
PHYSICAL REVIE%' C VOLUME 51, NUMBER 6 JUNE 1995

ARTICLES

Triton calculations with m and p exchange three-nucleon forces

A. Stadler
Institut filr Theoretische Physik, Universitat Hannover, D 301-67 Hannover 1, Germany

and Department of Physics, College of William and Mary, Williamsburg, Virginia 93185 '

J. Adam, Jr.
Institute of Nuclear Physics, CZ M06-8, Rez, Czech Republic

H. Henning and P.U. Sauer
Institut fu'r Theoretische Physik, Universitat Hannover, D 30167 Ha-nnover 1, Germany

(Received 7 December 1994; revised manuscript received 16 February 1995)

The Faddeev equations are solved in momentum space for the trinucleon bound state with the
new Tucson-Melbourne vr and p exchange three-nucleon potentials. The three-nucleon potentials are
combined with a variety of realistic two-nucleon potentials. The dependence of the triton binding
energy on the vrNN cut-ofF parameter in the three-nucleon potentials is studied and found to be
reduced compared to the case with pure ~ exchange. The p exchange parts of the three-nucleon
potential yield an overall repulsive efFect. When the recommended parameters are employed, the
calculated triton binding energy turns out to be very close to its experimental value. Expectation
values of various components of the three-nucleon potential are given to illustrate their signi6cance
for binding.

PACS number(s): 21.30.+y, 21.10.Dr, 21.45.+v, 27.10.+h

I. INTRODUCTION

None of the dynamical models for hadronic interactions
that have been constructed in the past to microscopically
describe nuclear properties is fundamental. All models
are efFective ones; only the most important hadronic de-
grees of &eedom are taken into account explicitly. EfFec-
tive theories in general lead to rather complicated forces,
including irreducible many-body forces. The complexity
and interpretation of these potentials is closely related to
the chosen hadronic degrees of &eedom. Most often the
microscopic theory of nuclear phenomena is formulated in
a Hilbert space of nucleons only employing nonrelativis-
tic quantum mechanics. The potentials are taken to be
of a two-body nature, the mediating meson Gelds having
been &oxen out. Many-meson exchanges and relativis-
tic efFects are absorbed into the phenomenological short-
range part of the potential that is also introduced to reg-
ularize it at the origin. Many-body forces are assumed to
be much less important than the dominant two-nucleon
force. This is a reasonable assumption, since on average
nucleons move relatively slowly inside nuclei, three nucle-
ons rarely interact simultaneously due to the short-range
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repulsion between two of them, and the rate of nucleonic
excitation into nonnucleonic states is low. The parame-
ters of these semiphenomenological models are calibrated
to reproduce the bound state and scattering observables
of the two-nucleon systems. Therefore, the three-nucleon
system ofFers the erst testing ground for the two-nucleon
potentials. Can a Hamiltonian with only two-nucleon po-
tentials successfully describe the trinucleon properties or
not? The qualitative and quantitative effects of three-
nucleon forces must be understood.

The derivation of realistic two-nucleon potentials has
been steadily improved in the past. See the very good
review of Ref. [1] on this subject. Furthermore, the tech-
niques to solve the three-nucleon bound-state problem
have reached maturity, the vast progress became possi-
ble by the rapid advances of computational power. The
trinucleon calculations made it clear that no realistic
two-nucleon potential is able to reproduce the known
hadronic and e.m. properties of H and He with sat-
isfactory accuracy; e.g. , the triton binding energy ob-
tained from such two-nucleon Hamiltonians turns out to
be about 1 MeV below its experimental value. Calcula-
tions of He show a similar de6ciency in binding energy
[2—4]. Thus, three-nucleon forces have to provide addi-
tional net attraction in order to close the gap between
theoretical prediction for and experimental value of nu-
clear binding energies.

Two strategies for introducing three-nucleon forces
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have been investigated: In the first one a three-nucleon
potential is designed to be added to a conventional
Hamiltonian with two-nucleon potentials [5—9]. In the
second one, the role of nucleonic excitation in generating
three-nucleon forces is recognized: e.g. , in Refs. [10,11]
three-nucleon forces are obtained by the explicit inclu-
sion of a 4 isobar in an extended Hilbert space. It came
as a surprise that both strategies yield rather different
trinucleon binding energies, even when the underlying
physical processes are thought to be comparable. An
attempt to combine the two approaches has been made
in Ref. [13] where also their respective advantages and
disadvantages are discussed. This paper reports on tri-
ton calculations with a new three-nucleon force [14] that
belongs to the first strategy.

