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The I"addeev equations for the hypertriton are solved precisely using the Nijmegen hyperon-
nucleon and realistic NN interactions. The hypertriton turns out to be bound at the experimental
value. Thereby the A-Z conversion is crucial. States of the A(Z)NN system with quantum numbers
(T, J) different from (0, —) are not bound. We visualized properties of the hypertriton wave function
in various ways.
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I. INTRODUCTION

The hypertriton (&H), the lowest mass hypernucleus,
oBers interesting studies for the strange-particle nuclear
physics. It provides additional information for recently
developed meson-theoretical YN forces, since the avail-
able YN scattering data are still extremely poor. It also
serves as a laboratory to study A-Z conversion. This
has provoked many studies in the past based on simple
forces and mostly variational estimates, which gave much
qualitative insight. We refer the reader to our recent
study [1] for references. In that article [1], we solved the
Faddeev equations for the coupled ANN and ZNN sys-
tems precisely, for meson-theoretical NN and YN inter-
actions. Using the Julich YN interaction in a one-boson-
exchange (ORE) potential parametrization [2] (energy-
independent version A) and various realistic NN interac-
tions, the hypertriton turned out to be unbound. Here
we repeat this study using another meson-theoretical YN
interaction, namely that of the Nijmegen group [3]. This
will give us a Grst indication about the spread in the
theoretical predictions of the hypertriton binding energy
based on present day meson-theoretical YN forces.

In the past [4] the question was posed whether states
of total isospin and total angular momentum, other than
T = 0 and. J = 2, are also bound. We shall investigate
that question for the most natural candidates T = 0,
J=&andT=l, J=2or 2.

The very weak binding energy of the hypertriton leads
one to expect that the wave function is mostly a deuteron
surrounded by a distant A particle. We analyze our ex-
act wave function and visualize its properties in various
manners in configuration space. This will be contrasted
to corresponding properties of the triton.

In Sec. II we briefly review our formalism and present
the results for the hypertriton using the Nijmegen YN
interaction [3], together with various realistic NN forces.
Section III is devoted to clarify the question whether

states of T and J difFerent from T = 0 and J =
2 could

be expected to be bound. Properties of the hypertriton
wave function will be displayed in Sec. IV. We summarize
and give a brief outlook in Sec. V.

II. THE HYPERTRITON WITH THE NIJMEGEN
YN INTERACTION

We allow for the A-Z conversion and consequently use
a coupled-channel formalism. As shown in [1],one arrives
at two coupled (matrix) Faddeev equations

Each of the two Faddeev amplitudes has two components

yi'i) )
(2)

+ (1 —&i2) @~
(x2) (j.3)

@wwz = W~ + (1 —&iz) gz
(&2) (&3)

Clearly, Pq2 is a nucleon-nucleon transposition operator.
For more details of our notation and the technical per-

and the free propagator as well as the baryon-baryon T
operators are 2 x 2 matrices. The nucleon-nucleon T
matrix T&2 is of course diagonal and only the inherent
free propagator distinguishes the presence of a A or a Z.
The hyperon-nucleon T matrix Tzz, however, is full and
incorporates the AN ~ AN, ZN:: ZN, and the
AN:: EN transitions. The two orthogonal parts of
the total wave function are given as
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formance of solving the set precisely in momentum space
and in a partial wave decomposition, we refer the reader
to Ref. [1].

The set (1) can be put into the form

~(E)@ = ~(E)& (4)

with rl(E) = 1 at the hypertriton binding energy. I et us
choose the energy E to be zero at the ANN threshold.
Theri a bound state exists if an eigenvalue rI(E) = 1 can
be found below the Ad threshold at —2.225 MeV.

We evaluated rl(E) at three energies E = —2.5, —2.4,
and —2.3 MeV, respectively, for various truncations in
the number of partial wave states, usually called channels
in this context. The number of channels can be ordered
by assuming that the YN and NN forces act only up to
certain states. Thus, one has 15 channels keeping the
forces diferent from zero only in the states So and Si-
Di, 30 channels if all force components are kept up to

j = 1, and 54, 78, and 102 channels if the forces are
kept up to j = 2, 3, and 4, respectively. We refer the
reader to [1], where the quantum numbers for the first
15 channels have been displayed. As an example, which
might be helpful also for later work by other groups, we
display in Table I the convergence of il(E) at E = —2.4
MeV, increasing the number of channels. In this example
the updated Nijmegen 93 NN potential [5] is used. We
see convergence. Corresponding calculations for other
realistic NN potentials generate very similar results and.
there is not much dependence on the choice of the NN
force. All forces should be of course realistic in the sense
that they describe the deuteron properties and the NN
phase shifts (NN scattering data) about equally well.

