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The combined effect of an octupole and hexadecapole term, when added to a strongly deformed axial
harmonic oscillator potential, is carefully studied. The problem is nonintegrable, which calls for a thorough
classical analysis in order to understand the quantum mechanical results. Shell structure which is found for
particular combinations of the deformation parameters are explained in terms of dominant classical periodic
orbits. Using the "removal of resonances" method as an approximation, explicit expressions in terms of the
deformation parameters are obtained for effective winding numbers, which in turn generate the quantum shell
structure. A mutual cancellation of the octupole and hexadecapole deformation in prolate superdeformed
systems has been discovered. Strongly oblate deformed potentials can yield shell structure only when even
higher multipoles are added while prolate potentials can support shell structure for arbitrary higher multipoles.
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I. INTRODUCTION

During the last decade the problem of order and chaos has
attracted growing interest within the physics community. The
subject of a quantum mechanical analogue of a classically
chaotic system is one of the topical questions of physics. If
the classical system is integrable, it is usually due to symme-
tries of the Hamilton function giving rise to first integrals.
These, in turn, give rise to quantum numbers. Classical sys-
tems that are nonintegrable show generically chaotic behav-
ior. Manifestation of a chaos in deterministic systems is re-
fIected in properties of the corresponding quantum system in
that lesser or no quantum numbers exist.

Many phenomena observed in a many body system like
nuclei and metallic clusters can be explained by the mean
field approach. The quantization of a system of fermions
moving in a common potential leads to a bunching of levels
in the single-particle spectrum, known as shells. In an inte-
grable case the higher symmetry can cause a high degree of
degeneracy of the quantum eigenstates. Consequently, a
spherical symmetry leads to very strong shell effects mani-
fested in the stability of the noble gases, nuclei, and metallic
clusters (see for review [1—3]). The high level density
around the Fermi level corresponds to a less stable system.
When a spherical shell is only partially filled, a breaking of
spherical symmetry, resulting in an energy gain, can give rise
to a deformed equilibrium shape. Notice that the basic con-
cept of the deformation in the mean field approach is the
Jahn-Teller effect [4], the mechanism proposed for the first
time for molecules, which leads to a spontaneous symmetry
violation (see discussion in [5]). Super- and hyperdeformed
nuclei are among the most fascinating examples where de-
viations from the spherical shape are a consequence of strong
shell closures giving rise to largest level bunching (largest
degeneracy or lowest level density). At the same time, phe-
nomenological potentials like Woods-Saxon and the modi-
fied Nilsson model without a spin-orbit term are successfully
used for an analysis of the properties of metallic clusters
[6—8]. Naturally, the shell numbers have to be larger than the
ones used in nuclear physics in accordance with the larger

number of valence electrons considered for metallic clusters.
For mesoscopic objects like clusters, deformations are as im-
portant as in the nuclear physics context. The larger shell
number can be viewed as a mean to approach the classical
border line of the shell model, a view which underlines the
importance of supplementing the study of quantum mechan-
ics by classical consideration.

The need for multipole deformations higher than the
quadrupole has been recognized in nuclei and in metallic
clusters in numerous calculations to explain experimental
data. For instance, the octupole deformed shapes still consti-
tute an intriguing problem of nuclear structure, experimental
as well as theoretical (see for review [9,10]).The hexadeca-
pole deformation is essential for the understanding of equi-
librium shapes and the fission process of super- and hyper-
deformed nuclei [9,11]. In the case of metallic clusters, the
axial hexadecapole deformation is important for the interpre-
tation of experimental data in simple metals [12]. Inclusion
of higher multipoles leads, however, to a nonitegrable prob-
lem. In fact, the single-particle motion turns out to be cha-
otic. It is expected that an increasing strength of the corre-
sponding multipole deformation increases the amount of
chaos in the classical potential as quantified by an increasing
Lyapunov exponent. Accordingly, in the transition from or-
dered to chaotic motion the quantum numbers lose their sig-
nificance, and the system behaves like a viscous fluid [13].
Therefore, a disappearance of shell structure should be ex-
pected in the analogous quantum case. However, recently the
occurrence of shell structure has been reported for many
body systems like nuclei and metallic clusters [14,15] at
strong octupole deformation. A major conclusion of [15] is
that, albeit nonintegrable, an octupole admixture to quadru-
pole oscillator potentials leads, for some values of the octu-
pole strength, to a shell structure similar to a plain but more
deformed quadrupole potential. This result shows that there
is a tendency of the system to restore the original symmetry
which is destroyed by the octupole term. In other words, we
encounter the restoration of the original symmetry of the
unperturbed integrable Hamiltonian under certain conditions,
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although the system is nonintegrable owing to the perturba-
tion.

The equilibrium deformation is ultimately related to the
behavior of the single-particle level density of the quantum
Hamiltonian. According to the semiclassical theory [16] the
frequencies in the level density oscillations of single-particle
spectra are determined by the corresponding periods of clas-
sical closed orbits. The short periodic orbits determine the
gross shell structure, whereas contribution of longer orbits
give finer details. Analysis of shell structure phenomena in
nuclei in terms of classical orbits was started by the work of
Balian and Bloch [17] who studied the density of eigen-
modes in a spherical cavity with reAecting walls. The impor-
tance of deformed shapes for nuclei led to the generalization
of this analysis in considering a deformed ellipsoidal well
and a deformed harmonic oscillator [1,18,19]. Since these
problems are integrable, attention was given to regular mo-
tion. One of the first attempts to analyze shell structure phe-
nomena and chaotic motion in a quadrupole deformed dif-
fuse cavity was given in [20].

