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We describe how multiple preequilibrium emission can be included in the Feshbach-Kerman-
Koonin (FKK) theory. By analyzing (p, xn) and (p, zp) reactions on zirconium, at incident energies
of 80 and 160 MeV, the importance of multiple preequilibrium emission can be clearly seen. This
mechanism accounts for much of the emission spectra and its importance extends to relatively high
emission energies. We show that multiple preequilibrium must be included in FKK analyses at
these incident energies in order to simultaneously satisfy unitarity and account for inclusive nucleon
emission spectra. The importance of multistep processes is reduced in comparison to analyses which
omit multiple preequilibrium. Our calculated angular distributions account for measurements except
at the highest backward angles, where we underpredict the data. We compare our results with other
analyses at these energies.

PACS number(s): 24.60.Gv, 24.60.Dr, 25.40.Ep, 24.50.+g

I. INTRODUCTION

The multistep scattering theory of Feshbach, Kerman,
and Koonin [1] can be used to calculate preequilibrium
cross sections for nucleons incident on a nucleus with en-

ergies up to the pion threshold. The theory is particu-
larly attractive since it combines a quantum mechanical
approach to multistep scattering with statistical assump-
tions that readily allow numerical cross section calcula-
tions, and this has resulted in much recent work on its
application to the analysis of experimental measurements
[2—5] and to nuclear data evaluation [6—ll]. However,
the theory as it was originally formulated only takes into
account the preequilibrium emission of one particle (pri-
mary preequilibrium emission), with the assumption that
this particle carries away so much energy that the remain-
ing excited residual nucleus cannot emit another preequi-
librium particle, and instead becomes equilibrated be-
fore undergoing compound nucleus decay. For nucleon-
induced reactions with incident energies above a few tens
of MeV this assumption begins to fail, and it is possible
to emit more than one particle through a preequilibrium
mechanism (multiple preequilibrium emission). It is the
purpose of this paper to describe how multiple preequi-
librium emission can be included in FKK analyses.

It has long been recognized that multiple preequilib-
rium processes are important in inelastic reactions above
a few tens of MeU incident energy. Akkermans and Grup-
pelaar [12] incorporated them in the semiclassical exciton
model, and Blann [13] included them in his semiclassical
hybrid model. These models picture the nuclear reaction
as passing through a series of particle-hole states toward
equilibrium, particle decay &om these states giving the

high energy emission. After the first preequilibrium par-
ticle is emitted, the residual nucleus is left with particle-
hole excitations which may subsequently particle decay
to give multiple preequilibrium emission. In addition
to these two semiclassical models, the intranuclear cas-
cade model includes processes in which a number of high-
energy particles can be emitted during the early stages of
the reaction. Also, Fortsch et al. [14] recently considered
the quasi&ee knockout of two protons in proton-induced
reactions and stressed the need to extend multistep-direct
theories to include two-particle emission. It is therefore a
natural development to include multiple preequilibrium
processes in the FKK theory. A formalism for multiparti-
cle emission processes which makes physical assumptions
similar to those of FKK has been developed by Ciangaru
[15]. However, this formalism does not readily lend itself
to numerical computations [16]. Our approach, on the
other hand, is straightforward to implement, does not
introduce any &ee parameters, and makes use of DWBA
matrix elements already determined for primary pree-
quilibrium emission. According to the FKK theory two
types of preequilibrium emission can occur: multistep di-
rect (MSD) and multistep compound (MSC), depending
on whether the preequilibrium stages contain unbound
or bound particle excitations. Since MSC processes are
only important for incident energies below about 30 MeV
[17] we concentrate here on the MSD mechanism. A for-
malism for multiple MSC emission has been developed
[18] though it is of limited practical importance.

In this paper we investigate the importance of pri-
mary and multiple MSD by analyzing emission spectra
from Zr(p, n) and Zr(p, p') reactions at incident pro-
ton energies of 80 and 160 MeV. At these energies both
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neutron and proton emission difFerential cross section
measurements are available, &om the Indiana University
Cyclotron Facility and the National Accelerator Labo-
ratory at Faure, respectively, allowing an extensive test
of our model. The recent papers by Koning and Akker-
mans [6] and by Richter et al. [4] on MSD reactions
highlighted the possible importance of multiple particle
emission at the lowest emission energies. We shall show
that by satisfying unitarity (and thus forbidding the to-
tal summed primary preequilibrium cross sections &om
exceeding the optical model reaction cross section) the
importance of multiple preequilibrium emission can be
clearly seen, even for relatively high emission energies.