Like all modern realistic two-nucleon potentials, the
models for a three-nucleon force are based on meson ex-
change. Since nucleons are kept apart by short-range
two-nucleon repulsion, the two-pion (msgr) exchange part
of the three-nucleon force is expected to be dominant.
Several mar exchange three-nucleon potentials have been
worked out. When used in triton calculations they pro-
vide ample additional binding energy. However, in con-
trast to expectation, its effect is strongly dependent on
the cut-off parameter A ~~ entering the regularizing
form factor at the mNN vertices, i.e., it is dependent on
nonpion physics. These purely phenomenological form
factors are usually taken either in monopole or in square
root parametrization. Since the same vertex also enters
all models of the two-nucleon and the pion-nucleon poten-
tials, both nucleon-nucleon and pion-nucleon scattering
have been used to extract the value of the cut-off parame-
ter A ~~. Unfortunately, the answer is not unique. The
two-nucleon potentials seem to demand "hard" form fac-
tors with a A ~~ of about 1.2 GeV, whereas the analysis
of mN scattering favors "soft" ones with A ~N typically
around 800 MeV (for a discussion see [15]). When such
a soft form factor is employed in a orner exchange three-
nucleon potential, the triton turns out to be already over-
bound. Further increase of A ~~ leads to unphysically
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FIG. 2. Feynman diagram for the vr p exchange
three-nucleon potential.

large binding energies well before A ~~ reaches the char-
acteristic values for hard form factors.

It is well known from two-nucleon potentials that the
exchange of a p meson cancels to some extent the medium
range part of the one-pion exchange tensor force, pro-
viding an important medium range repulsion to the two-
nucleon potential. This cancellation also reduces the cut-
off dependence of the two-nucleon potential. Thus, the
inclusion of p exchange into three-nucleon force models
should lead to less cut-off dependent results and simul-
taneously to a smaller overall contribution of the three-
nucleon force to the triton binding energy. In the context
of strategy 2 for the three-nucleon force this hope was
confirmed already a long time ago [12].

The mp and pp contributions to three-nucleon poten-
tials were derived already in [16—18,9]. Due to the enor-
mous technical difficulties it is only now that they are
being included in exact triton calculations. First results
with the Brazilian three-nucleon potential were presented
in Ref. [19]. They display the desired repulsive effect of
the p exchange on the triton binding, but do not study

q

FIG. 1. Feynman diagram for the ~sr exchange
three-nucleon potential.

FIG. 3. Feynman diagram for the pp exchange
three-nucleon potential.
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its cut-ofF dependence, since the authors were only in-
terested in determining parameter combinations that 6t
the experimental three-nucleon binding energy. Recently,
Coon and Pena [14] reexamined and improved the ~p and
pp exchange three-nucleon potential [16] that was devel-
oped by the Tucson-Melbourne Group as an extension of
their mar exchange three-nucleon potential [5].

In this paper we report our results of Faddeev calcula-
tions in momentum space for the triton binding energy,
where the family of m and p exchange Tucson-Melbourne
three-nucleon potentials is employed. In Sec. II the ex-
plicit expressions of these potentials are given. In Sec.
III the numerical results are displayed and discussed, fol-
lowed by a summary in Sec. IV.

II. THE TUCSON-MELBOURNE
THREE-NUCLEON POTENTIALS

The full Tucson-Melbourne harp and pp exchange po-
tentials are given in Ref. [14]. We do not comment on
the physical origin of the various contributions but just
display the Anal expressions in momentum space. For
completeness we also include the vrvr exchange part. We
take over the notation of Ref. [16]. For the definition of
the various occurring momenta see Figs. 1—3, where the
basic diagrams of the three-nucleon potentials are shown.

The three-nucleon potentials in momentum space read

(k1k2ks/W/kik2ks) = ) ) (kik2ks)W, /k1k2ks),
nP=~, p i =1

' ' ' =(2 )' (q +~)(q" +~)
x(r~ q)(rs q ) ((r2 rs) a+ bq q'+ c(q'+ q' ) + (iri r2 x g) i(rtiqrx q'))

(2)

(klk2k31W1 lkrk2ks)

+(2++ 3,

1 h(ki +. k2 + ks —ki —k2 —ks)
(2~)s (q2 ~ mP(q '+ ~2)

(~s q')

X —XTy T2 X T3 BKB q )q Xgy CT2 X q

+(Tg Ts)Rz+ (q, q' ) (q x q') . (q x cr 2)

+ (irx rg x rs)iiq (q, q' ) (irx . r2 x q')q —(io'x . q x q')(o'm. q)

q ++ —q'),

and

(k' k' k'
~

W~~
~
kik2ks) =—

(2~)s (q2 + m')(q'2+ m')

x xwq-v2 x a3 BB q, q xcrq. cr2 x q x F3 x q

+(T2.Ts)R~~(q, q )[(02 xq) xq. (os xq) xq]
+ (i ~

. r~ x rz)R& (q, q' )ir~ . (((r~ x q) x q) x ((r~ x q') x q'))) (4)