In this paper we present results of an analysis of a more
realistic but still simple model which includes the effect of
higher odd and even multipoles. We hope to shed more light
on this old question from a new point of view. Our approach
is based on the connection between shell structure phenom-
ena in the quantum spectrum and ordered motion in the clas-
sical analogous case. As it was mentioned above, shell struc-
tures in the quantum mechanical spectrum are related to
periodic orbits of the corresponding classical problem [1,17—
23]. The periodic orbits are associated with invariant tori of
the Poincare sections. If the classical problem is chaotic, the
invariant tori disintegrate or disappear [24], and the shell
structure of the quantum spectrum is affected by the degree
of chaos [25—27).

The concept of pseudo-SU(3) symmetry [28,29] has been
introduced to explain many features of superdeformed states
described within a realistic nuclear potential [11,30]. In the
new scheme the spin-orbit splitting appears very small and
the properties of the single-particle spectrum are similar to
those observed in the three-dimensional harmonic oscillator
with rational ratios of the frequencies (RHO) [31—33].
Therefore, one can argue that the single-particle shell struc-
ture of RHO (which is an integrable system) should rellect
the essential properties of super- and hyperdeformed nuclei.
Experimentally, very little is known about multipole terms
higher than hexadecapole. In this paper particular emphasis
is placed upon strongly quadrupole deformed systems like
superdeformed nuclei, and we concentrate only on the most
important even and odd multipoles, which are quadrupole,
octupole, and hexadecapole deformations. Since our interest
is directed not only towards the classical but also the corre-
sponding quantum mechanical motion, we leave out the spin-

orbit term and the (I) term present in the Nilsson model so
as to render as closely as possible the analogy between the
classical and quantum cases. An analysis of classical trajec-
tories in a quadrupole deformed harmonic oscillator has
shown that the spin-orbit term leads to chaotic motion [34].
Likewise, the (l) -term gives rise to chaotic behavior [22] in
a quadrupole deformed potential.

Obvious differences between odd and even multipoles
motivated us to study separately their respective effects upon

the shell structure. Using the approach based on the "re-
moval of resonances" method (RRM) described below we
obtain good estimates for the winding numbers of classical
orbits and find conditions, where the original symmetry is
effectively restored. In a previous analysis of an octupole
term it was demonstrated that shell structure can exist only
for the prolate case [15,35], whereas for the hexadecapole
term alone the shell structure occurs in prolate as well as
oblate systems [26]. In this paper the complete analysis in-
cluding the combined effect of odd and even multipoles will
be presented.

II. RRM AND ARBITRARY AXIAL DEFORMATION

We describe an approximation method which allows, in
cases to be specified, the reduction of the nonintegrable to an
effective integrable problem. For the method to be success-
ful, the system has to be sufficiently close to an integrable
problem. As we shall see below, this criterium gives a guide
line as to whether shell structure can or cannot be expected
in the corresponding quantum mechanical cases. In cases
where the method can be applied successfully, it explains the
specific shell structures found quantum mechanically.

The classical approach is based on the "removal of reso-
nances" method (RRM), which has been developed in secu-
lar perturbation theory [36] and is particularly effective for a
two degrees of freedom system. The technique uses action-
angle variables of the unperturbed Hamiltonian and averages
over the faster phase. Usually, prior to such an operation, a
canonical transformation is necessary in order to remove the
initial resonance from the unperturbed Hamiltonian (in our
case the axial harmonic oscillator without higher multipoles).
In the new rotating frame, one of the phases will only mea-
sure the slow variation of the variables about the original
resonance which now becomes a fixed elliptic point. The
problem is then treated by averaging over the remaining
faster phase. In the case of a super- or hyperdeformed poten-
tial though, there already appears to be a clear distinction
between a slow and fast phase, therefore the canonical trans-
formation is unnecessary. Since the Hamilton function is pe-
riodic in both angles, this approximation amounts to keeping
the zero-order term of its Fourier expansion in the fast mov-
ing angle. The integration of the Hamilton function over the
angles can be done analytically, which makes the approxima-
tion particularly attractive.

An axial harmonic oscillator Hamiltonian which is de-
formed by arbitrary multipoles has the form

r 2)
H= p +p + 2 + A'(r6),

2m( ~ '
p j

where

+ r [XsP3(cos6)+ X4P4(cos6)+ . . ] (2)
r

with r = p +z, cos=zlr. The z component of the angular
momentum is denoted by p& and P„(cos6) is the kth order
Legendre polynomial. The parameter b characterizes an ob-



3034 W. D. HEISS, R. G. NAZMITDINOV, AND S. RADU

2Jp
sin@,

2b Jz
sin@, ,

p = /2m coJ&cost9'&,

Pz=
2m' 1

cos6z .

We use the polynomial expansion which reads for even mul-
tipoles

k k 2lz
P2k(cos+) = &'X &2 ikcos~ X c2k, i 2 2 i —1 .

;=0 ';=0 '
P +z

(3)

late and a prolate shape for 0(b(1 and b)1, respectively.
For a nonvanishing X3,) 4, . . . the problem becomes a non-
integrable two degrees of freedom system. Note that the only
constant of motion is the total energy. The potential appear-
ing in (2) has extensively been used in modeling nuclear [37]
and metallic cluster deformations [2,38).

