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SEPTEMBER 1995

R. F. Carlton
Department of Physics & Astronomy, Middle Tennessee State University, Murfreesboro, Tennessee 37/32

J. A. Harvey and N. W. Hill
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831

(Received 6 April 1995)

The neutron total cross section of ' Sn has been measured over the energy range 0.013 to 0.310 MeV. An
R-matrix analysis has been performed to obtain resonance and average parameters which provide for a com-

plete representation of the neutron entrance channels for the s»2, p&&2, and p3/p contributions. The conven-

tional s- and p-neutron strength functions have been determined to be 0.123~0.023 and 2.0~ 0.2, respectively
(in units of 10 ). Limits are placed on the average level spacings and strength functions for the individual

partial wave components. The s-wave potential scattering radius has been determined to be 6.3 0.1 fm.
Average scattering functions, deduced from the average parameters, have been used to determine the real well

depth of an optical model potential which reproduces these functions. We find, as have others, that the real well

depth is parity dependent.

PACS number(s): 25.40.Dn, 24. 10.Ht, 24.30.Gd, 27.60.+j

I. INTRODUCTION

The isotopes of tin have been the subject of numerous
investigations because of the possibility of systematic studies
of nuclear structure, the magic and near-magic number of
nucleons, and the consequent simplification of model inves-
tigations. Kisslinger and Sorensen [l]have performed model
calculations of the level structure and properties of tin iso-
topes in the bound region. The model includes long and short
range (pairing) interactions for a realistic succession and
separation of the low-lying single-particle levels which are
available to the particles outside of closed shells. Many of
the systematic features of the calculated quantities were in
good agreement with experimental values. Baranger [2] sum-
marized systematic trends in both experimental and shell
model features for the tin isotopes.

Fuketa and Harvey [3] made the first systematic measure-
ments of neutron transmission measurements of all of the tin
isotopes many years ago at the Oak Ridge chopper up to a
neutron energy of 10 keV. Though these measurements re-
vealed few resonances above 2 keV, many interesting fea-
tures were observed in this narrow energy interval. They
found the s-wave strength functions to be lower than both
that for other elements in this mass region, and predictions
based on an optical model with high absorption at the
nuclear surface. Harvey and Fuketa [4] confirmed strong iso-
lated p-wave resonances and associated M1 radiation in sev-
eral of the isotopes. Shakin [5] interpreted this as evidence
for p-wave doorway structure in the tin isotopes. By sum-

ming calculated strengths of three-quasiparticle 1/2+ model
states over an energy region centered at the neutron binding
energy the low energy s-wave strength functions were well
reproduced when the energy range over which the strength of
a quasiparticle state is spread when the residual interaction
between the particles was taken into account was approxi-
mately 3 MeV.

Nuclear levels in the unbound region are not well ex-

plored for tin. High resolution neutron total cross section
measurements on zero-spin nuclei at energies above 10 keV,
where one expects other than s-wave interaction, can be used
to identify the positions and strengths of 1/2+, 1/2, and
3/2 levels in this region and provide information for the
refinement of model calculations. Extension to higher ener-

gies will also permit the investigation of possible doorway
structure in the s-wave interaction channel.

Another useful feature of the Sn isotopes is the provision
offered for studying the isospin dependence of various
nuclear properties. Numerous scattering and total cross sec-
tion measurements at both low and high neutron energies
have been carried out and optical model parameters deduced
from fits to the data. None of these studies have resolved l-
and J-specific contributions. Only in the process of fitting the
total data set have s- and p-wave strength functions and
scattering radii been deduced in some cases.

Most recently a study [6] of " ' Sn differential elastic
and inelastic scattering cross sections and analyzing powers
in the energy range 10—24 MeV has been analyzed together
with total cross section measurements from 10 keV to 100
MeV to more definitively determine the parameters of a de-
formed optical model potential to be used in the framework
of a coupled channels formalism for vibrational nuclei. This
analysis also included known s- and p-wave strength func-
tion information. An l dependence was not considered in
deducing the potential parameters but it was noted that the
mode1 overestimated the p-wave strength by approximately
40%.

The present study, while not encompassing a large energy
range, is the most extensive high-resolution measurement
which extends into the 100 keV region. Very detailed infor-
mation in the form of individual partial wave contributions is
made possible through the high-energy resolution of the Oak
Ridge Electron Linear Accelerator (ORELA). This partial-
wave specific information can be used to determine average
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TABLE I. Isotopic enrichment of ' Sn. Thickness = 0.073
atoms/barn.

112
114
115
116
117
118
119
120
122
124

&0.02
&0.02
0.02
1.01
0.58
1.91
0.77
3.75
90.8
1.16

nuclear properties for individual J" interactions and to test
for l dependence of the nuclear potential.

We discuss the experimental details of the measurement
in Sec. II. In Sec. III we give the experimental results and in
Sec. IV the details of the connection between the R-matrix
parametrization and the experiment. We also discuss the
bases of the resonance spin and parity assignments. Section
V presents the resonance and nonresonance average proper-
ties deduced. Section VI presents the results of comparison
of the deduced average scattering functions with predictions
of a spherical optical model potential (OMP). Finally we
discuss the OMP results in the context of other studies in
Sec. VII and the paper concludes with Sec. VIII.

II. EXPERIMENTAL MEASUREMENTS

(dEiE)'=(0.16+4E)x10 ',

with E expressed in MeV. Overlap neutrons were eliminated
by a 1-g/cm ' 8 filter and gamma rays were reduced by a
0.73-cm-thick U filter, placed 5 m from the neutron
source.

