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Alpha-particle cluster models have been very successful in reproducing energy spectra, static
and dynamic electromagnetic properties, o.-emission widths and o.-nucleus elastic scattering data in
light nuclei around the double shell closures at 0 and Ca. We extend the application of one
such model to the heavier mass regions above Zr and Pb. In all cases we employ a potential of
given geometric form with all parameters 6xed except for the radius that is tailored to each nucleus
in turn. We find that the potentials needed for Ne and Ti are very similar to the real parts
of the optical potentials used in an accurate description of n- 0 and n- Ca elastic scattering up
to high energies. By suitable choice of the quantum numbers that describe the relative motion of
the n particle and the core nucleus we are able to give a good account of the spectra, the reduced
R2 transition strengths, and the n-particle emission widths (or lifetimes) of the members of the
ground state bands in the four nuclei Ne, Ti, Mo, and Po. The potential chosen also allows
a consistent description of the half-lives for favored n-decay throughout the Periodic Table.

PACS number(s): 21.60.Gx, 23.20.Lv, 23.60.+e, 25.55.Ci

I. INTRODUCTION

The existence of o.-particle cluster states in light nu-
clei has been accepted for a long time. Their presence
is experimentally indicated by strong selective excitation
in o.-transfer reactions, rotationally spaced energy lev-
els, enhanced electromagnetic moments and transition
strengths, and appreciable n widths for resonant states
above threshold. Another key feature of o.-particle spec-
tra is that a band of negative parity states is expected
to lie a few MeV above the lowest lying positive parity
band. These experimental properties have been well re-
produced by a variety of cluster models, including some
which are based on efFective N-N interactions and treat
antisymmetry exactly [1,2]. All of the above-mentioned
characteristics are most readily seen experimentally and
most easily calculated theoretically in the case of an o.
particle orbiting a doubly magic core, where binding en-
ergy considerations make the cluster-core system espe-
cially stable and both constituents have spin zero so that
no complications arise from noncentral forces. Amongst
light nuclei Ne provides an essentially perfect illustra-
tion of the properties outlined above [3] (see Fig. 1).

The question immediately arises as to whether similar
states exist in heavier nuclei. The obvious place to look
is around higher mass doubly closed shell nuclei. Indeed,
after initial scepticism, there is now good evidence of o,-
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cluster structure around 4=40, with Ti being a prime
example [4]. The ground state band is strongly populated
in the ( Li,d) reaction and is known up to its termination
at 12+, the levels are connected by strong E2 transitions,
and the 6rst few members of the accompanying negative
parity band have been located recently [5,6]. These prop-
erties are well described by several cluster models [7—9].
In all cases the n- Ca potential employed is compati-
ble with the real part of the optical potential deduced
&om elastic o.-particle scattering, which has been care-
fully measured up to energies where the anomalous large
angle scattering (ALAS) phenomenon is apparent [10].

Does such cluster structure persist at higher mass num-
bers? The obvious places to look are above the double
shell closures at Zr and 208Pb in Mo and 2&2PQ)

spectively. Such systems are too complicated for a fully
microscopic treatment, and we shall have to rely on more
phenomenological models to predict cluster state proper-
ties and to interpret the available data. We believe that
there are already sufFicient indications that an o.-cluster
interpretation is a &uitful way to understand the proper-
ties of the ground state bands of these two heavier nuclei.

The existence of o. decay in heavy nuclei suggests
a non-negligible probability for finding o. particles pre-
formed in the parent nucleus. We have previously been
able to give a good quantitative description of the half-
lives for o. decays in a wide range of heavy nuclei using
a preformed n-cluster model [11,12]. Unfortunately, this
does not enable us to say anything definite about the
value of the o. particle preformation probability except
that it appears to vary remarkably little from one nucleus
to another. Recently however, more microscopic calcu-
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9 I~, &225keV II. THE n-CLUSTER MODEL

20—

53keV

We employ a variation of the local potential cluster
model first introduced by Buck, Dover, and Vary [3]. A
preformed, inert n cluster interacts with a core through
a local potential V (r) containing nuclear, Coulomb, and
centrifugal terms
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The nuclear potential is characterized by a depth Vo, ra-
dius R, diffuseness a, and any other parameters n nec-
essary to specify its geometry. The values of Vo, a, and
n are fixed for all nuclei, but the radius R is fitted sepa-
rately for each nucleus. The Coulomb potential is taken
to be that of a point o, particle interacting with a uni-

formly charged spherical core:

E2 21 Wu.

