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The Ward-Takahashi identities are central to the gauge invariance of the photoproduction am-
plitude. Here we demonstrate that unitarity and in particular the inclusion of both the # N and
vy N thresholds on equal footing yields a photoproduction amplitude that satisfies both two-body
unitarity and the generalized Ward-Takahashi identities. The final amplitude is a solution of a set
of coupled channel integral equations for the reactions 7N — 7N and yN — 7 N.

PACS number(s): 25.20.Lj, 24.10.Eq, 12.38.Lg, 13.75.Gx

I. INTRODUCTION

Pion photoproduction has a long history going back
to the early 1950’s [1]. In recent years the interest in
this reaction has been revived as a result of new exper-
imental facilities that allow more careful studies of this
reaction over a much wider energy range, and the advent
of quantum chromodynamics (QCD) as a fundamental
theory of strong interaction, which should yield the in-
ternal structure of the nucleon. In particular the study
of the reaction p(v,7)N is motivated by the following:
(i) This is the simplest nuclear system one can examine
to understand the mechanism of pion photoproduction.
Furthermore, the amplitude for this reaction can be used
as input into the calculation of pion photoproduction off
heavier nuclei [2,3], with the expectation of gaining in-
formation about nuclear structure. (ii) There is recent
interest in chiral symmetry [4] and its possible violation
in this reaction [5,6], which have raised questions regard-
ing the role of unitarity in this reaction [7,8], and the use
of pion photoproduction to test chiral models of QCD,
e.g., chiral perturbation theory [9]. (iii) The new facili-
ties at CEBAF, and other facilities, which will open the
way to examine the structure of the nucleon and the res-
onances observed in mN scattering and pion photopro-
duction. These results could shed light on the need to
introduce quark-gluon degrees of freedom, and, in par-
ticular, determine the energy at which these new degrees
of freedom become more important than the traditional
meson-baryon degrees of freedom. In addition, this data
could be used to test models of QCD.

To examine the structure of resonances observed in 7 N
scattering using pion photoproduction, we need to in-
clude the important thresholds for all possible reactions
at that resonance energy. To achieve this we may need
to include in our formulation those unitarity cuts, and
therefore thresholds, important for that resonance [10].
On the other hand, the incident photon will interact with
the electromagnetic (e.m.) charge and current distri-
bution in the target, and to that extent it is essential
to satisfy charge conservation or U(1) gauge invariance.
The fact that the proton has an internal structure, which
could be described in terms of quarks at short distances
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and mesons at large distances, suggests that these degrees
of freedom should be taken into consideration in deter-
mining the e.m. charge and current distribution. The
meson degrees of freedom, which include nucleon dress-
ing and the distortion of the final outgoing pion wave, are
part of the mechanism needed to include unitarity and
therefore the proper thresholds. Thus, under ideal con-
ditions one should satisfy both unitarity and U(1) gauge
invariance in a consistent manner. In addition, the quark
dynamics should be included in the determination of the
charge and current distribution even though they do not
contribute directly to any thresholds, since the quarks
are confined.

Historically, some early calculations of pion photopro-
duction [11-13] were made to satisfy unitarity by impos-
ing the Watson theorem [14]. This basically consisted
of representing the final distortion in the 7N channel by
the on-shell pion-nucleon amplitude or 7N phase shift.
In this approach, which has recently been used to ex-
tract £2/M1 A — N transition [15], the cross section for
pion photoproduction consisted of two parts, the Born
amplitude, which included the interaction of the photon
with the nucleon and meson currents (see Fig. 1), and
the on-shell 7N amplitude, which was included to sat-
isfy two-body unitarity. The two ingredients were con-
sidered to be independent. Thus, for the Born ampli-
tude, the photon coupled to a nucleon with an internal
structure represented by an on-mass-shell form factor ex-
tracted from elastic electron-proton scattering, while the
pion coupling to a finite nucleon (see Fig. 1) involved a
wNN form factor, which was constrained by the U(1)
gauge invariance to be the same as the e.m. form fac-
tor [7]. Here we should note that there is no consistency
between the 7 NN form factor used and the e.m. form fac-
tor other than the overall gauge invariance of the Born
amplitude. On the other hand, the 7 NV amplitude, which
also has the 7NN form factor, was determined solely by
the mNN scattering data. In other words there was no
consistency between the Born amplitude for pion photo-
production and the # N amplitude that determined the
dynamics of pion-nucleon scattering. More recently [7],
extensions of this procedure have been developed with
considerable success, that extend the Watson theorem by

554 ©1995 The American Physical Society



52 GAUGE INVARIANT UNITARY THEORY FOR PION ... 555

(a) (b)

(©) ()]

FIG. 1. The Born amplitude for pion photoproduction.
The number in the vertices is the irreducibility of the ver-
tex.

employing the off-shell 7V amplitude generated by either
a separable potential 7] or a chiral Lagrangian [16] to de-
termine the final distortion of the outgoing pion. Even
in these calculations no attempt has been made to have
any consistency between the 7N dynamics and the Born
amplitude for pion photoproduction. The present inves-
tigation is an attempt at a reformulation of pion photo-
production that satisfies both unitarity and U(1) gauge
invariance. The 7N dynamics required for unitarity will
determine the charge and current distribution. In this
way we maintain consistency between the pion dynamics
and the requirement of e.m. gauge invariance.

To include gauge invariance and the dynamics that de-
termine the underlying structure of the nucleon, we need
to gauge the Lagrangian for the underlying strong in-
teraction dynamics. Ideally this means we need to start
from the QCD Lagrangian and include the e.m. interac-
tion. However, at this stage we have no practical pro-
cedure for projecting meson-baryon degrees of freedom
without resorting to models of QCD. For example, if we
assume that the cloudy bag model (CBM) [17,18] deter-
mines the dynamics of the quarks and pions, then we
should first gauge the CBM Lagrangian [2] to include
the e.m. interaction. To substitute the quark degrees
of freedom by the baryonic degrees of freedom, we need
to take the second step of implementing the procedure
adopted in the CBM by effectively integrating out the
quark degrees of freedom. This two-step process of get-
ting an effective meson-baryon Lagrangian that includes
the electromagnetic and meson interaction consistently,
is illustrated in Fig. 2. Unfortunately, to get the correct
current for the coupling of the photon to the baryon, we
need to construct, in the CBM, a state that is an eigen-
state of the total four-momentum that can be boosted
from one inertial frame to another [19]. This, in practice,
is not possible in a bag model because the bag bound-
ary condition cannot be simply boosted. However, this
procedure could be followed in other chiral soliton mod-
els [20] with some difficulty, or we could use a model such
as the Nambu-Jona-Lasinio (NJL) Lagrangian [21-23] or
the global color model [24,25], which can, in principle,
give a translationally invariant state [26]. The resultant
Lagrangian would have gauge invariance, and we could
then proceed to implement unitarity, taking as a starting
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FIG. 2. Two possible scenarios for constructing a gauge
invariant Lagrangian for mesons and baryons from a QCD
model.

point the Lagrangian in the space of baryons, mesons,
and photons. The effect of quarks would be to have form
factors for all vertices, but now we would have a self-
consistency between the different form factors in the La-
grangian. In particular, the form factor associated with
the nucleon e.m. current and the form factor in the t VN
vertex would be consistent. Furthermore, this 7 NN form
factor goes into the dynamics that generates the 7N in-
teraction. Since the quarks are confined, and therefore do
not contribute to unitarity, an alternative procedure that
would satisfy gauge invariance and unitarity, see Fig. 2,
would be to integrate the quark degrees of freedom in
favor of the baryon degrees of freedom. In this case,
we would have form factors associated with the meson-
baryon Lagrangian, and these form factors are related to
the underlying quark structure of the nucleon. A proce-
dure that introduces the e.m. coupling would be to gauge
the resultant Lagrangian with form factors (e.g., Ohta’s
procedure [27,28]). Such a procedure must result in the
vertices with photons satisfying their associated Ward-
Takahashi identities [29,30] guaranteeing their gauge in-
variance. At this stage we should point out that gauging
the meson-baryon Lagrangian with form factors based
on a QCD model may not give the same e.m. currents
as the gauging of the underlying QCD model. The cur-
rents based on the two methods could differ by a con-
served current and to that extent one should ideally de-
rive the currents at the QCD level. The contribution to
the nucleon propagator and 7 NN form factor from me-
son dressing and meson-nucleon scattering will then be
included explicitly, while maintaining both unitarity and
gauge invariance.