For this analysis we use the FKK-GNASH code system
[7—10], which applies the FKK theory for preequilibrium
emission and Hauser-Feshbach theory for equilibrium de-
cay. We account for all reaction decay sequences that
contribute to the inclusive nucleon emission spectra, over
the whole emission energy range. This is important since
the conclusions we draw fmm comparisons between the-
ory and experiment are dependent on a complete descrip-
tion of all contributing processes, and at low emission en-
ergies both multiple preequilibrium and equilibrium con-
tributions can be large.

Accurate modeling of proton reactions at intermediate
energies is of practical importance in applications rang-
ing from accelerator shielding design to the accelerator-
based transmutation of nuclear waste [19, 20]. To as-
sess the accuracy of nuclear model codes at these ener-
gies, these same reactions on zirconium were the sub-
ject of a recent code intercomparison, organized by the

I

Nuclear Energy Agency of the OECD [21]. Using the
FKK-GNASH code system we participated in this inter-
comparison, and pointed to the importance of multiple
preequilibrium emission [8, 10]. However, although our
calculations for primary MSD used the FKK theory, the
multiple emission cross sections in this earlier work were
obtained semiclassically with the exciton model.

In Sec. IIA we describe our implementation of FKK
primary MSD emission, emphasizing aspects which difFer

from other works, and in Sec. IIB we describe our FKK
multiple MSD emission model. Details of our Hauser-
Feshbach compound nucleus calculations for equilibrium
decay are given in Sec. IIC. We apply our model to de-
scribe proton reactions on zirconium in Sec. III, com-
paring our calculations with measurements, and give our
conclusions and suggestions for future work in Sec. IV.

II. THEORY

A. Primary MSD preequilibrium emission

The full primary MSD emission cross section is an in-
coherent sum of contributions &om the various preequi-
librium stages (labeled by N). The one-step cross section
plays a crucial role in the theory since cross sections from
the Nth preequilibrium stage are expressed as a series of
one-step scatterings. It is obtained by extending DWBA
theory into the continuum, and for a projectile of inci-
dent energy Eo and angle Oo and ejectile of energy E and
angle O, is given by [9]

d cr( l(E, O m Ep, Op) . (2J+1) - 1

dOdE ~ (2I+ 1)(2i+ 1) (2Sf + 1)

x ) ) p(ly lhUp( ' ' ),
S=II Sf l

l=l J Sl

where p and h are the number of particles and holes excited, and l is the orbital angular momentum transfer. J,
I, and i are the residual nucleus, target, and nucleon intrinsic spins, respectively, and Sf——0 or 1 is the spin-fIip.

- DWBA
do'(E, O M Ep, Op)/dO is the average of DWBA cross sections exciting 1plh states consistent with energy,. l

angular momentum, and parity conservation. The density of such states with residual nucleus energy U (=EQ E+Q,
where Q is the reaction Q value) can be partitioned into the energy-dependent density multiplied by a spin distribution,
p(p, h, U, l) = ur(p, h, U) R (l). We use the Williams [22] equidistant expression with finite hole-depth restrictions for
the energy dependent density,

g" . , t'h&
cu(p, h, U) = ) (—1)~

~

. ~(U —b, —A„q —j~~)" 'O(U —b, —A„q —j~ ),p!h!(n —1)! qj) (2)

where n = p+ h, g is the single particle density, e is
the Fermi energy, L is the pairing energy, and A„p, ——

p + h + p —3h/4g accounts for Pauli blocking. The 8
function is unity if its argument is positive, and zero oth-
erwise. With the finite well-depth restriction the 1plh
phase space ceases to rise linearly with U for excita-
tion energies above the Fermi energy, and instead re-
mains constant. Previous MSD calculations ignore finite

hole-depth restrictions and significantly overestimate this
phase space for residual nucleus energies above about 40
MeV. A Gaussian spin distribution is adopted,

2l + 1 (l + 1/2)'
l = exp-

2+2vrcrs
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where o. is the spin cut-off parameter.
At present there is no consensus among practitioners

of the FKK theory as to whether normal or both normal
and non-normal DWBA matrix elements should be used
for the multistep transitions [23, 24, 9]. In this paper we