The 29.914 g sample of ' Sn was 1.59 cm in diameter,
corresponding to a thickness of 13.70 barns/atom. Table I
gives the sample enrichment and thickness. We performed
additional measurements on a sample of natural tin in order
to identify possible impurities in the sample due to the other
isotopes of tin. The samples were positioned 9 m from the

We have performed transmission measurements by the
time-of-flight technique, using neutron pulses from the Oak
Ridge Electron Linear Accelerator, at a flight path of 200 m
for a target of ' Sn. The 140 MeV electron beam burst
width was 15 nsec and the accelerator was pulsed at 800
bursts per sec at a power level of approximately 20 kW. The
resulting neutron burst has a continuous energy spectrum
produced by the photoneutron process in tantalum with sub-
sequent moderation in the 15-cm-diam. , beryllium-clad,
water-filled target housing. Collimation was used to select
neutrons from the water-moderated region of the target. The
neutron energy resolution function is expected to be a com-
bination in quadrature of the fluctuations in flight-path length
and apparent flight time and has been found to have an ap-
proximately Gaussian shape with a full width at half maxi-
mum dE given by
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FIG. 1. Total neutron cross sections over selected energy re-
gions. The symbols correspond to experimental measurements and
the smooth curves correspond to R-matrix parametrization of the
data. Symbols without error bars have errors within the size of the
symbol.

neutron target where the neutron beam was collimated to a
diameter of 1.4 cm. The samples were cycled into and out of
the neutron beam under computer control with a cycle time
of approximately 10 min per sample. A 10-min run per cycle
was also made with no sample in the beam. We used a neu-
tron monitor to compensate for fIuctuations in the neutron
production rate during the 10 d interval and a total of 226 h
of data collection. The five individual runs were each cor-
rected for deadtime and then added to form the final data set.

Neutrons were detected by a NE110 proton recoil detector
7.6 cm in diameter and nominally 2-cm thick. The plastic
scintillator was optically coupled to an RCA 8854 photomul-
tiplier tube which was operated in a "selective gating"
mode. In this mode, four neutron energy windows are estab-
lished, the crossover energies between these windows being
230, 630, and 2020 keV. Logic for gating event deadtime in
the time digitizer is then determined as follows: (a) a single-
stop-per-start if an event was identified in time as a gamma
flash and occurred in windows 1, 2, or 3 and (h) an event
occurred in window 3 at any time. If the event occurred
anywhere else, the system operated in a multi-stop-per-start
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TABLE II. R-matrix resonance parameters for n+' Sn for the energy range 13—310 keV.

Energy
(keV)

13.231
13.818
15.061
15.079
15~ 866
17.150
18~ 104
18.962
19.418
20.634
22.136
22.907
24.125
24.510
26.278
27 ~ 102
27.118
28.281
28.423
28.889
31.591
31.869
32.337
33.288
34.453
34.994

(3/2 )
(3/2 )
(3/2 )
(3/2 )
(3/2 )
(3/2 )
(1/2 )

1/2+

(1/2 )
1/2+

(3/2 )
(1/2 )
(1/2 )
(3/2 )
(1/2 )

1/2+

(1/2 )
3/2

1/2

(1/2 )
1/2+

1/2

1/2

1/2+

(3/2 )
( l/2 )

gr„
(eV)

5

5

3
4

3
4
9
3

4
11
6
6
4

36
4

17
12
3

13
11
26

2
7
8

2
g&n
(eV)

472
429
209
310
248
175
195
21

152
10

161
424
231
202
116
69

116
497
335
76
23

281
620

4
145
179

Energy
(keV)

35.256
35.393
35.440
35.568
36.863
37.387
38.193
38.584
42.265
42.318
42.603
43.197
43.520
44 497
45.594
46.151
47.471
47,510
49.154
49.567
49.666
49.885
50.765
51.629
52,265
52.424

(1/2 )
1/2+

1/2

1/2+

(1/2 )
(3/2 )
(1/2 )

1/2

1/2+

3/2

(1/2 )
(3/2 )
(3/2 )
3/2
1/2+

(3/2 )
1/2+

1/2

(3/2 )
(3/2 )

1/2

(3/2 )
1/2+

1/2+

(3/2 )
(i/2 )

gr„
(eV)

2
1

27
8

5

9
1

50
4

12
13
7

12
50
23

3
2
8

10
4

10
12
11
2

23
4

2
g&n
(ev)

38
1

567
13

106
180
25

945
6

191
211
115
191
764

35
44

4
118
135
50
14

157
16
3

281
46

Energy
(keV)

53.332
55.628
55.783
55.934
56.591
57.534
59.038
59.122
59.238
59.524
62.626
62.705
63.299
64.140
64.851
65.021
66.073
66.735
68.730
70.576
70.987
71.182
71.765
73.065
74.072
75.093

3/2

(1/2 )
(3/2 )
(3/2 )

1/2+

1/2+

1/2

(3/2 )
1/2+

(3/2 )
(1/2 )
(3/2 )
3/2

(3/2 )
(3/2 )

1/2

(3/2 )
3/2

(3/2 )
(3/2 )

1/2+

3/2
1/2+

3/2

1/2

(3/2 )

gI'„
(ev)

37
3

23
8

5

6
41

9
26
28

8

6
39
9
9

29
8

88
16
8

13
70

9
33
75
10

2
g&n
(eV)

436
35

261
85

6
8

426
88
34

288
73
56

369
85
80

262
75

772
132
69
16

564
10

258
568
75

mode with an 1104 nsec deadtime. Additional details con-
cerning the data acquisition have been reported in detail else-
where [7].These separate pulse height spectra facilitated the
determination of the backgrounds and the optimization of the
signal to background ratio.

We monitored four sources of background during the ex-
periment: (l) 2.2 MeV gamma rays in the beam produced by
neutron capture in the water moderator, (2) a constant beam-
independent background, (3) a 478-keV gamma ray from the
' B(n, ny) reaction resulting from neutrons moderated by
the NE110 plastic scintillator and then absorbed by the boron
in the Pyrex face of the photomultiplier, and (4) delayed
pulses within the photo tube and scintillator. A discussion of
these and other experimental details may be found elsewhere
[8]. The transmission was computed from the background-
corrected sample-in and sample-out ratio, normalized to the
corresponding neutron monitor counts.