FIG. 1. Positive and negative parity bands of a.-cluster
states in Ne showing quasirotational spectra, enhanced
in-band E2 transitions, and significant n-emission widths
(their principal decay mode).

lations invoking a mixed cluster and shell model basis
have suggested a large n particle preformation probabil-
ity of 0.3 in Po [13],and it is not inconceivable that
the preformation factor is even larger (P 1). If this
is so, it suggests that the low lying spectrum of i2Po
is explicable in terms of an n- Pb cluster model. A
preliminary investigation has already shown that the E2
transition rates and n-decay half-lives of the members of
the ground state band can be well described in this way
[14]. However, both this calculation and our wider rang-
ing n decay calculations are insensitive [11] to the geo-
metric form of the o.-core potential. In order to calculate
the energy levels correctly, a more careful description of
the interior of the n-nucleus potential is required. We
propose to employ the same type of phenomenological
n-cluster model which has been successful in describing
n decay, but modified so as to describe simultaneously
the spectra of Ne, Ti, Mo, and Po in a unified
way with a fixed set of parameters. At the same time
we shall insist on preserving an adequate description of
o.-decay half lives in heavy nuclei and compatibility with
the real parts of the optical potentials determined &om
n- 0 [15]and n Ca [10] elas-tic scattering. The general
features of such a unified potential could then be retained
in future calculations, with parameters fine-tuned to the
application at hand.

2n+L = G, (3)

where G & 8 for 0+n, G & 12 for Ca+o. , etc. Those
states in a given nucleus sharing a common even value
of G form a positive parity band with L = 0(2)G, ter-
minating at L = G. Similarly, negative parity bands are
associated with an odd value of G, having L = 1(2)G.
Thus G is a global quantum number which identifies a
band of levels.

The fitting procedure to be described in the next sec-
tion can be implemented in semiclassical approximation
without significant loss of accuracy. Energies of bound
and quasibound states are obtained using the Bohr-
Sommerfeld quantization rule

d~ —]E(n, L) —V(r) ~= (2m+ 1)—2p 7r

h2 2

= (G —L+ 1)—,2' (4)

We take R~ ——R so that the number of adjustable pa-
rameters is reduced to one for each nucleus.

The solutions of the single-particle Schrodinger equa-
tion with the potential of Eq. (1) are interpreted as
bound and resonant states of the cluster-core system, so
that the eigenvalues yield the energy spectrum and the
associated wave functions may be used to calculate other
observable quantities. The major requirements of the
Pauli principle are satisfied by restricting the quantum
numbers of relative motion to values compatible with
an n cluster consisting of nucleons in shell model or-
bitals above those already occupied by the core nucleons,
though this recipe should be regarded as a fairly reliable
guide rather than as giving a completely determined pa-
rameter. The number of internal nodes n in the radial
wave function and the orbital angular momentum L of
the relative motion must satisfy
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where ri and r2 are the two innermost classical turning
points. The Langer modified form of the centrifugal po-
tential is used, with L(L + 1) replaced by (L + 2) . A
semiclassical prescription [16] is then employed to evalu-
ate the small widths for o. emission. The details are in
our previous work [11,12].

The semiclassical calculations described above (or their
fully quantum mechanical counterparts, if wave functions
are needed) require specification of the geometric form of
the nuclear part of the cluster-core potential f (r, B,a, n).
Various forms have been successfully employed to de-
scribe the quasirotational energy spectrum of the ground
state band in Ne, and neighboring nuclei. These in-
clude Gaussian, squared Woods-Saxon, and "cosh" po-
tentials. However, none of these is satisfactory when ex-
trapolated to very heavy nuclei with unchanged depth
and di8'useness values. Indeed, they can even generate
inverted spectra where the 0+ member of a band has the
highest excitation energy and the G = L member the
lowest.

The problem of how to generate satisfactory spectra
for the yrast bands of Ne, Ti, Mo, and Po with
a given geometry whose only variable parameter is its
radius is quite acute (see Fig. 2). For Ne the levels
are almost rotationally spaced (although the 8+ is lower
than expected). For Ti the low spin states are rota-
tionally spaced, but the higher spin states 8+, 10+, and
12+ are tightly compressed. The Mo and Po ground

state bands deviate strongly from an L(L + 1) energy
dependence.

