x are both decreasing
functions of z starting from the value 1 at z = 0. How-
ever the latter decreases faster than the former. So the
effect of the exchange term decreases with increasing the
interaction range 7.

A. Average square of the residual interaction matrix
elements and effective state density

To investigate further the relation between the tem-
perature dependent absorptive potential and the exciton-
number-fixed absorptive potentials, Eq. (5.2) is rewritten
as

WO = —moZw@ (B), (5.7)
where E is the average square of the residual interaction
maitrix elements given by

o J(ma)* W
eff — (2,".)4 K2 ng'

(5.8)

The next factor wgf) (E,) is called here the effective state
density, which is given by

(5.6)

[

w(EBy) = / dE3dE3dE4$(Ey + E; — Es — Ey)

xg%nz(Eg)na(E3)n4(E4). (59)

For the polarization contribution of the process (a) this
is the state density of the intermediate states modified
by the presence of excited nucleons. For other processes
they include the effect of the initial state, but still have
a dimension of the state density and Eq. (5.7) has the
form of the Fermi golden rule, so we call it the effective
state density for convenience. It is also noted that both
vZz and wig (E1) depend on the single particle state den-
sity gr. However these dependences are superficial, and
the absorptive potential, the product of the two, is not
dependent on gg.

The relation (5.7) could be used in the general case,
but the calculation of vZ; becomes much more compli-
cated and also depends on the type of processes. On
the other hand Herman, Reffo, and Weidenmiiller [19]
assumed that the factorization (5.7) holds and E is in-
dependent of the process, which is justified under the
Fermi liquid approximation.

The integral is expressed in a dimensionless form by
introducing the variables
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e1 = (E1 — Er)/T, (5.10a)
ex = |Ex — Ep|/T (k=2,3,4), (5.10b)

as
w@(e1) = gFT D (er). (5.11)

The dimensionless integral will be calculated in the next
subsection for each process.
For the occupation probability the notation

1

&) = 1=

(5.12)

is used, and the partial occupation probabilities are ex-
pressed as

H(Ex) =1-— f(ex), P(Ex)=1- f(er),
p(Ek) = f(ex), h(Ek) = f(ex)

where ¢, is defined by Eq. (5.10b).

(5.13)

B. Calculation of effective state density

The dimensionless integrals appearing in Eq. (5.11) are
calculated in the Fermi liquid approximation. The inte-
gral limits of £; are 0 and oo and the chemical potential
A is set equal to the Fermi energy Er. In this subsec-
tion brief descriptions of calculations and results are pre-
sented, while details are given in Appendix A.

The integral for the process (a) in the polarization part
is given by

I(“) (e1) —/ dsZ/ ds;;/ desb(er — e — €3 — €4)

x[1 = F(e2)][1 — f(ea)][L — f(eq)]- (5.14)

The integrand is expanded in terms of f(e;) and is ex-
pressed as

I (e1) = I3 (e1) — 3I{gn(e1) + 3L5) (e1) — ITh (en)-

(5.15)
The correlation contribution is given by
(a) (61 / dEz/ d€3/ d64
xb(ey — ez —e3 —€4)f(e2)f(e3) f(ea) ; (5.16)
furthermore, it is expressed as
Ic(a)(gl) = I111(51) (5.17)

In Egs. (5.15) and (5.17) the notation

kzksk4 (e1) / deZ/ d53/ dey

x8(e1 — €2 — €3 — £4) (f(€2))"

x(£(e3))** (f(£4))" (5.18)

is used, where the indices ko, k3, k4 take either the value
0 or 1. It is easily seen that the integral does not change
the value if the order of these indices is changed, so there
appears factors 3 in Eq. (5.15)

Similarly the integrals for the process (b) in the polar-
ization contribution

II(,")(SI) = /00 dey /00 des /00 desb(er + €2 — €3 — €4)
0 0 0
xf(e2)[1 — f(e3)][L — f(ea)] (5.19)
is given by
2135 (e1) + Ii1i (e1),

I®) (e1) = Igh(e1) — (5.20)

where I,(c )k x, is defined by Eq. (5.18) in which the en-
ergy delta function is replaced by the one appearing in
Eq. (5.19). For the correlation contribution

(b)(61 / dEz/ d63/ d€46(61 + €2 — €3 — 64)

X[L— f(e2)]f(e3)f(eq) (5.21)

we have
IO (er) = I (1) — I (e1).- (5.22)

For the process (c)

I‘(f)(el) = 2/°° dEz /°° d€3 /oo d€45(61 —€Eg — €3 + 64)
X[1 = f(e2)][1 — f(e3)]f(ea)s (5.23)

is obtained from I,(,b) by interchanging €, and £4 and mul-
tiplying a factor 2,

1L (e1) = 219 (e1). (5.24)
For correlation contribution,
I (e1) = 21 (e1) (5.25)

holds.
The polarization contribution for the process (d) is
given by

Izgd)(el) = 2/00 dé‘z /oo d63 /oo d546(81 =+ €2 + €3 — 54)
0 [ 0
x f(e2)f(e3)[1 — f(eq)], (5.26)

while the one for the process (e) is

Iz(,e)(el) = / d52/ de;;/ deyb(e1 — €2 + €3+ €4)
0 0 0
x[1 — f(e2)]f (e3) f(ea)- (5.27)
As in the case of processes (b) and (c) we have relations
I (e1) = 21 (e1) (5.28)

and
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I (e1) = IS (1) — I (e1)- (5.29)