III. RESULTS

As a representative sample of the results for ' Sn, Fig. 1
shows the energy range 40—100 keV. The uncertainties in the
data are shown as vertical lines or are less than the size of the
symbols. The solid line represents the R-matrix parametriza-
tion of the total cross section discussed in the next section.
Strong interference patterns are seen at 45, 76, and 97 keV,
characteristic of s-wave interaction. The non-s-wave reso-
nance at 86 keV must be due to p3/2 interaction, because the

peak cross section at this energy is approximately 34 b for
interactions having a spin statistical factor g1= 1. The peak-
to-valley cross section is seen in the figure to be 38 b. Since
the spin statistical factor is unity for p&'2 resonances, the peak
must be due to p3&2 or higher. In this way the J values are
established for the large resonances. Since the target was not
a pure sample of ' Sn, the contributions of impurity iso-
topes may not be insignificant. At these energies, the contri-
bution to the total background cross section is primarily due
to the s-wave interaction. We have thus included off-
resonance s-wave contributions due to " ' Sn, the largest
impurity components. At 50—100 keV neutron energies, this
contribution to the background cross section amounts to ap-
proximately 0.5 b. Contributions from other partial waves of
the impurity components are small at these energies, in com-
parison to the s waves. The resonance contributions to the
cross sections from the impurity isotopes will be negligible
for all but those of very large width. We have performed
measurements on a sample of natural tin to determine the
energies of such resonances to account for some of the broad
structure seen in the ' Sn data.

The early transmission measurements [3] observed a total
of nearly 100 resonances in all the stable isotopes of tin up to
a neutron energy of 10 keV. In the present case we have
extended the energy range to 310 keV, and the number of
resonances to 347 for just one isotope. From the multilevel
resonance analysis we have obtained spin-separated reso-
nance and nonresonant parameters. We have made parity and
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Energy

(keV)
gI „
(eV)

2
g&n
(ev)

Energy

(keV)

TABLE II. (Continued. )

gl„
(eV)

2
g&n
(eV)

Energy

(keV)
gI„
(eV)

2
g Yn

(eV)

75.651
75.942
77.436
78.426
78.925
79.739
79.747
79.919
80.390
81.973
82.088
82.327
83.743
85.091
86.054
86.621
86.950
88.892
89.319
90.198
92.348
92.488
93.964
94.098
94.243
96.629

(3/2 )
1/2+

3/2

1/2

(3/2 )
(1/2 )

1/2+

1/2

3/2
1/2+

3/2

3/2

(3/2
(3/2 )

3/2

(3/2 )
1/2+

(3/2 )
1/2+

(3/2 )
(3/2 )
(3/2 )
(1/2 )
(1/2 )

1/2+

(3/2 )

8

87
72
151
18
19
5

27
59
5

39
19
3

13
122
27
14
14
8

20
30
25
19
14
16
8

62
101
514
1064
127
134
6

188
400

6
261
128
19
81

757
168
15
81
8

119
169
].42
107
79
16
43

97.545
97.816
101.854
102.719
104.200
104.475
105.156
106.892
107.026
108.262
108.471
108.624
108.982
110.786
113.549
114.058
114.444
114.961
115.498
116.707
117~ 372
118.507
118.509
118.778
120.389
121.567

1/2+

1/2+

1/2

3/2

(1/2 )
1/2+

(1/2 )
1/2+

(1/2 )
(3/2 )

1/2+

(1/2 )
(1/2 )
(1/2 )
(3/2 )
(3/2 )
3/2

3/2
1/2+

(3/2 )
(3/2 )
(3/2 )

1/2+

(3/2 )
(3/2 )
(3/2 )

61
14

183
33
22
10
12
23
25
56
4
77
43
41
97
39
60
144
13
19
74
19
2

45
44
18

62
14

914
163
107
10
56
22
119
259
4

354
196
182
422
170
258
612
13
79
306
77
2

185
177
70

121.911
122.575
123.561
124.058
125.687
126.111
126.730
127.488
127.530
129.509
130.596
132.445
133.280
134.853
135.480
136.158
137.624
137.948
140.181
141.351
141.776
141.882
143.809
144.443
145.387
145.412

3/2

3/2

(3/2 )
1/2+

(1/2 )
(1/2 )
(1/2 )

3/2
1/2+

(3/2 )
(3/2 )

1/2

(3/2 )
(1/2 )
(1/2 )
(1/2 )
(1/2 )
3/2

(1/2 )
(1/2 )

1/2+

(1/2 )
(1/2 )
(3/2 )

1/2+

(1/2 )

71
119
57
25
52
11
24
210

7
59
53
121
28
60
8

16
37

254
21
20
3

53
37
17
27
103

283
467
223
23
199
41
89

784
7

215
192
431
99

208
26
56
125
860
71
65
3

174
120
56
23
325

spin assignments for many of the observed resonances,
where earlier results were only able to distinguish s-wave
resonances. Besides the normally reported strength functions
and level spacings, our R-matrix analysis yields average
properties describing the resonances outside the region as
deduced from their inhuence in the region through observed
resonance asymmetries. We deduced these parameters for the
s ]/2 p ] /2 and p 3/2 partial wave components. Since the ex-
ternal R function is related to the real part of the optical
model potential, we are able to deduce some of the param-
eters of this potential, extending previous investigations [9]
of the l dependence of the real well depth of the optical
model potential.

Table II gives the resonance parameters for n+ ' Sn. We
have analyzed 347 resonances up to an energy of 310 keV,
where spin assignments became more uncertain and multip-
let structure more common. There are regions where the data
would support additional small resonances, but we have not
been able to determine if these are due to impurity reso-
nances or weak multiplet structure. Their inclusion would
only significantly impact the level spacing and not the
strength. We have thus ignored them. This isotope is in a
region of very low s-wave strength function and our results
confirm that fact with smaller uncertainty than past measure-
ments.

