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cx-d capture with formation of Li and the isoscalar Rl multipele
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We present results of a calculation of the low-energy fusion reaction o. + d ~ Li+p. In this
calculation Li was treated as a three body o.-2N system in the framework of the multicluster
dynamic model with Pauli projection. (MDMP). To construct the Li wave function with a high
precision a large basis is used for the radial wave function of o.-2N relative motion in the ground
state of Li. We pay special attention to the asymptotic region of this radial function. We obtained
good agreement with experimental data on both angular distribution and total cross section by
taking into account the contribution of the isoscalar E1 multipole.
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I. INTRODU CTION

Among many low-energy fusion reactions

A+B -+ C+p,
those reactions in which each participating nucleus has
isospin T = 0 are of particular interest. In such reactions
the lowest multipoles (El, Ml) are strongly suppressed
and usually this transition proceeds via the rnultipoles
like E2 or higher. At very low energies the contribution
of the suppressed multipoles strongly increases and this
fact may be important, for example, for astrophysical
processes.

In this paper we will consider the

we make special effort to treat it accurately.
(iii) The population of the J T = 3+0 level of Li at

E' = 1.2 MeV was included in the calculation.
The paper is organized as follows. In Sec. II we discuss

the corrections to the isoscalar E1 multipole operator
which may contribute to the cross section, particularly
at very low energies. In Sec. III we give details of the
nuclear model used to construct the ground state and
continuum state wave functions. Then in Sec. IV we
present the results for the total capture cross section to
the ground state and to the J T = 3+0 excited state,
and in Sec. V the differential cross sections are given for
four energies. In Sec. VI we present our summary and
conclusions.

O+d ~ 6Ii+p

reaction. It was already discussed in several papers [1—3].
From the experimental data it follows [4] that the dipole
transition is important in this reaction at low energies.
If indeed this is the case, the following question arises:
What is the origin and the magnitude of this dipole tran-
sition'? We point out that in previous works [1,2] the
dipole transition in this reaction was associated with an
isoscalar E1 multipole. Since these early works, the the-
oretical description of the nuclear structure of the par-
ticipants and the accuracy of the numerical calculation
have been improved significantly. These improvements
may lead to a better physical insight into the problem
of the contribution of the dipole transition. That is why
we are returning in this work to the discussion of this
reaction. The improvements made in the present study
are the following.

(i) A very large basis was used to construct the radial
wave function of o.-d motion in the ground state of Li.

(ii) Since the reaction cross section at very low energies
is extremely sensitive to the asymptotic behavior of the
o.-d relative motion wave function in the ground state,

II. MULTIPOLE TRANSITION OPERATORS IN
THE LONC-WAVE APPROXIMATION

We will limit our consideration to energies not exceed-
ing E = 10 MeV. In this energy range one can employ
the long wave approximation. In this approximation, the
isoscalar E2 multipole operator is given by

(2)

Here r, is the coordinate of nucleon i relative to the
center of mass.

In the long-wave approximation the El transition in
the reaction (1) is forbidden. There are various correc-
tions to the E1 operator in this approximation which can
generate E1 transition.

(i) Spin-dependent correction
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proportional toeffect(ii) A retardation
eks g, , r;s &j (r;) .

(iii) Effects of isospin mixing of the nuclear states. The
mixing of T = 1 components in the Li ground state and
in the a-d continuum state wave function is mainly due
to Coulomb polarization of the dinucleon (deuteron) in
the field of the n particle. The polarization manifests
itself as a deviation of the charge distribution, considered
from the center of mass of the system, leading to a dipole
transition (see, for example, Ref. [5]).