After rewriting the coordinates and momenta in angle-
action variables the averaging is carried out directly on each
individual term associated with the Legendre polynomials.
The result of the averaging depends on the eveness or odd-
ness of the polynomials and on the variable over which the
averaging is carried out, which is 6 in the prolate case and

8z in the oblate case. The unperturbed action-angle variables
are related to the coordinates (p, z) by

k
(

2 2M P(r P2k+t)0 =sgn(z)z ~ c2k+&;2F~
P i~o

(6)

A nonzero contribution is obtained in the oblate case when
averaging is carried out over the function
r P2k+&(cos6)cos6 which corresponds to the next order
term. But this does not result in a decoupling of the variables
z and p. It follows that in the oblate case only even multi-
poles can decouple the potential of (2). We can therefore
expect a certain degree of order, may be shell structure, when
even multipoles are added to oblate quadrupole deformation.
In contrast, adding significant odd multipole deformation in
the oblate case is expected to produce chaotic behavior. In
the prolate case, however, since the potential decouples in
either situation (even and odd multipoles), we expect little or
no chaotic behavior; possible shell structures can occur at
particular combinations of the deformation strengths
byik3yX4y ~ ~ ~ ~

If shell structure occurs in the low-lying quantum spec-
trum, it must be due to the existence of a dominating short
periodic classical orbit. If there is a periodic orbit whose
stability island dominates the phase space, its winding num-
ber can be estimated by fixing ( or (, equal to zero, respec-
tively. This particular choice enables analytic expressions for
the winding numbers. The winding number of a periodic
orbit is defined as the ratio of the frequencies of the two
degrees of freedom co /co, and determines the type of shell
structure that occurs quantum mechanically. For instance, for
~ /co, =2 one has the prolate superdeformed case, for
cu /co, = 3 we have the prolate hyperdeformed case, etc.

Within the approximation cuz and ~~ are unchanged in the
oblate and prolate case, respectively. In the oblate case, the
motion in p is described for (,=0 by the effective potential

In the oblate case, when the averaging is performed over
6, , we obtain from the multipole r P2k II'.ff( p) = mt' p

2

I + 2 ~2kc2k, 0 +
2 2.
2mp

(7)

(i —1/2)I (i —1/2) i (, i '

I (;+1) ( p2) From the frequency of the motion in this potential we obtain
the winding number

F i —l,i+ -', i+ 1,——
2 1( & 2& &

)
(4)

=b
CO

1+ X ~2kc2k, 0.
k~2

with 2F1 being the hypergeometric function. We introduced

(,=2bJ, /(mto)=2bE, /(mt' ) where E, and E =E E, —
are the portions of the total energy E that reside in the z and
the p motion, respectively; note that within the approxima-
tion E, and hence E are time independent. In the prolate
case, when the averaging is performed over 6~, we obtain

k (

( 2k)a =z ~ c2k, ; 2Ft 2, ~
—1.1, ——2,

z

where $ =2J~/(mes) =2E /(me@ ). We mention that this
time E refers to the unperturbed motion in the p coordinate
while E as used after Eq. (4) refers to the perturbed motion;
mutatis mutandis the same holds for Ez.

The odd multipole contribution is zero in the oblate case
after averaging. In the prolate case it becomes:

with n and P given by

k

~ —
~2 + g g k2kC2k; ~

k~2 i=O
(10)

k

P X X ~2k+ 1c2k+li,ko1 i=O

The period of the motion in the potential (9) is obtained from

In the prolate case, at /~=0, the effective potential becomes

mo) z~.ff(z) =
2

[~+P sgn(z))
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dz~max

T,= /2m j ...„gZ,—W„gz)
' (12)

(a)

where z;„and z, are the boundaries of the motion and
F., is the energy in the z coordinate. It follows for the wind-
ing number

M 1 / 1
+

P' —4~'+ 13'I
(13)

III. CRITICAL VALUES OF THE MULTIPOLE STRENGTH
PARAMETERS

Our interest is focused on the contribution of the octupole
and hexadecapole deformation in super- and hyperdeformed
system. Therefore, the general potential Eq. (2) is reduced to
the form

{b)

V(p, z) = —ru p + —2+ k3 p'+ z'

8z —24z p +3p i

+p

V((1,1)= 0. (15)

To ensure that the potential still tends to infinity at neighbor-
ing values of the solution of Eq. (15), which means critical-
ity, we have to require in addition the condition

The terms multiplied by X3 and X4 give rise to octupole and
hexadecapole deformations, the respective terms are propor-
tional to r Ps(cos@) and r P4(cost)). In this section we de-
termine the domain of the two coupling parameters P 3 and
X.4 for which the potential gives rise to a proper bound state
problem. This is important for two reasons: (i) the corre-
sponding quantum mechanical problem is meaningful only if
tunnelling into scattering states can be excluded, and (ii) the
classical problem is expected [15] to give rise to hard chaos,
if the parameters approach their respective critical values for
which the potential no longer binds.

The potential of Eq. (14) forms a deformed mould which
tends to infinity for large values of p and z provided the two
strength parameters ) 3 and X4 are sufficiently small. For
specific critical values of the pair of parameters the potential
will no longer tend to infinity in all directions of the p-z
plane but towards zero in a particular direction. When either
of the absolute values of the pair is increased further, the
potential will tend towards minus infinity in that direction.
The critical value of one parameter depends on the value of
the other. In this way we obtain a critical curve in the X.3-
k4 plane.