I

follow Feshbach [23] in using normal DWBA matrix ele-

ments, though we are currently investigating the alterna-
tive approach. Multistep cross sections are then given by
a convolution of one-step cross sections, the contribution
from the ¹hstage being

d20 (N) (E g ~ Eo, go) m
d~N —z dEN —&EN —i4+25

(E) fI ~ EN 1& f1Ã— 1) d—0 (EN 1) fIN— 1~—EO) f10)
X

dOdE dON gdEN
(4)

Vo is the only &ee parameter entering the MSD calcu-
lations, and is extracted by varying it until the highest-
energy emission spectrum data (where the multiple pre-
equilibrium contribution is negligible) is described. It is
not simply a normalization parameter, however, since dif-
ferent steps depend on difFerent powers of Vo, and thus its
value determines the overall shape, as well as the magni-
tude [25]. In our calculations we account for MSD emis-
sion at all emission energies, and in our determination
of Vo we always ensure that the integrated primary pree-
quilibrium spectra, summed over all decay channels, does
not exceed the reaction cross section obtained from the
optical model.

For the incident energies considered here, our approach
for determining Vo leads to a primary MSD spectrum that
lies below experimental data at all but the highest emis-
sion energies, and we find that multiple preequilibrium
emission, and equilibrium emission, accounts for the dif-
ference.

B. Multiple preequilibrium emission

Various aspects of multiple preequilibrium decay have
been reviewed by Blann [26], who paid particular atten-
tion to its dramatic inHuence on (p, 2p) excitation func-
tions for incident energies to 90 MeV. Recently, similar
effects have been established for the osPb(n, 2np) exci-
tation function [27], obtained from the I AMPF/WNR
white neutron source for neutron energies to 200 MeV.
In both these cases the inclusion of multiple preequilib-
rium increases the calculated excitation functions by or-
ders of magnitude, and this is easy to understand: Mul-
tiple preequilibrium provides a mechanism by which two
high-energy particles can be emitted, leaving a residual
nucleus with a sufBciently low excitation energy for fur-
ther particle decay to be prohibited. The increase in
the nucleon emission spectra due to multiple preequilib-
rium emission is less dramatic, though still large. For
instance, the semiclassical analyses of proton reactions
on zirconium and lead in the recent NEA code intercom-
parison, using the GNASH and ALICE codes, both needed
multiple preequilibrium to adequately account for mea-
surements [21]. We shall address the issue of multiple
preequilibrium FKK analyses of excitation functions in a
future paper, but here we concentrate on its influence on
inclusive emission spectra.

When describing multiple preequilibrium emission, we

use the notation that "stage" refers to the exciton class
&om which the emission occurs, see Fig. 1. Thus, if pri-
mary MSD emission occurs from the first stage, leaving
a 1plh excitation, subsequent immediate particle emis-

sion from this configuration is referred to as first stage
multiple preequilibrium emission. Blann [13] identified
two types of multiple preequilibrium decay: "type I," in
which more than one excited particle is emitted from a
single exciton class; and "type II," in which a particle
is emitted, after which a number of intranuclear (damp-
ing) transitions occur, and then a second preequilibrium
particle is emitted. He showed that type II processes are
relatively unimportant compared to type I. Our calcula-
tion of type II processes in the FKK theory confirm this.
We treated [18] such processes in which an emission oc-
curs, followed by a scattering and another emission, in

the spirit of FKK by convoluting two scatterings, though
we obtained small cross sections. Thus it is the type I
multiple emissions that we consider here.

The original FKK restriction to only one preequilib-
rium particle limits the theories applicability to incident
energies below about 50 MeV, unless one concentrates
solely on small energy-transfer inelastic scattering. In
previous FKK calculations the question of how to treat
multistep reactions leaving residual nuclei in highly ex-
cited states, where particle excitations may be in the con-
tinuum, has been solved by (somewhat artificially) mak-

ing such particles quasibound [28]. This then facilitates
the use of a DWBA code such as DWUCK4 [29] to deter-
mine matrix elements for particle-hole creation, without
the need to use a code which can treat more than one
continuum particle exactly.