After a fair amount of trial and error we have settled
on the form

f (r, B,a, n) =
1+ exp [(r —R)/a]

1 —0!

(1+evp [[&
—R)/3a])~ ) (5)

which (with fixed values of Vo, a, and n) is capable of
maintaining a good description of the o,-decay half-lives
of the many heavy nuclei previously examined [12], while
simultaneously accounting for the spectra of our four cho-
sen nuclei, as well as producing potentials for the o.- 0
[15] and n- oCa [10] systems which are compatible with
the real parts of the optical potentials deduced &om an
extensive sequence of elastic scattering experiments. Of
course, our trials of geometric forms could not be exhaus-
tive, and are not necessarily optimal. Nevertheless, the
geometry proposed in Eq. (5) has a particularly simple
form and achieves our stated aims with a minimum of
&eely adjustable parameters. Ideally, one would prefer
to extract all potentials by model independent inversion
techniques &om extensive bound state and scattering in-
formation. Although we are pursuing this goal, it is a
long term project of uncertain outcome.
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FIG. 2. Comparison of the calculated and
measured n-core spectra for Ne (G = 8),

Ti (G = 12), Mo (G = 16), and ' Po
(G = 20). We use Uo ——220 MeV, a = 0.65
fm, and o. = 0.30. Values for the radii R are
given in Tables II and IV.
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III. THE CHOICE OF PARAMETERS

We choose the adjustable parameters of our model to
reproduce satisfactorily the large set of o.-decay half-lives
for even-even nuclei as in Ref. [11],as well as the exper-
imental excitation energies of the states of 2 Ne, Ti,
s4Mo, and 2~2Po shown in Fig. 2 (except for the 0+
ground states which we omit since, in common with ear-
lier calculations for Ne and Ti [7—10], we systemati-
cally underbind them by 0.7 MeV).

For consistency with previous work we take the a-
preformation factors to be 1. The values of G for the
ground state bands of the o. + doubly closed LS-shell nu-
clei Ne and Ti can be confidently chosen as G = 8
and G = 12, respectively, and G = 16 for Mo seems
likely. For Po the value G = 22 suggested by the sim-
ple shell model can be taken only as a rough guide since
oscillator wave functions would not describe nuclear or-
bits at all well at high mass numbers. The information
now available is that the presence of an 18+ level in the
ground state band of ~2Po requires G(A & 208) & 18,
and that the alpha-decay half-lives of heavy nuclei are
best fitted with G(A & 208) in the range 18—24 [11].
We have investigated the various choices in some detail,
and find that the best overall fit is obtained with the
parameters deduced by using G(A & 208) = 20, but
that the best description of Po alone is obtained with
G(A & 208) = 18.

We have then compared fits using diffuseness values of
a = 0.60, 0.65, 0.70, and 0.75 fm. With the radii fitted to
the o.-separation energy, Vo and o. are chosen to minimize
mean squared deviations S~ and SHL of the calculated
and measured excitation energies and logarithms of half-
lives

S@ = ) [E'" '(MeV) —E' '(MeV)]

tems. The two potentials obtained for these systems &om
this prescription are compared with the extracted scat-
tering potentials (with depth multiplied by 0.9 so as to
reproduce the n-emission breakup threshold [7]) in Fig.
3. With this additional restriction we choose the set

for further global investigation. However, as discussed
above, the choice

Potential 2: a = 0.70 fm, Vo ——200 MeV, o. = 0.30

(8)

obtained from an overall fit with G(A & 208) = 18 would
be preferable for a description of Po.