For the correlation contribution

(e) 61) —/ d€2/ dEg/ d€45 51 — €2 + €3 +€4)

x f(e2)[1 — f(ea)][L — f(ea)] (5.30)
is expressed as
I89(e1) = Iigo(ex) — 2L30(e1) + LTi(e1)  (5:31)
and the relation
ID(g1) = 21 (e1) (5.32)

holds.
Finally for the process (f)

II(’f)(€1) = Aw des /000 des /Ooo desb(er +e2 + €3 +€4)
x f(e2) f(e3)f(e4), (5.33)

and

Ic(f)(sl) = /w des /oo d€3 /oo d€46(61 + €2+ €3 +54)
x[1— f(e2)][l — f(ea)lll — flea)]  (5:39)

are the polarization and the correlation contributions,
respectively. The expansions are given by

I (e1) = L) (), (5.35)
I9 (1) = I (e1) — 3L (e1)
+3I1) (1) — I} (). (5.36)

Between polarization and correlation contributions we
have relations
] = a’ b7 MR f K

Ig.‘i)(sl) —_ 6_5111(,].)(61), (537)

which are proved by using the relation 1 — f(g) = e® f(e).

Now the integrals I,?l ka ks (e1) are evaluated assum-
ing &5 > 0. The integrals are calculated in the or-
der of complexity. The last integral corresponding to
(k2, k3, ks) = (1,1,1) is expressed in terms of the previ-
ously obtained one using the relations (5.37).

The integrals I(]) ks, ks (€1) are expressed in terms of
seven independent *basic integrals, which result in two
constants, two logarithmic functions, and three diloga-
rithmic functions [18] of variable = defined by

T=e . (5.38)

The definition [see Eq. (B2)] and main properties of the
dilogarithm function are given in Appendix B. The inte-
grals are listed in the first row of Table II, where three

functions
dy(z) = dilog =z,

dao(z) = dilog1

2

ds(z) = dilog(1 + z) + —

5 (5.39)

are all constructed to vanish at x = 1. As the dilogarithm
is a monotonically decreasing function of z, the ranges of
these three functions are easily fixed as

2

0 < dy(z)< dq(0) = % ~ 1.64,
72 1 2
0 < dz(m)s dz(O) = 1—2— — 5(1112) ~ 0.58,
7l'2
0 < da(2)< da(0) = 5 ~ 082 (5.40)

for0<z<1. '

The expansion coefficients of the integral I, ,g ?ks,lu in
terms of the seven basic functions are listed in the rows
below the first one in Table II. The polarization contri-
bution of each process I,(,J ) (e1) and the total polarization
contribution I,(e1) are also listed. The correlation con-
tribution is obtained by multiplying the corresponding

TABLE II. List of integrals appearing in the Fermi liquid theory in terms of two constants and

five independent functions.

2

= (In2)? —In2lnz (Inz)? di(z) dz(z) ds(z)
I(a) 1
000 2
—-318) -3 3
31¢2) 3 -6
iy () 3z —=z/2 —3z 6z —3z
111 14z 142 14z 1+ 14z
1@ -3 1/2 3 -6 3
r 14z 14+ 14z + 1+
315 3 3
—618) -3 6 -6
(b) -3 -3 -3 6—6 6
301, Tf 3 1+: itz 1+: 1£=:
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313‘;;’1) 3
e 3 —6 3
_31111 ite -3 1tz 1tz
31(6) 3 —6 3
P 1+ 1+ 1tz
T 6 iz
P 14z 14z




52 IMAGINARY PART OF THE OPTICAL POTENTIAL FOR . .. 851

polarization term by x owing to the relations (5.37).

In order to obtain the integral for the case of a hole
E; < Ep, Table II cannot be used directly, because they
are calculated assuming €; > 0. Instead the following
relations

1) (—e1) = I en),
I0)(—e1) = I en),

I (—e1) = I (e1), (5.41)
should be used. These relations are proved easily by using
Eqgs. (5.16) and (5.33) and (5.21) and (5.27).

C. Temperature and excitation energy dependence
of the effective state density

As we are considering the case of a particle, e; > 0, the
range of variable z is given by 0 < z < 1. We investigate
the behavior of the integrals I, ,(E: ),ks,k4 and the absorptive
potentials for each process. An interesting limit is the
low temperature, but in this case z cannot be expanded
in power series of T'/€;, where €; = E; — Er. The dilog-
arithms also cannot be expanded in T'/e; either. Except
for z and d;(z) - - - d3(z) the dependence on €; and T may
be explicitly shown. Restricting to the T' < ¢; case, the
functions d; (z), d2(z), ds(x), which cannot be expressed
as power series of x, are quantities of order of 1,

0.77 =~ d1(e™?) < dy(z) < d1(0) ~ 1.64,
0.34 ~ dz(e™?) < da(z) < d2(0) ~ 0.58,
0.41 = d3(e™?!) < ds(z) < d3(0) ~ 0.82 (5.42)

for 0 < z < e~ !. Because of Eq. (5.11), integrals multi-
plied by T2 are considered below.

Let us start from the process (a). The first one T2I3a)
is just given by €%/2, which survives in the limit of zero
temperature. This absorptive potential has a well-known
quadratic dependence on the excitation energy of the in-
cident nucleon.