Our approach uses this same method to determine the

o

FIG. 1. Multiple preequilibrium emission from various
particle-hole preequilibrium stages.
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primary preequilibrium emission cross sections. But in
addition, we consider type I processes in which a second
particle is emitted from a preequilibrium stage. An im-
portant element of our approach is the realization that
the MSD calculational procedure as described in Sec. II A
(originally intended solely for primary MSD calculations)
contains a large part of the effort needed to calculate the
subsequent type I multiple emission. This is because pro-
cesses in which a continuum particle is left after primary
preequilibrium emission are already included in Eq. (1)
(the phase space includes these configurations), and the
probability of subsequent emission of such particles would
be expected to be high, unless they are of low energy. To
calculate cross sections for these processes we follow Wei-
denmuller's suggestion [30] that the probability for two
continuum particles being emitted can be approximated
by multiplying the results obtained using the above pro-
cedure with a transmission coefficient, which describes
the probability that the second particle escapes from the
nucleus rather than undergoes damping interactions. All
the particles in the continuum are treated on an equal
footing, without distinguishing a leading particle, which
is necessary for cases in which the energy loss in scat-
tering is substantial. Our approach allows multiple emis-

I

sion to be determined within the existing FKK formalism
and does not require the determination of any additional
DWBA matrix elements. For clarity we only consider
processes in which up to two preequilibrium particles are
emitted, which should be sufficient for reactions induced
by nucleons with energies up to 160 MeV [26], though
our formalism can be easily generalized to include more
e missions.

To determine the cross section for emission of a second
preequilibrium particle at an energy E, we start with the
cross section for producing particle-hole states of a cer-
tain energy U after primary preequilibrium emission, and
determine the probability that among such states there
exists a nucleon at the energy of interest (E+Brelative to
the Fermi level, where B is the separation energy) which
can escape with transmission-coefficient probability. To
do this we make the simplifying assumption (also made in
semiclassical preequilibrium models) that all possible ex-
citon configurations in a given p-h class are equiprobable.
In Fig. 2 we give an example of multiple preequilibrium
emission &om the 1plh stage. The angle-integrated spec-
trum of multiple preequilibrium emission is then given as
a sum of contributions from each preequilibrium stage N
(where p=h=N before emission),

d0 u) (N,~)

dE dE
N

where

do' „[ ). ™xdn~ "l 1(u(1 pO, E +B)(u(p —1 h U —E —B)
dE ~ @+~ dU p ur(p, h, U)

where E is the emission energy, i labels the type of
primary-emitted particle [7r = proton, v = neutron],
and j labels the multiple preequilibrium particle type.
der~~"l/dU is the differential cross section ofp-h states af-
ter primary preequilibrium emission of a nucleon of type
i Rom stage N as a function of residual nucleus energy,
obtained from the angle integration of Eq. (4). Thus, in
order to calculate the inclusive proton emission spectrum,
for example, both proton and neutron primary preequi-
librium spectra must be calculated. The transmission
coefficient Tz(E) is the probability that the continuum
particle j escapes with an energy E, and for simplicity
we take this from the 8-wave transmission coefficient from
an optical potential. Taking just the 8-wave coefficient is
certainly an approximation, though it does account for
the physically expected behavior of being close to unity
for most emission energies, but decreasing for low ener-
gies. The inclusion of this term is particularly important
for protons, where low energy emission is strongly sup-
pressed by the Coulomb barrier. The quantity in the
square brackets represents the probability of finding a
particle j at an energy (E+B) inside a p-h exciton con-
figuration of energy U, based on the equiprobability as-
sumption. BN accounts for neutron-proton distinguisha-
bility and is the probability of finding a nucleon of type
j in the exciton class N after primary emission of type

i. Since we consider only one emission in the multiple
preequilibrium process, these numbers yield unity when
summed over j for a given i, ¹

Blann's method (Eqs. (9)
and (10) of Ref. [13]) is used to determine these values,
using a ratio of the n-p to n-n or p-p cross sections of 3:1.

E+B

— Fermilevel

b E,F

FIG. 2. First stage multiple preequilibrium emission. Var-
ious 1plh states, labeled "a" though "d," are shown for a
residual nucleus energy U. The excited particle from the p-h
pair "b" can be emitted with energy E.



CHAD%ICK, YOUNG, GEORGE, AND WATANABE 50

As we treat the excited particles in the preequilibrium
cascade on an equal footing, we use the same angular
distribution for particles emitted through multiple and
primary emission (for the same emission energy), so

G(O m Op),

where the angular kernel is obtained from Eq. (4), G(O ~
Op) = d2o~~'~l/dEdO/do~~'~~/dE . If a primary par-
ticle is emitted with a high energy, it will tend to be
emitted in the forward direction; if a second particle is
then emitted it will be of lower energy and less likely to
be emitted forward. Thus, the correlated angular effects
expected for two particle scattering into the continuum
are as would be expected &om kinematic considerations.