In Fig. 1 we show the energy dependence of the eigen-
value g(E) below the Ad threshold for the Nijmegen
YN and NN forces. The momentum-space versions of
these Nijmegen potentials are exactly equivalent to the
configuration-space versions and. the detailed expressions
for the partial-wave Nijmegen potentials in momentum
space are given in Ref. [6]. For all other NN forces used
the curves are very close to the one shown. It turns
out that for all choices of the NN forces used the hy-
pertriton is bound: for Bonn B [7] at —2.37 MeV, for
Paris [8] at —2.36 MeV, and for Nijmegen 93 [5] at —2.36
MeV, respectively. The di8'erences in binding energies
are very small, about 10 keV at most. A similar result
we also found in [1], estimating the binding energies for
the Jiilich YN interaction (properly enhanced, since the

Channels
15 ch
30 ch
54 ch
?8 ch

102 ch

g (R = 2.4 MeV )
0.984
0.973
0.985
0.989
0.989

TABLE I. The eigenvalue rl(E) of the Faddeev kernel at
E = —2.4 MeV for an increasing number of channels. The
Nijmegen YN [3] and the Nijmegen 93 NN [5] potentials have
been used.
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Q
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FIG. 1. The energy dependence of the eigenvalues rl(E) for
the Nijmegen 93 NN and the Nijmegen YN interactions. The
curves for the other NN potentials essentially overlap with
the curve shown.

Jiilich YN interaction as it stands does not bind the hy-
pertriton). Again the NN potential, Bonn B, with the
smallest deuteron D-state probability binds strongest.

All three theoretical binding energies for Bonn B,
Paris, and Nijmegen are within the experimental errors
of —2.35 + 0.05 MeV. In two previous reports [9,10], we
used a preliminary version of the Nijmegen YN interac-
tion [11] together with the Paris NN potential, which
yielded —2.37 MeV hypertriton binding energy.

The wave function (3) consists of two orthogonal parts,
(ANN) and (ZNN), and one can determine the proba-
bility of finding a A or a E in the hypertriton. We get for
the Nijmegen YN and the Nijmegen 93 NN interaction

P~ ——0.995,
Pg ——0.005 . (5)

(V) = (V»)+(V» ),
(+N N ) (+NN )A + (+NN )z
(+YN) —(41V,AN) + (VAN, ziv)

+(Vziv, aiv) + (Vznr, z~),
(T) = (Tmr) + (Ti iv~), —

(TivN) = P'mr)~+ (Tmr)z,
(TY IVY) —(TA NN) +—(Tz NN—)—(6)

Of course, the expectation values of the YN interactions
include the factor 2 resulting &om the two nucleons. The
results are displayed in Table II. The total potential en-
ergy is (V) = —25.80 MeV and the total kinetic energy is

(T) = 23.45 MeV. The very naive expectation might have
been that the pure nucleon parts of (T) and (V), given by
20.48 MeV and —22.25 MeV, respectively, are very close
to the values of the &ee deuteron, which for Nij megen
93 are (T)d = 19.304 and (V)g = —21.528 MeV, respec-

Thus, a "measurement" would find most of the time the
hyperon to be a A particle. The results for other NN
potentials are very much the same.

It is also of interest to break the total potential and
kinetic energies apart:
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TABLE II. The various kinetic and potential energy contributions of Eqs. (6) in the hyper-
triton, using the Nijmegen YN and Nijmegen 93 NN interactions. The potential energy of the
hyperon-nucleon interaction is broken up further into its contribution from the states So and
SI- Dq. All numbers are in units of MeV.