The second term T2I\%) ~ (In2)e;T — T2ds(z) has a
main term proportional to temperature, or the number
of particles or holes in the target nucleus. This term
is obtained if f(ez) is considered as a function peaked
at €5 = 0. First evaluating f0°° f(e2)des = In2 the re-
maining integral is carried out over €3 and €4 putting
£2 = 0 which gives ;. This term represents the suppres-
sion of creating a 2p-1h state in the intermediate states
where particles and holes already exist. The factor 3 that
appeared in (5.15) comes from the three sources of the
Pauli blocking of two particle and one hole. The remain-
ing term contains higher order terms of order T? which
comes from the correction to the above approximate eval-
uation.

The third term TZII(‘;()) has no term proportional to T,
and it includes only terms of order T2 and higher order
terms, which are corrections to the second term.

For the process (b) the dominant term Tingz) =In2-
T + ’{—;Tz consists of the terms proportional to 7" and
T2. The former is proportional to the exciton number, or

TABLE III. List of integrals appearing in the Fermi liquid
approximation for €; < T'.

T2 aT 5%
TIso 3
—3T I} -3
3T I3 3
~T*I) —%s
T2 ] i
3T Iigy a 3ln2
—67218%), —3(In 2)? 3(1 —2In2) g
STL) | —% +3(n2)° fFp-3(1-In2) 332
372V = = +31-ln2) 3(1-In2)
3T2[((,‘%)1) ,3(n 2)? .
= i 32(111 2)° g = 31-mn2) 32ln2-2
21 = = —3(1-In2) -2 +3n2
1{2 7I‘2
TZIP e 8 %

the particle number, and is obtained by exactly the same
method as used in evaluating the main term of T2I. 1(82,.
These two terms have the same magnitude and cancel
each other. The next term TZI{% consists of the term
quadratic in 7" and an additional term with the same
order as the main term. This additional term is the Pauli
blocking correction and other correction terms to the first
term.

For the process (e) the main contribution TZI((,;:)1 is pro-
portional to T2 representing the product of the particle
and hole numbers in the initial state which appeared in
Sec. II. The next integral Iﬁ)l is the Pauli and other
corrections to the first term.

Next we consider the opposite limit, €¢; < 7. In this
case it is possible to make a series expansion. Using se-
ries expansion of d;(z) and Eq. (5.38), power series ex-
pansions of d;(z)’s up to the second order are given by

1
d1($)=€1“152+“'7

1 3,

d = g1 — — .
2(2) = je1— ggert
1
ds(z) =In2-e; — Zez + - (5.43)
20 - 7 —
Fermi Liquid approximation ,/
15 - polarization ’(/b)+(c)
=
S. 10 F {
,/ /7
5 p i
Py
e (@)+(e)
o N . ) b
-5 0 5 10
€4

FIG. 4. Integrals It (1), I (e1)+I8 (e1), and I (1)
+I89(e1), denoted by (a), (b)+(c), and (d)+(e), respec-
tively, and the total sum are shown as a function of
€1 = (E1 - EF)/T
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\.\ Fermi Liquid approximation
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\ — = -correlation
_ 30 3
&
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10 b
0
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FIG. 5. Sum of all integrals in Fermi liquid approximation
Zj I (e,) is shown by the solid curve, while 2, I9 (ey) is
shown by the dashed one and the total sum by the dotted
curve.

By putting these in Table II we obtain Table III.

The main contribution comes from the processes (b)
and (e) and also the correlation and the polarization
terms have contributions of the same order. The Pauli
blocking effect is large. The I((,‘;Z, term is smaller than the

magnitude of the next correction term 11(‘;2) and the total
contribution of the process (a) is reduced by a factor 8

compared to 1332,. The large Pauli correction arises in
other processes, because many nucleons below the Fermi
energy jump up.

The absorptive potentials for each process from the po-
larization contributions are shown in Fig. 4 as a function
of €;. They are plotted in nondimensional quantities, so
they must be converted by appropriate units to obtain
the actual values. The absorptive potential for the pro-
cess (a) starts from €; = 0 and increases roughly quadrat-

J

ically, but the effect of higher order terms is important.
The curves for (b)+(c) and (d)+ (e) coincide at £; = 0,
and the former increases roughly linearly while the lat-
ter keeps almost a constant value. At lower energies the
contribution for the Am = 0 process is dominant, but at
higher energies the contribution for the process Am = 1
increases very rapidly and surpasses other contributions.
Below £; = 0 the contributions for the process (a) van-
ishes and others tend to zero by the denominator 1 + z.

The total contributions from the polarization I,(,i) (e1) and

also the correlation I (e1) are shown in Fig. 5. If one
of the former curves is reflected at €; = 0 then the latter
curve is obtained. The total contribution has a simple in-
verted bell shape, which is just given by Eqgs. (3.3) where
7(E,) is replaced by 1, and it does not vanish at ; = 0.
This is because a nucleon at the Fermi level has a finite
lifetime if the nucleus is at a finite temperature. The
nucleon gets energy from the nucleus and gets excited.

VI. NUMERICAL CALCULATION

In this section absorptive potentials for preequilibrium
processes are calculated using a simplified Skyrme in-
teraction. Their temperature as well as incident energy
dependence are investigated and compared with those in
the Fermi liquid approximation given in the previous sec-
tion.