The following shorthands have been used in (2), (3), and (4):
2

('q i q ) 4 2FvrNN(q )FINN(q ) i

RKR(q' q' ) = ', [F N (q')+ F N .(q') F N (q')g'F.'N (q")

R~~(q, q' ) =, FINN (q') + rpFpNN (q')j

xGM FpNr), (q )— mg*F Ng(q' ) F NN(q' ),
R~~ (q2, q' ) = 41R~~+ (q', q' ),

(5)

(6)

(7)
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4

64m3 - '', F,mr (q')+,F,mn (q')

x FpNN ('q ) + K F NN (q' ) [1 + ~,(0)]F,'~rv (O),

2/2
F (q)+ F

x Fp&& (q ) Fp&& (q' ) + IcpFp&& (q' ) F~~~ (q' )

R~&~ (q, q' ) = 4R~&~+ (q, q' ),

TABLE I. Parameters and constants of the Tucson-Mel-
bourne three-nucleon potential.

Parameter

P
mp

g
gp
Kp

g
GM p DNA (0)

A7rNN
~m. N b.

~pNN~
pNÃ p

+pNb,

Value
1.13@

-2.58@
1.00@

-0.753p,
938.92 MeV

1232. MeV
139.6 MeV
768.3 MeV

v'179.7
5.3
6.6
1.82@

14.7
5.8p
5.8p

12.0p
7.4p,
5.8p

with k~(0) = 3.7 and AM = —
2 ~~ &

GM, where y, ,

m~, m, and M denote the pion, the rho, the nucleon, and
the L mass, respectively.

Note that the potentials (2)—(4) represent only the part
of the full force in which particle 1 interacts both with
particles 2 and 3 (see Figs. 1—3). The other two contribu-
tions with particles 2 and 3 in the middle of the diagrams
are obtained by permutations. The potentials are given
as operators in the three-nucleon spin and isospin space.
The employed three-nucleon basis states are normalized
as

(k~ k2ks I kz k2ks) = b (k~ —k&) h (k2 —k2) b(ks —ks) .

(12)

The general structure of the regularization form factors
F; at the meson-baryon-baryon vertices is taken to be of
monopole form, i.e.,

A' —m'

A,'+q' '

with i = (vrNN, AND, , pNND, pNNp, pNb, ) and ms the
mass of the boson at the vertex (i.e. , ms is either p or m~;
an exception is the case i = pNA, where mb = 0), F~~~
being the Dirac and E~~~ the Pauli form factor. The

III. RESULTS

The Faddeev equations for the three-nucleon bound
state with the inclusion of an irreducible three-nucleon
force can be written as [21]

I@') = Go(E) P'(E)&
+ [1+T;(E)G,(E)]W, (1+F)) ~@;), (14)

where ~@;) is the Faddeev amplitude, Go(E) the free
three-nucleon propagator, T,(E) the two-nucleon transi-
tion matrix embedded in the three-nucleon Hilbert space,
W;- the potential operator of the irreducible three-nucleon
force, and P the sum of the two operators for cyclic and
anticyclic permutations of the three particles. The sub-
script i denotes in ~g, ) and T;(E) the spectating parti-
cle, and in R' the particle that interacts simultaneously
with the other two. E is the the trinucleon binding en-

ergy. Equation (14) is employed in momentum space and
expanded into partial waves. The explicit form of the
resulting set of coupled integral equations in two contin-
uous variables as well as details of the solution method
have been presented in Ref. [21]. All results of this sec-
tion were obtained in a basis of 18 partial waves. They
correspond to all possible combinations of spin-, isospin-,
and orbital angular-momentum quantum numbers that
can be coupled to the quantum numbers of the triton,
when the two-nucleon pair interaction is restricted to to-
tal angular momenta up to 2.

numerical values of the employed masses and potential
parameters are given in Table I. Note that the values of
our parameters a, b, and c, are taken from Refs. [5,6] and
differ slightly from those of Ref. [14]. The latter have
been extracted from an updated set of experimental mN
data and were published only after most of our numerical
calculations have been completed (a short account of our
results appear in Ref. [20], where unfortunately the pp
part of the three-nucleon force was treated incorrectly).

Furthermore, the original [16] factor of 4 in Eq. (8) has
been changed in Ref. [14] to 2 sM+ which numerically is

approximately 4 8 and also represents only a small vari-
ation. Both changes do not appear signi6cant enough to
justify repeating our very elaborate computations carried
out prior to Ref. [14]. However, we have checked numer-
ically that their net effect in the triton binding energy is
small. More details can be found in Sec. III.
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TABLE II. Triton binding energies in MeV calculated for
different combinations of two-nucleon and three-nucleon po-
tentials. The column labeled "No 3NP" shows the results
when no three-nucleon potential is included. The parameter
set of Table I is employed.