IV. R-MATRIX ANALYSIS

For the case where radiative capture is negligible and only
one neutron channel is open, we can write the total cross

section in terms of real phase shifts, 6&J, as

4'
HATT(E)

= g 2 g J»n'&t J(E),
. lJ

where gJ is the statistical spin factor and k is the neutron
wave number. To fit the data we parametrize the phase shifts
using the R-matrix formalism,

BtJ(E) = pt(E) + tan ' [Pt(E)RtJ(E)], (2)

N 2
yP IJ

RU(E) = X +Rtj (E),
klJ

where yIJ and F&J are free parameters representing the re-
duced width and energy of the kth resonance, with the y)J
related to the neutron widths 1 „by the relation

where we have set the boundary condition B&J equal to the
shift factor at all energies and where P, and @& are, respec-
tively, the lth-wave penetrability and hard-sphere phase shift
evaluated at the chosen boundary radius, taken to be
1.45X~»3 fm.

The R function is a sum over the observed resonances
plus a smoothly increasing function of energy which de-
scribes the aggregate effect of levels external to the region of
measurement,
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Energy

(keV)
gl
(eV)

g&n
(eV)

Energy

(keV)

TABLE II. (Continued ).
gI„
(eV)

g&n
(eV)

Energy

(keV)
gin
(ev)

2
g Yg

(eV)

146.166
147.506
149.138
150.323
150.458
151.228
151.566
152.834
153.100
154.060
154.285
155.139
156.040
156.077
156.774
156.966
158.777
160.778
161.148
161.176
161.416
161.818
162.931
163.222
163.434
163.697

(1/2 )
(I/2 )
(3/2 )

1/2+

(1/2 )
(1/2 )

1/2+

(3/2 )
1/2+

(3/2 )
(3/2 )
(3/2 )

1/2+

(3/2 )
(1/2 )
(1/2 )
(1/2 )
(3/2 )
(3/2 )

1/2+

(3/2 )
1/2+

(3/2 )
(3/2 )

1/2+

(1/2 )

48
75
46
5
60
57

43
8

29
10
49
46
50
28
59
55
34
39
9

24
7
85
5

20
7

150
234
141

183
174
3

128
6
87
31
144
37
145
80
171
156
96
109
7
67
6

235
15
16
18

164.193
164.310
165.150
165.178
165.753
166.652
166.726
167.025
167.426
168.100
169.405
170.035
170.110
170.281
171.739
173.224
173.366
174.472
174.687
176.164
176.435
176.707
178.471
179.076
179.704
179.875

1/2+

(3/2 )
1/2+

(3/2 )
(1/2 )
(3/2 )

1/2+

(3/2 )
(3/2 )

1/2+

3/2
1/2+

3/2

(1/2 )
(3/2 )

1/2+

(1/2 )
(1/2 )
(3/2 )
(3/2 )

1/2+

(1/2 )
(1/2 )
(1/2 )

1/2

(1/2 )

13
90
15
28
21
110
31
107
70
12
60
6

40
9
17
16
16
40
5

58
53
26
20
116
23
15

10
247
12
77
58

294
24

286
187
9

158
5

104
24
44
12
40
102
13

145
40
64
49
286
18
36

180.337
180.713
181.122
181.233
182.240
183.420
183.830
185.302
185.806
186.343
186.748
187.329
187.921
188.177
190.112
191.300
191.886
192.505
193.207
193.976
195.836
196.099
197.349
198.087
198.575
199.449

1/2

3/2
1/2+

3/2

3/2

1/2

(1/2 )
(1/2 )
(3/2 )
3/2

1/2

(3/2 )
(1/2 )

1/2+

1/2

3/2
1/2+

(3/2 )
(1/2 )
(1/2 )
(3/2 )
(1/2 )
(3/2 )
(1/2 )
3/2

(1/2 )

76
98
4

188
104
249
17
34
9

41
160
41
8

23
53

220
12
9
17
17
76
21
35
9

455
20

185
238

3
457
251
596
40
80
21
96
375
96
20
17

121
500
9

20
37
37
169
47
77
19

992
43

~.u
~lJ 2p (4)

The external R function, in combination with P, , influences
both the off-resonance cross section and the interference pat-
tern of the resonances. We write this part of the R function as

F.„p
—F

R(~'(E) =R —s ln
lo

with the smooth function, R parametrized as

Rl/(E) ~l1+ PlJE

Ro =a,[I —Re(E= 0)],

and nIJ and PIJ being free parameters. The log term accounts
for resonances just outside the experimental region,
[E„,E„~], and is equivalent to a continuous external distri-
bution with a strength taken equal to the strength function,

(y&z)/D~J, observed within [EI, , E „z], where D&J is the av-

erage level spacing. This parametrization provides a simple
procedure for averaging of the scattering function for com-
parison to the optical model. At low energy the s-wave
smooth R function is related to the potential scattering length

Ro by

where Ro is evaluated for E=0. The Ro obtained from fitting
is dependent on the choice of channel radius a, , but the
value for Ro is independent of that parameter. The final
R-matrix parameters which best described the observed
transmissions were determined by solving Hayes's equations
using the R-matrix code sAMMY [10].The fitting procedure
included resolution broadening of the transmissions and
Doppler broadening of the calculated cross sections, with an
effective temperature of 306 K.

The s-wave resonances are easily distinguished by their
characteristic asymmetry. We have assumed all other reso-
nances to be due to p-wave interaction because of the small
probability of d-wave interaction in this energy range. Three
bases determined the p-wave spin assignments: (1) reso-
nances with widths larger than the resolution width have
peak-to-valley cross sections proportional to the gJ value; (2)
resonances with widths comparable to the resolution width
manifest some resonance-potential scattering interference
asymmetry which decreases with increasing I value; (3) reso-
nances with smaller width manifest resonance-resonance in-

terference only if near a strong resonance of the same J".We
used an iterative procedure to determine most of the J as-
signments, requiring the final assignment to provide a good
description of the asymmetry patterns which arise from both
resonance-resonance and resonance-potential scattering in-
terference. The latter asymmetry serves to also determine the
R"' parameters for each partial wave for which there are one
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Energy
(keV)

gr„
(ev)

2
g&n
(ev)

Energy

(keV)