(iv) Correction due to the fact that the n cluster and
the deuteron cluster are bound systems [binding effect
BE].Due to this fact the center of mass of the n-d system
is shifted relative to the six-nucleon center of mass. Thus
the El operator has the form

m~ mg Z~
dp, =c p

m~ + mQ fA~

Zd

III. THE NUCLEAR MODEL

The wave function of the Li ground state was con-
structed in the multicluster dynamic model with the
Pauli projection (MDMP) which treats this nucleus as
a three-body o.-2N system. A projection procedure was
used to take into account in an approximate way the
Pauli principle by using a deep o.-N potential with for-
bidden states. The details of this approach are given in
Ref. [6] . For the interaction between the outer nucle-
ons the full Reid soft-care potential was used [7]. The
n %potential was c-on'structed [8] by 6tting the free n-1V
phase shifts up to 20 MeV. To reproduce the S, P, and
D phases with high accuracy the constructed potential
appears to be dependent on parity.

The Li ground state wave function was constructed
as a sum over the quantum numbers ~ = A/LS:

where p is the radial coordinate of the n-d relative mo-
tion, and m and mg are the masses of the n particle
and the deuteron, with Z = 2 and Zg ——1, respectively.

Of course, one cannot consider this expression as a
rigorous one. Indeed in the derivation of Eq. (4) the dis-
tortion of clusters, relativistic corrections to their wave
functions, and meson exchange currents that may be of
importance for such a tiny effect were not taken into ac-
count. The consistent treatment of all these effects is
extremely diKcult. That is why (following the paper
[1]) we multiply the expression (4) by a factor K. The
numerical value of r will be determined by a fit to the
experimental data.

In our calculations we took into account all these ef-
fects. It has been noted in Refs. [1—3) that the contri-
bution of the terms (i)—(iii) are very small. Our results
support this conclusion. Therefore we will concentrate
below on the contribution of (iv), see Eq. (4).

to the Jacoby coordinates p and r, respectively. The
vector r connects the two outer nucleons and the vector
p connects the center of mass (c.m. ) of the n particle and
the c.m. of two outer nucleons. L and S are the angular
and spin momenta of the whole system, respectively. E'
is the spin-angular function:

F = ) (LMgSMs[JM)gq) (r", p)y M (Kq, Kg) .
ML„MS

(6)

The radial wave function was written as a sum of

4' (r, p) = ) C;r,"p, exp( —n, r —P;p ),

where the nonlinear parameters n; and P, are chosen on
the generalized Tchebyshev grid [6]. The radial wave
function is obtained by solving the Schrodinger equation
using the variational method on the nonorthogonal basis.

The Pauli principle in the MDMP is taken into account
by excluding from the solutions the Pauli-forbidden com-
ponents. This is done by using the pseudopotential [6]

(8)

Here I' ~, is the projector on the forbidden states in the
n N, subs-ystems, r1 is a large constant (g -+ oo).

It would be preferable to use an accurate three-body
approach for the n-d continuum state function too by tak-
ing into account the distortion (polarization) of deuteron
in the field of the n-particle. But as we will show be-
low the capture cross section at low energies depends
mainly on the peripheral part of the wave functions. It
means that the results of calculations mainly depend on
the n-d phase shifts but not on the precise form of the
n-d interaction. In Ref. [9] it was demonstrated that the
low-energy n-d phase shifts calculated in the framework
of our n-2N three-body approach are in good agreement
with experimental data. Therefore, it seems to be justi-
fied to use here a more simple two-body scheme for the
o.-d continuum state wave function with the n-d poten-
tial fitted to the phase shifts. Thus the continuum wave
function of the n-d system was obtained numerically by
solving the two-body Schrodinger equation with the n-d
potential given in Ref. [10]. This potential has a central
and a spin-orbit part. It reproduces accurately the phase
shifts for the 3=0, 1, and 2 partial waves and the low-
lying resonances in the n-d system with L=2 and J=l,
2) and 3.

Three sets of Li ground state wave functions were used
in the calculation. The first set is a standard one, which
we call FUNCTION-92 (F-92). It is given in Ref. [8). In
this set the number of Gaussians over the n-d coordinate
used to construct the main S component of the ground
state wave function is equal to 7 and the nonlinear pa-
rameters P; [see Eq. (7)] were varied within the interval

22x10 &P; &47.