In Sec. II we introduce a N Lagrangian in which the
nucleon and pion have structure and the w/NN vertex has
a form factor. At this stage we may assume that this in-
ternal structure is due to quark degrees of freedom. This
Lagrangian can, in principle, be gauged to give propa-
gators and vertices that satisfy the corresponding Ward-
Takahashi identities. Furthermore, this Lagrangian, in
lowest order, gives a photoproduction amplitude that is
gauge invariant. The actual details of constructing this
Lagrangian will not be considered at the present time,
as they will depend on the QCD model used. This sets
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the stage for the next step of including the contribution
to unitarity from the pionic degrees of freedom. This
will be detailed in Sec. III, where we derive a set of
coupled integral equations for both wN elastic scatter-
ing and m + N « v + N. Since the threshold energies
for 1N scattering and ymwIN are the same, we include
both of these thresholds in our coupled channel formu-
lation. To establish the gauge invariance of the photo-
production amplitude resulting from the coupled channel
approach, we proceed in Sec. IV to make use of the Ward-
Takahashi [29,30] identities and the procedure proposed
by Kazes [31] to derive the amplitude for this reaction
from the one-pion irreducible 7 NN three-point function
derived in Sec. III. We then show in Sec. V that the am-
plitude resulting from the solution of the coupled channel
is, in fact, identical to that derived from the applica-
tion of the Ward-Takahashi identities. In this way we
establish that the solution of the coupled channel prob-
lem satisfies both unitarity and gauge invariance. Finally
in Sec. VI we present some concluding remarks.

II. THE GAUGE INVARIANT LAGRANGIAN

Our main motivation in the present investigation is to
set up a unitary and gauge invariant formulation of pion
photoproduction. Since the quarks and gluons are con-
fined, they do not contribute to unitarity, and we can in-
clude this substructure by introducing form factors into
our Lagrangian. In other words we can consider a La-
grangian for the system of nucleons and pions as

L=LNn+L;+ LiNnN - (2.1)

The Lagrangians for the baryon and meson with internal
structure are taken to be [27]

Ly = /d:z' dz P(z')[iy - pr(z’ — x)

—mh(z' — z)|y(z), (2.2a)

Lr= /da: dz’ ¢(z') (82 — p®) fx(z' — z)d(z) , (2.2b)

where the form factors r, h, and f, may be determined
from the underlying quark-gluon structure; e.g., we could
write the corresponding propagators for the nucleon and
pion as

So(p) =[#—m—Z(p)] ", (2:3a)

Alg) = [ -n?-T(¢%)] 7,

where 3(p) and II(g?) could be written in terms of their
quark structure, as illustrated in Fig. 3. It should be
pointed out at this stage that the QCD model used in
evaluating the the diagrams in Fig. 3 should not give
rise to unitarity cuts, since the quarks are confined. The
mass shifts in both the baryon and the meson propaga-
tors can then be written in terms of the functions in the
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FIG. 3. Examples of diagrams that could contribute to the
baryon (a) and meson (b) dressing in a quark model.

Lagrangian; e.g., by taking (p) =pA(p?) + mB(p?) we
can write the Fourier transform of the functions r» and h
in terms of A(p?) and B(p?) as r(p?) = 1 — A(p?) and
h(p?) = 1+ B(p?). Thus, the nucleon propagator is given
as

S5 (p) =r(p?) p— mh(p?) .

The conditions that this propagator have a simple pole
at the nucleon mass m and that the residue at this pole
be one, impose the following conditions on the functions

h(p?) and r(p?):

(2.4)

r(m?) = h(m?) (2.5a)

and
r(m?) +2m? {r'(m?) — h'(m?)} =1 (2.5b)

with
r'(m?) = (;—77'(122) L (2.5¢)
h'(m?) = Ej;h(pz) . (2.5d)

In a similar manner we can determine fr(q%) in terms
of TI(¢?) with the requirement that the pion propagator
have a pole at ¢> = u? with unit residue. In this way
the underlying quark-gluon degrees of freedom have been
included, and the gauging of these propagators will give
us the coupling of the photon to the nucleon and the pion
that have internal structure. Here we should point out
that any pionic dressing of the nucleon will shift the mass
m, and to that extent the nucleon mass in Eq. (2.5) may
need to be considered as the bare nucleon mass. This
will also apply to the pion mass, if it is to receive any
further dressing.

The interaction terms in the Lagrangian in Eq. (2.1)
can be written as

Lony = / de' dz dy (=) As(2', 23 9)7: i (v) $(z) -

(2.6)

Here again the vertex function As could be determined
from an underlying QCD model; e.g., the CBM gives the
7NN form factor in terms of the bag radius and the wave
function of the quark in the bag.

At this stage the form factors introduced above could
be attributed to the internal structure of the pion and
nucleon. Given a model for this internal structure one
could employ gauge invariance to generate the currents
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associated with this structure, and this current would
satisfy the Ward-Takahashi identities [32]. On the other
hand, one can parametrize these form factors and then
use minimal coupling to generate the electromagnetic
current. This procedure, followed by Ohta [27,28], give
rise to currents that satisfy current conservation but are
not unique in that one can always add a conserved cur-
rent to that derived from the minimal substitution pro-
cedure as demonstrated by Bos et al. [33]. Since we will
need some form of cutoff or form factor to include pionic
dressing and therefore unitarity, we will assume that the
form factors introduced in the Lagrangian in Eq. (2.1)
can be gauged and the resultant currents will satisfy the
Ward-Takahashi [29,30] identities.

The behavior of the nucleon propagator, given by
Eq. (2.4), under gauging, can now be written to first
order in the e.m. field A4 as

SeH(p) = S5 ' (p) — Tu(k,p',p)A*

where k is the photon momentum and I, (k,p’, p) is the
resulting electromagnetic current for the nucleon. In the
event that r(p?) = h(p?) = 1, i.e., the nucleon has
no internal structure, then ')y = £(1 + 73)7,, which is
the standard Dirac current. We now assume that the
proper gauging of the Lagrangian in Eq. (2.2a) should
give a current that satisfies the Ward-Takahashi iden-
tity [29,30,34,35], i.e.,

(pl —-p)“I‘H(k,pl,p) = g(l + T3) {S()_l(pl) - So—l(p)} .

(2.8)

(2.7)

In this way the gauging of the nucleon propagator is given
by

So(p) = So(p) + So(p') Tu(k,p’,p) So(p) A* .

The actual details involved in calculating I',,(k,p’, p) will
depend on the model for the internal structure of the
nucleon and will not be considered at this stage.

In a similar manner, the gauging of the pion propagator

(2.9)

A7) = ¢* —m} ~TI(¢*) , (2.10)

can also be considered to first order in the e.m. field to
be

A7 q) = A7) — TL(k, ', 9) A% , (2.11)

where k is the photon momentum, and I'};(k,q’, q) is the
pion electromagnetic current, which is assumed to satisfy
the Ward-Takahashi identity

(¢ —a)'T7(k,d,q) = Q- {A™ () — A (g)} - (2:12)

Here Q. is the pion charge operator. In the limit of a
structureless pion, II(¢'?) = II(¢2%) = 0, I7(k,q',q) re-
duces to the standard current for a point pion, i.e.,

I(k,q,9) = Qnr(d +Q)u -

In analogy with Eq. (2.9), we can determine the behavior
of the pion propagator A(g) under gauge transformation

(2.13)

to be

Aq) = Ag) + A(d)TL(k, ¢, A (94 . (2.14)
Having established the gauging of the nucleon and pion
propagators, we turn our attention to the gauging of the
interaction Lagrangian and, in particular, the pion pro-
duction vertex. The procedure of gauging the TNN ver-
tex generates the contact term for 7N <— yN given by

A;(%P’,P)Ti - Ag(q,P',P)Ti + FSTl(k, q,P',P)A" ’
(2.15)

where PSTi(k,q,p’,p) is the #N < N vertex. The re-
sultant Ward-Takahashi identity for the contact term is
then given by

kT (k,q,p',p) = enTiAl(q,p' — k,p)
—7ienAl(q,p',p + k)

—ieesi;TiAL (g — k,p',p),  (2.16)
as indicated by the results of Kazes [31] and Naus, Koch,
and Friar [35].

