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Signatures of A-Z mixing in the magnetic moments of hypernuclei
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We investigate the inhuence on hypernuclear magnetic moments of A-Z Inixing due to the strong
AN ++ ZN interaction. The case of a A coupled to an I = 1 nuclear core (example z C) is found to
be a particularly sensitive probe of this mixing. Qualitative estimates indicate a significant deviation
of the magnetic inoment from the Schmidt values. The examples of &H, &H(l+) and &He(1+) have
also been studied, as well as the inhuence of A-Z mixing on the lifetime associated with the 1+ ~ 0+
electromagnetic transition in the A = 4 system. We also mention the sr+/vr ratio in hypernuclear
weak decay as another probe of the degree of A-Z mixing.

PACS number(s): 21.80.+a, 21.10.Ky, 14.20.Jn, 13.75.Ev

I. INTRODUCTION

The magnetic moments p of hypernuclei have been dis-
cussed as providing an excellent test of relativistic mean-
field theory [1—5], a model of the nucleus based on the
Dirac equation with strong scalar and vector potentials
[6]. In this model, the reduced nucleon effective mass
m~, arising because of the large attractive scalar field,
leads to a single-particle convection current enhanced
by a factor m~/mN. with respect to the nonrelativistic
value. This enhancement is essentially cancelled by a core
contribution to the total current ("backflow" ) [7], which
restores the moment to its nonrelativistic Schmidt value

(p = pA for a A in an siI2 state around a closed-shell nu-
clear core). In general, in hypernuclei, one might expect
this cancellation to be less complete, since the A-nucleus
and. nucleon-nucleus potentials, responsible for the core
response, differ considerably. Indeed, early calculations
[1,2] appear to indicate measurable deviations from the
Schmidt values. However, these calculations omitted the
very important tensor coupling of the vector field (ur)
to the A [8,9]. When this coupling, which is negligible
for the nucleon, was included [3,4], the hypernuclear mo-
ments were restored to values very close to the Schmidt
limit. Finally, we mention the work of Motoba et al. [10]
and Tanaka [11]. The latter estimates the effect of con-
ventional configuration mixing on hypernuclear magnetic
moments, and finds small deviations from the Schmidt
values in most cases. This summarizes the current theo-
retical situation. The experimental prospects have been
addressed by Yamazaki [12] and Fukuda et al. [13].

What other mechanisms could produce deviations of
hypernuclear moments from the Schmidt values? In this
paper, we consider for the first time the inHuence of A ~
Z mixing on magnetic moments. This arises because of a
strong interaction AN —+ ZN transition potential, which
induces Z components in the hypernuclear wave function.

We treat these admixtures in perturbation theory and
make some rough estimates.

The possibility of measurable deviations from the
Schmidt limit is due to the large differences in hyperon
moments. We have [14]

p~ ———0.613 + 0.004'~,
p~~ ——1.61 + 0.08pN,

pg+ ——2.42 + 0.05p~,
pg- ———1.160 + 0.025@~,

where p~ is the nuclear magneton. Note that only the
magnitude of pg~, the Z-A transition magnetic moment,
is obtained &om the measurement of the electromagnetic
decay rate Z ~ pA. The positive sign of pg~ results
&om the standard SU(3) phase convention. In addition,
the value of @~0, which is not experimentally accessible,
can be estimated in the quark model as

The quark model also gives

in excellent agreement with the value quoted in Eq. (1).
We note further that @gal is most important in determin-
ing the correction to the Schmidt value, since it is always
multiplied by the amp/itude for a Z admixture, whereas
p~+, p~-, and p, ~o are multiplied by Z probabilities.

II. THE SIMPLEST HYPERNUCLEUS: AH

The &H system has spin S =
&

and isospin I = 0 and is
weakly bound (binding energy 0.13+ 0.05 MeV). To first
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order, it can be thought of as a A bound to a deuteronlike
core, with spin-wave function

@(AH, I = 0, S= 2, S, = 2)

we have

(~H) = —sp~+ sPd = 0.78@~,
(9)

Ag[pn]o — -Ag[pn], . (2)

Via the AN ~ ZN transition potential, this configura-
tion mixes with the Z state given by

@(zHI= OS= 2, S, = 2)

P(zH) = s (Pz- + Pz'+ pz+) = 0 68@iv .

Note that &H is expected to be unbound.
In the SU(3) limit [15,16], we have

I (f' = 9) = 0.75&„,

p(f = 3) = 0.70@~ .
(10)

where we have defined [15,16]

[pn]o ——Si(I = 0) pn pair with S, = 0,

[pn]i ——Si(I = 0) pn pair with S, = 1, (4)

Thus we see that the magnetic moment of the A = 3
hypernucleus is insensitive to the strength of the E-A
coupling, since p(s&H) and p(szH) are almost equal to
each other. The transition moment p~~ does not enter
here due to the difFerent isospin of the NN core states in
~3H and ~H.