If the Wigner transform of the interaction product
VVT given by Eq. (3.23) is put in (4.10) the absorptive
potentials are expressed as

WO (B, Ky, RysT) = — 7 (2) =T [Vo(By)]? / K 2dK 3dK 45 (K, + K — Ks — Ky)

X&(El + E2 - E3 — E4)TL2(E2)TL3(E3)TL4(E4).

(6.1)

In this formula energy as well as momentum conservations are observed, so the calculation becomes complicated com-
pared with the Fermi liquid approximation. Furthermore ny(E2)ns(Es)ns(E,) represents the corresponding product
of partial occupation probabilities, so this also imposes restriction over the energies, which depends on the process.
The directions of K, and K3 are parametrized by

K; -K; = K;1Kzcos0;, K- -K3z= KK3zcosls, (6.2)
where
K =K; + K. (6.3)
After integration over K4 in Eq. (6.1) we obtain
WO (B, Ky, Ry; T) = —g(zwrﬁJ[Vo(Rl)]zziiLi—(;i) dK2dKa 5 (cos 65 — K—g#)
xng(E2)ns(Es)ny(EL + E2 — Es). (6.4)

Integration over 3 is readily performed because of the delta function, in which the condition cos? 3 < 1 imposes the



52 IMAGINARY PART OF THE OPTICAL POTENTIAL FOR . .. 853

relation
KZ2(K2+ K2 - K32)
2 3
cos® 6y < 1K12K22 32, (6.5)
From this the integration limits for cos ; are obtained as
. KZ(KZ +K2 _Kz)
a = min <1, f 3 leKzz 3. (6.6)
In Eq. (6.4) 6, is contained only in K, so the integration over cos 8, is performed as
olldos& = 2FE E,, E.
_QK C 2 = KZ ( 1,442, 3)7 (67)
where
F(E,.E 1 2 2 2 2
(By, Bz, Bs) = 52 VE? + K7 + 2K K — /K7 + KF - 2K Kaar) (6.8)
Finally the absorptive potential is obtained as a double integral over energies,
; 1 *(R 3 ,Eg Eo
WO (By, Ky, Ry; T) = -1 J[Vo(R1)]? (’—""—(2—‘—)) / dE, dE3F(Ey, Es, Es)
(2m) F U(Ry) U(Ry)
an(Ez)n3(E3)n4(E1 + Fy — E3) (69)

It is noted that this formula is applicable both for a par-
ticle and for a hole in contrast to our previous work [4].

Numerical calculations are performed for n+Z2°8Pb.
The interaction is assumed to be the simplified Skyrme
interaction of the strength,

VQ(R) =tg + t3p(R) y (610)

while for the real mean potential the Saxon-Woods type
with the effective mass m}, /m, = 0.7 is used. Parameters
for Vo(R) and the Saxon-Woods potential are the same
as in the previous paper [4].

To evaluate the chemical potential A Eq. (3.9) with
(3.8) are used. For the upper limit of the integral in (3.9)
Ey = 60 MeV is adopted instead of infinity. The value
60 MeV is much larger than the temperature considered
in this work. Only the results of absorptive potentials
at the nuclear center (R; = 0) are shown below, as sur-
face vibrational modes are not taken into account in this
paper in contrast with the work by Bortignon et al. [3].

First the dependence on the excitation energy of the
incident nucleon €¢; = F; — EFr is investigated by fixing
the temperature 7' = 2 MeV. Results assuming P + Q
absorption are given in Fig. 6. The polarization contri-
bution from each process is shown in Fig. 6(A), whose
pattern of the curves is almost the same as the one for
Fermi liquid shown in Fig. 4, while the correlation contri-
bution shown in Fig. 6(B) is very similar to the pattern of
the curves obtained by inverting the direction of the ab-
scissa of Fig. 6(A). At this low temperature the results of
P + @ absorption are not different from the one obtained
in the Fermi liquid approximation and also particle-hole
symmetry holds in a good accuracy. However we find
a difference in detail. The Am = 0 curves denoted by
(b) and (c)/2 which should coincide in the Fermi liquid

[

approximation gradually split with the excitation energy.
The comparison with the Fermi liquid approximation will
be discussed later.

Results of calculations for Q absorption are shown in
Fig. 7. The pattern of curves for the polarization con-
tribution shown in (A) is noticeably different from those
of the P + Q absorption and the Fermi liquid approxi-
mation. The particle hole symmetry is hardly observed
except for low excitation energy. Of course this is be-
cause the continuum part is cut from P + Q space. The
absorptive potential for processes (a) and (b) are sup-
pressed greatly, as two particle states are involved in the
intermediate states. The curve denoted by (a) has a max-
imum near €; = 20 MeV while the one denoted by (b)
has a maximum near €; = 10 MeV, and both of them fall
off gradually. On the other hand the curves for correla-
tion contribution shown in (B) do not change appreciably
from those for P + Q absorption except for the (d) pro-
cess which shows a plateau below €¢; = —10 MeV and the
(b) process which dies off below ¢; = —10 MeV.

Next the temperature dependence of the absorptive
potentials is examined and results for P 4+ @ absorption
are shown in Fig. 8. For the process (a) three parabola-
like curves for three temperatures 1, 3, and 5 MeV are
drawn, of which the right-hand part corresponds to the
polarization and the left-hand part corresponds to the
correlation contributions. As the temperature increases
the curvature of the curve decreases. Due to the Pauli
blocking effect a particle-hole pair is difficult to create in
intermediate states as the temperature increases.