RSC
Paris
Nijmegen
OBEPQ

No 3NP
-7.229
-7.381
-7.537
-8.315

-8.904
-9.060
-9.347

-11.056

m'vr + m'p

-8.438
-8.486
-8.692
-9.639

arm'+ m'p+ pp
-8.451
-8.494
-8.689
-9.596

The main difBculty of this work as an extension of
Ref. [21] was the partial wave decomposition of the harp

and pp exchange three-nucleon potentials, since their
structure is considerably more complex than that of the
mvr exchange potential. This complexity calls for a sys-
tematic procedure to decompose general three-nucleon
operators into partial waves. Such a procedure was devel-
oped by Adam and Henning [22,23] and is applied in this
paper for the particular case of the Tucson-Melbourne
three-nucleon potentials. Given the matrix elements of
the three-nucleon potentials in partial wave decomposed
form, their numerical evaluation is still a formidable task.
In order to illustrate the enormous computing resources
necessary for performing such calculations we note that
the computation of the mm exchange potential matrix el-
ements in 18 channels on a Siemens/Fujitsu S400 Super-
computer, as it was done for Ref. [21], took about 90 min
of CPU time. Therefore it was absolutely inevitable to
develop a new method that exploits both the advantages
of the general technique for multipole decomposition and
the possibilities of eKcient vectorization as much as pos-
sible. With that new method, the mar exchange matrix
elements are calculated within 3.5 min, the ~p exchange
matrix elements within 10 min, and the pp exchange ma-
trix elements within 15 min of CPU time. The accuracy
of the new code was tested by comparing mm exchange
potential matrix elements with results &om the old tech-
nique and was found to be improved, too. Triton bind-
ing energies including the eR'ect of mar exchange three-
nucleon potentials calculated with the old and the new
codes agree.

Now we turn to the presentation of the triton bind-
ing energies obtained with the Tucson-Melbourne three-
nucleon potentials.

In Table II the results for the Reid soft core [24], Paris
[25], Nijmegen [26], and Bonn OBEPQ [27] as underlying
two-nucleon potentials are given. We consider these po-
tentials as representative for various approaches to mod-
eling the two-nucleon force: they are purely phenomeno-
logical, based on dispersion theory, nonrelativistic and
derived. &om one-boson exchange, and derived from one-
boson exchange with minimal relativity, respectively.

The binding energies obtained with the complete m and
p exchange Tucson-Melbourne three-nucleon potentials
(which we hereafter shorthand as "full results" ) scatter
closely around the experimental triton binding energy of
—8.482 MeV. The only exception occurs in the case of
the Bonn OBEPQ potential, which comes close to that

value already without any three-nucleon force. The full
result for the Paris potential happens to deviate &om the
experimental value by only 12 keV.

As expected, the vr p three-nucleon potential decreases
the trinucleon binding energy, compensating to a large
extent the overbinding due to the vrvr potential alone. We
also observe that the pp potential has only a small effect.
For the 4 mediated three-nucleon force of the Hannover
model, it was found already many years ago [12] that
the harp exchange weakens the attraction due to the arm.

exchange and that the contribution of the pp exchange
is rather small. These endings are also in good quali-
tative agreement with the results obtained by Sasakawa
et al. [19] for the simpler Brazilian three-nucleon poten-
tials. However, we want to point out that the calculations
of Ref. [19] were performed with a different two-nucleon
potential, that they include only the 4 part of the pp
potential, and that the implemented functional form of
the p form factors as well as the values of the p cut-ofF
parameters are very difFerent &om ours. That the eKect
of the pp potential in our calculations can be attractive
or repulsive, depending on the employed two-nucleon po-
tential, while Ref. [19] reports only repulsion, is therefore
not inconsistent.

However, one should not take the impressive agree-
ment of theoretical binding energies with experiment too
seriously, even though no attempt was made to adjust
any parameters of the three-nucleon potential in order
to reproduce the experimental trinucleon binding energy.
One should keep in mind that the exact values of the cut-
oK parameters A; are not well determined, although some
arguments have been given [14] favoring the set of param-
eters listed in Table I. In particular, the recommend. ed
value for the 7tNN vertex, A~~~ ——5.8p 810 MeV, is
based on an analysis of the Goldberger-Treiman relation
[28]. The uncertainties associated with the extrapolation
of the physical constants in the Goldberger- Treiman rela-
tion to their chiral-limit values are estimated in Ref. [14]
to yield a "theoretical error bar" of about +200 MeV for
A ~~, an uncertainty which creates substantial variation
in the calculated triton binding energy.

Since it is known already &om previous studies with
the mm exchange three-nucleon force [29,30,21] that the
results are strongly dependent on the cut-ofF A ~~ it
is certainly necessary to reexamine that dependence for
the full three-nucleon force. Each full calculation still
requiring enormous computational capacities, we had to
restrict ourselves to a small number of combinations of
the cut-o8' parameters. Nevertheless, the studied varia-
tion is sufBcient to draw some qualitative conclusions.