In the present investigation the form factors that are
present will play the role of introducing cutoffs that main-
tain gauge invariance and will allow us to incorporate the
pionic dressing of the nucleon without having to resort to
other renormalization procedures. From a practical point
of view, the gauging procedure will allow the introduc-
tion of QCD-based parameters that provide consistency
between the different form factors. Although the above
Lagrangian is not the most general we can envisage, the
procedures followed and the general conclusions can be
extended to more general forms for the meson-baryon
Lagrangian. In particular, we could have included a 7V
interaction that under gauging would give us a term for
the process TN <> ywN. The detailed form of such an
interaction will depend on the model considered; e.g., in
some chiral Lagrangians such an interaction would arise
from p and o exchange [36].

III. UNITARITY

Having established the form of the Lagrangian, and
therefore the corresponding Hamiltonian, we now pro-
ceed to include the pionic contribution to the currents
and the amplitude for pion photoproduction. Since the
pionic dressing contributes to both the thresholds for 7N
scattering and modifies the e.m. currents, we need to
include pionic contributions, while preserving two-body
unitarity and gauge invariance. This can be achieved by
deriving coupled integral equations for pion-nucleon elas-
tic scattering and pion photoproduction that include the
7N, YN, as well as the yw N thresholds. Although this
latter threshold is not required for two-body unitarity to
be satisfied, the fact that it is at the same energy as the
7N threshold suggests that we need to include it for con-
sistency. However, it turns out that the inclusion of the
~ynN threshold is essential if we are to preserve gauge
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invariance at the operator level for the pion photopro-
duction amplitude.

The method employed for the derivation of these cou-
pled integral equations is based on the classification of the
Feynman diagrams that contribute to a given amplitude,
in perturbation theory, according to their irreducibility.
In other words, we take all Feynman diagrams that con-
tribute to a given amplitude and classify these diagrams

“into classes according to their irreducibility. Then with

the help of Taylor’s [37,38] last-cut lemma, we can write
the diagrams that belong to a given class, and of a given
irreducibility, in terms of amplitudes for the same pro-
cess or a related process. This procedure generates cou-
pled integral equations for all related reactions. This
method has been used to derive unitary equations for
the NN — nNN system [39-43], the 7N — 7w N sys-
tem [44,45], and the YN — =N system [2,46].

Although Taylor’s [37] original classification scheme
suffers from double counting problems when applied to
covariant perturbation theory, these problems have been
recently overcome [47,48] at the cost of imposing irre-
ducibility constraints on subamplitudes in channels other
than the s channel, and the requirement that certain sub-
tractions be included in the final equations. Since this
double counting does not arise for two-body unitarity in
wN scattering and pion photoproduction [47], we have
chosen to use the simplified version of the classification
of diagrams that is often used in time-ordered perturba-
tion theory, and has been applied to this reaction previ-
ously [2,46].

Since the last-cut lemma plays a central role in our
derivation of integral equations for pion photoproduction,
we will very briefly state the basic definition of a cut and
the last-cut lemma as applied in time-ordered perturba-
tion theory. We define a k cut as an arc that separates
the initial state from the final state in a given diagram,
and cuts k particle lines with at least one line being an
internal line. An amplitude is r particle irreducible if all
diagrams that contribute to this amplitude will not ad-
mit any k cut with k& < r. With these two definitions, we
can introduce the last-cut lemma, which states that for a
given amplitude that is (r — 1) particle irreducible, there
is a unique way of obtaining an r-particle cut closest to
the final (initial) state for all diagrams that contribute to
the amplitude. By virtue of this lemma, we can expose
one-, two- and three-particle intermediate states and the
corresponding unitarity cuts and in this way derive equa-
tions for the amplitude that satisfy unitarity. From the
above statement of the lemma, it is clear that we need
to expose the n-particle unitarity cut before the (n + 1)-
particle unitarity cut.

With this lemma we can now expose the 7N and yw N
unitarity cuts and derive a set of integral equations gov-
erning pion-nucleon scattering and pion photoproduc-
tion. However, before we set out to derive integral equa-
tions for mV elastic scattering and pion photoproduction,
it would be helpful to our discussion in this section if we
symbolically write our Lagrangian, derived in Sec. II, as

L=LN+Lr+Ly+LxNN+ LrNan + LyNN

+L‘y1r1r + ["yn-NN + ‘C‘er‘y‘er . (3.1)

The additional terms in this Lagrangian, over those in
Eq. (2.1), are the result of gauging the Lagrangian in
Eq. (2.1). In addition we have included terms that give
rise to TN < 7N, Lynyn and N < YN, LrNyrN-
These additional terms are included in the event that we
need to include o and p exchange, which are often needed
in chiral Lagrangians that describe 7N scattering [36].
Here we will not examine the detailed form of such a
7N interaction and the associated gauging as the result
would then be model dependent. All terms in this La-
grangian will have form factors that are consistent with
Ward-Takahashi identities as demonstrated in Sec. II.

A. The N unitarity cut

Restricting the analysis of the pion nucleon and pion
photoproduction amplitudes to lowest order in the elec-
tromagnetic coupling e leads to the result that the two
amplitudes can be considered separately as there are no
radiative corrections to the m-N amplitude. The anal-
ysis of the n-N amplitude under these conditions has
been carried out previously [41-45,2] and a summary of
the two-body results is presented here. At the two-body
level the m- N amplitude is given by [2]

t©@ =@ 4 APTSAD, (3.2)

where t is the 7 — N amplitude, Agl) is the N <~ 7N am-
plitude, and S is the dressed nucleon propagator. The su-
perscript gives the irreducibility of the amplitudes. The
one-particle irreducible 7N < 7N amplitude t() satis-
fies the two-body equation

) = (@) 4 t(z)gt(l) =13 4 t(l)gt(z) , (3.3)

with ¢ = SA being the 7N propagator. Since we are
restricting our analysis to the inclusion of the 7N and
ymwN thresholds only, we can choose our N propagator
so that the nucleon propagator does not include pionic
dressing, i.e., g = SpA, where Sy is the “bare” nucleon
propagator defined in Sec. II, Eq. (2.3a). However, the
substitution S — Sy, if carried through in the N prop-
agator g, will require that Sy, have a simple pole at the
physical nucleon mass. The input to Eq. (3.3) is the two
particle irreducible 7N amplitude ¢(2). Application of
the last-cut lemma to this amplitude will expose states
with two or more pions and a nucleon, i.e., the 77N and
higher thresholds. If we are not to include these thresh-
olds into our final equation, then we can assume that #(2)
is some mN potential whose parameters can be adjusted
so that the full 7N amplitude t(°) reproduces the exper-
imental phase shifts. On the other hand, if we are to use
the Lagrangian defined in Eq. (3.1) for our input, then
we need to expose the 7mN intermediate states by the
application of the last-cut lemma to t(2). This gives us

t@ =13 L AP g AP (3.4)
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where the second term is the cross diagram. Here again
we can make the substitution S — Sy, with the condi-
tion that So has a pole at the physical nucleon mass, if
we want to include two-body unitarity only. Since the
Lagrangian in Eq. (3.1) does not include any term for
two-pion production or absorption, 7w N «+ N, the three
particle irreducible amplitude t®) is just the 7N poten-
tial resulting from L. n-n and could include o and p ex-
change. If we were to examine the full 77N part of the
Hilbert space, then the 7N — N amplitude in Eq. (3.4)

gets dressed [45] to the extent that Agz) — Agl), and the
wIN — N amplitude in the crossed digram becomes the
same as that in Eq. (3.2) for the pole diagram.