Here A and L are the partial angular momenta conjugated
With this wave function the binding energy is equal
to 3.25 MeV, compared with the experimental value
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of E = 3.7 MeV. So in this version of the calcula-
tions, Li is underbound by approximately 0.5 MeV. At
large o.-d distances this three-body wave function is fac-
torized. with a high precision into the two-body form
C (r, p) = Pg(r)P d(p) To. avoid the numerical problems
with the description of the asymptotic region by a limited
Gaussian basis, the function P g(p) was matched to the
standard Whittaker function at the distance of p = 10
fm.

In the second set we changed slightly the o,-N poten-
tial. In odd partial waves of o,-N interaction we took
the value of k = 0.4265 fm instead of k = 0.43216 fm,
where k is a nonlinear parameter which determines the
width of the potential (see Ref. [8] for details). Such a
modification of the potential results in only 1% effect in
the phase shifts, but it is enough to bring the calculated
binding energy (E = 3.691 MeV) close to the experimen-
tal value E, &

——3.7 MeV. In addition, the number of
Gaussians used in this set to describe the o.-d relative
motion was almost doubled (iVs=15) and the parameters
P, were varied within the very broad interval

32x10 &P; &16x10
Such a broad basis allow's us to describe very accurately
the Li wave functions both at small and at large o.-d dis-
tances simultaneously. In this way, an accurate asymp-
totic behavior of the ground state wave function with re-
spect to the o,-d coordinate was achieved. We denote this
version of the wave function as the modified large basis
F-92 (MLBF-92). Again at the distance of p=10 fm this
function was matched to the Whittaker one. Note that
unlike the earlier calculations [1—3] the wave function of
Li in both cases has larger numbers of partial angular

momenta A and l. Such additional components can be
important especially for the angular distribution of the
capture cross section.

It is known [ll] that the asymptotic part of the n-d
wave function is the most important in determining the
capture processes at the low-energy region. Therefore, in
the third version (W-92) of the calculations we used as
the Li ground state wave function the pure asymptotic
form

1/2
Ver, = 4-4'd. {2v'2u.a& &-d~-~(@,n)

Here p p is the reduced mass of the o.-d system, C p is
a dimensionless asymptotic normalization constant, and
W d(E, p) is the Whittaker wave function which corre-
sponds to the o.-d binding energy E. We use here the
experimental values of C p

——2.9, extracted recently
from low-energy n-d phase shift analyses [11,12], and of
E —EBQ Eg ——1.48 MeV. It is important to note that
both these values are in excellent agreement with those
found for the second set of function: MLBF-92.

To calculate the matrix elements here the numerical in-
tegration was carried out starting from p = 6 fm, where
the strong interaction between the o. particle and the
deuteron is already very small. That is, we neglect in
matrix elements the contribution from the internal part
of the wave functions. It turns out that this assump-
tion works quite well in the low energy region. This

means that the calculated values of cross section for the
deuteron capture processes at low energies which are of
interest to astrophysics are practically model indepen-
dent.

All necessary expressions to calculate the differential
and integral cross sections of the reaction (1) are given
in the Appendix.

IV. THE TOTAL CAPTURE RATE

A. Transition to the ground state

To demonstrate the sensitivity of the total capture
cross section to the details of the wave functions we have
plotted in Fig. 1(a) the results of the calculation for the
three sets of wave functions. When calculating the cross
section, we took into account the Ml, E1, and E2 mul-
tipoles with retardation efr'ects. In the electric multi-
poles the spin part of the corresponding operator was
also taken into account. Quajitatively all three versions
of the wave function used reproduce the energy depen-
dence of the total cross section. However, at low energies
we obtain better agreement with data for the wave func-
tion MLBF-92 [see the solid line in Fig. 1(a)]. This is
mainly due to the fact that this wave function accurately
reproduces the experimental value of the o.-d binding en-
ergy [compare with the dotted line in Fig. 1(a)]. We note
that already the Whittaker function alone (with C = 2.9)
when used as the wave function of the o.-d motion in the
ground state of Li gives results which are not far from
the experimental data. The MLBF-92 version of the Li
ground state wave function reproduces fairly well the ex-
perimental data [4] up to E, = 3 MeV, including the
recently obtained data at low energies [13].