The polarization contributions for the processes (b)
and (c) are shown in Fig. 9(A) and the correlation con-
tributions for the processes (d) and (e) are shown in
Fig. 9(B). In Fig. 10(A) the polarization contributions
for processes (d) and (e) are shown, and in Fig. 10(B)
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the correlation contributions for processes (b) and (c) are
shown. In all cases except processes (a) and (f) the abso-
lute value of the absorptive potential increases with the
temperature as seen in the previous paper [4], because the
temperature is approximately proportional to the exciton
number. Two curves drawn by solid and dotted lines with
the same temperatures in one frame, which should coin-
cide if the Fermi liquid approximation is adopted, split
with the increase of the temperature, and some of them
cross each other.

In Sec. V we discussed the Pauli blocking effects and
the linear term in T' by decomposing the occupation prob-
ability into the zero temperature part and the correction
part as shown by Eq. (5.13). The same decomposition

is applied to WISG) in the present numerical calculation.
We consider the following two typical cases.

The first is the case of T = 1 MeV and Q absorp-
tion. In this case the mean particle number 7z = 6.3 and
the situation may be realized in a typical multistep com-
pound process. In Fig. 11(A) the absorptive potentials
for processes (a) through (e) are shown by full line curves
without decomposition. The curve (a0) is the result for
T = 0 or corresponding to Iég()) in the Fermi liquid ap-
proximation, and (al) corresponds to —Ifg()) - Ié‘ll()) - Iégi.
The figure shows that the sum of curves (a0) and (al)

1 1 T T T
Am=+1 (a)
(&) n +2°°Pb
0.8 | P+Q absorption ) o7
polarization < .
- am= T
L T=2 MeV .
> s T=2 Me .z (©)2
= P
= -~
=3 // 1
;' 0.4 //
(e)
0.2 ]
,':' Am=-1 (d)/2
o “’77 1 - L -‘___- =
-10 0 10 20 30 40
€1
1 T v T T T T
« am=+1 (f
L am=t O @) na2%pp
08 | P+Q absorption ]
Am=0 correlation
s [ =
3 o6 e (@) 1';.:% MeV
;'u 04 - 1
0.2 b
1
. 1
o g T P J
-20 -10 0 10

FIG. 6. Polarization contributions ~W15j) (G = a—¢)
[shown in (A)] and correlation ones — W (j = b — f) [shown
in (B)] at T'= 2 MeV for P + Q absorption. The simplified
Skyrme interaction is used as the residual interaction and the
numerical calculation is performed without the Fermi liquid
approximation.

1 i
(A) n+2%Pb
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= 04 |
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FIG. 7. The same as Fig. 6, but for Q absorption.

is approximately equal to the (a) curve. This indicates
that (al) is a dominant Pauli correction term at this low
temperature. Furthermore the sum of contributions from
(b) and (c) curves is approximately equal to the absolute
value of the curve (al).

Next the case T = 5 MeV and P+ Q absorption is con-
sidered. In this case the mean particle number m = 32
can possibly be realized in heavy ion reactions. Curves
in Fig. 11(B) are results calculated in the same way
as in Fig. 11(A) except for the curve (a2). This curve

corresponds to —I{g()) — Ié‘;()) - Iég)l + I(()ﬂ + I{gi + Ig()).

10 T T T T
n + 2%pp P+Q absorption
R=0 T=1
8
polarization
. 6 correlation Am=+1 (a) i
> a3
© Am=+1 (f) .
f_, 5
EE ]
2 i
0 L
-20 -10 0 10 20 30 40

€1

FIG. 8. Polarization contributions —W,S“) and correlation
ones —Wc(f) at temperatures T' = 1,3, and 5 MeV in the case
of P + Q absorption. Calculations are the same as in Fig. 6.
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FIG. 9. Polarization contributions —W,Sj ) (7 = b,¢) [shown
in (A)] and correlation ones —WC(J)(]' = d, e) [shown in (B)].
Calculations are the same as in Fig. 6.
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FIG. 10. Polarization contribution —WISj ) (7 = d, e) [shown
in (A)] and correlation ones W’ )G = b, c) [shown in (B)].
Calculations are the same as in Fig. 6.
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FIG. 11. Polarization contributions —W,Sj ) (7=a—e)at
T =1 MeV for Q absorption are shown in (A). The dashed
curves labeled by (a0) and (al) represent the T = 0 part
and the part corresponding to —I{g) — I§2) — 1§2) of —W{*),
respectively. The same absorptive potentials, but at T = 5
MeV for P + Q absorption are shown in (B). The (a2) curve

corresponds to —Ie) — I$%) — I$3) + I$2) + I8 + I{2) of —W§™.

Among these contributions the same relation observed in
Fig. 11(A) (a0)+(a2)=(a) and (b)+(c)~ (a2) holds. This
indicates that at 7= 5 MeV the second correction terms
become important.

VII. SUMMARY AND DISCUSSIONS

In the present paper we considered the absorption
process at finite temperature in connection with pre-
equilibrium processes and found a new interrelation be-
tween them. The absorptive potential at finite temper-
ature Wr is decomposed into 12 components W,SJ ) and
Wc(J )(j = a---f). Each component represents the ab-
sorptive potential for preequilibrium processes specified
with the particle or hole number 7 given by Eq. (4.3)
and includes thermal Pauli blocking effects which were
considered only approximately in the previous work [4].