III. A-Z MIXING IN A = 4 HYPERNUCLEI:
LIFETIME AND MAGNETIC MOMENT

OF 1+ STATES

(pp), (pn), and (nnj = So(I = 1) NN pairs (S, = 0) .

These two basis states can be mixed to produce eigen-
states of the quadratic Casimir operator I"2 of SU(3) de-
fined by

8
~2 ) ~2 (5)

V = a+bF (6)

the eigenfunctions of the A = 3 hypernucleus in the
strong coupling or SU(3) limit are those that diagonalize
F (eigenvalue f ), namely [15,16]

0(f' = 3) = —,
' (A + ~W z),

W(f' = 9) = -', (~~4~ —0z)
(7)

where the P are SU(3) generators. For baryon-baryon
potentials of the SU(3) invariant form

The &H and &He systems are each observed to have two
bound states with J = 0+ and 1+, with the 0+ lying
lowest. The 1+ state decays into the 0+ by emitting an
Ml p ray of about 1.1 MeV [17]. The 1+ states will
have magnetic moments and lifetimes influenced by A-Z
mixing. We assess here the expected magnitude of this
mixing efFect.

To measure the magnetic moment, we need to prepare
a polarized &He(1+) or &H(1+) nucleus. A possible way
to do this is via the reactions

He(K, vr )~He(1+),
He(K, ~ )~H(1+)

(1la)
(11b)

at nonforward angles 0, where one can exploit the spin-
flip amplitudes in the basic process K N ~ aA. At 1.4
GeV/c, there are overlapping resonances in the KN sys-
tem, and the spin-flip amplitude is sizable at 0„20
[is].

We first construct the A and Z weak-coupling eigen-
states vPgM for A = 4, I = 1/2, I = 0, 1 systems. For
4&He and &He, we have

It was shown in Ref. [16] that b ( 0 for pseudoscalar me-
son exchange as well as for magnetic couplings of vector
mesons. Thus @(f2 = 9) would lie lowest in energy in
the strong-coupling limit. From Eq. (7), we see that this
state has a A probability of 3/4.

Now we investigate the change of magnetic moment as
we pass from weak- to strong-coupling limits, evaluating
the matrix elements of the magnetic moment operator

I[M
= gipi~iz )

where gi = 2 for A or Z and g, = 1 for the deuteronlike
pair [pn]i, for which we take p,, = pg = 0.857@iv. For
(NN) pairs, we have p,, = 0. In the weak-coupling basis,

Woo(~He) = (Ag He~ —Ag I3 Het),
2

(K&+ @tz —E&+ g t&)
3

(Zt I3 Hey —Z~ gl Hey),
6

goo(zHe)

@io(~He) = (At gI Hey + Ag (g Hey),
2

bio(zHe) = (E~+ gl tg+ Z~+ Ca t~)
3

(Z„' g'He& + Zo„g'Het),
6

(i2a)

(12b)

(12c)

(12d)
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Qyy(AHe) = At 8 Hey,

ggg(~He) = Q2/3Z~ 8tt —Ql/3E~ 8 Het .

(12e)

(12f)

A similar construction holds for AH and &H. The mo-
ments of the uncoupled states are then

p(AHe 1+) = (@»(AHe) I pl@»(AHe)) (i3)

and so forth. Of course, the magnetic moments of the 0+
states vanish. We find

p(~He 1+) = p~+ p H.

p(~He; 1+) = —,'(pg. + p.H. ) + —', (pg+ + pt),
p(~H 1 ) = pA+pt
y, (~H; 1+) = s(pro + pg) + js(pg- + p He)

(14a)
(14b)

(14c)
(14d)

Using the measured values, and assuming @~0 ——0.79pN
[cf. the discussion following Eq. (1)], we arrive at the
predictions for uncoupled states shown in Table I. The
experimental values p( He) = —2.13p~ and p( H)
2.98pN were used.

Now consider A-Z mixing in a schematic model:

The transition potential Vg~~~~(r) depends on the me-
son exchange model employed. For example, in [20,22],
we have Vg~~~~(r) ( 0, so P ) 0. Taking the magni-
tude of the average matrix element (Vg~~pN. ) to lie in
the range 2—5 MeV, similar to diagonal AN or AA matrix
elements [23], we crudely estimate P 0.03—0.07, leading
to Ap(f He) —0.05p~ to —0.13p~, a 2—5% correction
to the magnetic moment of &He. This estimate of P is
roughly consistent with the coupled channel calculations
of Carlson [21], who obtains a K probability of about
0.8% in &~H(1+). If the speculations of Refs. [15,16] prove
to be correct, then P would be considerably larger.