C. Hauser-Feshbach equilibrium decay

We use Hauser-Feshbach theory to describe compound
nucleus decay of equilibrated nuclei, allowing us to de-
scribe the emission spectrum down to the lowest energies.
These nuclei are formed in one of two ways: either they
are produced in the initial interaction when no preequi-
librium particles were emitted; or they are residuals after
previous preequilibrium or equilibrium emission with suf-
ficient excitation energy to undergo further particle de-

cay. The FKK-GNASH code includes both these types of
decay, though at the incident energies considered in this
work the second type is most important, since there is
sufEcient energy for many sequential decays to occur.

The full angular-momentum dependent version of the
Hauser-Feshbach model in the GNASH code [31] is incor-
porated into FKK-GNASH. Any number of reaction decay
chains can be included, with limitations arising only &om
computer time. In the present calculations we included
the decays of a total of 33 residual nuclei. Details of our
selection of decay sequences are given in the next section.
Transmission coefficients needed for particle decay calcu-
lations are obtained with the SCAT2 code [32], and for
all decaying nuclei considered a continuum level density
description is matched on to the known low-lying nuclear
structure.

Unitarity, or reaction fiux conservation, is automati-
cally satisfied in our calculations, and in the next section
we stress the importance of this for the primary emit-
ted particles. But in Ref. [7] we also showed how such
considerations point to the existence of crossover tran-
sitions from the MSD to MSC chains ("P -+ Q tran-
sitions"). At the high energies considered here, only a
relatively small amount of the reaction flux survives to
equilibrium without suffering preequilibrium decay. But
since it is energetically impossible to form a bound MSC
2plh doorway state for incident energies of 80 and 160
MeV, this flux must have come from P ~ Q transitions,
and such transitions are implicitly included in our paper.

III. RESULTS

A. Calculational details and input parameters

When calculating MSD cross sections with Eqs. (1)
and (4), we used the following default input parameters:

the single-particle level density was taken as g = A/13
MeV; the pairing energy as zero; the Fermi energy
as &~=40 MeV; and the spin cut-off as 0. = 0.24nA /

[33]. To calculate the DWBA matrix elements, we used a
Yukawa potential of range 1 fm, with bound wave func-
tions &om a Wood-Saxon potential and unbound wave
functions from optical scattering states. These were ob-
tained from the Walter-Guss [34] optical potential for en-

ergies below 50 MeV. Above 50 MeV we used the global
Madland-Schwandt medium energy potential. This po-
tential was based on proton scattering work of Schwandt

[35] and was extended by Madland [36] to higher energies
and to include neutrons, with a primary emphasis on re-
producing integrated scattering observables (neutron to-
tal cross sections and proton reaction cross sections), and
secondarily on reproducing the angular-dependent scat-
tering observables.

The code DWUCK4 [29] is a subroutine in FKK-GNASH,

and with it many microscopic DWBA cross sections are
calculated and averaged, in accordance with Eq. (1).
Typically we average about 30 different microscopic tran-
sitions for each residual nucleus energy. Particle-hole
quantum numbers for each state that can be excited were

obtained from a spherical Nilsson shell model scheme [37],
allowing an energy spread of + 3 MeV away &om the ex-

act energy obtained &om energy conservation. Physically
this accounts for the fact that the true eigenvalues can de-

viate considerably from those given by the spherical Nils-
son model due to shape deformation, as well as having
a finite width, and computationally has the result that
our calculated emission spectrum varies smoothly with
emission energy, in agreement with experimental mea-
surements. The energy eigenvalues of the particle and
hole are input, and DWUCK4 searches on the potential
well depth to obtain the eigenfunctions.

When calculating multistep MSD cross sections with
Eq. (4), it is clear that we need one-step cross sections
at the incident energy as well as at all lower energies. In
practice this is done by determining one-step cross sec-
tions at five lower energies in addition to the true inci-
dent energy, and interpolating for other values. We have
found that the square of the residual interaction strength
varies approximately inversely with incident energy [7,
10], and therefore incorporate this energy dependence
into our multistep calculations in Eq. (4). We solve this
three-dimensional equation using Monte Carlo numerical
integration.