Partial wave
1 S

all

all

all

(Velar, wx)
-1.60
0.02

-1.58
(VNN)A

-22.22

(&x)A
20.25

(T~ ~~)
2.18

(VAN, zN)
-0.19
-0.77
-0.97

(U~~) z

-0.03

(Txx) z

0.23
pz —NN)

0.79

(Vz~, A~)
-0.19
-0.77
-0.97

(Vzm, zw)
0.03
-0.06
-0.02

(VYN )
-1.95
-1.57
-3.54

(V~~)

-22.25

20.48
(&-wx)

2.97

(Vy~) ' = —1.95 MeV,

(V~~) ' ' = —1.57 MeV . (7)

tively. They are indeed close, but not close enough, and
(Vw~) + (T&&) add up to —1.77 MeV only, not to the
deuteron binding energy. This means that the two nucle-
ons in the hypertriton do not sit all the time in the state
of the deuteron, but also in energetically higher states.
The remaining binding energy of —0.57 MeV comes from
the hyperon, as displayed in Table II. It is interesting to
see Rom Table II that the A particle alone brings in more
kinetic energy than the magnitude of its potential energy.
It is only due to the A-Z conversion that the potential
energy of the hyperon wins and that the hyperon pro-
vides —0.57 MeV binding energy. We would like to note
that (Tg ~~) in Table II includes the mass difference of
+78 MeV between Z and A, and in fact about half of the
number given results from that mass difFerence.

Finally it is of interest to see the contributions of the
Sp and S]- Dy YN force components to the potential

energy separately. It results in

see below that the average kinetic energy of the A par-
ticle in the hypertriton is 2.18 MeV, which emphasizes
the importance of the very low energies, where the Sp
Nijmegen potentials are more attractive than the Jiilich
potential. This can also be seen in the scattering lengths
shown in Table III.

The total cross sections for the three YN potentials
using all relevant partial waves are shown in Fig. 3 in
comparison to the few poor data points [12,13]. Appar-
ently, these data cannot be used to rule out any of the
three potential predictions.

It is possible that the stronger attraction of the Sp
Nijmegen potential at the very low energies is responsible
for the fact that it binds the hypertriton, while the Jiilich
one with less attraction does not bind. At least part
of the reason might also lie in the very diferent A-Z
conversion potentials, as will be discussed now.

Does the Jiilich YN interaction in the hypertriton lead
to similar numbers as in Table II? This is not obvious,
since we already found in [1] that the binding there is
mostly dependent on the Sp YN force and much less

The ratio of these numbers is quite difFerent from the
estimated factor 3, which is quoted very often in the lit-
erature. Again, these numbers build up in an interest-
ing manner linked to the A-Z conversion. This is also
displayed in Table II. Thus, (Vg~ ~~) comes nearly fully
from Sp alone, while the A-Z transition matrix elements
receive their dominant contribution in the state Sq- Dq.

Let us add now some comments about the outcomes
for the three difFerent YN interactions used up to now.
While the Jiilich YN interaction does not lead to a bound
hypertriton, the preliminary and final Nijmegen interac-
tions do. An important YN force component is Sp. We
display in Fig. 2 the partial total cross sections for AN
scattering based on the Sp and Sq- Dq interactions for
the Jiilich and the Nijmegen potentials, respectively. We
see that for the very low energies the Nijmegen curve
for the Sp contribution is larger than the Jiilich curve.
The curves for the final Nijmegen potential are close to
the ones of the preliminary Nijmegen potential. We shall

800-.

600- en

g
400-

200 -.

100 200 300 4 0
p [ MeV/c

500 600

FIG. 2. The partial total AN cross sections o, and o~ to
the states So and Sq, respectively, where the total cross
section is o.t &

———o&+ —o, Comparison of the Nijmegen and
Jiilich YÃ interactions.
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TABLE III. The Ss and Si scattering lengths (in fm)
for the preliminary Nijmegen [ll], final Nijmegen [3], and the
Jiilich [2] YN interactions, respectively.