The variation of A N~ is performed using the same
values as before in the study of the vrvr exchange three-
nucleon force [30,21]. For the cut-off parameters con-
nected with the p meson we consider just two cases, i.e. ,
on one hand soft form factors, represented by the Tucson-
Melbourne choice A~~~ ——12.0p and A~~~ ——7.4p,
and on the other hand hard form factors as suggested
by Ref. [17], with Ap~~ = ApN~ ——Ap~g = 13.4p, .
These two choices of p cut-off parameters have also been
considered in Ref. [14].

The results with the Paris potential as two-nucleon
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TABLE III. Triton binding energies in MeV calculated for
various cut-off parameters in the employed three-nucleon po-
tentials. For the p-baryon-baryon vertices, the set of cut-off
parameters of Table I is labeled as "soft," whereas the choice
ApN N + ApN N ~ A pN + 13 4p is referred to as "hard, "
thereby characterizing the corresponding vertex form factors.
The Paris potential was taken as two-nucleon potential.

Three-nucleon potential

mm + mp soft
urer + vrp hard
m7r + ~p + pp soft
~vr+ ~p+ pp hard

4.1p
-7.543
-7.409
-7.484
-7.416
-7.468

A7r NN
5.8p

-9.060
-8.486
-8.468
-8.494
-8.256

7.1p,
-12.313
-10.558
-10.583
-10.558
-9.741

potential are shown in Table III and in Fig. 4. The
strong dependence on A ~~ is considerably reduced once
the mp part is added to the three-nucleon force, although
the remaining dependence is still sizable. Changing the
p cut-off parameters from "soft" to "hard" values also
alters the triton binding energy: The effect of the pp
part is significantly enhanced for hard form factors. It is
repulsive and greater than 200 keV (for A ~~ = 5.8p),
whereas it is less than 10 keV and attractive for soft form
factors.

However, there are indications that the use of hard
p cut-off parameters in the Tucson-Melbourne potential
does not lead to physically meaningful results. Although
our primary reference two-nucleon potential is the Paris
potential, we repeated a calculation with hard p cut-

-10

-12—

-13
4.0 4.5 5.0

I I

5.5
A7TNN (P)

6.0 6.5 7.0

FIG. 4. Dependence of calculated triton binding energies
on A NN for the Tucson-Melbourne three-nucleon potential
in combination with the Paris potential. The horizontal lines
represent the experimental triton binding energy (dotted)
and the calculated value without three-nucleon force (long
dashed). The triangles are calculated binding energies with
the sx potential, the solid (open) circles are binding energies
with the full three-nucleon force with soft (hard) pNN form
factors. The lines through the symbols are drawn to guide
the eye.

off parameters also for the Reid potential. We found
that the pp potential becomes so strong that no con-
verged trinucleon binding energy could be obtained (for
A ~~ = 5.8p). Apparently, there are strong and model-
dependent cancellations between different components of
the pp potential which happen to reduce to a comparably
small net result in the case of the Paris potential, while
for other potentials they can diverge. A similar problem
occurs already when. only the mm potential is considered:
While stable trinucleon binding energies for the Reid and
Paris potentials can be obtained when A ~~ ——7.1p,,
they diverge for Nijmegen or Bonn potentials.

We see two possible interpretations of these divergen-
cies for hard cut-off parameters. Either the Tucson-
Melbourne parametrization of the three-nucleon force is
valid and there are physical reasons to favor soft form
factors. Or the Tucson-Melbourne potentials are math-
ematically not well defined for hard form factors, i.e.,
in the course of solving the three-nucleon equations the
Tucson-Melbourne potentials are evaluated outside their
range of convergence associated with various Taylor ex-
pansions that are employed in their derivation. We be-
lieve it would be important to further investigate these
questions. However, it is not the purpose of this pa-
per, in which we rather want to focus on the original
pararnetrization of the Tucson-Melbourne potentials.

The use of the updated parameters of the Tucson-
Melbourne potential instead of the ones of Table I
changes the triton binding energy by very little. The
check was carried out by a complete recalculation for
the entry —8.494 MeV under mm + 7rp + pp soft with
A ~~ ——5.8p, for the Paris potential in Table III. The
updated parameters a, b, and c, in the 7rvr part of the
three-nucleon potential change the triton binding energy
from —8.494 MeV to —8.465 MeV. The subsequent mod-
ification of the factor 4 in the isospin-odd 4 part of the
7rp potential in (8) to the new prescription, discussed at
the end of Sec. II, changes the value of —8.465 MeV to
—8.492 MeV. Clearly, the found changes are small, in
particular if compared to the sensitivity of the results to
variations of the cut-off parameters.