We seek the particular slope n along the line p=o.z
where the potential V(p, z) displays just the behavior de-
scribed in the previous paragraph. Since the potential is ho-
mogeneous in its coordinates, it is sufficient to determine n
so that

5

FIG. 1. Boundaries for the allowed values of the deformation
parameters X3 (octupole strength) and X4 (hexadecapole strength)
for which the potential binds: (a) prolate superdeformed case
(b = 2), (b) oblate superdeformed case (b = I/2).

Our interest is focused on the pair X3 and X.4 which ensures
the simultaneous fulfilment of Eqs. (15) and (16). Both equa-
tions are, after some algebraic manipulations, polynomials in
u. As a consequence, n can be eliminated which leads to the
resultant of the two equations. The resultant is a polynomial
in X.3 and X4, and setting it equal to zero yields precisely the
relation between the pair of the strength parameters which
we are seeking: for values smaller than the absolute values
obeying the relation, the potential binds, while for larger val-
ues the potential tends to minus infinity along one (or more)
directions.

The general form of the resultant is rather cumbersome,
the authors have calculated it using the software from Math-
ematica. The critical curves for the prolate and oblate case,
which are displayed in Fig. 1, have been found numerically
using these polynomials which are of sixth order in k3. The
closed curves delineate the area within which the potential
yields bound states. In the following section we seek the
range where the single-particle motion yields simple periodic
orbits which give rise to quantum mechanical shell structure.

IV. CLASSICAL TREATMENT

d
V(61,1)=0. (16)

The axial symmetry of the potential given in Eq. (14)
guarantees conservation of the z component of the angular
momentum denoted by p @, the discussion will be focused on
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dinates, is independent of the angles. The full Hamilton func-
tion, being a nonintegrable problem, is approximated by an
effective Hamilton function that is obtained by averaging
over the fast oscillating angle 6 for the case considered.

After averaging and rewriting the action variables and the
remaining angle 6, in terms of the original momentum and
coordinate values we obtain

A4 p +p, me@
H,„= + p +U rf(z), (17)

where

FIG. 2. Equideforrnation curves within the boundaries of the
deformation strengths for b=2 and winding numbers equal to 3
(dashed line), 2 (dotted line), and 3/2 (dot-dashed line).

p&= 0 unless indicated otherwise.
In previous work results were obtained in a thorough

analysis for k~=0 and X340 [15,35] and for X3=0 and
F440 [26]. The combination of the two terms switched on
simultaneously yields new insights and results which are
presently reported. To facilitate the ensuing discussion we
briefly recapitulate the findings of the quoted papers. When
the unperturbed problem is a prolate superdeformed poten-
tial, a manifestation of chaos is barely discernible if an oc-
tupole term is added. Only when k3 reaches 90% of its criti-
cal value assumes the Lyapunov exponent values appreciably
different from zero. In contrast, when the unperturbed prob-
lem is an oblate superdeformed potential, the onset of chaos
begins already at values of P 3

~0.2X„;,and, importantly for
the quanum mechanical problem, short periodic orbits oc-
cupy an insignificant portion of phase space. However, in the
prolate situation, the stability islands associated with particu-
lar periodic orbits occupy a substantial portion of phase
space. For special values of k3 such orbits turn out to have
winding numbers with small numerators and denominators,
and it is these short orbits that give rise to new shell struc-
tures in the corresponding quantum spectra. For instance, the
values b=2 and X3=0.66) „;,produce a spectrum which has
the shell structure that resembles in all aspects the situation
relating to the values b = 5/2 and P 3= 0. The explanation for
the new shell structure is found in the corresponding classi-
cal problem where for b=2 and F3=0.66K„;, the stability
island of the periodic orbit with the winding number 5/2
occupies nearly 70% of phase space. The same consider-
ations apply even for irrational values of the quadrupole de-
formation b, when the unperturbed problem does not give
rise to closed orbits. For instance, b = Q3 and k 3

= 0.56 pro-
duces essentially the situation of a plain superdeformation
(b,ff= 2) [14,35].

While the findings of the classical problem are backed up
by numerical calculations, they are primarily based on the
analytical method described in the section two. For super- or
hyperdeformed unperturbed potentials (b ~ 2) the frequency
of the oscillation in the p coordinate is twice as fast or faster
than that in the z coordinate. This feature will prevail for
sufficiently small values of X.z and X4. The unperturbed
Hamilton function, when rewritten in action and angle coor-

m co' z', sgn(z)
' ~~+1 sg 2

—3m F ——2' ——'

2 1 2'2'' 2
l z

3, , 35/z'f
+lt4 —( —27z +

p (2+ 2/
(18)

and ( = 2J /(ma~) = 2E /(mco ) which is a constant within
the approximation. Here E is the first elliptic integral. Note
that the approximated Hamilton function is separable in the
two coordinates with the p motion being unperturbed. Con-
sequently the frequencies are co =~ and ~,=2~/T, with

Z', = v'2m
@max

gE E Uft( )

The motion in the z coordinate is different from the unper-
turbed motion and its frequency depends on (~, i.e., on the
amount of the energy residing in the p motion. As we shall
see in the following section the ( dependence turns out to
be weak and becomes significant only for (~ being near to its
maximum value, which is for very small amplitudes in the z
motion. Using Eq. (13) we obtain for the winding number

ttiz 2 l $1/b —2ks+ 8)t4 pl/b +2K s+8 lt)4
(20)

This result is exact for H„when g = 0 (all energy resides in
the z motion), but by the previous argument it applies for
large part of phase space. Moreover, it serves as a useful and
reliable guideline for the full problem as we shall see in the
subsequent section.