It is easy to take into account in our o.-2N approach
the efFect of dinucleon Coulomb polarization in the Li
ground state by adding in the variational basis the com-
ponents with isospin T = 1. Their admixture to the
Li ground state is due to both the o.-p Coulomb inter-

action and the proton-neutron mass difI'erence. It was
found that the weight of this component is about 0.004%
only. This magnitude is in good agreement with the es-
timation of Ref. [14]. As a result the contribution of the
corresponding isovector E1 multipole is at least one or-
der of magnitude smaller than that needed to reproduce
the experimental data on cx-d capture.

The efFect of the Coulomb distortion of the incoming
clusters should be significantly less important because
the mean intercluster distance in this case is much larger
than that for the ground state.

Thus one can conclude that the eKects of Coulomb
distortion are not large enough to reproduce the exist-
ing experimental data. Therefore one has to include the
additional BE mechanism of generating the dipole term,
Zq. (4).

In Fig. 1(b), the total capture cross section at very low
energies (E & 100 keV) is given. The solid and dashed
lines correspond to the function MLBF-92 and W-92, re-
spectively. To demonstrate the role of the BE isoscalar
El multipole, in this region of energy, we also plotted
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FIG. 1. (a),(b) Total deuteron capture
cross section to the ground state of Li.
The solid line is the result of the calcula-
tion with the modified large basis function-92
(MLBF-92). The long dashed line is the re-
sult with function-92. The short dashed line
is the result with asymptotic representation
of Li wave function. The dash-dotted line
is the result of the E1 part with a = 0.7 for
MLBF-92.

(dash-dotted line) the cross section, which is only due to
this multipole. The scaling factor K in Eq. (4) was taken
to be K = 0.70. This value was obtained &om the anal-
ysis of the experimental data on angular distribution, as
will be discussed in the next section. We 6rst note that
for the total cross section, the E2 contribution domi-
nates (by a factor larger than 2) at energies above 300
keV. The nice agreement between the solid and dashed
lines demonstrates that at these low energies only the
asymptotic behavior of the relative o.-d wave function is
needed.

B. Transition to the J T = 3+0 level

functions and is very difFicult. So our calculation can only
be considered as an estimation of the efI'ect.
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V. ANGULAR DISTRIBUTION

Experimental data on the angular distribution are
available for three energies, E, = 1.33, 1.63, and 2.08
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The wave function of the J T = 3+0 level was con-
structed in the version of F-92 as a resonance state. The
cross section is given in Fig. 2 together with that for the
ground state. It is seen from Fig. 2 that the cross sec-
tion to the J T = 3+0 state becomes dominant already
at excitation energy of E, = 5 MeV and above. Pre-
cise theoretical consideration of such processes requires
the calculation of transition between two continuum state
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FIG. 2. Deuteron capture cross section to the Li ground
state (short dashed line) and excited 3+0 state (solid line).
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FIG. 3. Angular distributions calculated with the

MLBF-92 function including the isoscalar E1 multipole with
e = 1 (long dashed), 0.7 (solid), and 0.0 (short-dashed) curve.
The experimental data are from Ref. [5].
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FIG. 4. Angular distribution of the deuteron capture at
E, = 50 keV. The notation is the same as in Fig. 3.

MeV [4]. However, only at E, = 2.08 MeV are the
experimental data of good quality. Unfortunately, the
experimental data for angular distribution in Ref. [4] are
given in arbitrary units. We normalized this differential
cross section by using the data for the total cross section
given in the same paper. Since these data are given only
in the figures some uncertainties still persist. The data at
this energy allow us to determine only a limit on the value
of the isoscalar El multipole. The normalized difI'eren-
tial cross section is shown in Fig. 3. The dashed, solid. ,
and dash-dotted lines were obtained using the MLBF-92
wave functions for the following values of K = 1, 0.7, and
0, respectively. It is seen from Fig. 3 [see, in particular,
Fig. 3(a) ]that the assumed form of the isoscalar El mul-
tipole, Eq. (4), is sufficient to reproduce the data with a
fitted value of v = 0.7. The value v = 0.7 seems to give
the best fit.