TABLE II. (Continued. )

gIn
(ev)

g&n
(eV)

Energy

(keV)
gr„
(eV)

2
g&n
(eV)

200.364
201.623
201.864
202.463
203.219
205.197
205.615
205.989
207.761
208.022
208.976
209.468
210.638
211.789
212.273
213.129
213.489
213.929
214.203
215.588
216.415
217.646
217.947
218.795
218.882
219.415

3/2

3/2

(1/2 )
1/2+

(1/2 )
(1/2 )
(3/2 )
(3/2

1/2+

1/2

(3/2 )
(1/2 )

3/2

1/2

(3/2 )
(3/2 )
(1/2 )
(1/2 )
3/2

3/2

(1/2 )
1/2+

3/2

3/2
1/2+

(3/2 )

185
151
40
20
70
71
61
15
37
125
59
24
36

287
14
57
26
23
172
207
17
28
99
133
33
17

399
324
85
14

149
148
128
32
26

258
122
49
73
580
28
115
52
47
342
411
33
19
193
259
22
33

220.787
221.422
221.498
222.382
223.224
224.413
226.508
226.976
229.202
230.978
231.461
231.842
232.460
232.861
233.454
233.700
234.447
235.783
237.539
239.753
240.218
240.821
241.106
241.334
241.991
242.960

3/2

3/2
1/2+

(1/2 )
(3/2 )
(1/2 )
(1/2 )
(1/2 )

1/2

1/2

(1/2 )
(3/2 )
(3/2 )
(1/2 )
(3/2 )

1/2+

(1/2 )
3/2

(1/2 )
(3/2 )
(1/2 )
(1/2 )

1/2+

1/2

1/2+

(1/2 )

242
91
26
25
81
47
21
48
110
75
45
60
12
38
41
15
65
200
42
77
22
28
9

268
14
31

466
175
17
47
154
88
40
90

203
137
82
110
22
69
74
10

117
358
74
136
39
49
6

466
9
53

243.788
244.207
245.304
245.756
246.079
249.857
250.594
252.499
252.816
253.315
254.118
255.212
255.717
256.158
257.426
257.919
260.065
260.638
261.642
262.787
263.942
264.240
265.150
265.409
265.700
266.592

(1/2 )
(3/2 )
(1/2 )
(3/2 )
(1/2 )

1/2

3/2

3/2

(3/2 )
(3/2 )
(1/2 )
(3/2 )
(3/2 )

3/2

(3/2 )
(3/2 )
(3/2 )

3/2

(3/2 )
3/2

(1/2 )
(3/2 )

1/2+

(3/2 )
(1/2 )
(3/2 )

37
62
125
86
160
702
124
186
70
82
124
82
91
177
113
43
50

221
25

260
167
78
16

187
40
85

64
106
214
146
272
1175
207
308
115
136
204
134
149
289
183
70
80

354
39

412
263
122
10

293
63
133

or more resonances manifesting sufficient asymmetry (in this
case sf/2 j73/2). This is possible even in the case where only
one large resonance exists in the region of analysis. Reso-
nances whose spin assignments were uncertain are indicated
in Table II with parentheses.

V. AVERAGE PROPERTIES

The average properties of interest in the analysis of neu-
tron total cross section data are the strength functions, the
level spacings, and the external R functions. These are re-
lated to interest in the statistical and optical models. We will
treat each of these properties in turn.

A. Strength functions

The R-matrix strength functions s are represented by the
slopes of the plot of the cumulative reduced neutron width
[see Eq. (4)] versus energy distribution, presented in Fig. 2
for the s- and p-wave resonances. In the case where the
J-value samples are not pure, one considers the strength for a
given l value. In the case of p waves, for example, the plot
has the cumulative reduced neutron width replaced by the
expression

g 1y~/(2l+ I),

where yz is the reduced neutron width of the ) th resonance,
and l is the orbital angular momentum quantum number. The

slope of this curve gives the p-wave strength. The resulting
values for s differ by a factor of 15.

From the plots we can see that the strength functions are
constant over the energy region, since a single line passed
through the histograms would sufficiently describe the trend
over a limited energy range. From the relation

&~J gjyg/(2/+ I)
s(—

AEI
(9)

the total p-wave strength is calculated to be
(7.8~ 1.0) X 10 . This value is in excellent agreement with
trends in this mass region. The value for the s-wave strength
function, (0.39~ 0.07) X 10, is an order of magnitude
lower than that for the p waves but consistent with results for
other isotopes of tin and with theoretical investigations of
nuclear structure in this mass region. The corresponding val-
ues for the conventional strength function SI are
(0.12~ 0.02) X 10 and (2.0~ 0.2) X 10 for s and p
waves, respectively.

In Fig. 3 we present the cumulative reduced neutron
widths versus neutron energy for the individual p-wave com-
ponents. There is an element of uncertainty in the apportion-
ment of small resonances among the two spin states. The
apportionment for these histograms was made on the basis of
calculated y values, when fitting with each possibility, and
the character of the resulting fits. It is seen that the strength
for the p&&2 component exceeds that of the p3/2 by 30% de-
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TABLE II. (Continued ).
Energy

(keV)

268.144
268.365
271.975
272.873
274.544
275.307
276.031
276.839
277.591
278.933
280.195
281.026
281.967
282.139
284.670
286.174
286.590
287.061
287.800
287.996
289.026
289.620
290.338
292.261
293.641
295.730

(3/2 )
(1/2 )

1/2

1/2

(1/2
1/2+

(1/2 )
(3/2 )
(3/2 )
(1/2 )
(1/2
(1/2 )
(1/2 )

1/2+

3/2

(1/2 )
3/2

(3/2 )
1/2+

(3/2
(3/2 )
(3/2
(3/2 )
(3/2 )
(3/2 )
(3/2 )

(eV)

107
48

225
77
33
37
153
87
70
21
105
172
76
27
190
58
340
81
35
88
61
140
82
51
115
53

g&n
(eV)

166
74
342
116
50
22

230
129
104
32
155
253
112
16

276
84

489
116
21
126
88

200
116
72
161
73

Energy

(keV)

296.106
298.264
298.620
298.977
301.763
305.601
308.781
309.073

(1/2 )
(1/2 )
(3/2 )
(1/2 )
(3/2 )
(1/2 )
(1/2 )
(1/2 )

gin
(eV)

37
146
118
97
192
350
81

206

2
&&n

(eV)

51
202
163
133
262
470
107
273

spite the fact that the level density for the latter is greater.
Such enhancement persists when including only resonances
of definite spin and has been reported in similar studies on
"Kr [II].