We now turn to the one-particle irreducible nN — N

amplitude A(51) . Using the last-cut lemma, we can write

Here again, since the Lagrangian under consideration has
no component that gives rise to two-pion production or
absorption, i.e., N <> 7w N, then the two-particle irre-
ducible 7N < N amplitude Aéz) has no intermediate
states and is just the 7NN vertex in the Lagrangian,
i.e., Aéz) = A5.

The dressed nucleon propagator in Eq. (3.2) is given
by

§l=g5;1—3x® (3.6)

where, with the help of the last-cut lemma, we can write
the mass shift due to pionic dressing as

2® = 2@ L ADGAPT =@ L AP gaAPT . (3.7)

Since the Lagrangian has no term for V <> 7w N transi-
tion, then ©(2) = 0, while the bare nucleon propagator
So in Eq. (3.6) is given by

St = yup* — mgg), (3.8)

where ms\(,)) is the bare nucleon mass and includes the
quark-gluon contribution to the mass. From this point on
we assume this bare mass has no momentum dependence
as the quark-gluon contribution does not introduce any
unitarity thresholds and the mass shift due to quark-
gluon structure has no threshold. In this case the dressed
propagator S should have a pole at the physical nucleon
mass.

An integral equation for the 7-N amplitude, t(®, can
now be derived [45]. To achieve this, we first substitute
Egs. (3.3) and (3.5) into (3.2) resulting in

@ =@ L APTSAD @) g (t(l) +AaTsAl)

(3.9)
We now make use of the fact that
AL = 50AL = 50A% (14 gt®) (3.10)
and, noting the definition of ¢(°), obtain
t® =y (1 + gt(")) . (3.11)

Here the Born amplitude for 7V scattering v is given by

v=1@ 4+ AP 54D, (3.12)
where, for the present Lagrangian,
t@ = ¢® L AP g AT and AP =5, (3.13)

where As has a form factor that could, in principle, be
extracted from a QCD model, and t(® could be any 7N
potential we may need to introduce. This Born ampli-
tude, or wIV potential, is illustrated in Fig. 4.

We now turn to the amplitude for single-pion photo-
production m + N < v+ N. This has been considered in
detail previously by Araki and Afnan (AA) [2]. For the
sake of completeness we present here a summary of their
results. Applying the last-cut lemma to the pion pho-
toproduction amplitude M(®, we first expose the 7N
unitary cut. Here we will restrict the analysis to first or-
der in the electromagnetic coupling e. We now can divide
the diagrams that contribute to this amplitude into two
classes: The diagrams that are one-particle irreducible we
sum to get the one-particle irreducible amplitude M),
The rest of the diagrams are one particle reducible and,
when summed, give the nucleon pole contribution to the
full amplitude. The resultant decomposition for the full
amplitude is then given by

M© = p@® 4 AP gTO) | (3.14)
where I'V) is the one-particle irreducible N < yN am-
plitude. Following the procedure presented above for the
«N amplitude, we employ the last-cut lemma to write
an integral equation for the one-particle irreducible pho-
toproduction amplitude M), This is given by

MO =M® 1@ g O = M@ WD g M@ | (3.15)

where we have retained only those terms linear in e. Fi-
nally, applying the last-cut lemma to expose the 7N uni-
tarity cut in the N < vN amplitude, I''), we get

FIG. 4. The Born amplitude for N scattering.
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W =1® + AWgM® =1 4 AP gpm® | (3.16)
In this way we have exposed all two-body unitarity cuts
in the photoproduction amplitude.

We now write this photoproduction amplitude M as
the solution to a two-body integral equation, and in this
way define the Born amplitude for the reaction N7 +
N+. This involves similar steps to those used to derive
the equivalent equation for wNN elastic scattering, i.e.,
Egs. (3.9)—(3.12). This results in the integral equation
for M(© being

MO =5 4+9gM® | (3.17)
with the Born amplitude for pion photoproduction given
by

5=M® 4 APT5, T, (3.18)
where we have made use of the fact that
STW = §TO® = 8, (r<2> +A® gM<°>) . (3.19)

At this stage it is premature to link the photoproduction
Born amplitude ¥ to the underlying Lagrangian, since
the last-cut lemma can be further applied to both I'(?)
and M) to reveal the contribution of the ywrN cut. As
we will observe, when we expose the yw N unitarity cut,
¥ is not the usual Born amplitude for pion photoproduc-
tion. It will include additional terms that give rise to the
dressing of some of the vertices.

B. The ynN cut

To examine the diagrams that contribute to ¥ and in
this way determine their physical importance, the last-
cut lemma is applied to both I'® and M) to reveal
the yw N unitarity cut. The ym N branch point occurs at
the same energy as the 7NV branch point but at a lower
energy than the start of the 7w N cut as illustrated in
Fig. 5. As a result, in this approach, the y# N cut will be
treated on an equal footing with the # N cut but differ-
ently from the 7w N cut, which has been truncated out
of our analysis, since we are considering only two-body

/E

\ N

N, N N, e N

FIG. 5. The energy plane for # + N < 4 + N scatter-
ing showing the unitarity cuts corresponding to the different
thresholds.

unitarity as far as the pion dynamics is concerned. In
the approach of AA [2], the 77N and yw N cuts were ex-
posed simultaneously, since their truncation was carried
out with respect to the number of particles present in in-
termediate states in contrast with the present approach
of truncation on the basis of the position of the threshold
in the energy plane.

To include the yw N threshold in our pion photopro-
duction amplitude, we first consider the diagrams that
contribute to the two-particle irreducible N < yN am-
plitude T'®). These diagrams can be divided into two
classes: those that do not have yw NV intermediate states,
the sum of which we denote by I'® and those that
have yw N intermediate states. To the latter we apply
the last-cut lemma and thus expose the corresponding
threshold. We denote the sum of the diagrams in this
class by {Fsra) G® 15’2(2”}6, where the subscript ¢ denotes
that we include only the connected diagrams in the sum.
Here, the subamplitudes F-E,S) for N « vwN and FZ(Z)T
for yw N < yN do not have to be the sum of connected
diagrams provided diagrams that contribute to N < yN
amplitude I'® are connected. Finally, G(® is the prod-
uct of the propagators for the nucleon, pion, and photon.
Since we have a pion in G(?, the nucleon propagator in
G®) need not include any pionic dressing, but the mass
in this propagator needs to be the physical nucleon mass.
Thus exposing the yw N threshold in the N < yN am-
plitude allows us to write this amplitude as

r® =6 4 {1“5,3) G® 15’2(2”} : (3.20)

c

In the absence of a term in the Lagrangian for the
N < 7N transition, the amplitude I'®) is nothing more
than the nucleon e.m. current, i.e., [® = TI'. In a simi-
lar manner, the absence of a two-pion production or ab-
sorption term in the Lagrangian allows us to take the
N + ynN amplitude, F$r3) to be basically that resulting
from the gauging of the NN vertex, i.e., I"Sra) =TI,
Finally, taking into consideration the fact that we are re-
stricting all our results to the inclusion of amplitudes in
lowest order in the e.m. coupling, the amplitude FZ(Z)T for
the process ywN < N, has to be disconnected and of
the form