IV. RESULTS

Figure 2 compares the semiclassically calculated ener-
gies of the ground state bands of o.-cluster states in Ne,

Ti, Mo, and 2 Po with their experimental counter-
parts. Only the radius parameter B has been explicitly
fitted to each nucleus, whereas Vo, a, and o, remain the

—25

—50

—75

) -100

a+ "O

Potential 1: a = 0.65 fm, Vo ——220 MeV, a = 0.30,

(7)

and -125

)~Poglo ]/, (s) —log10 1/2(s)]

With G(A & 208) = 20, the four parameter sets shown
in Table I all give an acceptable reproduction of the ex-
perimental quantities, with a = 0.65 or 0.70 fm providing
the best results. Our preference for the former is based
on the similarity of the shapes of the resulting o. + 0
and o, + Ca potentials to the real parts of the optical
potentials deduced &om elastic n scattering for these sys-

-150

-175
0

—25

—50
'Ca

TABLE I. Potential parameter values. Values of Vo, a and
n which allow simultaneous good reproductions of n-decay
half-lives in heavy nuclei and of spectra in Ne (G = 8), Ti
(G = 12), Mo (G = 16), and Po (G = 20). See Eq. (6)
and accompanying text for definitions of S& and SH&.
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FIG. 3. Comparison of calculated (full lines) and optical
(dashed lines) potentials for n + 0 and n + 4oCa.
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same for all four. Nevertheless, the level of agreement
between theory and experiment for each nucleus is at
least as good, if not better, than that obtained by cluster
models specifically targeted on a single nucleus. Remark-
ably, the trend of the spectra away from quasirotational
spacings as the mass number increases from 20 to 212
has been achieved with a single geometric form for the
nuclear potential.

This feature of compression of the higher levels of a
band is actually already perceptible in Ne, where the
8+ state lies about 2 MeV below the position expected.
&om pure rotational spacing. It is clearly manifest in

Ti, and is expected in Mo and Po although several
predicted states have not yet been detected in these latter
nuclei. In particular it provides an explanation of the
isomerism of the 18+ state in Po. In this nucleus the
upper band compression is so great that the final states
are essentially degenerate (the 18+ may even lie below
the 16+) so that the electromagnetic transition from the
18+ is so slow that it cannot compete with a direct o.
decay to the ground state of Pb.

The only blemish on our description of the spectra is
that we systematically place the 0+ bandhead about 0.7
MeV too close to the 2+ in all cases. This may be due to
an inadequate description of the shape of the potential
near the origin where s states have finite amplitude. In
our Gts to spectra, we therefore choose the radii to repro-
duce the experimental energy of the 4+ member rather
than the 0+ of each band.

Bands of negative parity states should also occur in
these four nuclei. This expectation is well confirmed
in Ne, although there is some controversy about the
correct identi6cation of the 7 and 9 band members
[17,18], while in Ti the first three members of the neg-
ative parity band have only recently been discovered [5,6].
Further experimental work is necessary to search for the
equivalent negative parity bands in Mo and Po.

Table II compares our calculated B(E2 $) reduced
transition strengths with measured values for Ne, Ti,
and Mo. We evaluate these quantities with the
wave functions ~G, L) obtained from the single-particle
Schrodinger equation (using the appropriate potential)
and without introducing any e6'ective charges. We have

B(E2; G, L -+ L —2)

15 L(L —1)
8~~ (2L+ 1)(2L 1)

for a transition &om L to I —2 involving spinless clusters
and cores where the recoil factor is

ZgA~ + ZzA~

(Ag + As)~

with (Zq, Aq) and (Zg, As) the (charge, mass) numbers
of the cluster and core.

The level of agreement between the theoretical calcu-
lations and the experimental data is generally very good.
However, there is a tendency for the theory to underes-
timate the transition strengths as the mass number in-
creases. This is probably because the calculated wave
functions have too much strength in the nuclear interior,
and ought to be more strongly peaked at the surface.
This defect is less noticeable in the lightest nuclei since
there the wave functions have very few nodes and are
strongly peaked at the surface in any case, but it becomes
more important as the number of nodes associated with
low spin states increases with increasing mass number.

There is only a limited opportunity to test the predic-
tions of our model against measured o.-emission widths
in Ne, Ti, and Mo. Most of the positive parity o.-
cluster band members in these nuclei are either bound
against o. emission, or else their widths have not been
experimentally determined. However, if we examine the
excited negative parity o.-cluster band states as well, it is
possible to make a limited test of our model predictions in

Ne. Table III compares our results for o.o-decay widths
with measured values and with the earlier calculations
of Buck, Dover, and Vary [3]. We have calculated these
widths by slightly adjusting the potential radius to yield
a quasistationary state with 2n, + L = 8, 9 at the ex-
perimentally known excitation energy of each individual
state, and then solving the single-particle Schrodinger
equation with complex arithmetic with Gamow tails 6t-
ted to the wave functions (using the code GAMoW [20]).
Our results are inferior to those of Ref. [3], although still
acceptable, and suggest that a 6ne-tuning of the parame-

TABLE II. B(E2 J.) values. Calculated and measured B(E2 $) values (in e fm ) for Ne, Ti,
and Mo.