400

300—
Potential (AN)

Nijmegen [3]
Jiilich [2]

Nijmegen (modified) [11]

1S
-2.48
-2.04
-2.45

Sz
-1.32
-1.33
-1.51

—200—

on the Si- Di YN force, which is in contrast to what
we found for the Nijmegen YN interaction. This can be
seen quantitatively by the fact that one has to multiply
either the So Jiilich YN force by a factor 1.045 to get the
correct hypertriton binding energy, or the Si- Di YN
force by a factor 1.25. Now in order to generate numbers
corresponding to Table II for the Julich case, we have
first of all to generate artificially a bound hypertriton
at the correct binding energy. To that aim we enhance
both the So and Si- Di YN forces by the factor 1.041.
Thereby the NN potential is chosen to be Bonn B. Us-
ing that hypertriton wave function we determine all the
expectation values as in Table II. The results, shown in
Table IV, are strikingly different from the ones for the
Nijmegen interactions. The total YN potential energy in
the Julich case is much larger and the contribution from
the Z and the A-Z transition is much bigger than in the
Nijmegen case. Furthermore, the So part for the A alone
is repulsive and overrides the attractive part in the state
Si- Di. Thus, altogether the A part by itself is repul-

sive. The kinetic and potential energy of the two nucleons
are also quite different. The two nucleons by themselves
would not even be bound, which is strikingly different
from the Nijmegen case. Finally, since the probability
to find the E is 0.042, roughly a factor of 10 larger than
in the Nijmegen case, also the kinetic energy (including
the rest mass difFerence) of the Z is much larger than in
the Nijmegen case. The comparison of Tables II and IV
clearly shows that the two present-day YN interactions,
both based on meson exchanges, are still quite apart from
each other.

0 I I I I

0 100 200 300 400 500 600

p [MeU/c]

FIG. 3. The total AN cross section data (solid circle [12]
and open circle [13]) in comparison to the three YN poten-
tial predictions: preliminary Nijmegen [11] (solid), final Ni-

jmegen [3] (dashed), and Jiilich [2] (dotted)

Finally, let us investigate the polarizations of the A
and Z particles inside a polarized hypertriton. They are
defined by

P(A, Z) = (4'm = —,'[-,'o, (A, E)[Cm = —,')

and we find

P(A) = —0.166,
P(Z) = 0.001 .

The K polarization had trivially to be small because of
the low probability to find a Z. The small A polarization
is a dynamic effect and results, roughly spoken, from the
interference with the spin 1 of the deuteron. The number
—0.166 tells that the probability to find the A spin down-
ward (—2) is about 2/3, and to find it upward is about
1/3.

TABLE IV. The various kinetic and potential energy contributions of Eqs. (6) in the hypertriton,
using the Jiilich YN (properly enhanced) and the Bonn B NN interactions. The potential energy
of the hyperon-nucleon interaction is broken up further into its contribution from the states Sp
and S~- D~. All numbers are in units of MeV.

Partial wave

Sp
Sg — Dg

all

all

all

(UAN, AN)

2.65
-0.66
1.99

(UNN )A

-17.34

(TNN)A

15.47

(TA —NN )

2.17

(UAN~iZN )
-4.23
-0.32
-4.54

(UNN) Z

-0.17

(TNN) Z

2.14

(TZ —NN )

8.16

(UZN AN )
-4.23
-0.32
-4.54

(UZN)ZN )
-5.61
-0.07
-5.68

(UYN)

-11.42
-1.36

-12.78
(UNN)

-17.51

(TNN)

17.61

(TY —NN )

10.33
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III. STATES WITH DIFFERENT QUANTUM
NUMBERS

In the past [4] the ANN system was investigated not
only in the state of total isospin T = 0 and total angular
momentum J =

2 but also for T = 0, J = 2. There
were also discussions about different three-body force ef-
fects resulting from the A-Z conversion in different states
(attractive and repulsive ones). Based on the modern
meson-theoretical hyperon-nucleon and nucleon-nucleon
interactions, it is clear from the previous work [1] and the
present one that three-body force effects resulting from
A-Z conversion are attractive in the state J = 0, T = ~.

Now let us regard the states with total isospin and
angular momenta T = O, J =

2 and T = 1,J =
2 or

This leads to different channel quantum numbers in
comparison to the state T = 0, J = 2, for which the
most important ones have been displayed in [1]. The
new most important ones are shown in Table V. As in
[1], they are grouped into two parts, belonging either to
the basis states

Ipqnr) = Ipq(ls) j(A-')I(jI) J(tt, )T) (10)

or

I»qPr) =—I»q(ls)j(~-,')I(jI)J[(t--')t-']&) .