FPT = p=1 At (3.21)

where D is the photon propagator. This allows us to
write the two-particle irreducible N < yN amplitude as

r® =16 4 1® g AM (3.22)
where for the present Lagrangian we have
I'® = (N| - Lyyw|YN) =T (3:23)
and
T = (N| = LyxnnlynN) =T, (3.24)

with I" and I'; resulting from the gauging Lx and L.yn
in our basic meson-baryon Lagrangian, respectively.
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We now turn to the two-particle irreducible 7N + yN
amplitude M(®, Here again we divide all diagrams that
contribute to this amplitude into two classes: The first
is those with ywV intermediate states. These diagrams
are summed, with the help of the last-cut lemma, to pro-
duce the amplitude in which the yw N cut is exposed.
The sum of all the diagrams in this class is given by
{Fs(z) G® 13'2(3”}0 where }5'3(2) is the two-particle irre-
ducible 7N < 7N amplitude. Here again the diagrams
that contribute to the subamplitude can be disconnected
provided the diagrams that are summed to give the full
amplitude are the sum of connected diagrams. The sec-
ond class of diagrams are those with no yw N intermediate
states. The sum of these diagrams we denote as MP.
The subscript 7 indicates that three-particle intermedi-
ate states have only pions, i.e., 77V intermediate states.
Thus the two-particle irreducible 7N «+ yN amplitude
can be written as

M® = MO 4 {pa(z) G® p2(3>1} (3.25)

c

At this stage we could parametrize M,(r2) as an energy in-
dependent amplitude without affecting the two-body uni-
tarity or the inclusion of the yw N threshold of our final
amplitude. However, if we want to relate our input to the
underlying Lagrangian given in Eq. (3.1), we need to ex-
amine the structure of M{?. In particular, we need to di-
vide the diagrams that contribute to this amplitude into
two classes: The first is those with no 7w N intermediate
states and that are therefore three-particle irreducible.
These we denote by M), and for the Lagrangian under
consideration we reduce to the contribution of just the
basic term in the Lagrangian Ly,nn. The second class
of diagrams has 77V intermediate states and need to be
included if three-particle unitarity is to be included in the
final photoproduction amplitude. However, since we are
neglecting three-body unitarity, we have a choice of ei-
ther neglecting the contribution of these diagrams to the
N + N amplitude 7(rz) or examining the structure
of these diagrams with the help of the last-cut lemma in
conjunction with the modified version of Taylor’s classi-
fication of diagrams [47]. Here we should point out that

the contribution to M,(rz) from diagrams that admit a
(mmN) cut that cut initial, final, and internal lines will
be included in {F{® G® F*T}.. That leaves diagrams
in which the (77w N) cut can intersect initial and internal
lines only, or final and internal lines only. Because we
are including the e.m. interaction to first order and have
excluded any direct coupling between a w7 N interme-
diate state and the IV initial state, there are no dia-
grams in this class. This leaves the diagrams that admit
(mmN) cuts that intersect initial and internal lines only.
These will involve the connected nN + ww N diagrams,
which have the contribution of three-body unitarity. For
the present investigation we have chosen to neglect this
contribution to three-particle unitarity and have taken
M,S-z) = M®) and therefore

M® = M@ 4 {p;s) G® ﬁz(zﬁ} . (3.26)

We now turn our attention to the contribution from the
yrN threshold to M®), i.e., {Ff" G® Fz‘z”}
the e.m. coupling is included to first order in the present

analysis, we have that the ym#N «+ vN amplitude Fz(z)f
has to be disconnected and of the form

Since

EPT = 2T = DAt . (3.27)

On the other hand, the three-particle irreducible 7V «+
N amplitude Féa) can be written in terms of a con-

nected and a disconnected part as

F® =F8) + FY . (3.28)

Since the photon is absorbed in this process, the discon-
nected amplitude F3(’3d) has the form

F{®) = 85" 4 AT (3.29)
where I'"(?) is the two-particle irreducible 7 + 7 am-
plitude. Since we already have a spectator pion, and to
avoid the problem of nonlinearity of our final integral
equations, we could take
r®r®=r, (3.30)
where I' is the nucleon e.m. current. Since there is no
direct coupling in the Lagrangian between the final 7V
state and any state with four particles (e.g., #7mN or

yrwN), we take F‘éi) to be the 7N «+ 7N interaction
in the Lagrangian, i.e.,

F{Y) = (N| = Lanyan|y7N) . (3.31)

As with the exposure of the cross diagram in Eq. (3.4),

13';36) can also have the last-cut lemma further applied be-
fore contact with the underlying Lagrangian is made. At
this stage this will be ignored, since we are only interested
in the minimal requirements of two-body unitarity, and
so t(2) will be considered as a background 7N potential.

We now make use of Egs. (3.27) and (3.29) in Eq. (2.12)
to write the two-particle irreducible amplitude for 7N <
N as

M® = p® 4 Fg(i) gAgl)’r +Ir7@ AAél)T +T® g, Aél)’r
= M@ 4 [F) +T"@ 551 4+ T@A7Y gAMD"
(3.32)

This basically consists of the “seagull” term M), the
nucleon emitting a pion with the photon being absorbed
on the wNV interaction. The details of this 7N + vy N
amplitude will be determined by the gauging of the 7V
interaction. The two final terms on the right-hand side of
Eq. (3.32) correspond to photon absorption on the pion
and the crossed diagrams for pion photoproduction.

We now can write the Born amplitude for pion photo-
production ¥ given in Eq. (3.18) as
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§=M® 4 [F.}?Q +I7@ 5514 T® A—l] g AW
+APT ST | (3.33)

For the present, the seagull term is the contact term in
the Lagrangian, i.e.,

M® =T | (3.34)
while the two-particle irreducible pion current
@ =rp~ . (3.35)

For the minimal requirement of two-body unitarity and
the inclusion of the 7NV and yw N thresholds, we could
replace the reducibility of the N <> yN amplitude I'(?)
and the N + 7w N amplitude Agz) by an amplitude that
is of higher reducibility, and which is directly related to
the basic terms in our Lagrangian, depending on the di-
agrams to which these amplitudes contribute. We will
come back to this point when we consider the gauge in-
variance of our overall amplitude.

IV. THE PION PHOTOPRODUCTION
AMPLITUDE

Having derived a set of coupled integral equations for
the pion photoproduction amplitude, we proceed in this
section to derive an expression for this amplitude with
the help of the Ward-Takahashi identities [29,30] as em-
ployed by Kazes [31]. We then can compare the resultant
amplitude, which is gauge invariant, to the unitary am-

|

plitude derived in the last section.

The starting point for deriving a gauge invariant pion
photoproduction amplitude is the 7NN three-point func-
tion or Green’s function for 7N + N, given by

G(g,p',p) = /d4-””1d4wzd4:c3e""’"“+q‘”’l“’"2)
x (0|T [p(x1)¥(z2)¥(x3)]|0)
= S®) Alg) Al(a. 7', ) 7- S S(p) ,

where g is the pion momentum and p’ (p) is the momen-
tum of the final (initial) nucleon. Here S and A are the
nucleon and pion propagators, respectively. In Eq. (4.1)

(4.1)

we have taken 7 to be the Pauli isospin matrix and ¢ to
be the pion field. To gauge this amplitude and thus gen-
erate a gauge invariant pion photoproduction amplitude,
we make use of the procedure of coupling the photon to
all propagators and vertices. This is equivalent to the
substitutions [31]

S(p) = S(p) + S(®')Tu(k,p',p) S(p) A¥,  (4.2a)
A(q) = Ag) + A(¢) T (k, ¢',q9) A(g) A¥,  (42b)

Al(q,p',p)mi = AL(q,9',p) i + TST (K, q,p',p) A, (4.2¢)

in the Green’s function G(g,p’,p). To maintain unitarity
we need to include the pionic dressing of both the prop-
agators and vertices. In particular, we will find that the
minimal requirement of two-body unitarity will impose a
constraint on the level of dressing in both the propagator
S(p) and the vertex Al(g,p',p).