Nucleus
20N

(A=3.284 fm)

44T-
(H=4.560 fm)

'4Mo
(A=5.793 fm)

Transition
2+(1.63 MeV) -+ 0+(0.00 MeV)
4+(4.25 MeV) -+ 2+(1.63 MeV)
6+(8.78 MeV) -+ 4+(4.25 MeV)
8+(11.95 MeV) + 6+(8.78 MeV)
2+(0.72 MeV) —+ 0+(0.00 MeV)
4+(2.45 MeV) -+ 2+ (0.72 MeV)
6+(4.02 MeV) + 4+(2.45 MeV)
8+(6.51 MeV) -+ 6+(4.02 MeV)
10+(7.67 MeV) -+ 8+(6.51 MeV)
12+(8.04 MeV) -+ 10+(7.67 MeV)
2+(0.87 MeV) -+ 0+(0.00 MeV)
4+(1.57 MeV) -+ 2+(0.87 MeV)

B(E2 $), i

47
60
48
24
102
136
130
106
72
35
199
272

B(E2 $) sg

68+4
71 +7
65+10
30+4

120+ 37
277+ 55
157 + 28) 14
138+28 .

&60
391+5

660 + 101



B. BUCK, A. C. MERCHANT, AND S. M. PEREZ

TABLE III. no widths in Ne. Calculated and measured
o.o-emission widths of n-cluster states in Ne.

J Excitation I', (keV)
energy (MeV) (experiment)

8.776 0.11+ 0.02
11.951 0.035 + 0.010
5.7877 0.028 + 0.003
7.1563 8.2 + 0.3
10.262 145 + 40
13.692 158 + 15
15.336 78 + 7
17.430 53+6
22.87 ( 225 + 40

+
8+
1
3
5
7
(7
9

I' (keV)
(potential 1)

0.57
0.35
0.038
11.0
172
117
485
15.0
546

I', (keV)
(Ref. [3])

0.21
0.108
0.021
6.?
81

183)

ter values of the global potential is necessary to reproduce
the detailed features of a given nucleus. We also note that
the identification of the best experimental candidates for
the 7 and 9 members of the o.-cluster band has been
changed from states at 15.336 MeV and 22.87 MeV, re-
spectively [17], to states at 13.692 MeV and 17.430 MeV,
respectively [18]. We include calculations for both pairs
of states in Table III, and a comparison of our calculated
o.o widths with the experimental values favors the new
assignments [18].

In Po, o, decay to the ground state of Pb offers
signi6cant competition to E2 p decay. It is therefore
more illuminating to evaluate o,- and p-decay widths I'
and I'~ and then to compute half-lives and o.-branching
ratios for comparison with experiment. To evaluate I'~
we use the same potential as for the Po spectrum, and
relate the width to the B(E2 $) values by

I' (MeV) = 8.070 x 10 E (1+nT )

xB(E2; L; ~ Lf, e fm ),

where E~ is the p-ray energy in MeV, and o.T is the
appropriate internal conversion coeKcient. However, for
the o. decays it is essential to have the calculated state
at the exact experimental energy so as to evaluate the
correct barrier penetration factor, and so B is individu-
ally tailored to each state to ensure this. The smallness
of the variations in R (see Table IV) is a measure of the
adequacy of our assumed geometric form for the o.- Pb
potential.