We note that Eqs. (15a) and (15b) do not take account
of any radial dependence of the wave function. In par-
ticular, E-A coupling will be strongest in the center of
the nucleus, where the nucleon density is highest. In this
region, one may even approach an SU(3) eigenstate [see
Eq. (7) for the A = 3 case]. In the nuclear periphery, one
will certainly approach the weak-coupling limit, and the
A component will dominate.

We now consider the electromagnetic transition be-
tween the 1+ and 0+ states in &He and &H. We start
from the standard formula for the rate of Ml transitions

yj 1 (y'He) ~@11(AHe) + Pq» (/He)
@»(~H) = ~4'»(~H) + P@»(zH) .

Then we arrive at the modified moments

(i5a)
(15b)

Rate (Ml) = 4.2 x 10' E (2J, + 1) 'l(fllplli)l
(19)

p = pA + pcore = gAJA + gcore Jcore

p(~He) = ~'p(~He) + P'p(zHe) — p»,
3

P(yH) = ~'P(~H) + O'P(zH) + Pz~
3

(16a)

(16b)

The most significant correction to p is due to the tran-
sition moment pg~, since this term is linear in the Z
admixture P. This correction, however, cancels out in
the isoscalar combination given by the sum of (16a) and
(16b). For small P, we have

Ap(y He) = —1.86P,

(v )
m+ mg

TABLE I. Predicted magnetic moments of 1+ states in
A = 4 hypernuclei (units of p~).

System
4~He

4~He

AH

~H

p(1')
—2.74

3.15
2.37

—0.94

with the opposite sign for Ap(&H). At this point, a quan-
titative procedure would be to solve the coupled channel
problem, assuming a Z —+ A transition potential Vg~,
perhaps taken from a meson exchange model [19]. Such
calculations have been carried out for the A = 3 system
by Afnan and Gibson [20] and for A = 4, 5 by Carlson
[21]. To obtain a qualitative idea of the magnitude of
Lp, we employ the perturbative estimate

Rate (Ml) = 4.2 x 10 E (pA —p, „) (2o)

where

—3.59p~ (4~H)
+1.5ip, ~ (4 He).

Using E = 1.1 MeV [17], we then obtain the correspond-
ing lifetime v. as

1.4 x 10 sec (&H)
Rate (Ml) 0.8 x 10 sec (&He). (22)

Such short lifetimes would be very dificult to measure
experimentally [25].

We now consider the eKect of Z-A mixing on the Ml
lifetimes. For &He, we consider mixed wave functions for
the 1+ and 0+ states,

@(yHe; 1+) g]p(~He) + Pq@qp(&He)

@(f.He; 0+) = @oo(~He) + Po@oo(~He),
(23)

where the rate is in units of sec, E is in MeV, and
J;,Jf are the initial and final nuclear spins within the
hypernuclear doublet of levels with J = j~ + J, , for
jA ———.The general expression in terms of g~ and g, „
is given in [24], which for the 1+ ~ 0+ transitions in
question becomes
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and work to first order in Pp i. The relevant transition-
matrix element involving pg~ is given by

(@io(zHe) Ipl&oo(aHe)) = (@io(wHe) ly I@op(zHe))

Pz—x/~~ . (24)

1+ (Po + /3i) vz~/V 3(p~ —p~)

= [1 —o26(& +&)] '.
Here, the effect is less marked than in &He.

(26)

The modified lifetime of the mixed state &He is then
expressed in terms of the ratio IV. Z-A MIXING IN THE p SHELL

~(4~He)

~(4~He)
1 —(Po+ A)Pz~/~~(VA —P~H )

= [1 —0.61(Pp + Pi)] (25)

Thus, rather small Z admixtures lead to noticeable de-
viations from v(&He), since the mixing amplitudes Pp i
enter linearly. A similar consideration for &H yields

We close with some simple considerations on Z-A mix-
ing in the p shell, where more dramatic effects may be
anticipated in some selected cases. First we note that
if the A is coupled to an I = 0 core, the Z admixtures
will be very small, since, by conservation of isospin, they
only arise through I = 1 core states. An example is the
ground state of & C, which would have the composition

~i, C(J = ~; I = 0)) = n~A, „,g)' C(g.s.)) +P~A,„,g) C*(J = 0+, 1+;I= 0))

+piZ. . . (A = 12)*(J = 0+, 1+;I = 1)) + (27)

where

~Z.„,@ (A = 12)*) = (Z. , g "N* —Z'. , @"C* + Z+ g "B*)/v 3 .

