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We present a completely microscopic approach for obtaining the preformation factors and the
decay widths of a 12C, and *®O cluster decays. We start from realistic single particle Woods-Saxon
wave functions and include a large space BCS-type configuration mixing. A pairing interaction acting
among valence particles, placed above a double magic core, was considered. The penetrability is
evaluated within the WKB approximation. The model predictions are also checked for some well-

known « and *C decays from even-even nuclei.

PACS number(s): 23.60.+e, 23.70.+j, 24.10.—i, 27.60.+]

I. INTRODUCTION

Recently a new region of proton-rich nuclei situated
above double-magic 1°°Sn with masses around 100 < A4 <
120 came into the focus of many experimental and the-
oretical studies. Among other phenomena new types of
rare and exotic decays, such as heavier clusters emissions,
are expected to be observed here.

As was theoretically predicted more than one decade
ago [1,2] and is experimentally established now [3-5] the
heavy nuclei with atomic number Z above 86 sponta-
neously emit heavy clusters ranging from “4C to 34Si
and possibly further, the other final nucleus being a
close neighbor of the double-magic nucleus 2°8Pb. It is
worth mentioning that also in the spontaneous or ther-
mal neutron-induced cold fission of heavy nuclei from Th
to Fm, the highest yields are obtained for splits in which
one of the fragments is in the vicinity of *32Sn, which is
a double-magic nucleus too [6-8].

The models proposed to describe the heavier cluster

J

emissions could be grouped into phenomenological or
fission-type models [9-11] and microscopic models which
calculate the decay widths starting from nuclear wave
functions given by some nuclear structure model [12-15].
We propose here a microscopic approach, through a gen-
eralization of the procedures employed in [14], by in-
troducing realistic single particle (Woods-Saxon) wave
functions within an extended configuration-mixing cal-
culation for the nuclear wave functions of the parent and
daughter nuclei. The nuclear residual interaction is also
taken into account through a pairing interaction which
acts between valencelike particles placed above a double-
magic core.

II. PREFORMATION AMPLITUDES
FOR CLUSTER DECAYS

Considering the emission of cluster a in the decay B —
A + a we wrote the cluster preformation amplitude as

Fu(B) = [ déadtadin [o(€)ValenVe(R)], | n(én) M

where U, ¥ 4, and ¢, are the internal wave functions of
the initial nucleus, the daughter nucleus, and the emitted
cluster, all antisymmetrized and normalized to unity, and
€4, &a, are the internal coordinates of the two final nuclei,
R being the relative distance between them.

In the present paper we examine the cluster decay of
even-even nuclei. The shell model configuration mixing is
taken into account through the BCS formalism by intro-
ducing a residual pairing interaction which couples pairs
of neutrons and protons with zero total spin. In this way
the parent nucleus wave function is written as

Up = ZX(n)X(p) H | (Rnlnjn)s) H | (nplpip)3) ¥ a s
P n=1 p=1 (2)
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where ¢(r) are the number of neutron (proton) pairs in
the even-even emitted cluster and the coefficients

X(n) = (¥p | a}_ al

a; o

: 'anaT—aq | \IJA> ’

X(p)=(¥p|alal, - al ol | ¥,)

are expressed in the frame of the second quantiza-
tion formalism using the particle creation operators
al, a! for neutrons and protonms, respectively, with
nnlnjnmn}a —a = {nnlnjn - m'n} and v =
{nplpiomp}, —7 = {nplpjp — mp}.

The strength of the pairing force was fitted so as to re-
produce the experimental pairing gaps or their predicted
values taken from calculated nuclear masses [16].

o =
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We used realistic single particle wave functions gener-
ated in a spherical Woods-Saxon potential and developed
in a spherical harmonic oscillator basis with an oscillator
parameter a, e.g., for neutrons

| (nnln]n)g)ws = Z Cvin, Crvon, | (Vlln, Vzln)g)HO -

viva

The parameters chosen for the Woods-Saxon potential
were those proposed by Blomqvist and Wahlborn [17].