We have established lower limits for the individual p, &2

and p3/2 strength functions and level spacings by including
only resonances whose peak height, resonance asymmetry, or
close proximity to a large resonance made the J assignment
definite. The upper limit, for each partial wave, comes from
including all resonances of indefinite J" in each of the spin
groups, separately. Each of the p-wave spin groups con-
structed in this manner have 70—80 % of the resonances in-
definite with approximately 50% of the resulting strength
attributable to these uncertain resonances. Average resonance
parameters, their statistical uncertainties, and their upper and
lower limits are presented in Table III, in conventional units.
The R-matrix strength functions s will be discussed below in
connection with the external R functions. The significance of
this work is the reduced uncertainty on s- and p-wave
strength functions and the lower and upper limits placed on
the component p-wave strength functions and level spacings.

8. Level spacings

From the plot of the cumulative number of s-wave reso-
nances in Fig. 4, we see that a total of 66 resonances were
observed up to an energy of 310 keV. It would appear that up
to approximately 240 keV, few resonances were missed.

Above that energy the increased probability of p-wave inter-
action, coupled with the extremely low s-wave strength, re-
sults in missed s-wave resonances. We have not attempted a
correction for the missed resonances, since their contribu-
tions to the strength is small. If the strength is calculated
only up to the energy at which resonances begin to be
missed, the result is within the statistical errors quoted in the
table above.

The distribution of levels between the two p-wave spin
states is inconsistent with the expected 2J+ 1 dependence.
This may be, in part, a consequence of the criterion used to
apportion resonances between the two states where, for some
small resonances, the differences in g values for different
assumed J values were small and subject to random factors
such as initial parameter estimates. A study of the 53 statistic
[12] applied to these levels could be useful as another crite-
rion in reducing the number of uncertain spin states. The
number of resonances is sufficiently large to merit an inves-
tigation of this statistic and model level densities, but we
defer this to a future paper when level densities for other
isotopes of tin are available. Histograms similar to those in
Fig. 4 for only levels of definite J" are consistent with the
expected dependence, corroborating the suggestion of im-
proper partitioning.

C. External R functions (R'"')

The R"' are important parameters which represent the
contributions, in the analyzed region, due to resonances out-
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FIG. 2. s- and p-wave strength. The cumulative values for the p
waves (solid histogram) represent that of Eq. (8). The slopes of the

histograms give the strengths. The sum for s waves is only = 1

keV.

FIG. 3. Strength functions for p-wave components. The dashed
histogram is for the p&&2 partial wave. The slopes of these histo-
grams give the corresponding strength functions. The solid lines
represent optical model fits, discussed in Sec. VI.

side the region. These functions are related to the real part of
the optical potential, and their general energy trends provide
a constraint on the optical model parameters. In this nuclide
distinction can be made between p»2 and p3/2 resonances for
only 25Vo of the non-s-wave resonances, with consequent
uncertainty in the strengths deduced therefrom. The R"',
however, can be deduced wherever a broad resonance of de-
termined J occurs, and the number of such occurrences
does not influence the uncertainty in the R"' as much as in
the case of the average resonance properties. The R"' param-
eters and uncertainties for both these partial waves have been
determined at the energies of resonances of known spin and

parity. Their energy dependences are determined additionally

by their influence on the background cross section through-
out the energy range. At low energies the contribution to the
off-resonance cross section is almost entirely due to s-wave
potential scattering. As a consequence, the s-wave R"' pa-
rameters are well determined through their inhuence upon
the potential scattering radius, Ro [see Eq. (7)]. A 10%
change in the s-wave R'", for example, produces a visually
distinguishable change in the total cross section in the 14—15
keV energy region. The maximum uncertainty for this pa-
rameter for s waves, for the entire energy region is 25%.
Since concentrations of the isotopic impurities of the sample
are lower by one to two orders of magnitude, compared to

Sn, their s-wave contributions to the off-resonance cross
section will be correspondingly lower. Their contribution,
through the R' ', has nonetheless been included by setting
impurity s-wave R"' parameters equal to those found for
122S

Changes in the p-wave R"' parameters of a factor of two
have no noticeable effect on the observed off-resonance
cross section or resonance asymmetries in the low energy
region. At higher energies the p-wave influences become
very discernable with regard to both the off-resonance cross
section and the interference asymmetry of large p-wave reso-
nances. Since the R&J' are related to the real part of the op-
tical model potential, their values and uncertainties will in-
huence the required well depth. We established the
uncertainties by manual variation of the parameter u until a
visual comparison showed noticeable disagreement with
those asymmetries and nonresonant cross sections obtained
from least squares parameters, in a region where the largest

TABLE III. Average resonance parameters for ' Sn + n.