With the above gauging procedure, our 7t NN Green’s
function can be gauged to give

G(g,p',p) = G(q,p',p) + S(?') A(9) My;xne~n (g, k, 7', p) S(p) A* . (4.3)

The resultant pion photoproduction amplitude M,,.»n~n~(g,k, D", p) is now given as the sum of four diagrams, i.e.,

Mi;‘"N«—‘yN(qa k,pl,p) = A;(q,pl,p + k) T S(P + k) Fu(kap + k,P) + F#(k7p11p, - k) S(p' - k) A;(q,p' - kap) T3
+FZ” (k; q,9 — k) A(q - k) A;(q - k7p’7p) Tj + FSTi(k,qvplvp) . (4'4)

Here g is the pion momentum, k the photon momentum while p’ and p are the nucleon momenta in the final and
initial states, respectively. The superscripts ¢ and j in M, n. .y and I';*¥ indicate the isospin index, which we have

now explicitly included. At this stage the pionic dressing in the 7N +— N amplitude A;, the nucleon current I',,, the
pion current I';;, and seagull term I' ST are included to all orders. These four diagrams are illustrated in Fig. 6 and at
this stage give the most general form for the 7V < vN amplitude if we ignore the irreducibility of the subamplitudes
in the figure [31,35,49].

Using the Ward-Takahashi identities [29,30] for the nucleon propagator, the pion propagator, and the 7NN vertex,
we can establish the gauge invariance of the amplitude M:'mr N~n- In particular we have that k* M S xN N Teduces
to

K Mj e yn (2, 5,0, p) = en 7 ST (D) SO0’ — k) AL(0,7' — k,p) — Tien Al(a,0',p + k) S(p + k) S~ (p)

—ie€ai; 7; A7(g) Alg — k) Al(g — k,p',p) , (4.5)
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(a) (b)

(©) (@

FIG. 6. The four types of diagrams that contribute to the
pion photoproduction amplitude. These result from the gaug-
ing of the m NN three-point function.

which is in agreement with the results of Kazes [31]. Tak-

ing matrix elements of Eq. (4.5) between on-mass-shell

initial and final states gives
<7rNIk”M:;.;7rN4—'yN(Q’ kap’ap)|7N) =0 ’ (4‘6)

since the inverse propagators are zero on-mass shell. In
|

this way we have established the fact that M} N 18
indeed gauge invariant, and the requirement of current
conservation is satisfied.

At this stage the NN Green’s function we have con-
sidered has the fully dressed propagators and vertex, and
to get these quantities will require a full solution to the
underlying field theory. However, to satisfy the minimum
requirement of two-body unitarity, we need not include
the pionic dressing of the final nucleon propagator, while
the initial nucleon propagator and the 7N « N ampli-
tude need only include the minimal pionic dressing to
include the mN threshold. In this case the Green’s func-
tion we need to consider is given by

G1(a,7',p) = So(p') A(g) ALV (g,0',p) 7+ 85D (p) .
(4.7)

Then this Green’s function can be gauged to give a corre-
sponding amplitude for pion photoproduction that sat-
isfies the minimum requirement of two-body unitarity.
Here the final nucleon propagator is gauged by the trans-
formation given in Eq. (2.9), while the gauging of the
7N < N amplitude A,(Sl)Jr and the dressed nucleon prop-
agator (1) will be derived using the results of the preced-
ing section. The result of gauging the Green’s function
in Eq. (4.7) is

Gl (q,plv p) — Gl (q,P,»P) + SO(pI) A(q) M}L;WNH’YN(q7 k7 P” p) S(l)(p) Au ) (48)
where the 7N < vN amplitude H;;,‘,N(_,YN(q, k,p’,p) is given by
M;;ﬂNk‘yN(Q7 k7plap) = Agl)T(QaP’aP + k) T3 5(1)(13 + k) Ff,,l)(kyp + k,p)
+TS (k,p',p’ — k) So(p' — k) A (q,0" — k,p) 73
+I‘/.1:” (k7 q,9 — k) A(q - k) Aél)f(q - ka pla p) Tj + I‘ST(l)i(ka qaplvp) . (49)

This result differs from that of Eq. (4.4) to the extent that the nucleon in the final state did not require pionic
dressing for two-body unitarity to be satisfied, and as a result the corresponding current T’ 2 does not include any
pionic corrections. On the other hand the current resulting from gauging the initial nucleon has the necessary pionic
corrections to satisfy two-body unitarity. The proof that this amplitude satisfies gauge invariance follows the same

procedure considered above, with the difference being the difference in the Ward-Takahashi identities for the bare and
dressed nucleon propagators Sy and S. In this case the gauge invariance of the amplitude M;m NN 18 given by

KM oy ey (45K, 0 ) = en 73 S5 (') So(p' — k) AV (g, 9" — K, p)
—1ien AN (g, 0,0+ k) SO (p + k) SO (p)

—ieesi; 7 AN g) Ag — k) A (g — k9, p)

which on-mass shell gives a conserved current, provided
both the bare and dressed nucleon propagators have
poles at the physical nucleon mass. Thus we have con-
structed a gauge invariant amplitude for pion photopro-
duction starting with the Green’s function for the process
7N < N in which the final nucleon propagator has less
pionic dressing than the propagator in the initial state.
We proceed in the next section to demonstrate that this

(4.10)

gauge invariant amplitude is identical to that resulting
from the solution of the coupled equations, and that it
satisfies two-body unitarity.

V. IS THE GAUGE INVARIANT AMPLITUDE
UNITARY?

In the preceding section we demonstrated how one may
construct a gauge invariant amplitude for pion photopro-
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duction given the 7N < N Green’s function and the
transformation of the pion propagator, nucleon propa-
gator, and the 1N <« N amplitude under the gauge
symmetry. In Sec. IT these gauge transformations were
given for the different terms in the basic meson-baryon
Lagrangian. Here we are going to use the gauging of
these basic terms in the Lagrangian to derive the re-
sults of gauging the pionic dressed nucleon propagator
S(p), the pion propagator A(q), and the one-particle ir-

reducible 7V «+ N amplitude Agl)f. From this point on
we will drop the superscript (1) on the dressed nucleon
propagator assuming that S(p) includes the necessary pi-
onic dressing to include two-body unitarity. These re-
sults, when used in the definition of the three-point func-
tion, will give us the amplitude for pion photoproduction
with the application of Lehmann-Symanzik-Zimmerman
(LSZ) [50] reduction to the resultant Green’s function.
The amplitude resulting from this gauging procedure is
identical to that resulting from the solution of the cou-
pled set of integral equations derived in Sec. III. In this
way we establish the gauge invariance of the pion photo-
production amplitude resulting from the solution of the
coupled integral equations, which already satisfy unitar-
ity.

Since the nucleon propagator Sp(p’) need not include
pionic dressing, but might include the quark-gluon struc-
ture, we may use the result of Sec. II to write

So UL%) So + So F(a) So - (51)
If we assume that our bare nucleon has the quark-gluon
structure, and this structure does not contribute to uni-
tarity, then the nucleon current is I‘f,?') =T',. Note that
in the absence of the quark-gluon structure, this current
will be the standard Dirac current for a point fermion.
In a similar manner, the gauge prescription for the basic
input into our coupled integral equations, which are also
the terms in the Lagrangian, are given as

A1 v AT 4 TOTE), (5.2)
A® um QIS JON (5.3)
¢@ YD ) F® (5.4)

Here, in addition to the gauging of the 7NN vertex, we
have included the gauging of the two-particle irreducible
7N + mN amplitude. For the pion propagator we take

A Ararma, (5.5)
In our meson-baryon Lagrangian the only dressing the
pion can have is via nucleon antinucleon loops [51]. If
we ignore these loop corrections to the pion dressing, the
only dressing we could have is the result of the underlying
quark-gluon structure. The pion current in this case can
be written in terms of the gauge invariant current, i.e.,
FI”:(l) — F/’:(z) =T,

To gauge the one-particle irreducible # N amplitude
t(), we need to first gauge the 7N propagator g. Since
only two-body unitarity need be considered, the nucleon
propagator in g can be taken to be the bare propagator
So, and the 7N propagator reduces to g = SpA. To first

order in the e.m. coupling the gauge transformation of
the w N propagator reduces to

g g+ AST® Sy + So AT A
= g+9Fg. (5.6)