Temperature dependence of the absorptive potentials
W) is one of interesting problems, and the Fermi lig-
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uid approximation is introduced to obtain analytic ex-
pressions. The results show how each component of
Wr depends on temperature, and give a reason why no
linear T term appears in Wp. When all components
W,SJ ) and Wc(J ) are summed up, the well-known behav-
ior Wr ~ (w2T? + €2) appears. Main results obtained
through analytic calculation in the Fermi liquid approx-
imation are as follows.

(1) The €2 term comes from the process (a).

(2) Linear T terms consist of the negative contribution
from the Pauli blocking effect in the process (a), and the
positive contribution from processes (b) and (c). Net
contributions to Wp cancel one another to zero, which
agrees with the Morel and Nozitres result [17]. How-
ever T linear terms remain in the absorptive potential
for Am = 1 and Am = 0 processes and give effects on
transmission coefficients.

(3) T? terms mainly come from processes (b), (c), (d),
and (e).

The Fermi liquid approximation is expected to be valid
at low temperature, so it is important to undertake calcu-
lations without this approximation. For this the simpli-
fied Skyrme interaction, which is just a delta interaction
in our approximate treatment, is adopted. These calcu-
lations are also useful to determine how far the Fermi
liquid approximation is valid, especially in the case of
Q absorption, where this approximation is supposed to
have very limited applicability.

Calculations are performed for 2°8Pb, and absorptive
potentials for processes (a), (b), and (e) are shown in
Fig. 12 for T = 3 MeV as an example. It is seen that the
Fermi liquid approximation is adequate around the Fermi
energy Er while it overestimates the magnitude of the
absorptive potential with increasing energy. Although
the case of processes (c) and (d) is not shown, a similar
tendency is observed.

In the Fermi liquid approximation all participating nu-
cleons are assumed to have momenta very close to the
Fermi momentum. Therefore it is expected to be valid
in the low temperature limit, and as the temperature in-

3 T T T T T ] T ]
208 P+Q absorption / 1
PN+ Pb  polarization / (@ 1

T=3 MeV //
2 F simplified Skyrme / 3
> — — -Fermi Liquid / ]
2 / ]
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wo
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FIG. 12. The absorptive potentials for polarization contri-
bution in the Fermi liquid approximation which are shown by
dotted curves are compared with those of the numerical cal-
culations using the simplified Skyrme interaction for (a), (b),
and (e) processes. For curves (e) the values multiplied by 10
are shown.

creases the Fermi liquid results deviate from those with
the delta interaction. Two sources of deviation may be
considered. The first is a shift of the chemical potential
downward from the Fermi energy. As the temperature
increases the curve of the occupation probability moves
to the lower energy side by Er — X, which is listed in
Table I.

In Sec. IV the absorptive potentials are expressed ap-
proximately in terms of the ones for the elementary pro-
cess and the proportional constant was the mean particle
number 7 for processes (b) and (c) and m? for (d) and
(e). On the other hand for the absorptive potential cal-
culated with the simplified Skyrme interaction given by
(6.9) the quantities

Ep
mp = gF/ h(E)dE =~ grT In(1 + e(EF—A)/T) ,
U(R,)
(7.1)

Ey
Mmp = QF/ p(E)dE ~ gpTIn(1 + e—(EF—A)/T)
Ep

(7.2)

are considered to be related to the magnitude of the ab-
sorptive potential. The last expressions on the right-hand
side of the equations represent values for U(R;) = —oo
and Ey = oo. The constant state density g is included
just to make these quantities comparable with particle
or hole number as given by (4.3) and (4.7), nonetheless
they are not the particle or hole number exactly.
In the Fermi liquid approximation

* g
/0 — pde = (n2)grT (7.3)

1+ e€

is the corresponding quantity. These values are listed
in Table I, and we can estimate how much the magni-
tude changes in the case of the simplified Skyrme inter-
action compared with the Fermi liquid approximation.
It is noted that this effect is independent of the energy
of the incident nucleon, as it is concerned with the ini-
tial state of the target nucleus. The partial occupation
probabilities H(FE) decrease and P(E) increases as the
chemical potential decreases. However they appear in
the intermediate states and the effect is not too impor-
tant.

The second source of the deviation comes from neglect
of momentum conservation and the upper limit of the
excitation energy of particle or hole.

As the momentum conservation imposes restriction on
phase space integration, the absorptive potentials with
the delta interaction cannot be larger than those in the
Fermi liquid approximation provided the same chemi-
cal potential is used. This effect is represented as the
integral F'(E,,FE,FE3) given by (6.8), which is unity
in the Fermi liquid approximation. This factor is es-
timated approximately, namely in a linear approxima-
tion with respect to the deviation from the Fermi mo-
mentum of participating nucleons. For processes (a),
(b), and (d), F(FE4, E,, E3) = 1, while, for (c) and (e),
F(E.,E;,E3) < 1. The upper limit of the excitation
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energy of particle or hole restricts the integration limit
through the partial occupation probabilities.