In order to perform the overlap integral (1), we inte-
grated over the £4 coordinates of the daughter nucleus
taken as a core, and then transformed the individual co-
ordinates of the last a nucleons forming the cluster into
their relative (Jacobi) coordinates (for details see [14]).
The cluster wave functions ¢, were also expressed in rel-
ative coordinates. Further, by integrating on the clus-
ter internal coordinates £, the general expression for the
cluster preformation amplitudes resulted as an expansion
over the harmonic oscillator radial wave functions Ry, _ o

of the relative motion between the two final nuclei,

Fo(R)= Y B Ru. o (4uaR?) ,  (3)
Ne.m.

where A, is the cluster mass, a the oscillator parame-
ter of the parent nucleus, and N, , the oscillator radial
quantum number. We performed the calculation of the
preformation amplitudes for the alpha, 2C, and 180 clus-
ters. In the case of the alpha emission, the spatial part
of the alpha particle wave function is written as usually

fal€a) = (@)9/4e—ﬁ(pf+pz+pg)/z W

™

where py = (r1—r2)/V2, p2 = (rs—14)/V2, p3 = (r1+
rz —r3 —ry4)/2 are the corresponding Jacobi coordinates
and the alpha particle oscillator parameter is 8 = 0.57
fm~2. The coefficients of the above expansion, Eq. (3),
of the cluster preformation amplitude resulted as

By ™) = fafp 3 h(in)h(p) Y. CuinnCranaCringCran, Aly ™ (V1iln, valn (0)T1lp, m2lp(0)05 0, B) ,  (5)

Jnsdp Viva T M2

and they are formally similar to those obtained earlier by
Mang [18] for the overlap integral of the alpha particle
using harmonic oscillator single particle wave functions.
Here the BCS factors f are

s=TI (vt +vivi)™
J

with Q@ = (25 + 1)/2 and the ¢, f superscripts standing
for the initial and final nuclei. Also

irrf
ViU;

“’(j) = — : .
[f':.U’f ‘I’L‘f.f
Vi TViVi

The coeflicients AEg“m‘)(nlll, nal2(0)nsls, n4aly(0)0;
a,3) appear when one calculates the overlap integral
Eq. (1) for the case of the alpha particle, using har-
monic oscillator single particle wave functions and for a
given configuration of the last four particles [14]. When
the oscillator parameters a of the harmonic oscillator ba-
sis employed for the Woods-Saxon single particle wave
functions of the decaying nucleus and the cluster size pa-
rameter 3 are equal, the A(4) coeflicients take the very
simple expression

R 1/2
AWNem) _ (2)3/4 lndy [ Newn!Nem. +3)! ,
(4 4 4Nem. H?:l ni!(ni +1; + %)'
(6)
with the orbital momenta Iy =l =1, ,l3 =14 =1,
coupled to zero, [ = v/21 + 1, and the condition

r
Nc.m. =N, +n2+ln+n3+n4+lp.

Consequently, in order to simplify the calculation of
the overlap integral we used for the harmonic oscillator
expansion basis of the Woods-Saxon wave functions a
size parameter equal to 0.57 fm~2 for the alpha cluster
and, respectively, 0.352, 0.330, and 0.306 fm~2 for the
12C, 14C, and 90 clusters, values which are consistent
with the experimental nuclear mean-square radii of these
nuclei. Only 0s quantum numbers for the relative motion
between pairs of nucleons were considered in the emitted
cluster.

In order to calculate the preformation factor of the
12C cluster, we adopted for the 2C internal function the
usual ansatz prescribed by the cluster-type nuclear struc-
ture theories [19],

¢120 = ¢‘a1 ¢az¢asx20(P0)X20(pr) ’ (7)

where all ¢, are as in Eq. (3) and the two x2o func-
tions describe the relative motions, with four oscillator
quanta each, between the first two alpha clusters and,
respectively, between their common center of mass and
the third alpha cluster: x20(p) ~ Ra20(8p%). The cluster
wave function is normalized to unity with regard to the
internal relative coordinates &,.

The coeflicients B(,—12) of the preformation amplitude
expansion, Eq. (3), are

Ne.m. (v N N
Biy™ = Biy™ )B§4)H2)324)R3)J4(Npo)J4(Npr)
(s)

X<NPONR0 I NRINR2>(NprNC~m~ I NRONR3>

(8)
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where we denoted the integrals J4(V,) =
fooo RN, o(ap?)R20(Bp?)p®dp which for the case o = 8
reduce to J; = 521\1,,- The coefficients B(4) are given by
Eq. (5). Here we summed the ensemble of oscillator
quantum numbers

(3) = {NRINR2NR3NRDNPONFr}

and (nN | ning) is a shorthand notation for the Moshin-
sky coefficients [20] with all angular momenta equal to
zero. The Moshinsky coeflicients were later generalized
for the case of unequal-mass particles by Smirnov [21].
In Eq. (8) the second bracket is a generalized Moshinsky
coefficient with D = m;/my = 2 . We calculated these

brackets starting from their expressions given by Trlifaj
[22] and Dobes [23]. It must be mentioned that the usual
energy-conserving oscillator relations