S'(X 10+~) ' D (keV)

0.12(2) "
2.0(2)

2.4(3)'„4
1.8(2), '0

$ 4.1(3)
P 1.06(3)
P i' 2.4(l)', 3

P3n 1.8(1),',

'The conventional strength is given by S,J= (I „'1)ID,J, with

I „J=(1 eVIEgt 1) (I g I/U() ~ D/J is the level spacing and U, is the
neutron penetrability. For the S&, this expression is modified as in

Eq. (9).
In our notation, 0.12(2) is equivalent to 0.12~0.02 and 2.4(3), 4

indicates that upper and lower limits are 4.1 and 1.4, respectively, as
discussed in the text. The numbers in parentheses represent statisti-
cal uncertainties.
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FIG. 4. Cumulative number of levels versus neutron energy for
the s&/2 (- — -), p&/2 (——), and p3/2 ( ) resonances. The slope of the
histograms gives the level density for that partial wave.

resonance(s) of a given J occurred. Thus, while at 50 keV
the p-wave parameters can be changed by a factor of 2 with-
out noticeable change in the resonance asymmetry, at 80 keV
the visually ascertained uncertainty is 50% and at 275 keV
the uncertainty is approximately 10%. This variation has
been parametrized and is reflected in error bars shown in Fig.
5. For clarity p-wave error bars are shown for only the

p»2, those for the p3/2 being the same. Error bars for the s
waves are smaller than the symbol size. The R"' parameters
for the contributing partial waves are given in Table IV
where the uncertainties in n and P are rellected through the

value of the smooth R function R&J at the midpoint of the
energy region. The upper and lower limits for the R-matrix
strength s&J have been determined as discussed in Sec. V A.

VI. AVERAGE PARAMETERS AND THE OMP

Low energy neutron elastic scattering in the Sn+ n sys-
tem serves as a probe of the optical model potential for each
partial wave and is accomplished via the R&J' and sIJ. The

FIG. 5. The external R functions for the s»z ( ), p, /2 (S), and

p 3/z (6 ) partial waves. The error bars for the p 3/2 are comparable to
those shown for the p&&2. Smooth curves represent optical model
predictions (dashed curve for p, /2).

[1+i P,(E)M,J(E)]
(10)

where the complex R function can be approximated [13]by

W/J(E) =R/J(E) + i mrs/J(E) .

The justification for the approximation and the details of the
comparison of the averaged empirical functions with pre-
dicted scattering functions, S/J (E), are treated in more de-
tail in Ref. [11].

Our procedure was to use a Woods-Saxon well with real,
surface imaginary, and spin-orbit terms as

R"' provide the dominant contribution to the real part V„of
the optical potential and the strength function is related to the
surface imaginary depth WD.

Energy-averaged scattering functions can be related to the
average resonance parameters through the expression

TABLE IV. Parametrization for the external R functions. [See Eqs. (6) and (11) for relationship of param-
eters to the R function. ]

P (I/MeV) s/J(X 10+ )

0.13
—0.33
—0.27

0.024
0.58
0.30

0.39(7) '
7.8(10)44
5.7(7)3 3

0.13(1)
—0.24(10)
—0.22(10)

In our notation, 0.39(7) corresponds to 0.39 0.07, etc. n and P uncertainties are discussed in the text.
Upper and lower limits are established as in Table III.
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TABLE V. Radius and diffuseness parameters for OMP.

ro (fm)
a (fm)

V,

1.23
0.66

WD

1.25
0.54

U,

1.12
0.50

V(r) = —V„f(r) —i Wog(r) —U„h(r) l o.,

where

f(r) = f 1 + exp(r —roA )/a)

, d
g(r) =4a' —~(i+exp(r —roA' )/a')

CD
CI ]
f

V)

0
E
3

The parameters V„, O'D, and U„are the well depths for the
real, imaginary, and spin-orbit potentials, respectively. The
ro and a values represent radius and diffuseness parameters
for the corresponding portions of the potential.

We performed a least squares adjustment of the real and

imaginary depths until the integrated strengths and R&J' pre-
dicted by the model agreed with our experimental values.
The geometry of the model used was taken from work on" Sn and ' Sn by Guss et al. t6] and held constant at the
values shown in Table V. The well depth for the spin-orbit
potential was likewise held constant in the fitting process.

The predicted results for the s wave R"', shown by the
solid curve in Fig. 5, are indistinguishable from the empirical
values. In the case of p waves the predicted results are sys-
tematically high throughout most of the region, but are
within the error bars. (The dashed curve is to be compared
with the CI values and the solid curve with the 5 values. )
The latter have error bars of the same magnitude as those for
the p &&2. The agreement is good and the energy trends of the
model predictions closely parallel the experimental trends.
The corresponding comparison for the s]&2 integrated
strength is presented in Fig. 6. The model representation in
this case is good up to an energy of 240 keV.

Changes in the real potential, while predominantly affect-
ing the R'"', do inhuence the integrated strength to a limited
extent but the surface imaginary potential depth has the
greater influence over this quantity. Despite this interdepen-
dence, both average quantities are well described with the
same potential parameters.

The experimental results for the component p-wave inte-
grated strengths have been presented earlier in the discussion
of strength functions. The solid lines in Fig. 3 represent
model predictions based upon parameters deduced from the
least squares adjustment, applied separately for the two com-
ponents. These are seen to describe the data well over the
entire energy range. And, this description was achieved with
virtually identical model parameters. However, the fits ob-
tained for the average parameters for the two orbital angular
momentum states required different depths for both the real
and surface imaginary potentials.

The average of the real well depths for s and p waves is
consistent with the parametrization found for similar isotopes

0 50 100 150 200
Energy (keVj

300

FIG. 6. Experimental integrated strength and model predictions,
based upon geometric and potential parameters in Tables V and VI.

TABLE VI. Spherical optical model parameters. Well depths
are in MeV.

V„

Present work

WD

Guss et al.
V„ WD

46.0
50.0
50.0

1.0
6.2
6.6

6.5
6.5
6.5

48.2
48.2
48.2

1.0
1.0
1.0

of tin in the study of Guss et al. [6], after suitable adjust-
ments for isotope and energy differences. These results are
presented in Table VI with the values from the model de-
duced by Guss et al. It should be noted that their model
overestimated the p-wave strength functions by more than
40%. When we used the geometry and well depths of Guss
et al. our model R'" was too high for s waves and too low
for the p waves, both by factors of approximately two. An
identical comparison held for the model s- and p-wave
strengths.