As seen in Fig. 12 for process (a) the difference be-
tween two calculations is small at low excitation energy
because the effect of the chemical potential is not present
in the initial state and the momentum conservation effect
is approximately given by F' = 1. Reduction at higher
excitation energy may be caused by suppression due to
the momentum conservation rather than the effect of the
chemical potential, by which enhancement in 2p-1h states
is expected. For the process (b) the effect of the chemi-
cal potential works to suppress the absorptive potential
because p(F) appears in initial states. On the contrary
for the process (e) two partial occupation probabilities
h(E) appear in the initial states, and the enhancement
is expected in agreement with the curves in Fig. 12. At
higher energy this tendency is inverted, and this may be
due to the momentum conservation and energy limitation
of particles.

In the actual situation of a nucleon induced multistep
compound (MSC) process, the incident energy is not so
large and the typical temperature is estimated to be less
than 1 MeV for 298Pb or 2 MeV for ®3Nb using Eq. (2.8).
So the Fermi liquid approximation is expected to work
fairly well.

In the present paper we concentrated on studying the
relation between the absorptive potential in thermal equi-
librium and those in preequilibrium processes, and on
their features at the nuclear center (i.e., in the nuclear
matter). Calculations may be extended to the nuclear
surface region, but only the density effect may be in-
cluded as the effect of surface vibrational modes is ne-
glected in this work.

Bortignon et al. [3] investigated the absorptive poten-
tial for surface vibrations in thermal equilibrium, and
found a different temperature dependence from our case.
Recently Danielewicz and Schuck [20] have succeeded in
obtaining a formula for the absorptive potential for the
damping processes of collective motion as well as of a
single particle at the same time. If we decompose their
absorptive potential into preequilibrium components in
line with the present work, it may be possible to get a
preequilibrium absorptive potential for collective motion.

In MSC reaction theories the absorptive potentials ob-
tained here are used to calculate the transmission coeffi-
cients from which the formation and decay probability of
the compound system are obtained. Usually transition
from P space to Q space takes place in the first stage of
the multistep direct process, but the importance of tran-
sition from the second stage was discussed in our previous
paper [4]. In such a calculation the absorptive potential
obtained here is very useful because they are evaluated
more accurately.

In the calculation of level density [21], and also MSC
reaction cross section [8,19], the transition matrix ele-
ments between exciton states in Q space are assumed to
be random matrices and its second moments are impor-
tant basic quantities. The absorptive potential obtained
here is used to evaluate the spreading width semiclassi-
cally as given in [22] for particles and holes and the sec-
ond moments are obtained from them. The calculation

becomes much simpler compared with the actual eval-
uation of matrix elements [21]. These applications are
interesting future problems.
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APPENDIX A: INTEGRALS APPEARING IN
FERMI LIQUID APPROXIMATION

In this appendix the integrals I, ’Ez)ks &, appearing in Sec.

V are evaluated when the nucleon 1 is a particle, namely
g1 > 0. The method of the calculation is almost the same
for processes (a), (b), and (e), so only the first process is
explained in detail.

1. Process (a)

The first integral is defined by

IS () —/ d€2/ d€3/ desd(e1 — €2 — €3 — €4).
(A1)

Three integral variables eg,e3,64 as well as £, are re-
stricted to positive, and the energy delta function gives
rise to the following integral ranges and the integral is

readily evaluated as

€1 €1 —€2 1 9
I (e1) = / de» / des= L) (A2)
0 0 2
To evaluate the second integral
(@) €1 €1 —€2
Iigo(e1) = /0 dEz/o d531 ¥ ee2
& 1

:A 62@;(61 — 62) , (A3)

the integral variable e, is transformed to the variable

t=e %2 and
. z In(t
1{02)(51) = —/1 dt (2)

1+t (A4)

is obtained. The upper limit of the integral z is given by
Eq. (5.38). After one integration by parts the integral is
expressed in terms of the dilogarithm defined by (B2),

2

1 (e1) = —In2Inz — dilog(1 + z) — % (A5)

In the third integral
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€1 €1 —€2 1 1
Ie)=[ d d ,
110(€1) /(; 62/(; 631+e€2 1+ e*s

the integral over €3 is evaluated using formula (B1) as

(A6)

€1 1 2ef17€2
I8e)=[ d 1
110(€1) A 6214—852 n1+ee1~sz

® 1 2t
~- [ aymn s,
1 1+t x4+t

where t = e™°2. This integral is integrated by parts and
the variable is again changed to s =1+ ¢, and

(A7)

€

is obtained. If further change of variable u = s/(1 — z)
is applied to the last term of the right-hand side of the
equation, both integrals become dilogarithms, and the
result is given by

I(e;) =In21n

— dilog(1 + x)

1+
w2 2z
——1In(1—2)1
13 In( z) n1+w
1+ 2
dil —di .
+di ogT dllogl — (A9)

Using formulas (B7) and (B8) and also the relation (B10)
it is simplified as

a . g 1
11(1())(61) = dilog = — 2dilog : .