While the averaging procedure does not tell us about the
onset of chaotic motion, i.e., the parameter range for which
the approximation is valid, we expect it to be good for small
values of ~k3~ and ~X4~. In Fig. 2 we have inserted into the
allowed area of parameter values (Fig. 1) a few curves of
given constant winding numbers using Eq. (20) with b=2.
Periodic orbits with the given winding number are expected
for strength parameters which lie on the curves. It is along
these curves where the corresponding quantum mechanical
problem of the octupole + hexadecapole potential yields
shell structures resembling the plain quadrupole deformation
of the given deformation parameter, i.e., winding number.
For instance, the values b = 2, X.3=0.14, P 4= 0.02 yield
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W,rr(p) = —cu p + X4 —32p2+ 4(,p'+(,' 'j (21)

shell structures just like b = 2, X3 = X4 =0; also, with b = 2 it

needs X3 =0.1 and k4= 0 to get the same shell structures as
a plain quadrupole with b=3 [15]. Figure 2 is drawn for
b=2 which implies that the curve with winding number 2
must go through the origin. For this curve we have a genuine
cancellation of the effect of the octupole deformation with
that of the hexadecapole deformation; the former tends to
increase the effective prolate deformation whereas the latter
has the opposite effect. Note that the winding numbers to the
left and right of the cancellation curve are larger and smaller
than 2, respectively. Similar drawings are possible for differ-
ent values of b in which case the statements made above
apply accordingly.

In view of the subsequent discussion about shell structure
it is important to note that, within the approximation, the
result condensed in Eq. (20) is independent of the value of
p@. In fact, a finite value of the z component of the angular
momentum adds the effective term p&/(2m p ) to the poten-
tial in Eq. (14) but leaves the frequency c0~ and c0, un-

changed. For the quantum spectrum this means an accumu-
lation of levels of different (quantised) values of l, (magnetic
quantum number) at the same energy, which brings about the
shell structure.

The oblate case (b(1) does not lend itself to the same
approximation procedure. As was reported in [15] an octu-
pole addition to an oblate quadrupole potential gives no con-
tribution to the zeroth order when averaging over 6, . As
pointed out in Sec. II the next order can be calculated, how-
ever, no gain is made, since the two coordinates do not sepa-
rate. Yet, if only a hexadecapole term is added, the same
procedure can be applied and we obtain [26]

(a)

Pz

Q

pz

4 ~4 ~ qM goo+ 401&

~ 0
~ ~ ~ ~ ~ ~

~ g» + 7+ ~ 4 ~ ~ ~ 1 ~ ~ ~ q i ~ +i +4@ 5 fgl++p
~ ~ I '

~ to

~
' '!~ ' + Mya &p% gtg

~ 44+

~ ~

a .Ll ~ ~t ~ +J Z

with (,= 2bE, l(mtu ). In this case, we find for (,=0, using

Eq. (8), for the winding number [26]

FIG. 3. Surfaces of section at special points on the superdefor-
mation curve at k4=0.007 with two orbits (a) and k4=0.02 with

one orbit (b). Both orbits in (a) contain periodic orbits with winding
number 2:1 within their separatrices.

=bgl+3k .
CO

(22)

V. NUMERICAL RESULTS

A. Classical

Note that the admixture of the hexadecapole term to the ob-
late potential yields, quantum mechanically, an effective
plain oblate case but with less deformation; for instance,
b=2/5 and k4=0. 188 resembles to b=1/2 and ) 4=0. This
is in contrast to adding an octupole to a prolate potential
where the effective deformation is increased. The combined
effect of octupole and hexadecapole is contained in Fig. 2 for
the prolate case. A corresponding drawing for the oblate case
is meaningless, since the octupole admixture produces chaos
for comparatively small values of X3.

Our findings can be generalized. As it has been shown in
Sec. II, the addition of an arbitrary multipole to a prolate
deformed potential is amenable to this approximative treat-
ment. In contrast, only even multipoles lend themselves to
the same treatment when added to an oblate deformed poten-
tial.

The perturbative treatment of the previous section is ex-
pected to be reliable for sufficiently small values of X3 and
P 4. The actual range of its validity can only be assessed by
comparison with results obtained by numerically integrating
the equations of motion. Note, however, that the latter
method cannot yield the insight gained from the perturbative
procedure. For b=2 and X4)0 the exact and perturbative
approach agree very well up to X4=0.025. We concentrate
on superdeformation (b = 2), as this appears of special inter-
est to experimental work.

In Fig. 3 we present surfaces of section along the cancel-
lation curve co~ /co, = 2 for a few values of the pair
(k &, X4) . Since the potential scales as V(Pp, Pz)
= P V(p, z), only one energy value has to be considered
[39].For small values the basic structure is a fourfold sepa-
ratrix that hosts in its centers a periodic orbit of winding
number 2. Unstable periodic orbits of the same winding
number are associated with the boundary of the separatrix
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S I I
(

I I I I l I I

p l

0
s I

0,005
r t I & i s

0.015 0.02

FIG. 4. Surfaces of section at X4= —0.004 on the hyperdefor-
mation curve. The outer and inner separatrix correspond to the
winding numbers 3:1 and 5:2, respectively. Three orbits are shown.

shown in Fig. 3(a). The corresponding Lyapunov exponent is

virtually zero for this case. With increasing values of X4 its
value increases, and so does visually the onset of chaos as
illustrated in Fig. 3(b). At k4= 0.02 [Fig. 3(b)] the Lyapunov
exponent is about 0.07. All structure has disappeared in the
surface of section at X.4=0.025, where all of phase space is
filled with dots. Nevertheless, a Fourier analysis of the tra-
jectories p(t) and z(t) indicates that the dominant compo-
nents still match the ratio co /co, =2. Only when the values
of the pair (k~, k4) are further increased, is the contamina-
tion by other components too strong and the concept of
winding numbers becomes meaningless. Also the Lyapunov
exponent is larger than 0.1 for X4)0.025. Here we enter the
region, where the perturbative approach fails. As we discuss
below, shell structure occurs in the quantum spectrum up to
this point.