NRQZNR1+NR2_2, NRsch.m.“NRl_NR2+4

lower further the number of summing indices in Eq. (8).
Similarly for the '®O preformation amplitude, starting
from a cluster-type 6O internal wave function

0160 = Pa; Doz DPars Pars X20(P01) X20(P02) X20(P-) ,  (9)

we obtained the following expression for the correspond-
ing expansion coefficients:

X<2’NR01 INRUNRz>(21NRoz |NR3’NR4>(2’NC-m. | NR017NR02> ’ (10)

62Np01 ’ J4(Npoz)

(Nem.) _ (Nr,) p(Nry) p(NRrg) p(Nry)
Bhae™' = ?:;Bw "By Buay Buyt
with (s) = {Ngr,Nr,Nr,Nr,Ng,, Nr,,} and taking into account that J4(IN,,,)
é2 Npgy s J4(N,,) = b2n,, The following oscillator relations are fulfilled:

Npg,, = Ng, + Ng, — 2,

Npg

4

Npy,, = Nry + Np, — 2,

= Ncm. — Nr, — Np, — Ng, +6 .

In order to compare the predictions of our model with the existing experimental data we calculated also the
preformation amplitudes and the decay widths for the C emission from some even-even Ra isotopes. We used a

cluster wave function

h14¢ = Py Pz Daxs X00(Prr ) X20(P01) X10(P02) X20(P7) (11)

where the function 10 indicates that two oscillator quanta are ascribed to the relative motion between the third
alpha group and the last pair of neutrons and the function xgo corresponds to the Os internal relative motion among

the two neutrons. Finally we obtained

B(Nc.mv) — Z B(NRI)B(Nﬂz)B(Nﬂs)B(Nuv)

(14) (4) (4) (4)

(s)

x(27NR01 ’NRlNRz><1’NRoz lNRaNUll)(Z’NC-n’L INRmNRoz) ’ (12)

where the coefficients B, for the last two neutrons are

B((é\)r) =fn Z h(jn) Z Cuing, Crvan,
Jn

viv2

xAg)(ulln,uzl,,(o);a,,g) ,

with
. 1/2
) (3)1/41_,1 NN + 1)1 /
@ 4 2V \ 17, nal(n; + L + 1)1 ’
and we observed that J2(Npg,)

= o BN, 0(@nd2)R10(BP3:)P32dpo2 = 6&1n,,,- The
energy-conserving relations between the oscillator quan-

tum numbers (s) can be easily deduced from the Moshin-
sky brackets. Here the second bracket corresponds to a
mass ratio equal to 2 and the third one to a mass ratio
4/3.

We should mention that a similar calculation for the
decay widths of alpha, 12C, and 4C clusters from Ba and
Ra isotopes was made in [15]. The authors also used a
BCS configuration-mixing formalism within a large space
of spherical single particle wave functions. In Ref. [15] all
single particle levels up to the highest considered major
shell (N= 18) were included. The agreement between
the present calculations and those of Ref. [15] shows that
the inclusion of a core (N = Z = 50 for the Sn region
and N = 126, Z = 82 for the Pb region) is a good
approximation.
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TABLE I. The calculated cluster decay widths I'(R) at the
matching point R. The Q values were evaluated from [16].

Decay Q (MeV) I (MeV) R, (fm) (I%)th

™Ba > C+1%?Sn 2062 0.89(-25) 10.3 1.7(-1)
— a+'1%Xe 3.44  0.53(-24) 85

11685 12 C41%%Sn  17.00  0.10(-32) 10.4  9.1(-6)
— a+'1?Xe 2.96 0.11(-27) 8.5

1188 12 C4+1%Sn  15.10  0.42(-38) 10.5 1.6(-5)
— a+'*Xe 2.41 0.26(-33) 8.5

116Ce -1 0+1°°Sn  30.10  0.18(-25) 10.8 5.5(-2)

—12 C41%%Te 18.87  0.41(-30) 10.4  1.2(-6)

— a+''?Ba 3.59 0.33(-24) 8.5

118Ce —1 O+'%28n  29.26  0.11(-26)  10.9 2.8
—12 C4+1%%Te 17.77  0.96(-33) 10.5  2.4(-6)
— a+'*Ba 3.19 0.40(-27) 8.5
120Nd —1¢ O+1%%Te  29.35  0.14(-28) 109  7.0(-2)
— a+'1%Ce 3.32 0.20(-27) 8.5

III. CALCULATION OF CLUSTER DECAY
WIDTHS

We evaluated the cluster decay widths in the frame of
the R-matrix theory,

Pa(R) = ¥ PuBIE(R) = 2B S~ p(m) | Fu(m) P,
L L
(13)

as a function of the channel radius R.