Table IV lists expectation values of the various compo-
nents of the Tucson-Melbourne three-nucleon potentials.
These components are terms of different spin-, isospin-,
and momentum dependence. In the mvr part of the three-
nucleon potential they are labeled by their respective co-
efFicients a, 6, c, and d. In the case of the mp and pp
potential they originate &om distinct physical processes
and are characterized accordingly as 4, KR, and Beg.
Here L stands for the contributions originating from the
L resonance, whereas KR and Beg refer to the terms
obtained &om the Kroll-Ruderman and Beg low-energy
theorems [16]. The superscripts (+) indicate their isospin
symmetry under particle exchange.

The expectation values are calculated with the fully
correlated wave functions, i.e., they are obtained &om
the full Hamiltonian including the full three-nucleon po-
tentials. They represent therefore true expectation values
and not results &om first-order perturbation theory. In
fact, a comparison of the expectation values with the
corresponding binding energy differences demonstrates
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RSC Paris Nijmegen 0BEPQ
ms [MeV]
~(+)
g(+)
(+)

d( —)

Total mvr

sp [MeV]
KR(-)
~(+)
~(—)

Total mp

pp [MeV]
Beg( —)

~(+)
~(—)

Total pp
Total 3NP [MeV]
ET [MeV]
P(S)
P(S')
P(P)
P(D)

0.009
-1.39?
-0.432
-0.355
-2.174

0.089
0.169
0.127
0.385

-0.002
-0.001
-0.012
-0.014
-1.803
-8.451
88.70
1.12
0.16

10.03

-0.005
-1.331
-0.661
-0.322
-2.319

0.136
0.151
0.165
0.452

0.008
-0.010
-0.008
-0.011
-1.878
-8.494
89.92
1.10
0.13
8.84

-0.018
-1.246
-0.912
-0.335
-2.511

0.171
0.159
0.171
0.501

0.017
-0.016
-0.007
-0.006
-2.016
-8.689
90.73
0.90
0.13
8.25

-0.089
-0.867
-2.313
-0.754
-4.024

0.488
0.319
0.164
0.970

0.050
-0.051
0.000

-0.001
-3.055
-9.596
92.70
1.00
0.10
6.20

again the nonperturbative character of these calculations.
It can be seen that the unproportionally strong over-

binding for the OBEPQ potential is mainly cau;ed by the
c term of the 7rvr potential. There seems to be a corre-
lation between the magnitudes of the expectation values
and the probabilities of the wave function components.
As one moves from left to right in Table IV, the triton D
state probabilities decrease whereas the absolute values
of the total arm, mp, and pp contributions increase. The
same trend holds also for most of the individual contri-
butions.

In the arm part of the three-nucleon potential, several
physical processes lead to terms of the same spin-isospin
and momentum structure. They are usually not sepa-
rated in order to emphasize the Inodel-independent char-
acter of the potential. However, it is interesting to see
how the three-nucleon potential is composed of physical
processes, even if a certain model dependence is intro-
duced. In Ref. [14] the four coeKcients of the arm po-
tential are split into different parts according to their
physical origin. There, the given numerical values are
based on the updated set of parameters. Since we are

TABLE IV. Expectation values of various components of
the Tucson-Melbourne three-nucleon potentials, evaluated
with the respective wave functions fully correlated by two- and
three-nucleon forces. The parameter set of Table I is used in
the calculations. In the four columns, the three-nucleon po-
tentials are combined with difFerent two-nucleon potentials.
The superscript (+) or (—) indicates the even or odd sym-
metry of the respective potential component under isospin
exchange of two nucleons. In addition, the probabilities of S,
S', P, and D waves in the triton wave function in percent
and the corresponding binding energy ET are displayed. The
binding energy row ET is identical to the last column of Table
II. All energies are in MeV.

working with the original set of parameters, we have to
recalculate this splitting accordingly. This is the reason
why our values (16) are not identical to those of [14].

The coefFicients are decomposed as

a=a, b=b~+b, c=c +cz,
d = da + dz+ dca)

with the numerical values

a =1.13@ ', b~-
b = —0.904p, c
cz ———0.15@, d

dz ———0.15@, d

—1.676'
= 1.15@
= —0.36@
= —0.243@

TABLE V. Expectation values of the Tucson-Melbourne
three-nucleon potential, split into A, o.-term, Z-graph, and
"current algebra" contributions. The energies are in MeV.

urn [MeV]

Z

ca
Total 3NP [MeV]

Z

RSC

-1.08
-0.98
-0.01
-0.12

-0.79
-0.98
0.08

-0.12

Paris

-1.02
-1.23
0.04

-0.10

-0.72
-1.23
0.17

-0.10

Nijmegen

-0.97
-1.50
0.07

-0.11

-0.66
-1.50
0.24

-0.09

OBEPQ

-0.92
-3.05
0.20

-0.24

-0.49
-3.05
0.69

-0.19

The subscripts L, o., and Z, refer to L-isobar, o.-term,
and Z-graph contributions; ca is a "current algebra" term
[14]. It represents a (isovector) vector-current contribu-
tion to the AN amplitude which the three-nucleon po-
tential is based on. In a simple vector-meson dominance
model it reduces to a t-channel p exchange part of the
7rN amplitude.