For negative P 4 the winding number is larger. Orbits with
cop / 0) 3, which is hyperdef ormati on, are expected from
perturbation and they are indeed found. However, the motion
depends on the initial conditions, i.e., on (, to a much
greater extent than in the cases discussed above. For in-

stance, for 3 4= —0.004 we obtain orbits with appreciable
stability islands in agreement with hyperdeformation, but, as
is illustrated in Fig. 4, in addition to the orbit with winding
number 3 there is a further orbit with winding number 5/2
whose stability islands occupy a significant portion towards
the center of phase space. Further outside orbits with wind-

ing numbers between 3 and 7/2 dominate. Recall that the
curves in Fig. 2 are drawn for ( = 0, and only when there is
a weak dependence on g~ can we expect a plain shell struc-
ture in the quantum spectrum. As we see below it turns out in
the quantum mechanical results that hyperdeformed shell
structure is not as clearly seen for P 4(0, since there is in-
terference with additional periodic orbits.

From Sec. II we know that, in the oblate case, the pertur-
bative treatment does not apply for deformations with odd
multipoles. In [26] dominant periodic orbits and shell struc-
ture associated with it have been shown to exist in strongly
deformed cases (b = 2/5) for certain values of k4 and
X 3 0. The admixture of an octupole to the hexadecapole
term produces chaos in oblate situations to the extent that no
shell structure can emerge in the quantum case.

FIG. 5. Energy levels calculated along the cancellation curve for
b=2.

H =Ho+ X3H3 + X4H4, (23)

where the diagonal matrix Ho comprises the axial harmonic
oscillator, and H3 and H4 are the octupole and hexadecapole
terms, respectively. The consistent calculation of the matrix
elements in a truncated basis is described in [15].

From the discussion in the previous subsection one should
expect that the quantum mechanical spectrum, as far as the
shell structure is concerned, does not depend on the variation
of the pair (ks, k4) when moving along the cancellation line.
This is nicely confirmed for the lower end of the spectrum in

Fig. 5 where the levels are plotted versus X4 along the curve
~~/co, = 2 for b = 2. The levels refer to zero magnetic quan-
tum number. Note that the levels up to around k4=0.016
form basically the same pattern as the ones at P«=0. This is
a clear indication that for 0~) 4~ 0.016 the effective defor-
mation remains virtually constant and equal to 2. For
X4&0.016 the shell structure disintegrates. The value

X4 =0.016 on the cancellation curve corresponds to
X3=0.12 which would yield an effective deformation larger
than 3 without the hexadecapole contribution; this clearly
underlines the cancellation effect. Note also that in Fig. 5 the
lifting of the degeneracies appears to be quadratic in k4,
since X4 is varied along the cancellation curve. At the origin

k3 depends on X4 as —~X4 which gives rise to the effective
quadratic dependence. According to the authors of [40] such
behavior signals suppression of chaos as is discussed in the
following section.

We illustrate in Fig. 6 the square of the modulus of the
Fourier transform of the quantum level density, i.e., the ex-
pression ~Xexp(iE„t)~, for k4= 0.01 and kq = 0.09 which is a
point on the cancellation curve with b=2. We consider
l, =0, larger values of l, are addressed below. The distinct
peaks near to T=8, 16, 24, 32, and 40 correspond to the
major classical periodic orbit which determines the shell
structure along the cancellation curve. For lesser values of

B. Quantum mechanical

The quantum mechanical results are in line with the clas-
sical predictions. We calculated the energy levels of the
Hamiltonian
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FIG. 6. Modulus squared of the Fourier transform of the level
density for b =2 on the cancellation curve at P &=0.01. The recur-
ring peaks corresponding to the dominant periodic orbit are marked
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X4 the peaks would be more pronounced while for larger
values other contributions would make the recurrent peaks
less and less discernible. Note that the heights of the recur-
rent peaks under discussion do not uniformly decrease, in
fact their envelope is the Fourier transform of the spreading
distribution [41] of the levels which emerge from the degen-
erate levels under the inhuence of the octupole and hecade-
capole contributions. This explains why the envelope of the
peaks changes with X4 while their positions remain un-

changed. In line with the approximation the peaks should be
independent of l, , in reality there is a slight I, dependence.
Yet, it is sufficiently weak to allow the formation of proper
shell structure which implies a bunching of levels of differ-
ent magnetic quantum numbers. This is addressed in the fol-
lowing.

As a quantitative measure for shell structure we use the
Strutinsky-type analysis [42] introduced in [15]. The total
energy E„,(X,N) which is the sum over all single-particle
levels up to N is fitted by a polynomial
E, „,h(A. ,N) = X, oc;(X)N', and the fluctuation

BE(k,N) =E„,(X,N) —E, „,„()i.,N) is plotted versus P and
N. In this analysis all magnetic quantum numbers which can
occur for the energies considered have been taken into ac-
count. From the quantity AE(k, N) = BE(k,N+ 1)
+ BE(X,N 1)—2BE(X,N) we —obtain the precise location
of the magic numbers. We have chosen k4 =0.007, 0.02, 0.03
on the cancellation curve as examples. The magic numbers
coincide with the plain prolate superdeformed case as illus-
trated in Fig. 7 and the agreement is striking. For
X4)0.025 the shell structure disappears. An example is
given in Fig. 7(c) where the corresponding magic numbers
are calculated for X.4=0.03 on the cancellation curve. Now
the deviation begins to set in from the higher end of the
spectrum.