The preequilibrium emission of deuteron and alpha
clusters can be significant, as was found in the proton-
induced measurements of Bertrand and Peelle [38]. We
therefore include these decay channels, and use Kalbach's
[31,39] reaction model for direct cluster emission to the
continuum.

Before performing the Hauser-Feshbach analysis, trial
calculations were performed with 160 MeV protons in-

cident on Zr to determine the reaction sequences that
make significant (0 greater than 1 mb) contributions
to the proton and neutron emission spectra. The decay
sequence used in the calculation includes neutron, pro-
ton, and p-ray decay for Nb isotopes &om Nb through

Nb, for Zr isotopes fmm Zr through Zr, for Y iso-
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topes from s Y through s Y, for Sr isotopes &om sSr
through s2Sr, and for Rb isotopes &om s"Rb through

Rb. Additionally, alpha particle and deuteron emis-
sion was included for the primary channel. No other re-
actions produce significant contributions to the neutron
or proton emission spectra.

Level densities were obtained from the Ignatyuk
[40] phenomenological model, which includes energy-
dependent shell efFects, utilizing the parametrization of
Arthur (see Ref. [31]) for the level density parameters.
The spherical optical model potentials of Arthur [41]
based on an analysis of neutron and proton reactions
on Y and Zr, was matched above 20 MeV with the
global parametrization of Madland [36] and was used to
calculate proton and neutron transmission coeKcients. A
medium energy complex particle potential [36], based on
the approach of Watanabe [42], was used for the deuteron
and alpha particle transmission coefBcients. Estimates
of gamma-ray competition were made using gamma-ray
strength functions from the generalized Lorentzian model
of Kopecky and Uhl [43].

B. Comparison with inclusive emission spectra

In Fig. 3 we show the theoretical primary and multiple
MSD contributions to the inclusive angle-integrated neu-
tron spectrum in the reaction s Zr(p, n) for an incident
energy of 160 Me V. At the highest emission energies, one-
and two-step primary MSD dominate, though the multi-

ple MSD from the first stage is also important. Multiple
emission processes are seen to be important over almost
the whole energy range. As would be expected, the major
contribution &om multiple MSD at high emission ener-
gies comes from the first stage, where a 1plh state de-
cays by particle emission. This process is equivalent to a
knockout mechanism in which the incident proton strikes
a bound neutron, and both particles are emitted leaving
a neutron hole. Note that the hard spectral shape of first
stage (N=l) multiple MSD seen in Fig. 3 results &om the

finite hole-depth restrictions in Eq. (2) when applied in
Eq. (5) [44]. For more complex particle-hole excitations
the probability of there being an excited particle at a high
energy is reduced, and hence the cross sections for multi-
ple MSD emission from later stages are correspondingly
smaller.

In Figs. 4—7 we show comparisons between theoreti-
cal predictions and experimental measurements of angle-
integrated neutron and proton emission spectra for pro-
ton reactions on zirconium at 80 and 160 MeV. The
solid curves represent our calculations including all re-
action mechanisms contributing to the inclusive spec-
tra. The contribution &om primary MSD is shown by
the dashed line, multiple MSD by the dashed-dot line,
and Hauser-Feshbach equilibrium decay by the dotted
line. The primary and multiple MSD spectra shown are
summed over the various preequilibrium stages. It is evi-
dent that the calculations account for the measurements
well, for both neutron and proton emission. The impor-
tance of multiple preequilibrium emission can be clearly
seen for all emission energies except the very highest, and
at the lower emission energies this mechanism accounts
for much of the data. The multiple preequilibrium contri-
bution does not extend as high in emission energy as the
primary contribution, because of the separation energy
expended in emitting a second nucleon. Nucleons emit-
ted at the highest energies through the multiple pree-
quilibrium mechanism follow the primary preequilibrium
emission of a low energy nucleon. Without multiple pree-
quilibrium the FKK theory would underestimate the data
at all but the highest emission energies. The measure-
ments do not extend low enough in emission energy to
test the Hauser-Feshbach contribution, which is already
negligible where data exist. The experimental measure-
ments approximately follow the systematics of Kalend et
at [45], who. noted that in proton-induced reactions at
90 MeV the proton yields are about twice the neutron
yields above the evaporation region, and our calculations
match these systematics.