Most investigations aimed at elucidating the form of the
optical model potential do not include low-energy informa-
tion in the analysis. It should not be expected that these
results would call for an l dependence to the real well depth.
In the present study all the data is low energy and one pa-
rameter, the s-wave smoothed R function, is most precisely
determined at energies approaching zero. We have in addi-
tion, information on the energy dependence of this parameter
for both l waves (see Fig. 5). Here, as in other similar studies

[9],we thus conclude that the real well depth must be deeper
for p waves than for s waves to describe the low-energy
neutron interaction.
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TABLE VII. Optical model parameters for various geometries. nv and n~ give the energy dependence of the corresponding well

depths.

V„(MeV)
Wo (MeV)
U„(MeV)
nv (MeV ')
no (MeV ')

S 1/2

46.0
1.0
6.5

Guss '
P 1/2

49.8
5.0
6.5
0.30
0.0

P3/2

49.4
5.0
6.5

$1/

45.2
1.9
5.5

Harper

P &/2

48.2
6.3
5.5
0.27
0.053

P3/2

48.2
6.9
5.5

S 1/2

46.4
0.9
6.2

Rapaport '
P i/2

49.0
11.0
6.2
0.36
0.52

P3/2

51.4
6.2
6.2

rv 1 23
rv= 1-26

'r v= 1.20

rD= 1.25;
rD= 1.26;
rD 1 32

r„=1.12; a v= 0.66; aD=0.54; a„=0.50, all in fm.
r„=1.12; av=0. 58; aD=0.40; a„=0.50, all in fm.
r„=1.01; av=0.70; aD=0.62; a„=0.76, all in fm.

VII. DISCUSSION

Because of the large number of stable isotopes of tin, this
element has been studied extensively to gain information on
the neutron excess and energy dependences of the parameters
of the optical model potential (OMP). Differential elastic
scattering and total cross sections for many of the isotopes of
tin have been measured by Guss et al. [6], Rapaport et al.
[14], and Harper et al. [15] and used to deduce these depen-
dences for the well depths of the potential. In another study
which more closely approximates the present work, in type
and energy range (0.3—5.0 MeV), Harper et al. [16]deduced
parameters which represent their total cross section measure-
ments rather well in all but the 2—5 MeV energy region.
While there are small nuances of difference in analysis ap-
proach and the parameters obtained in the various studies, all
have focused on a larger energy range and thus a more com-
plete data set than the present study. Conventional differen-
tial elastic scattering and total cross section measurements
provide strong constraints on the optical model potential, but
generally have little l specificity. Because of the extent of the
data in most studies of this type, the geometric parameters
are well determined. Since their analyses consider data that is
non-partial-wave specific, it is expected that there may be
parts of our average quantities which will not be reproduced
by the complete parameter set from such studies.

In order to assure that the different geometries of the other
studies could not account for the l dependence we observed,
we also searched for well depths corresponding to several of
these geometries which would best represent all our data.
The l dependence persisted in each case, with only the mag-
nitudes of the well depths changing with geometry. Thus it is
seen in Table VII that in every case the difference between
required s- and p-wave well depths is approximately 2—4
MeV for the real potential and the imaginary potentials differ
by more than 4 MeV. It should be noted that not all features
of all data sets of the other studies have been properly de-
scribed by their deduced parameters. The cross sections are
low in some cases and high for others. This could be a mani-
festation of the need for an l dependence, which our data
clearly dictate.

Some studies have included l-specific properties as pa-
rameters in the model, such as potential scattering radii or
strength functions, but none have obtained information on
these quantities through direct identification or observation
of individual contributions to partial wave samples. For ex-
ample, Timokhov et al. [17] have modeled neutron capture

cross sections and transmissions, for all the stable tin iso-
topes over the energy range 20—1400 keV, in the framework
of the Hauser-Feshbach-Moldauer formalism. They have de-
duced strength functions and potential scattering radii for s-
and p-wave interactions. In the present study we have ob-
tained potential scattering radii, in addition to the average
scattering functions for each 1, according to the relation

R' =a,[1—(2l+1)R(E=O)].

VIII. CONCLUSIONS

The tin isotopes have been the focus of the prediction that
possible doorway structure may exist in this mass region,
based on evidence presented many years ago for the presence
of enhanced M1 strength in these isotopes. Though one
might expect similar structure for s waves, our analysis of
high-resolution neutron total cross section data for ' Sn
would suggest little support for this expectation, as seen
from the cumulative plots of s wave reduced neutron widths
presented in Fig. 6. In earlier calculations, in which doorway
structure was postulated in order to account for the low
s-wave strength, Shakin [5] predicted the doorways to lie at
much higher energies than covered in the present analysis.
We are thus able to conclude from this study that any pos-
sible doorway structure in these isotopes of tin must lie
above 310 keV.

TABLE VIII. Potential scattering radii (frn).

1/2+

1/2

3/2

Present

6.3(2) '
8.9(2)
8.8(2)

Timokhov et al.

6.1(2)

Popov

6.0(2)

9.3(2)

'In our notation 6.3(2) corresponds to 6.3~ 0.2, etc.

Comparisons of results from these considerations are pre-
sented in Table VIII. They also deduced an OMP and found
that not all data can be represented with a single potential.
They did not, however, report an l' dependence. An increas-
ing body of evidence is accumulating that one must impose
an l dependence to an optical model description of results of
the analysis of high resolution low energy elastic neutron
scattering cross sections [9].
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Several studies have suggested the need for an l depen-
dence for the real well depth of the OMP, when analyzing the
low energy total cross section data. We find further evidence
in this isotope of tin. Mahaux and Ngo have recently sug-
gested [19jan alternate interpretation for this result in which
a surface potential is included, thereby obviating the need for
an l dependence, an interpretation which finds more theoreti-
cal support than the former. This elimination of the l depen-
dence is possible because the s- and p-wave functions are
approximately 90' out of phase at the nuclear surface. Since
the matrix element involves a product of the wave function
and the derivative of the potential, the addition of a surface
potential to each partial wave will affect only the partial
wave whose antinode occurs at the nuclear surface [20].Ap-

plication of these ideas to this and other spin-zero isotopes of
tin would provide clarification concerning this feature of low
energy partial wave analysis of neutron total cross section
data.
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