The matrix element involving the overlap of the C ground state (g.s.) with the core excited states will be suppressed
by recoupling coeKcients and reduced radial overlaps, so p will be small. Thus we expect p(&isC) = p~.

A more favorable case involves the coupling of a A to a J = 0, I = 1 nuclear core. Examples are A C and & 0,
which could be fabricated via the reactions

N(K, m )' C, N(p K+) C, F(K, vr ) O. (28)

We now write a schematic wave function of the form

IVC(J= -' I=1))=~IA „,g'"C(gs. ))
1

+P Zo @i4C(g.s.) —Z.— g "N*(J = 0+, I = 1) + pZ.
—

g "N(g.s.) +

where 4N'(J = 0+, I = 1), the isobaric analog of the
C ground state, is the first excited state of N, at 2.31

MeV above the J = 1+, I = 0 ground state of N.
To first order in P and p, the term involving p,z~ again
dominates, and we find

weak-coupling limit, the effects of Z-A coupling on the
magnetic moment of & C are likely to be much larger than
the efFects considered in [1—5] in the context of relativistic
mean-field theory.

p(~ C(g.s.)) = y~+ ~2Ppz~ = p~(l —3.71@) . (30)
V. CONCLUSIONS

In this case, we obtain a considerable amplification factor
multiplying P, so the efFect of Z coupling is enhanced.
For P in the range +0.03 to +0.07, as estimated from
Eq. (18), we find a suppression of p(& C(g.s.)) in the
range 11—26%%uo. This is much more dramatic than the
rather modest changes we exhibited for the A = 3 and 4
systems. In the limit of SU(3) eigenstates for &sC [15,16],
the results would be even more striking. Even in the

We have studied the problem of Z-A mixing in hy-
pernuclei, arising from the strong conversion process
ZN —+ A¹ In particular, we investigated the effect of
this mixing on hypernuclear magnetic moments p. Stud-
ies in the context of relativistic mean-field theory [1—5],
which so far ignore Z-A coupling, have indicated very
small deviations of moments from the Schmidt limits, so
we might hope to use such departures as signatures of the
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magnitude of Z-A coupling. Our explorations, which are
only qualitative, suggest some favorable cases in the nu-
clear p shell (& C, for instance). The s shell (&H, &H, &He)
is less promising. In AH, for instance, p remains close to
the Schmidt value even when A and Z are coherently
mixed to form SU(3) eigenstates. A full hypernuclear
shell model calculation is required to evaluate these sug-
gestions quantitatively. However, it is clear that E-A
mixing becomes most effective when there is no change
in the nuclear core state. This maximizes the radial over-
laps and recoupling coefFicients. For even A cores in the
p shell, this requires that the core have I = 1.

Similar considerations follow for heavier core nuclei
with neutron excess N —Z & 0. The con6guration
A.. .+Z(g. s.), with isospin 0+ To ——To, where To ——

(N Z)/2, ge—ts admixed most effectively with the A ~ Z
excited configuration Z.. . (3 Z of isospin 1 + To ——To,
where Z stands for Z(g.s.) when Z = E, and for the
analog of +Z(g.s.) when Z = Z . These types of admix-
tures were considered by Auerbach [26] who studied their
effect on hypernuclear widths. His estimates give admix-
ture amplitudes of order [P[ = 0.05, within the range
considered here by us.

Finally, we mention an old puzzle, where Z-A coupling
may play a significant role, namely, the ratio of 7t+ to

emission in the weak decay of light hypernuclei. The
measured ratio is

l (~He -+ or+ + (pnnn))
I'(~He m vr

—+ (pppn))
0.043 + 0.017 (Ref. [27])
0.054 —0.069 (Ref. [28]).

A m+ decay may be the result of a A —+ neo decay, fol-
lowed by vr p —+ vr+n charge exchange, or a Z+ admixture
in the 4AHe g.s. wave function, as in Eq. (23), followed by
Z+ —+ n7r+ weak decay. Early estimates [22,29,30] gave
B & 0.01, a significant shortfall. It would be interesting
to perform a Z-A coupled channel calculation, employ-
ing modern meson exchange potentials [19], in order to
evaluate B. Note that B is proportional to the square of
the Z+ admixture in the &He wave function. Magnetic
moments, on the other hand, can contain a term Linear
in the Z admixture, multiplied by the transition moment
pg~. This can give a much larger effect, as in the case of
the & C moment, for instance.

There have been no measurements of hypernuclear
magnetic moments, although some are planned at KEK
in japan [13]. Our considerations suggest that such mea-
surements are well motivated, since they would shed light
on the E admixtures in hypernuclear wave functions.
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