(A10)

Using Eqs. (5.37), (5.15), and (5.17) the integral I\%) (¢;)
is expressed in terms of previously obtained integrals

! ’;m (A11)

I{‘ll())(sl) =In2ln 12
1tz Ins Ins
- A8
+/; ds(s—l w+s-—1) (A8)
J
a T a a
1§ (e1) = 1 [8h(ex) = 3I53(e) + 3L{33 en)
=% [3 In2lnz + 1(lnat:)2 + 3dilog = — 6 dilog
1+=x 2

2. Process (b)

The integral in the process (b) is defined as shown by
the simplest case

I](_g)o(&‘l):/ dEz/ d€3/ dE4
0 0 0
1

X5(6‘1 + €9 — €3 — E4)m

oo €1+e2 1
= d d .
[) ° A 31+ ez

The integral is calculated quite in the same procedure as
in the case of I {g()) and the result is given by

(A12)

2

18 () =-In2Inz + % (A13)

The second integral is calculated as
oo e1+e2 1 1
(b) — I,
Iito(e) = /0 d52/0 d531 T ee2 1+ eos

1
=/ dtiln 2
0 1+t 1+t

and the final result is given by

(A14)

1 1
8 = 5(In2)% — dilog—;—m
2

+dilog(1 + z) + % (A15)

72
+3 {dilog(l +z)+ E} .

The next integral

oo €1+te2
®) : 1 1
Ioii(e1) = /0 dEZ/O o3l ees T4 emnteres

e 1 1+t

is obtained as

(A16)

1+z

I$) (1) = 2dilog —dilog z + (In2)%.  (A17)

The final integral is

b
151)1(51) = 1+z

b b b
[—eLh(er) + 2018 (en) + IS (o)
2

! (1+m)(1n2)2+a:1n2ln:c—71r—2a:

14z

2
+2x {dilog(l +z) + 1—2}

(A18)

1
—dilog = + 2(1 — z)dilog _; m:‘ .
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3. Process (e)

The first integral

1{00(61) —/ dez/ dz—:3/ dey

x6(e1 — €2 + €3+ €4)

1+ e=2
oo p ex2—€q 1
= dez——— A19
/51 sz/o €31 oes (A19)
gives the result
I (e1) = —dilog(1 + ). (A20)
The next integral
oo €2—€; 1 1
(e) d deg————
Iiio(e1) /€1 62/(; cs 1+4e21+ e
| 2
=/ dt——In —— (A21)
o t+1 1+t
becomes
e 1 2
I5(er) = 5(1112)2 BT
L 14z .
+dilog — dilog(1 + ). (A22)
The integral
I(()u(sl) = / d62/ d€3/ dey
0 0 0
5 L (a2
X (El_€2+63+64)m;1+e54 ( )
is easier to integrate first over €2 to yield
oo
(e) _ 1 1
Ioyi(e1) = / ®371 1 ees /0 d€41+es4
= (ln2)%. (A24)

The last integral is given by

1 e
(1) = oz [ Hoen) + 2L00(en) + 2 L5 (1))

1 2 _ 7r2

2
+2 dilog1 — dilog(1 + z) — D
(A25)
4. Process (f)
I (e1) =IP(e1) =0 (A26)

APPENDIX B: INTEGRAL FORMULAS

The following integral is useful in our calculation:

@ 1
/0 mds—:l:ln

For the integrals appearing in Sec. V and Appendix A
the dilogarithms defined by

diloga::/ lntd
L 1—t

(1 +b)ete

14 bete ° (B1)

(B2)

are necessary [18].
around z = 1 as

dilog z = 3 =2 ;f) ,

n=1

This is expanded in power series

(B3)
whose convergence region is 0 < z < 2. The relations

dilog1 = —dilog = — %(ln z)? (B4)
z
and
2

dilog(1 — z) = ? —lnzln(l —z) — (B5)

are useful, and the following specific values are often
used:

dilogz

2

. w2 . . T
dilog 0 = e dilog 1 =0, dilog 2= BETR (B6)
It is convenient to express the results in terms of the fol-

lowing four dilogarithms: dilog =z, dilog $=, dilog 2%,

and dilog(1+x) + ’1"—; which vanish at z = 1. Other dilog-
arithms appearing in the integrals are also expressed by
these four functions:

2 72 11—z 1+zx
. __r 1
dllogl_z 6 +1n g n—
2
1+ 1 1—2z
i - = B7
+dilog 5 3 (ln 3 ) , (B7)
14+2x 72 1—=x 2z
dilog7— 6 T 15z "11s

.2z 1( 1-=z\°
+dllog1+m—§(ln 3 ) , (B8)

2
ia: =——7;—+ln(1—w)ln:c

dil
ilog

+dilog 7 — %[111(1 — )2 (B9)

The four functions are not independent and the following
relation holds:
w2

2

—dilo g—z_l_— +dilog(1 +z) + — 1

1 1+z
== -1 .
3 (ln 3 ) nzln(l + z)

By changing variables the left-hand side of the equation
is expressed in terms of integrals whose integral range is
between 1 and z,

dilog =z — dilog1 tr

(B10)



860 M. ABE, S. YOSHIDA, AND K. SATO 352

1-t 1-t

® 2t
— ! + ! In dt
L \1—t 1+t) 1+t

* Int
—lnwln(1+m)+/ 2
1

/w ﬂ-dt_/w In[(1+1)/2] .

—dt.

B11
1+t ( )

The integrands containing 1/(1—t) cancel each other and
the remaining integral is reduced to the right-hand side
of the equation. Therefore the three functions d;(z) =
dilog(z), dz(zx) = dilog(1£2), ds(x) = dilog(1l + z) +
=2 are used as basis functions, and together with loga-

12
rithms all integrals are expanded.
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