In the case of the n(P) states the two-body subsystem
consists of 2N (hyperon + N) and the spectator is a
hyperon (N). The quantum numbers of the two-body
subsystem are the relative momentum p and the obvious
quantum numbers (ls)j, and for the third particle the
relative momentum q and (A2)I. Finally, j and I are
coupled to the total three-body angular momentum J.
The index r distinguishes between A and Z. For the o.
states the hyperon is the third particle, while in the P
states it belongs to the two-body subsystem. This ex-
plains the coupling scheme for the total isospin T. For
more details, see Ref. [1]. Table V does not include the P
states, where t for the ZN subsystem has the value —.We
included them in the calculation, but their contribution
is very small.

We solved the eigenvalue problems below the Ad
threshold for the T = 0 state and below the ANN thresh-
old for the T = 1 states. It turned out that they are
not bound. Therefore, we multiplied the total YN in-
teraction by strength factors f such that the states are
bound. This provides a feeling for how much one is away
from a situation where binding would occur. The results
for f are displayed in Fig. 4 for two energies and two
states (T, J) under consideration. We used the Nijmegen
YN interaction and the Bonn B NN interaction. Figure
4 tells that the A(Z)NN system based on the present
day meson-theoretical interactions would only be bound
in these two states if the YN interaction would be en-
hanced by more than 20%%uo. For the state T = 1, J =

2
= 3+

we could not find a three-body bound state up to the
strength factor 1.32, where the Nijmegen YN S~- Dq
force supports a two-body bound state. There is only
one bound state for the A(K)NN system for T = 0 and
J 1

While writing this article, a similar study occurred [14]
on the (T = 2, J = 2) and (T = 2, J = 2) states. There
the enhancement factor for the Julich YN interaction
turned out to be larger than 1.7.

We also checked those three-body force effects which

J= — T2 )

A 2I
0 1
0 1
2 3
2 3
2 5
2 5

2 3
2 3
0 1
0 1
2 3
2 3
2 5
2 5

J=-'+ r2
A 2I
0 1
0 1
0 1
0 1
2 3
2 3
0 1
0 1
0 1
2 3
2 3

J= — T)

A 2I
2 3
2 3
0 1
0 1
2 3
2 3
2 5
2 5

2 3
0 1
0 1
2 3
2 3
2 5
2 5

=0
2t
0
0
0
0
0
0
2

1
1
1
1
1
1
1

2t
2
2
0
0
0
0
1
1
1
1
1

2t
2
2
0
0
0
0
0
0
1
1
1
1
1

1

0
0
0
0
0
0
2

Oor2
0 or 2
Oor2
0 or 2
Oor2
Oor2
Oor2

0
2

2

2

2

2

0 or 2
Oor2
0 or 2

Oor2
0 or 2

2t
0
2

2

2

2

2
2
2

0 or 2
Oor2
0 or 2
Oor2
0 or 2
0 or 2
0 or 2

TABLE V. The most important channel quantum numbers
for the Faddeev amplitudes for the states (T = 0, J =

2 ),
(T = 1, J = — ), and (T = l, J =

2 ). The o. and P states
refer to the basis states (10) and (ll) and are separated by a
line, the o. states being the upper group. The P states come
twice, since the hyperon can be either the A particle (t„=0)
or the Z particle (t = 1).
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1 ~ 4 —.

0
o 1.3

3.0

A —d threshold ~~
-28 -26 -24 -2. -20

Binding Energy [Me V

1.4

0
o 1.3
aj

A —n —p threshold

1.0 1.0 —0.5 0.0 0.5 1.0
Binding Energy [MeV]

FIG. 4. The enhancement factors f (long dashed) multi-

plying the Nijmegen YN interaction necessary to bind the
A(E)NN system for the states (T, 1) equal to (a) (0, — ) and

(b) (1, — ). The short dashed lines result if the transition t
matrix elements tivA, iv~ are switched off (see text).