In Fig. 8 we show theoretical angular distributions
compared with data for the 80 MeV Zr(p, zp) reac-
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FIG. 3. Angle-integrated contributions, calculated arith
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and multiple MSD in the 160 MeV Zr(p, zn) reaction. Ex-
perimental measurements by Scobel et al. [48] are also shown
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FIG. 7. FKK-GNASH calculation of the 160 MeV inclusive
Zr(p, zp) angle-integrated spectrum, compared with exper-

imental measurements of Lawrie et aL [4].

FIG. 6. FKK-GNASH calculation of the 160 MeV inclusive

Zr(p, zn) angle-integrated spectrum, compared with exper-
imental measurements of Scobel et al. [48].

tion (experimental angle-integrated results have not been
published). While the calculations account for the strong
forward peaking, and the increasing forward-peaking
with emission energy, they underestimate the data at
large backward angles. This underestimation has been
seen in some other FKK analyses [4, 10] and we address
this limitation in more detail in the next subsection.
However, the ability of the FKK theory to account for
measurements over much of the angular range, and over
many orders of magnitude, is impressive.

Values that we obtained for the effective residual in-

teraction strength for the various reactions are shown
in Table I, along with the calculated primary preequi-
librium integrated cross sections for neutron and proton
MSD emission, and deuteron and alpha emission from
Kalbach's model. We also show how the primary pree-
quilibrium cross section compares with the reaction cross
section Irom the optical model. In all cases the integrated
primary preequilibrium cross section is smaller than the
reaction cross section, as it must be if unitarity is satis-
fied. As would be expected, the probability for preequi-
librium decay increases with increasing emission energy,
and at the incident energies considered here preequilib-
rium emission almost exhausts the entire reaction cross
section (and hence the ratios of total primary MSD to
the reaction cross section in Table I are close to unity).
The Vo values that we obtain in Table I are seen to de-
crease with increasing incident energy, as first noted by
Trabandt et al [46]. The val.ues for (p, p') reactions are
about 1.3 times larger than for (p, n) reactions. In our ap-
plication of the FKK theory we use one-component state
densities which do not differentiate neutron and proton
excitations. This simplification leads to separate system-
atics for (p, p') and (p, n) reactions. This is partly due
to the fact that in a two-component theory the number
of 1plh states that can be excited in a (p, p') scatter-
ing is twice that in a (p, n) scattering —and thus if a
one-component theory is used, the Vo value extracted
absorbs this difference by becoming ~2 times larger for

(p, p') compared to (p, n) reactions. We stress that this
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TABLE I. Values of residual interaction strength and integrated primary MSD cross sections
for p+ Zr in this work. In the last column we show the ratio of total primary MSD to the reaction
cross section (on=1100 mb at 80 MeV and 942 mb at 160 MeV).

Inc. energy
(MeV)

Vo (MeV)
(p, n) (p p')

Primary preq.
n p

z/8 (mb)
A

P primary preq. z/s/oR

80
160

11.30
6.52

15.00
8.69

451 503
396 485

70 13
51 9

0.943
0.999

strength is "effective" and very much dependent on other
parameters used in the theory [47].

C. Comparison with other FKK analyses

A number of other groups have applied the FKK the-
ory to analyze inelastic nucleon scattering at the energies
considered in this work, and it is useful to highlight differ-
ences between the various approaches. Broadly speaking,
the calculational approaches fall into three categories:
Those which use the Bonetti and Chiesa code (e.g. , Tra-
bandt et aL [46], Scobel et al. [48], Cowley et al. [49],
Richter et al. [4]), who were the first to apply the MSD
theory at these energies; the work of Koning and Akker-
mans [6], which uses the KAPSIES code; and our work,
which uses the FKK-GNASH code system [7—10, 18]. Be-
low we discuss differences due to multiple preequilibrium
processes and their impact on emission spectra, unitarity,
angular distributions, and extracted Vo values.