Table IV lists the excitation energies [21] of the known

members of the ground state band of Po together with
the calculated values of B, I', and I ~ for both potential
1 and potential 2. The Q value for n decay from a state
(G, L) in 2Po to the ground state of 2 Pb is given by

Q(G L) = Q(G 0) + E*(G L) (12)

where Q(G, O) = 8.986 MeV includes a small electron
shielding correction [ll] and E'(G, L) is the excitation
energy of the state in Po. This, together with the in-
ternal conversion coeKcients o.T and the parameter val-
ues of Eq. (7), is sufficient to obtain values for R, I'
and I'~ within our model. In terms of the widths I' and
I'~, the half-life Tzy2 and o;-branching ratio b are given
by

bin 2 I'
T1/2 p + p ) (13)

V. CONCLUSIONS

We have given a good account of the evolving patterns
of excitation energies of the members of the ground state
band of Ne, Ti, Mo, and Po using an o.-cluster
model which employs a potential with axed depth Vo,
diffuseness a and mixing parameter o.. Only the radius
B is specifically tailored to the given nucleus. We go

where 6 = 6.582 x 10 MeVs. Using the values of the
widths from Table IV, we calculate Tqy2 and b, and in
Table V compare our results with the corresponding ex-
perimental values. For the half-lives Tiy2 the agreement
is generally good and this enables us to make conMent
predictions of Tzy2 for the 2+ and 4+ members of the
band. Only the 18+ half-life prediction lies more than
a factor 3 from the corresponding measurement, and
we see that potential 2 gives a signi6cantly better result
than potential 1 for this value. Although we reproduce
the general trend, the agreement for the branching ra-
tios is substantially poorer (to within a factor 5). We
note, however, that the branching ratios are either very
small, or imperfectly known [21], and further experimen-
tal work may well reduce these discrepancies. We note
further that our predictions for the lifetimes are indepen-
dent of the observed values of these branching ratios.

TABLE IV. o. and p widths in Po: n and p widths in Po calculated using the two potentials
of Eqs. (7) and (8).

0+
2+
4+
6+
8+
10+

(»+)

(MeV)
0.000
0.727
1.133
1.356
1.476
1.834
2.922

0.014
0.055
0.329
3.310
0.077
)) 1

B (fm)
(pot. 1, pot. 2)

(7.051, 6.989)
(7.030, 6.967)
(7.025, 6.963)
(7.029, 6.970)
(7.036, 6.981)
(7.037, 6.984)
(7.027, 6.978)

I' (MeV)
(pot. 1, pot. 2)
(4.43, 3.56) x 10
(10.6, 8.53) x 10
(1.94, 1.54) x 10
(7.11, 5.46) x 10
(8.18, 5.99) x 10
(1.33, 0.91) x 10
(2.48, 0.52) x 10

I'~ (MeV)
(pot. 1, pot. 2)

0
(6.25, 5.90) x 10
(4.88, 4.59) x 10
(3.18, 2.97) x 10
(4.43, 4.09) x 10
(2.37, 2.14) x 10

0'

Not calculated. Multipolarity of primary transition uncertain, with I'~ && I' [18].
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TABLE V. T~y2 and b values in Po: A comparison of the half-lives and a-branching ratios
for the members of the ground state band of Po, calculated using the two potentials of Eqs. (7)
and (8), with experimental data.

0+
2+
4+
6+
8+

10+

E' (MeV)

0.000
0.727
1.133
1.356
1.476

1.834

2.922

Ti (expt)

0.30 ps

(0.76 + 0.21) ns
17 ns

T1
2

(pot. 1
(0.10,
(7.3,
(90,
(1.2,
(8.7,

(calc)
pot. 2)

0.13) ps
7.7) ps
96) ps
1.3) ns
9.7) ns

45 s (1.8, 8.7) s

(0.55 + 0.14) ns (0.19, 0.21) ns

b '%%uo (expt)

100
0.033

27
71
42

( or 6 + 1)
no n particle

detected
99.93

b '%%uo (calc)
(pot. 1, pot. 2)

100
(0.17, 0.14)
(3.8, 3.2)
(18, 16)
(16, 13)

(0.06, 0.04)

100

a long way towards reproducing the strongly enhanced
E2 transition strengths within these bands without in-
troducing effective charges. Our potential form also ac-
counts for the a-decay half-lives of many heavy nuclei,
and closely approximates the real part of the optical po-
tential for o.- 0 and o.- Ca. Our results stand compar-
ison with cluster model treatments of individual nuclei,
and in Po are superior to limited basis shell model cal-
culations [14,22] for the states under consideration. The

most important conclusion to be drawn is that there is
considerable o. clustering in heavy nuclei and that simple
models can elucidate their spectroscopic features. In par-
ticular, there appears to be a significant degree of such
clustering in Po.
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