With the help of the two-body equation for (1), and the
transformation properties of the 7N amplitude ¢(?) and g,
the gauging of the one particle irreducible # N amplitude
t™) reduces to

1 9 @ + Fy (5.7)
where, to first order in the e.m. coupling,
Fy = (tu)g n 1) P (1 +gt(1>) +¢® gﬁ‘;i}gt(” .
(5.8)

With these results in hand, we can now determine how
Aél) ' behaves under gauging. Given that the one-particle
irreducible amplitude for #tN « N is given, using
Eq. (8.5), by the relation

AT = (( g+ 1) AT, (5.9)

we can make use of Egs. (5.2), (5.6), and (5.7) to write
the gauge transformation for Agl T as

INCLE- QLN Vi (5.10)

where to first order in e.m. coupling the 7N < vN am-
plitude M’ is given by

M' = (t0g+1) (17 + £ g AT
+t@W g B3 g AT (5.11)

All that is left to determine is how the nucleon propagator
S behaves under gauging when the N unitarity cut has
been exposed. From Egs. (3.6) and (3.7) we have that
-1
S = [50—1 - z:(l)]
=So+SzWVs, (5.12)

where

SW = AP g AT (5.13)

With the help of Egs. (5.1), (5.3), (5.6), and (5.10), the
dressed nucleon propagator can be gauged to give
s~1 9 g1 _p@ (5.14)

where the dressed N < yN amplitude I'¥) is given, to
first order in the e.m. coupling, by

W =1® 4+ 1® gAgl)T + Agz) g [F‘é? gAél)t + M’]

=I® +AMg [FCT + A gAém] : (5.15)
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In writing the second line in Eq. (5.15), we have made
use of Egs. (3.22) and (5.11). If we now compare the
dressed nucleon current resulting from the gauging of the
dressed nucleon propagator, and make use of Egs. (3.16)
and (3.32), we find that this current is in fact identical
to the one-particle irreducible current derived in Sec. III,
ie.,
rw=r®, (5.16)

Therefore the nucleon propagator S behaves, to first or-
der in the electromagnetic coupling, under gauging as

s s+srs (5.17)
Thus exposing the w/N unitarity cut in S, and gauging,
leads to the same results as exposing the yw N unitarity
cut, which is what one expects.

To complete the proof of the equivalence of the two
formulations of Secs. III and IV, we are required to show
that

M=M®, (5.18)
where M results from substituting Egs. (5.17), (5.10),
(5.5), and (5.1) into Eq. (4.7) with the result that gauging

the three-point function for the process 7N + N is given
by

U

Gi = G1+SoA M S, (5.19)

and the corresponding pion photoproduction amplitude
M is of the form

M =T® 5 A 4 17 AAPT 4 AP STO 4 M
(5.20)

In writing Eq. (5.19), we have restricted ourselves to first
order in the electromagnetic coupling.

Substituting for M’ from Eq. (5.11) and making use of
the definition of the two-particle irreducible 7N + yIN
amplitude M) given in Eq. (3.32), we get

M= (t(l) g+ 1) M® 4 AWt g™

=M® +t@ gpm® L AP sTO (5.21)
In writing the second line we have made use of Eq. (3.15)
to relate the one-particle and two-particle irreducible
TN ¢+ N amplitudes. Making use of the adjoint of
Eq. (5.3), we can write M as

M=M® + ADT g 4424 [M(l) + At SF(U]

= M® 4 APt g, [P<2> + AP gM<°>] +t@ g MO
(5.22)

The second line of Eq. (5.22) is derived by making use of
Eq. (3.19) to write ST() in terms of M(®) and Eq. (3.14)
to get the last term on the right-hand side. We now em-
ploy the definition of the Born amplitude for pion photo-
production ¥, Eq. (3.33), and the 7w N potential v given

FIG. 7. The non-Born diagrams that contribute to the pion
photoproduction amplitude; the number in the circle gives the
irreducibility of each amplitude.

in Eq. (3.12) to write Eq. (5.22) as

M=i4+vgM® . (5.23)

If we compare this result with Eq. (3.17), we observe that
the right-hand sides of both equations are identical. This
proves the fact that the amplitude, which is a solution of
the coupled equations that include the yIV, 7 N, and ywr IV
thresholds, is identical to that derived using the gauging
of the TN < N Green’s function with the help of the
Ward-Takahashi identities. Thus we have that

M=MO (5.24)

and in this way we have established the fact that the
solution of the coupled integral equation, Eq. (3.17), gives
us an amplitude that satisfies two-body unitarity and is
gauge invariant.

To establish the connection with previous results in the
literature, we iterate Eq. (5.23) with the result

MO® =54+ (w+vgv+vgvgv+---) D
=(t(°)g+1) B

= (t“’) g+ 1) B + (t(°> g+ 1) Gr,  (5.25)
where U is the Born term, illustrated in Fig. 1, and has
often been used as a gauge invariant term on its own.
The factor of (t(o) g+ 1) gives the distortion in the 7V
channel. The second term, illustrated in Fig. 7, is re-
quired to maintain gauge invariance at the operator level
for M(®) and results from including the y7 N channel into
our integral equations. This inclusion of the yw N chan-
nel effectively allows us to couple the photon not only to
the initial nucleon in the 7N «— N vertex, but also to
the nucleon in the final state. In this way we have cou-
pled the nucleon to every propagator and vertex in the
three-point Green’s function for 7V <+ N.

VI. CONCLUSION

To employ pion photoproduction at medium energies
to examine nucleon structure and, in particular, the reso-
nances observed in N scattering, we need a theory that
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incorporates charged current conservation and the con-
servation of probability, i.e., gauge invariance and uni-
tarity. If in addition we would like to test current models
of QCD, based on being able to separate quark-gluon
from meson-baryon degrees of freedom, we need to in-
clude form factors in which we have consistency between
the 7NN and yNN form factors resulting from QCD.
In the present investigation, we considered a Lagrangian
written in terms of the meson-baryon degrees of free-
dom. This Lagrangian has form factors that, in prin-
ciple, could be derived from a QCD model. We then
gauged this Lagrangian. This gauging procedure could
have been carried out for a specific QCD model (see, e.g.,
Ref. [32]); however, to maintain generality we assumed
that the gauging of the 7N Lagrangian gives rise to pho-
ton vertices that satisfy the Ward-Takahashi identity.

Within the framework of this Lagrangian, which in-
cludes not only the meson-baryon degrees of freedom but
also the coupling of the photon to these degrees of free-
dom, we derived a set of coupled integral equations that
satisfy two-particle unitarity. This was achieved by ex-
posing the N, yN, and 7y thresholds following the
analysis of Taylor [37,38]. To prove that the solution
of these coupled equations is also gauge invariant, we
employed the Ward-Takahashi identities, derived for the
basic terms in the Lagrangian, to gauge the one-particle
irreducible three point function for the process 7N «+ N.
Since we demanded that our amplitude satisfy only two-
body unitarity, we assumed that the final nucleon prop-
agator in the mN « N Green’s function did not have
any pionic dressing, and the initial nucleon propagator
had the minimal dressing to include the wN threshold,
while the 7NN vertex in the three-point function was
one-particle irreducible. This gauging procedure gave us
an amplitude that is identical to that resulting from a
solution of coupled integral equations. We found it essen-
tial that we include the yw N threshold into our coupled
integral equation.

The need for the inclusion of the yw N threshold to sat-
isfy gauge invariance at the operator level, raises some
questions regarding the application of Watson’s theo-
rem [14] or its off-shell modification [7] to unitarize the
gauge invariant Born term represented in Fig. 1, and to
maintain gauge invariance in the final result. In fact,
when we cast our amplitude into a form of Watson’s the-
orem, i.e., a distorted wave in the 7N channel, we found
that we had an additional term that has not been in-
cluded in most calculations in the past. These additional

terms are required in order to preserve gauge invariance
of the photoproduction amplitude at the operator level.