In this context it may be worth mentioning that not
only the extraction of L contributions is model depen-
dent, but also the separation into Z graph and o term. In
the Tucson-Melbourne 7rN amplitude, pure pseudoscalar
vrNN coupling is assumed. The separation into the Z
graph and 0 term would change if pseudovector coupling
were introduced.

The expectation values of Table IV are reorganized ac-
cording to this analysis and displayed in Table V. The
upper half contains only the results from the urer poten-
tial, the lower half adds the respective pieces from the

harp

and pp potentials. The Kroll-Ruderman term is part of
what is called the Z-graph contributions, because as in
the 7rm potential pseudoscalar 7rNN coupling is assumed.
The Beg term is counted as a "current algebra" contri-
bution, since it originates from t-channel 3p and ppNN
contact terms. The 0 term appears only in the m7r poten-
tial. The corresponding expectation values are therefore
identical in the upper and lower halves of the table.

The 4 and 0-term contributions are both attractive
and comparable in magnitude in the a7r potential. In
the harp potential, however, the 4 parts yield relatively
strong repulsion, thus canceling to some extent the at-
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traction they produce in the arm potential. The Z-graph
expectation values turn out to be small and repulsive,
most of which is due to the Kroll-Ruderman term in the
vr p potential. The current algebra term is similar in mag-
nitude but opposite in sign. Again, the results obtained
with the OBEPQ potential take on rather extreme val-
ues. For the Paris potential, the expectation values of
the L parts are quite similar to the ones obtained with
the 4 mediated three-nucleon force presented in Table
III of Ref. [12].

IV. SUMMARY

We have solved the Faddeev equations with a new set
of Tucson-Melbourne three-nucleon potentials, based on
vr and p exchange, together with realistic two-nucleon po-
tentials for the three-nucleon bound state. We find that
the m p exchange three-nucleon potential is repulsive and
counteracts the too strong attraction generated by the
mar potential to such an extent that the resulting triton
binding energies for the Reid soft core, the Paris, and
the Nijmegen potentials are close to the experimental
value. This is not true for the Bonn OBEPQ poten-
tial which yields overbinding of more than 1 MeV. The
strong dependence of the binding energy on the md%
vertex cutoff parameter A N ~ that was observed for the
Tucson-Melbourne vrx exchange three-nucleon potential
is reduced once the p exchange is added. The pp exchange
potential has only a small effect on the triton binding en-

ergy as long as the vertex form factors are not chosen to
be "hard. "

We have calculated expectation values of the various
components of the three-nucleon potentials. They are
presented in two different ways: first they are grouped ac-
cording to their spin-isospin and momentum dependence
and second they are rearranged to exhibit the relative
strength of the underlying physical processes. We find
that the contributions from the o. term and from 4 exci-
tations are dominant and attractive, compared to which
the repulsive effect of intermediate Z graphs is small. It

is the o-term part of the arm potential that appears to be
very sensitive to details of the three-nucleon wave func-
tion and that leads to the unusually strong overbinding
in the case of the Bonn OBEPQ potential.

In the derivation of three-nucleon potentials, vertex
functions are usually expanded in powers of particle mo-
menta. The b, c, and d parts of the mar potential are
terms 2 orders higher in the pion momenta than the a
term. The fact that they yield considerably larger expec-
tation values in the triton might indicate a failure of the
momentum expansion. Such a failure could simultane-
ously be responsible for the observed strong dependence
on the vr and p cut-off parameters.

That the effect of the harp three-nucleon potential, al-
though already much smaller than that of the +71. po-
tential, is still of non-negligible size suggests that other
exchange processes involving heavier mesons, such as pro

and mu exchange, should also be investigated. Since o.

and u exchange are included in most one-boson exchange
two-nucleon potentials, they should also be included in
three-nucleon potentials already for reasons of consis-
tency. These processes have been found to be important
in vr production on two-nucleon systems at threshold (see,
e.g. , Refs. [31,32]).

ACKNOWLEDGMENTS

We thank S. A. Coon and M. T. Pena for many
helpful discussions on details of the Tucson-Melbourne
three-nucleon potentials. This work was funded by the
Deutsche Forschungsgemeinschaft (DFG) under Contract
Nos. Sa 247/7-2, Sa 247/7-3, Sa 247/9-4, and 436 CSR-
111/4/90, and by the DOE under Grant No. DE-FG05-
88ER40435. During part of the work, J. A. was fel-
low of the Humboldt Foundation. The calculations were
performed at Regionales Rechenzentrum fur Niedersach-
sen (RRZN), Hannover, at Rechenzentrum Kiel, at Con-
tinuous Electron Beam Accelerator Facility (CEBAF),
and at National Energy Research Supercomputer Center
(NERSC), Livermore.