one of the nucleons the location of the second nucleon is
automatically given, since the center-of-mass position is
fixed. Having found the position of the nucleon for which
the wave function is maximal one can repeat that search
for another location of the hyperon on the positive z axis
until one reaches the absolute maximum. This defines
the most probable geometrical configuration of the three
baryons inside the hypertriton. This is displayed in Fig.
5 for the two cases that the hyperon is the A particle or
the E particle. The configurations are totally different.
While the Z is very close to one or the other nucleon (a
linear configuration), the A particle is further apart from
the nucleons than the nucleons from each other. This re-
jects of course the different separation energies, 150 keV
for the A particle and 150 keV + 78 MeV (the mass dif-
ference of Z and A) for the E particle. In the triton the
triangle formed by the three nucleons is nearly equilateral
(see Ref. [15]). The triangle formed by the A and the two
nucleons is somewhat prolongated in the direction where
the A particle is sitting, and the maximum in the wave
function is rather Hat. In the case of ENN the Z sits not
in the middle between the two nucleons but close to one
or the other nucleon. Of course, that part of the wave
function is much smaller than the one for AN¹

It is interesting to see how the wave function drops
if one goes away from that most probable geometrical
arrangement. This is shown in Figs. 6 and 7 for the

result from turning off the t~g ~g matrix elements of the
two-nucleon t matrix in the three-body system, keeping
them however in the two-body system. This excludes
ZNN states between consecutive t operations and one
stays therefore always in the space of ANN states. The
results are also displayed in Fig. 4 for two cases T
0J =

2 andT =1J = 2. WefindforT =0J =
that turning off the transition t matrices requires a

decrease of the strength factor. Therefore, allowing for
the transitions to the ZNN system provides a repulsion.
For the other state T = 1,J =

2 one has attractionx+

like in the hypertriton ground state. It might be also of
interest to note that in the state T = 0, J =

2 the YN
So force has essentially negligible effect.

N
0.96

0.26

N

IV. VISUALIZATION OF THE HYPERTRITON
WAVE FUNCTION

C. fn.
()

First we would like to find the most probable spatial
configuration of the two nucleons and the hyperon inside
the hypertriton. Such a study has already been under-
taken for the three nucleons in the triton [15]. The spatial
positions of the three baryons always define a plane. Let
us locate the hyperon and the center of mass of the hy-
pertriton on the positive z axis in that plane, say. For a
given position of the hyperon we can search for that loca-
tion of one of the nucleons such that the value of the wave
function is maximal. For each choice of the location of

0.60

FIG. 5. The most probable geometric configuration for (a)
the ANN system and (b) the ZNN system in the hypertriton.
Note that the E can sit either close to one or the other nucleon
with equal probability. (Only one of the two possibilities is
shown. )
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tion with full inclusion of the A-Z conversion. The spe-
cific choice among the present day realistic NN forces is
unimportant. We used the Nijmegen 93, Paris, and Bonn
B interactions as examples. In all cases the hypertriton
turned out to be bound at the experimental binding en-
ergy. We found that the A-Z conversion is crucial for the
binding of the hypertriton. This is obvious &om Table II,
where the total potential energy is broken apart into its
various contributions. It is also of interest to note that
the contribution of the So and Sq- D~ YN forces to the
binding are not in the ratio 3:1 as often quoted, but are
comparable.

The Jiilich YÃ potential (the energy-independent A
version) does not lead to a bound hypertriton, as we
showed in [1j. One reason might be the weaker attrac-
tion of the Julich potential at very low energies of up to
a few MeV, which corresponds to the typical kinetic en-
ergy of the A particle in the hypertriton. But also the
A-Z conversion potentials are very different in the Julich
case; see Table IV in comparison to Table II.

States of the A(Z)NN system with quantum numbers
(T, J) different from (0, 2) are not bound.

Finally we visualized the hypertriton wave function in
various manners including most probable spatial distri-

butions of the three baryons, single baryon densities, and
baryon-baryon correlation functions.

In the future it might be possible to measure non-
mesonic and mesonic decays of the hypertriton or even
hyperon-deuteron scattering. This will be a beautiful
laboratory to (a) test weak processes in an interacting
few-baryon system in a controlled manner, since not only
the hypertriton but also the final three-nucleon contin-
uum can be treated exactly, and (b) to study the energy
dependence of the A-Z conversion from the Ad to the
Zd threshold and beyond. Theoretical studies in that
direction are planned.
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