The penetrability factor P for the spherical potential
barrier between the final fragments was obtained within
the WKB approximation using pure Coulomb wave func-
tions,

2kR
G%(kR) + F}(kR) ’

PL(R) = (14)

0.004

0.002

F(R) (fm™¥?)

0.000

P BT VU B |
0 5 10 15

R (fm)

FIG. 1. The preformation factor F(R) for the emission of
12C from ''*Ba as a function of the distance R between the
two final nuclei.
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FIG. 2. The preformation factor F(R) for the emission of
O from '®Ce as a function of the relative distance R.
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FIG. 3. The decay width I' for the emission of 2C from
11484 as a function of the relative distance R.
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FIG. 4. The decay width T for the emission of **O from
116Ce as a function of the relative distance R.
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FIG. 5. The logarithm of the decay width for the emission
of 12C from ''*Ba as a function of the decay Q value.

where k = (1/A)v/2QA, .

In Table I the calculated decay widths for the alpha,
12C, and 0 cluster emissions from some proton-rich Ba,
Ce, and Nd isotopes are presented. The highest major
shell included in the calculation was N = 18. We used
for the gap parameters an average value of 1.15 MeV
for neutrons and 1.30 MeV for protons. The @Q values
were extracted from the mass predictions of Janecke and
Masson [16] for this region. In Figs. 1 and 2 we show the
preformation amplitudes Fo(R) for the heavier clusters
12C and %0 emitted from 1*Ba and ''¢Ce, respectively,
which have characteristic strong maxima at the nuclear
surface. In Figs. 3 and 4 the corresponding decay widths
are presented. One can observe that the I';; values are
approximately constant within an order of magnitude,
on a large interval of values of the channel coordinate R.
This interval is placed about 1 — 2 fm outside the touching
radius R; between the two final nuclei: For example, for
R; = 1.2(A/® + a'/3) we obtain 8.3 fm for 1°2Sn + !2C
and 7.7 fm for 11%Xe+a.

In Fig. 5 the calculated decay width for the 2C emis-
sion from !“Ba is given as function of the Q value, since
the experimental value of this decay is not yet known.

Figure 6 shows the B(iv) coefficients corresponding to

the alpha decay of 11*Ba and ?22Ra. One can see that the
main contribution to the alpha preformation amplitude

TABLE II.
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FIG. 6. The coefficients Bg\;) calculated from Eq. (5) for
the alpha emission from '*Ba and ???Ra, respectively, as a
function of the oscillator quantum number N of the center of
mass motion of the alpha cluster.

comes from those terms with center of mass quantum
numbers N for the alpha cluster corresponding to four
nucleons situated in a few major shells above the double-
magic core, that is, A = 4 — 6 oscillator quanta each in
the first case, A = 5 — 7 for protons, and A = 6 — 8 for
neutrons in the second case while the harmonic oscillator
relation 2N + L = Y0 | A; = 30 (2n; + ;) is fulfilled.

In order to check the accuracy of our theory, we also
calculated the alpha and #C decay widths for some nu-
clei with experimentally known I', [24] and T [4] val-
ues. They are compared in Table II. As alpha emitters
we selected mainly spherical nuclei. Here the model re-
produces well the experimental decay widths, typically
within a factor ranging from 2 to 4, with the exception of
the 212Po alpha decay. For the actinide region the highest
major shell taken into consideration was N = 20 while
the inert double-magic core was that of 2°®Pb. The in-
put values for the gap parameters were obtained from the
experimental masses, e.g., A, = 0.73 MeV, A, = 1.04
MeV for ?22Ra.

The calculated cluster decay widths are strongly de-
pendent on the corresponding @ values, due to the pene-
trability factor P. In order to illustrate this dependence
we present in Table III the half-lives Ty, = 0.6934/T

The experimental and calculated values of cluster decay widths I' for some

well-studied cases. The Q values are the experimental ones.

Decay Q (MeV) Texpt (MeV) T'in (MeV) R. (fm)
106Te — a+'%28n 4.32 0.76(-17) 0.33(-17) 8.2
146Sm — a+'*?Nd 2.54 0.15(-36) 0.77(-37) 8.1
18Gd — a+'**Sm 3.29 0.20(-30) 0.12(-30) 8.1
212po — a+2%%Pb 8.96 0.15(-14) 0.17(-15) 8.8
218Rn — a+2MPo 7.27 0.13(-19) 0.30(-20) 9.0
?22Ra — a+*'%Rn 6.68 0.12(-22) 0.47(-23) 9.0
222Ra —'* C+2%%Pb 33.05 0.41(-32) 0.25(-33) 11.9
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for the alpha, 12C, and 60 cluster decays from the same
proton-rich Ba, Ce, and Nd isotopes, estimated at three
different decay energies for each case. Some of these de-
cay energies are predicted by the mass calculations of
Janecke and Masson [16] and others by the recent ex-
tended calculations of Moller et al. [25]. The Q values
that we chose cover also the extremities of the decay en-
ergy predictions, thus pointing to the possible range for
the cluster decay half-lives. Other T/, estimations for
the same decays could be deduced as function of the Q

TABLE III. The calculated cluster half-lives T3, at three
different decay energies.