[1] R. Machleidt, Adv. Nucl. Phys. 19, 189 (1989).
[2] J. Carlson, Phys. Rev. C 38, 1879 (1988).
[3] B. Wiringa, Phys. Rev. C 43, 1585 (1991).
[4] W. Glockle and H. Kamada, Phys. Rev. Lett. 71, 971

(1993).
[5] S. A. Coon, M. D. Scadron, P. C. McNamee, B. R. Bar-

rett, D. W. E. Blatt, and B. H. J. McKellar, Nucl. Phys.
A317, 242 (1979).

[6] S. A. Coon and W. Glockle, Phys. Rev. C 23, 1790
(1981).

[7] M. R. Robilotta snd H. T. Coelho, Nucl. Phys. A460,
645 (1986).

[8] T. Ueds, T. Sawada, T. Sasakswa, and S. Ishikawa, Prog.
Theor. Phys. 72, 860 (1984).

[9] S. Deister, M. F. Gari, W. Kriimpelmann, and M.
Mahlke, Few-Body Syst. 10, 1 (1991).

[10] Ch. Hajduk and P. U. Sauer, Nucl. Phys. A322, 329
(1979).

[11) Ch. Hajduk, P. U. Sauer, and W. Strueve, Nucl. Phys.
A405, 581 (1983).

[12] Ch. Hsjduk, P.U.Sauer, snd Shin Nan Yang, Nucl. Phys.
A405, 605 (1983).

[13] A. Stadler and P. U. Sauer, Phys. Rev. C 46, 64 (1992).
[14] S. A. Coon and M. T. Pena, Phys. Rev. C 48, 2559

(1993).
[15] T. Ueda, Phys. Rev. Lett. 68, 142 (1992); G. Jansen, J.

W. Durso, K. Holinde, B. C. Pearce, and J. Speth, ibid.
71, 1978 (1993);A. W. Thomas and K. Holinde, ibid. 63,
2025 (1989).

[16] R. G. Ellis, S. A. Coon, and B. H. J. McKellar, Nucl.
Phys. A438, 631 (1985).

[17] M. MartzoUF, B. Loiseau, and P. Grange, Phys. Lett.



A. STADLER, J. ADAM, JR., H. HENNING, AND P. U. SAUER

[18]

l»]

[20]

[21]

[221

[23]
[24]
[25]

92B, 46 (1980).
M. R. Robilotta and M. A. Isidro Filho, Nucl. Phys.
A414, 394 (1984).
T. Sasakawa, S. Ishikawa, Y. Wu, and T-Y. Saito, Phys.
Rev. Lett. 68, 3503 (1992).
A. Stadler, J. Adam, Jr. , H. Henning, and P. U. Sauer,
in Conference IIandbook of XIV European Conference on
Fe~-Body Problems in Physics, Amsterdam, 23-27 Au-
gust 1993, edited by L. P. Koch (University of Groningen,
Amsterdam, 1993), pp. 192 and 193.
A. Stadler, %'. Glockle, and P. U. Sauer, Phys. Rev. C
44, 2319 (1991).
H. Henning, J. Adam, Jr., and P. U. Sauer (in prepara
tion).
H. Henning, Ph. D. thesis, in preparation.
R. V. Reid, Ann. Phys. (N.Y.) 50, 411 (1968).
M. Lacombe, B. Loiseau, J. M. Richard, R. Vinh Mau,

[26]

[27]

[28]

[29)
[30]

[32]

J. Cote, P. Pires, and R. de Tourreil, Phys. Rev. C 21,
861 (1980).
M. M. Nagels, T. A. Rijken, and J. J. de Swart, Phys.
Rev. D 17, 768 (1978); T. A. Rijken, R. A. M. Klomp,
and J. J. de Swart, Nijmegen Report No. THEF-NYM-
91.05.
R. Machleidt, K. Holinde, and Ch. Elster, Phys. Rep.
149, 1 (1987).
S. A. Coon and M. D. Scadron, Phys. Rev. C 42, 2256
(1990).
T. Sasakawa and S. Ishikawa, Few-Body Syst. 1, 3 (1986).
C. R. Chen, G. L. Payne, J. L. Friar, and B. F. Gibson,
Phys. Rev. C 33, 1740 (1986).
C. J. Horowitz, Phys. Rev. C 48, 2920 (1993).
T.-S. H. Lee and D. O. Riska, Phys. Rev. Lett. YO, 2237
(1993).