Calculations using the Bonetti-Chiesa code, and the
Koning-Akkermans code have not included multiple pree-
quilibrium emission, and as a consequence have underes-
timated data at low emission energies [4, 6]. However,
our work shows that the importance of multiple pree-
quilibrium extends even to relatively high emission ener-
gies, especially for reactions at incident energies as high
as 160 MeV. Previous analyses were able to account for
much of the observed emission spectra by using an artifi-
cially large primary preequilibrium contribution. To see
this, we have repeated our analyses using the approach
described by Richter [4], who used primary MSD to ac-
count for the whole emission spectrum, and chose a Vo
value to fit the experimental data at an emission energy
equal to half the incident energy. By doing this, and ig-
noring multiple preequilibrium emission, we obtain emis-
sion spectra which fit the measurements fairly well, but
whose integrated value for neutrons and protons exceeds

the reaction cross section. We show the Vs values found
in Table II, along with the integrated primary preequilib-
rium cross sections. In the last column it is seen that such
an analysis results in a violation of unitarity by 16% at
80 MeV and 47% at 160 MeV. In contrast, our approach
of including multiple preequilibrium does not lead to a
breakdown of unitarity, as can be seen &om Table I. By
comparing the Vo values in Tables I and II we also see
that the previous MSD calculational procedure leads to
higher residual interaction strengths. But since multistep
processes depend on Vo to a high power, the extracted
values in Tables I and II are only slightly different.

Our work describes the angular distributions fairly
well, though we underpredict the data at the largest
backward angles. This underprediction is worse in our
calculations compared to previous works. The reason for
this follows (in part at least) f'rom the above paragraph,
since by using a smaller Vo the relative importance of
higher stages decreases (the magnitude of the Nth stage
is approximately proportional to V02~). Since the an-
gular distribution becomes less forward-peaked as N in-
creases, our approach leads to fewer MSD stages being
important, and a more forward-peaked angular distribu-
tion results. We are currently investigating whether any
modifications to our application of the FKK theory can
improve the backward-angle predictions.

The energy dependence of the Vos we obtain, between
80 and 160 MeV, is in agreement with the results of
Scobel et al. [48] and Cowley et al. [49] though the
magnitudes are different. This is due to different input
parameters in the various calculations, which ultimately
affect the value of Vo that is extracted. For instance,
as mentioned above we use a one-component state den-
sity [Eq. (2)], whereas the Bonetti-Chiesa code makes
some two-component approximations and treats neutrons
and protons separately [47]. We prefer to use the one-
component approach until a full two-component formal-
ism has been developed, which uses two-component state

TABLE II. Results obtained if no multiple preequilibrium is included (as in previous MSD
analyses). The values in the last column exceed unity and are therefore unphysical. See Table I
caption.

Inc. energy
(MeV)

Vo (MeV)
(S» n) (p p')

Primary preq.
n p

z/s (mb)
CX

P primary preq. z/s/o&

80
160

12.15
7.10

16.00
9.60

565 624
558 770

70
51

13
9

1.156
1.473
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densities and includes diferent p-p and p-n interactions.
Also, we use a default set of parameters in all calcula-
tions and do not treat quantities such as the spin cut-oK
as adjustable parameters. The energy dependence that
we find for Vo varies approximately as Ve oc 1/E;„„as
was found in our earlier work at lower energies [7]. While
this variation is similar in shape to that in Refs. [4, 5, 48,
49] between 80 and 160 MeV, it divers considerably at
lower energies. Part of this difference may arise because
we fold in an energy-dependent Vo into our multistep
calculations, but it could also be because the analyses
in Refs. [4, 5, 48, 49] for incident energies above 80 MeV
used di8'erent input parameters to the earlier MSD anal-
yses below 50 MeV.

ergy exceeds about 50 MeV. We have tested our theory
against inclusive nucleon emission spectra measurements.
In the future it would be useful to test it against exci-
tation functions such as the (n, 2n) reaction to a specific
residual nucleus, which is also very sensitive to multiple
preequilibrium emission.

The theory we have presented for multiple preequilib-
rium emission emphasized computational simplicity and
was derived to allow straightforward estimates of these
cross sections. There is still a need for a theory based
on a rigorous derivation and which calculates matrix el-
ements involving more than one final continuum particle
exactly.

IV. CONCLUSIONS AND FUTURE WORK ACKNOWLEDGMENTS

We have presented a formalism for determining mul-

tiple preequilibrium emission which is parameter-&ee,
straightforward to implement, and which makes use of
quantities already calculated for primary MSD. Our cal-
culations describe neutron and proton emission spectra
well and showed the importance of multiple preequilib-
rium not only at low emission energies, but also at fairly
high emission energies. Without this mechanism it is not
possible to simultaneously satisfy unitarity and account
for emission spectra. We conclude that it is essential
to incorporate multiple preequilibrium into FKK analy-
ses of nucleon-induced reactions when the incident en-
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