Decay Q (MeV) T 2(s)
9Ba -1 C+™%%8n 19.00 0.87 (7)
20.62 [16] 0.51 (4)
21.44 [25] 0.18 (3)
— a+!1%Xe 2.00 0.74(18)
3.44 [16] 0.87 (3)
5.00 0.95(-5)
116Ba —!% C+1%4Sn 15.50 0.80(16)
17.00 [16] 0.45(12)
19.00 0.80 (7)
— a+11?Xe 2.40 [25] 0.22(13)
2.96 [16] 0.43 (7)

4.00 0.32
118Ba 12 C4+1%38n 14.00 0.63(21)
15.10 [16] 0.11(18)
16.50 0.74(13)
— a+''*Xe 1.90 [25] 0.35(20)
2.41 [16] 0.18(13)
3.50 0.35 (3)
116Ce —16 0410°9n 27.00 0.33(10)
30.10 [16] 0.25 (5)
32.00 [25] 0.55 (2)
—12 C410%Te 16.00 0.43(17)
18.87 [16] 0.11(10)
20.12 [25] 0.22 (7)
— a+'%Ba 3.07 [25] 0.12 (8)
3.59 [16] 0.14 (4)
4.50 0.11(-1)
118Ce —16 04128y 27.00 0.28(10)
29.26 [16] -0.40 (6)
31.00 0.10 (4)
—12 C+1%6Te 15.00 0.67(20)
17.77 [16] 0.47(12)
19.00 0.53 (9)
— a+'*Ba 1.95 [25] 0.34(21)
3.19 [16] 0.12 (7)
4.00 0.41 (1)
120Nd —1% O+1%4Te 27.00 0.53(12)
29.35 [16] 0.32 (8)
31.00 0.82 (5)
— a+11%Ce 1.96 [25] 0.18(23)
3.32 [16] 0.23 (7)

4.50 0.12

values, through a direct interpolation from Table III.
Finally we compared our calculated cluster decay
widths for the region of proton-rich Ba and Ce isotopes,
with those resulting from the simplified semimicroscopic
model of Blendowske et al. [26] which includes a “bulk”
spectroscopic factor and a penetrability through the nu-
clear plus Coulomb barrier given by the Christensen-
Winther potential [27]. The latter values are 2 — 5 times
lower than ours for the same @Q values, for alpha decay,
and a spectroscopic factor Sy = 0.63 x 10~2, and more
than 102 times lower for the 12C emission and a spectro-
scopic factor Spuix = 10~8. This difference could indicate
that the “bulk” spectroscopic factor is in fact dependent
not only on the mass of the cluster but also on the mass
ratio between the two final nuclei. We are prepared to
examine more thoroughly this point in another paper.

IV. CONCLUSIONS

‘We presented here a microscopic treatment for the cal-
culation of the cluster preformation factors and decay
widths, using single particle wave functions generated by
a realistic nuclear mean field and introducing a large-
scale configuration mixing through a residual pairing in-
teraction. In this way earlier drastic approximations such
as restricting to harmonic oscillator single particle wave
functions and restricting to a few single particle configu-
rations [14] were avoided. This formalism allowed us to
obtain explicit expressions for the preformation ampli-
tudes of heavy clusters such as 12C, 'C, and for the first
time €0, and it could also permit one to calculate with
a reasonable degree of approximation the preformation
factors for even heavier clusters. For the time being we
examined only the cluster decays of even-even nuclei.

We neglected in our calculations the influence of the
nuclear deformation on the calculated penetrabilities, for
some cases such as the alpha and *C emissions from Ra
isotopes. Estimates of this effect [10,15,28] show that it
could contribute up to a factor of 10 to the final values
of the alpha and heavier cluster decay widths.

The present calculations can be extended in a straight-
forward way to deformed nuclei, and also to more elab-
orate and realistic internal wave functions for the emit-
ted heavier clusters. Also a problem which needs further
study is the influence of the antisymmetrization effects
on the cluster preformation amplitudes in the region of
the nuclear surface behind the touching point.
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