At negative values of X4 the perturbation analysis sug-
gests the presence of hyperdeformation along the classical
hyperdeformation curve. Results are displayed in Fig. 8 for
X4= —0.002 and —0.004. In line with the discussion in the
previous subsection the shell structure pertaining to the hy-
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perdeformed case is present but somewhat contaminated. A
qualitative explanation for this must be sought in the discus-
sion referring to Fig. 4, but we cannot offer as of yet a
satisfactory quantitative explanation. For larger values of the
modulus of X4 the shell structure essentially disappears. The
curves referring to winding numbers larger than 3 lie too
close to the critical boundary with the consequence that the
agreement between the actual orbits and perturbation results

FIG. 7. Magic numbers calculated at special points on the can-
cellation curve for X4=0.007 (a), 0.02 (b), 0.03 (c). The magic
numbers corresponding to a pure superdeformed case are indicated
in (a) and (b), deviations occur in (c).
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the complex k3 or X4 plane. In this section we will briefly
refer to the k plane as we consider analytic continuation of
the spectrum only in one of the two variables. The excep-
tional points are the values of X where any two energy levels

E,(k) of the general problem Ho+ kH, coalesce when they
are continued into the complex plane. They are square root
branch points, and they have physical significance, since an
avoided level crossing for real k values is associated with a
complex conjugate pair of exceptional points. The connec-
tion between the occurrence of avoided level crossings and
exceptional points is similar in nature to the connection be-
tween the complex poles of a scattering function and the
resonance structure of a cross section. In the same way as the

poles of the scattering function give rise to the shape of the
cross section, the exceptional points bring about the shape of
the spectrum. Their interplay alone provides the mechanism
for the signature of chaos in a quantum system. With the aid
of exceptional points, criteria for quantum chaos can be
found even when the classical counterpart does not exist
[43].

The energy levels are obtained by solving the usual secu-
lar equation:

t

0.05 .6
60 det(E —Ho —XH, ) =0. (24)

-0.05 ~

To enforce coalescence of the roots of Eq. (24) the additional
equation

20 40 60 BO 100 120 140 160

d
det(E —Ho —kH, ) =0 (25)

FIG. 8. Magic numbers calculated on the hyperdeformation
curve at k4 = —0.002 (a) and —0.004 (b).

is poor. For b=2 and co /~, ~3 there is virtually no shell
structure.

In accordance with the discussion above, the oblate super-
deformed potential produces chaos when the octupole term is
switched on. The quantum spectrum has the level statistics
ascribed to quantum chaos [25]. The hexadecapole term
alone does give rise to new shell structure as was reported
earlier [26] where, for instance, for & =2/5 and k&=0.1 ob-
late superdeformation, i.e., cop /coz 1/2 was established.
This is close to the value given by Eq. (22), the difference is
explained in [26].

VI. EXCEPTIONAL POINTS

The discussion of the previous sections not only relates
the quantum mechanical shell structure with the major peri-
odic orbits of the classical (chaotic) system, but it also pro-
vides for an understanding of the fact that shell structure
cannot occur when odd multipole terms are added to a
spherical or oblate deformed harmonic oscillator. In this sec-
tion we discuss, in terms of the properties of the quantum
mechanical operators alone, a yet deeper explanation for this
result. The analysis is based on a study of the exceptional
point structure for the different cases under consideration

[ 40].
Exceptional points are singularities [43] of the energy in

must be solved simultaneously. Since the Hamilton operator
is irreducible with respect to symmetries, the fulfilment of
the two equations simultaneously is generically excluded for
real k, as this would mean a genuine degeneracy for two
levels. It has been established that a high density of excep-
tional points is a prerequisite for the signature of chaos in the

energy spectrum [43]. It means that for the values of k,
where the density of the exceptional points and therefore that
of the avoided level crossings is high, the energy spectrum
generically obeys the level statistics of quantum chaos.

As a demonstration we present the results of the analysis
where only the octupole term is added to the quadrupole
deformed oscillator. The huge number of exceptional points,
there are N(N I) exceptional points for—an N-dimensional
matrix problem, makes an explicit determination of their po-
sitions prohibitive. However, only their distribution is of in-
terest and this is determined using the method described in

[43,40]. In Fig. 9 we display the distributions of the real
parts of the exceptional points as a function of k3 for
X4= 0. For the oblate case, illustrated in Fig. 9(b), the bulk of
the exceptional points occurs immediately when k 3 is
switched on. This signals the immediate onset of chaos thus

preventing formation of shell structure. In contrast, as is il-
lustrated in Fig. 9(a), the bulk of the exceptional points oc-
curs for the prolate case for much larger values of P . For the
matrix problem considered the bulk appears at k)k„;„
which is beyond the region of physical interest.
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FIG. 9. Distribution of the real parts of the exceptional points
versus klk„;, for the prolate case (a) and the oblate case (b).