The present coupled integral equations for tN — 7N
and YN — 7N reactions are four-dimensional Bethe-
Salpeter [52] equations, and any reduction to a three-
dimensional equation, e.g., the Blankenbecler-Sugar re-
duction [53], will destroy the gauge invariance. This
could be overcome by either deriving the Ward-Takahashi
identities within the framework of propagators in three
dimensions [54] or developing the necessary numerical
procedure for solving the Bethe-Salpeter equations. We
are presently examining both approaches.

The A resonance has not been considered explicitly in
the present analysis, since we have not detailed our model
for mN scattering. We could include the contribution of
the A in one of two ways depending on the dynamics used
to generate the 7N amplitude: (i) In a model where the
A is taken to be a baryon to be treated on equal footing
with the nucleon, we will need to consider the inclusion of
the A explicitly. In this case we will need to determine
the gauging of the A propagator to generate the cou-
pling of the photon to the A. (ii) If the A is considered
a mN resonance that is generated dynamically, then the
gauging of the 7N amplitude detailed above will include
the contribution of the A to pion photoproduction. For
the 7N amplitude to satisfy both unitarity and crossing
symmetry will require the solution of a nonlinear integral
equations, and to that extent we have not considered the
inclusion of crossing symmetry in the present analysis.
To include higher order 7N resonances, we need to in-
clude the 7w N threshold as well as the yrw N threshold
into the formulation. At this stage we have developed
the formalism to include the 77N threshold [2,46] with
application in the cloudy bag model [55] for 7N scatter-
ing. We propose to examine the inclusion of the yrn N
threshold, which will allow us to extend the coupled chan-
nel approach to energies above the threshold for two-pion
production and the rich spectrum of w N resonances.

ACKNOWLEDGMENTS

The authors would like to thank the Australian Re-
search Grant Scheme for their financial support and
B. C. Pearce for some stimulating discussions. One of the
authors (I.LR.A.) would like to thank Professor J. Speth
and the hospitality of IKP at Forschungszentrum Jiilich,
where part of this work was done.

[1] J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171
(1952).

[2] M. Araki and I. R. Afnan, Phys. Rev. C 36, 250 (1987).

[3] H. O. T. Sato, N. Odagawa, and T.-S. H. Lee, Phys. Rev.
C 49, 776 (1994).

[4] A. M. Bernstein and B. R. Holstein, Comments Nucl.
Part. Phys. 20, 197 (1991).

[5] E. Mazzucato et al., Phys. Rev. Lett. 57, 3144 (1986).

[6] R. Beck et al., Phys. Rev. Lett. 65, 1841 (1990).

[7] S. Nozawa, B. Blankleider, and T.-S. H. Lee, Nucl. Phys.

Ab513, 497 (1990).
[8] S. Nozawa, T.-S. H. Lee, and B. Blankleider, Phys. Rev.
C 41, 213 (1990).
[9] V. Bernard, N. Kaiser, and U.-G. Meissner, Phys. Lett.
B 268, 291 (1991).
[10] J. A. Elsey and I. R. Afnan, Phys. Rev. C 40, 2353
(1989).
[11] M. G. Olsson, Nucl. Phys. B78, 55 (1974).
[12] M. G. Olsson and E. T. Osypowski, Nucl. Phys. B87,
399 (1975).



52 GAUGE INVARIANT UNITARY THEORY FOR PION . .. 567

[13] M. G. Olsson and E. T. Osypowski, Phys. Rev. D 17,
174 (1978).

[14] K. M. Watson, Phys. Rev. 95, 228 (1954).

[15] R. M. Davidson, N. C. Mukhopadhyay, and R. S
Wittman, Phys. Rev. D 43, 71 (1991).

[16] T.-S. H. Lee and B. C. Pearce, Nucl. Phys. A530, 532
(1991).

[17] S. Theberge, G. A. Miller, and A. W. Thomas, Phys.
Rev. D 22, 2838 (1980).

[18] A. W. Thomas, Adv. Nucl. Phys. 13, 1 (1984).

[19] C. H. M. van Antwerpen, Ph.D. thesis, Flinders Univer-
sity, 1994 (unpublished).

[20] M. Betz and R. Goldflam, Phys. Rev. D 28, 2848 (1983).

[21] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345
(1961).

[22] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124, 246
(1961).

[23] U. Vogl and W. Weise, Prog. Part. Nucl. Phys. 27, 195
(1991).

[24] R. T. Cahill and C. D. Roberts, Phys. Rev. D 32, 2419
(1985).

[25] J. Praschifka, C. D. Roberts, and R. T. Cahill, Phys.
Rev. D 36, 209 (1987).

[26] S. Huang and J. Tjon, Phys. Rev. C 49, 1702 (1994).

[27] K. Ohta, Phys. Rev. C 40, 1335 (1989).

(28] K. Ohta, Phys. Rev. C 41, 1213 (1990).

[29] J. C. Ward, Phys. Rev. 77, 293 (1950).

[30] Y. Takahashi, Nuovo Cimento 6, 371 (1957).

[31] E. Kazes, Nuovo Cimento 13, 1226 (1959).

[32] M. R. Frank and P. C. Tandy, Phys. Rev. C 49, 478

(1994).

[33] J. W. Bos, S. Scherer, and J. H. Koch, Nucl. Phys. A547,
488 (1992).

[34] H. W. L. Naus and J. H. Koch, Phys. Rev. C 39, 1907
(1989).

[35] H. W. L. Naus, J. H. Koch, and J. L. Friar, Phys. Rev.
C 41, 2852 (1990).

[36] B. C. Pearce and B. K. Jennings, Nucl. Phys. A528, 655
(1991).

[37] J. G. Taylor, Nuovo Cimento Suppl. 1, 934 (1963).

[38] J. G. Taylor, Phys. Rev. 150, 1321 (1966).

[39] A. W. Thomas and A. S. Rinat, Phys. Rev. C 20, 216
(1979).

[40] A. W. Thomas, Ph.D. thesis, Flinders University of
South Australia, 1973 (unpublished).

[41] 1. R. Afnan and B. Blankleider, Phys. Rev. C 22, 1638
(1980).

[42] 1. R. Afnan and B. Blankleider, Phys. Rev. C 32, 2006
(1985).

[43] Y. Avishai and T. Miztani, Phys. Rev. C 27, 312 (1983).

[44] B. C. Pearce and I. R. Afnan, Phys. Rev. C 34, 991
(1986).

[45] I. R. Afnan and B. C. Pearce, Phys. Rev. C 35, 737
(1987).

[46] I. R. Afnan, Phys. Rev. C 38, 1792 (1988).

[47] D. Phillips and I. R. Afnan, Ann. Phys. (N.Y.) 240, 266
(1995).

(48] A.N. Kvinikhidze and B. Blankleider, Nucl. Phys. A574,
788 (1994).

[49] M. Gell-Mann and M. L. Goldberger, Phys. Rev. 96, 1433
(1954).

[50] H. Lehmann, K. Symanzik, and W. Zimmerman, Nuovo
Cimento 1 205 (1955).

[51] If we include the o and p exchange wN potential in our
basic Lagrangian, then we have introduced onm and prnr
vertices into the theory, and these in turn will contribute
to pionic dressing. For the present, since we have not
specified the 7V interaction, we will ignore the dressing
of the pion propagator.

[52] E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232
(1951).

[53] R. Blankenbecler and R. Sugar, Phys. Rev. 142, 1051
(1966).

[54] F. Coester and D. Riska, Ann. Phys. (N.Y.) 234, 141
(1994).

[55] B. C. Pearce and I. R. Afnan, Phys. Rev. C 40, 220
(1989).



(a) (b)

(c) (d)

FIG. 6. The four types of diagrams that contribute to the
pion photoproduction amplitude. These result from the gaug-
ing of the # NN three-point function.