Note that the fitted value of the parameter r = 0.7 in
our calculation is larger than that deduced in Ref. [15].
As a result [see Fig. 3(a)] the overall description of the
experimental angular distributions with this value of r
is better than in Ref. [15]. This is due to the fact that
we have used a more accurate wave function for the Li
ground state in our calculation.

To demonstrate the important effect of the isoscalar
El multipole we show in Fig. 4 the calculated diger-
ential cross section at very low energy of 50 keV. The
dashed, solid, and dash-dotted lines correspond to the
values of K = 1, 0.7, and 0. The angular distribution
of the pure E2-multipole (tc, = 0) differs markedly from
those obtained by including the isoscalar El multipole.
Note here that neither the inclusion of the Ml multipole
nor the corrections (i)—(iii) could be practically seen in
the figures since they are so small.

attention to the asymptotic behavior of the ground state
wave function. It appears that this asymptotic region is
responsible for the main contribution to the total cross
section at low energies. Moreover, for energies of as-
trophysical interest the a-d capture cross section can be
quite accurately described by using only an asymptotic
form for the Li wave function. Therefore a more reli-
able theoretical prediction of reaction cross section can
be established for low energies.

We have shown that the contributions of (i)—(iii) to
the El multipole are too small to explain the experimen-
tal data. That is why the contribution of the BE e6'ect
to the El multipole, given by Eq. (4), is needed to re-
produce correctly the available experimental data for the
total cross section and differential cross section [see Figs.
1(a) and 3].

At the same time it seems to be interesting to derive
the expression for the BE correction in a consistent man-
ner taking into account the relativistic corrections and
meson exchange currents.

We point out that a detailed knowledge of this multi-
pole will allow us to increase the reliability of predictions
for the cross section in the region of interest to astro-
physics. It was shown that at energies E, & 100 keV
the E1 multipole dominates in the cross section. Thus
one could expect a higher abundance of Li as compared
with the result of a calculation in which the El multipole
is not taken into account.

Measurements of angular distribution with higher pre-
cision at low energies could play the decisive role in test-
ing the theoretical approaches for this reaction.

We have also shown that the magnitude of the cap-
ture cross section to the excited J T = 3+0 level of Li
becomes very important already at E, & 4 MeV.
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APPENDIX

VI. CONCLUSION The differential cross section for the reaction (1) reads

We have performed a very careful analysis of the reac-
tion o.+d ~ Li+ p. The main interest for studying this
reaction is to find out whether cluster effects are respon-
sible for generating the very specific corrections to the
El multipole, given in Eq. (4). These effects can be seen
only in the angular distributions at low energies or in the
total cross section at very low energies. To calculate this
angular distribution with high precision we paid special

do 1
d~

= (8~@&/q) ) o,„P„(cose),2J&+ 1 (Al)

where 0 is the angle between the outgoing photon and
the incoming deuteron momenta in the c.m. system. The
angular distribution coeKcients a are expressed through
the nuclear matrix elements as follows:
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~1 ~2/1/2 ~1 J2

( l)~y+ji+j2
i ' ' „„g~(Jqj~J2j2, JIn)

j1j2

xZ(l,j,lese;1x)Re[Te (je4)Tq, (j,l, )) .

Here Jg ——J~ = 0) J2 ——Jg ——1, Jf is the angular
momentum of Li, j = +2j + 1. Tg(lj ) is a reduced
matrix element of rank J, where l and j are the orbital
and the total angular momenta of the o.-d continuum
state wave function, respectively. The functions Z and
Z~ have the following forms [16]:

Q(l~ J~l2 J2 ~ $'n) —i —z+ 2
( 1) z+2x+ g+gg+ nl

J2 j2 n ql —1 Oj)

(A4)

The total cross section in the c.m. is the sum of the
square of matrix elements of all multipolarity squared:

(A5)
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