The explanation for this pattern lies in the different matrix
structure of the two cases. The first-order perturbation term
vanishes in the prolate problem. As a result, the spectrum has
a zero derivative at )t = 0. It is described in detail in [40] that,
as a consequence, exceptional points cannot occur near to
) = 0, as a matter of fact most occur beyond X,„,. Here we
point out that the entries of zeros in the blocks relating to the
degenerate subspaces of the unperturbed problem are the ba-
sic cause for this feature. In contrast, the occurrence of
avoided level crossings near to ) = 0 is not prohibited for the
oblate case, since now the matrix blocks referred to above
are filled thus producing a large number of exceptional
points around X = 0. This brings about the onset of chaos for
0&X~X.„;,. While this was explained in previous sections
by the classical analysis, we see here the corresponding
mechanism of the quantum mechanical matrix problem at
work. It is the matrix structure alone which causes the dif-
ferent distributions of the exceptional points with the conse-
quence that the prolate case exhibits considerably less chaos
for small values of X than the oblate case.

The actual formation of shell structure in the prolate case
has not been explained as of yet by exceptional points. In
this context we wish to stress the connection between the
symmetry breaking mechanism and the very specific distri-
bution of level repulsions: the system aspires to break the
spherical symmetry where the density of avoided level cross-
ings is high, so as to attain a new order and stability as
manifested by regions of low level density.

In 1960 it was suggested by Gelikman [44] that strongly
deformed nuclei could occur because of the formation of
new shell structure. Nowadays super- and hyperdeformed
nuclei are one of the challenging problems of nuclear struc-
ture. They appear to be one of the physical situations where
our modern understanding of nonlinear phenomena, which
implies the interplay between regular and chaotic motion,
can be tested.

We have investigated the shell structure produced by a
strongly deformed axial harmonic oscillator with an octupole
and hexadecapole term. When either the octupole or hexade-
capole term is switched on, the original symmetry of the
unperturbed Hamiltonian (RHO) and the degeneracy associ-
ated with it is destroyed. Using the classical method RRM
we effectively reduce the nonintegrable problem to an inte-
grable case, which is in our case the two-dimensional oscil-
lator with new effective frequencies. The method is succesful
when the system is sufficiently close to integrability, which
may happen even when, for instance, the octupole term is
fairly large. We see here the KAM theorem nicely at work in
that the invariant tori turn out to be rather stable and there-
fore can support the regular motion of the nonintegrable
problem; we are faced with a typical case of soft chaos [24].
Although such situations are often the more delicate ones,
we are fortunate to find good estimates via Eq. (20) for the
winding numbers of the shortest classical orbits. They define
the gross shell structure. As a consequence we find the con-
ditions where the original symmetry, i.e., the RHO symme-

try, is approximately restored.
There is remarkable agreement between the manifestation

of shell structure for values of the strength parameters X3,
X4, which coincide with the ones predicted by the RRM and

give rise to stability islands on the Poincare surfaces of sec-
tions. One of the results of this work is the occurence of shell
structure in a strongly oblate deformed potential when a
hexadecapole term is added. This is of interest as the adding
of an octupole term produces chaos without structure. Ac-
cording to the RRM only even multipoles can decouple the
potential of Eq. (1) for an oblate deformation. Therefore,
shell structure can be supported for strongly oblate deformed
nuclei only by even multipoles. This conclusion was cor-
roborated by the analysis of exceptional points which relate
to the occurrence of avoided level crossings in quantum
spectra. It appears that, in the oblate case, the bulk of excep-
tional points, i.e., level repulsions, which provide the mecha-
nism for the signature of chaos in a quantum system, emerge
in the physically relevant region, This is in contrast to the
prolate case, where they occur essentially outside the physi-
cal region.

A further interesting result is the mutual cancellation of
the octupole and hexadecapole contribution in the quadru-

pole deformed system. The RRM allows to determine the
range of parameters of X3 and X4 where the corresponding
quantum mechanical problem of the quadrupole + octupole
+ hexadecapole potential yields shell structure resembling
the plain quadrupole deformation. Along this curve the octu-
pole deformation tends to increase the effective prolate de-
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formation whereas the hexadecapole term produces the op-
posite effect. In fact, the hexadecapole term can stabilize the
octupole deformation in superdeformed nuclei, since the can-
cellation curve attains values of k3 which are larger than its
critical value for F4=0. We may speculate that prolate su-
perdeformed nuclei with rather strong octupole deformation
could therefore exist. In this context we stress that shell
structure as manifested experimentally by specific magic
numbers cannot be directly associated with a definite type of
deformation of the system. For instance, within our model
similar superdeformed shell patterns can be reproduced in
the prolate case with a combination of less quadrupole +
octupole deformations [15], or with a more deformed quad-
rupole system and a hexadecapole admixture [26], or with
superdeformed + octupole + hexadecapole deformations.
Further experimental information extracted from electromag-
netic transitions is needed to distinguish between the plain
superdeformed and the stronger or weaker deformed system
which includes higher multipoles. Finally we comment that
even though the quantum mechanical treatment shows a cer-

tain degree of suppression of classical chaos, the occurrence
of a new shell structure which differs from the unperturbed
case is clearly brought about by the nonlinear character of
the problem. The pattern emerges when the original symme-
try of the unperturbed Hamiltonian is restored even though
the problem is nonintgrable due to the higher odd and even
multipoles.

Our analysis is based on a rather simple model, and it is
true that a realistic single-particle spectrum is poorly repro-
duced by the harmonic oscillator. However, the lucidity and
transparence of the RHO model in describing the phenomena
of extreme deformations is superior to any realistic model.
From historical experience we know that simple models can
be of great relevance for the understanding of real nature.
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