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Gluon production, cooling, and entropy in nuclear collisions
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We study the cooling (heating) of a glue-parton gas due to production (destruction) of particles
and determine the associated evolution of entropy. Qe incorporate sharing of the system energy
among a changing number of particles. We find that the entropy of an evolving glue-parton gas
hardly changes, once the initial thermalized state has been formed, despite a significant change in
particle number and temperature.
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In nuclear collisions carried out at energies per nucleon
considerably greater than the nucleon rest mass we ob-
serve a very high final state particle multiplicity, with
which is associated an unusually large entropy content
[1]. There are two questions which immediately come
to mind when looking at this result: (i) when and how
is entropy produced in a quantum process, such as is a
nuclear collision, and (ii) how is the particle production
related to entropy production?

We will address here the second question and inves-
tigate in a quantitative manner the increase in entropy
during the evolution of the primordial gluon-parton sys-
tem [2—4]. In our approach, as in every prior work up
to date, we do not view the nuclear collision reaction
as a reversible quantum process, but rather as a series
of disorder increasing independent reactions. Thus the
measurement of (conventionally defined) entropy can be
performed at any instant during the collisions [3], such a
description may be seen in contradiction to the prevail-
ing understanding of reversibility of quantum evolution.
This is a pragmatic approach in view of the final state
formed in the collisions, which is displaying high particle
multiplicity. The view we and other workers take is that a
solution to the more fundamental question (i) will justify
the pragmatic approach taken today regarding question
(ii), where we proceed as if the nuclear collision reaction
was a classical process involving particle production.

The physical systems of interest to us here are char-
acterized by relatively large elastic and quasielastic cross
sections, which are typically 10—30 times larger than the
particle number changing cross sections. Therefore it
can be assumed that the so called kinetic equilibrium
characterized by the sharing of the available energy be-
tween the particles, and the establishment of a common
temperature, is reached instantaneously as compared to
the slowly evolving particle number. We call a parti-
cle species to be in IIagedorn equilibrium [5], when all
phase space cells are occupied according to a distribu-
tion which maximize the entropy content at some given
energy. It is interesting to note here that there is so far
apparently no general proof of Boltzmann's H theorem
to be found in literature for relativistic systems with par-

ticle number nonconserving reactions [6]. As expected
we find below that Hagedorn equilibrium corresponds to
the standard Bose and Fermi quantum distributions of
particles, which give a maximum of system entropy at
fixed energy. This is a preliminary step towards such a
proof, which requires further that the particle numbers,
to be considered in kinetic theory, evolve in time towards
the Hagedorn equilibrium —while for a select system [7]
this has been argued, a general discussion of this issue
remains an open problem. In our detailed discussion we

focus on the situation found in studies of the "hot glue"
initial state proposed by Shuryak [2]. We will show that
despite a great increase in particle number as the system
approaches Hagedorn equilibrium relatively little addi-
tional entropy is generated.

We begin with the considerations presented by Landau
and Lifshitz [8]. The usual definition of entropy for each
particle species denoted by index / is

S~y = d(d + 1+%~ ln 1+7l~ —%~inn~

where the integral is over the conventional phase space
du = d pdsx/(2z'h)s (we henceforth choose units such
that h = c = 1). The upper sign (here +) applies to
the Bose particles {B),while the lower sign (here —) ap-
plies to the Fermi particles (F). The Boltzmann limit
follows when the occupation nI of the phase space by one
of the particle species is small compared to unity. Given
a number of particles of each species, W' = J'du ni, and
the energy of the system E = P& E':—Jd&u e~n~, where

ei = (m&2 + p2) ~2, the form of n~(p, x) is obtained by
maximizing the quantity 7 [ni] = 8 —{ai + Pei)n~ as
a functional of nI. o. permits us to choose any given
number of particles of kind l and P = 1/T, which per-
mits us to keep the energy constant, is identified as the
inverse temperature. Reinserting the Bose B and Fermi
F quantum distribution functions

1
n+ F (2)

which follow from this consideration into the definition
of entropy, Eq. (1), we obtain the explicit form [9]
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The effect of a changing particle number appears in two
different ways: as a factor

p =e (4)

which is inserted into the change in entropy to yield

BS/BP . BS' BSBE'/Bai
BE/BP ) Bai BP BE/BP

in &ont of all Boltzmann exponential present in above
equations and secondly, as a coefBcient of an additional
additive, particle number proportional term. We can
thus obtain Si, Eq. (3), as a derivative of the partition
function lnZi(P, ni) = pfdurln(l p e ~" '). In the
Boltzmann approximation the factor p~ becomes a nor-
malization factor which describes the average occupancy
of the phase space relative to the equilibrium value [10],
the additive o.i term in Eq. (3) contributes to the entropy
per particle change as the occupancy changes; in partic-
ular we note that in the Boltzmann limit

s' s'
~l

eq

When we omit the last term &om the discussion of the en-
tropy of a system, we find that the entropy evolves along
with the number of particles. Considering this term we
see that as the occupancy of the particle phase space
increases at fixed P, the entropy per particle decreases.
This observation is of course not in contradiction to our
expectation that the total entropy should increase as the
particle number increases. The situation appears to be,
however, much less trivial when we look at what happens
as the occupancy of phase space approaches the equilib-
rium value &om above 1 ( p~ ~ 1.For the entropy must
increase while the number of particles decreases. This
can clearly only be the case if we consider how particle
annihilation heats the system at given energy E. Sim-
ilarly, we must consider when studying the increase of
entropy during the approach &om below to the equilib-
rium occupancy, how the production of particles cools
the system.

We find the required change in P for systems without
conserved quantum numbers &om

dE = ) dai+ dP,
.aE' aE

OAi

14

I I I I I I I I I
I

I I I I I I I I I

7
8—/

I

actly when all o,~ vanish, that is when p~ ~ 1. Further-
more we can see using Schwartz' inequality that for any
p~ & 1 the change dS is positive for positive dp~ while for
p~ & 1 the change is negative, proving that the full Hage-
dorn equilibrium (pi ~ 1) gives maximum of entropy at
fixed total energy. This behavior is completely consistent
with the expectations obtained &om an analysis based on
the first law of thermodynamics.

We consider now a systems of gluons in which reac-
tions such as GG ~ GGG are thought to increase the
number of gluons rapidly and to lead to development of
Hagedorn equilibrium. Our objective is to see the usu-
ally ignored efFect of cooling due to particle production,
and to determine the magnitude of the associated en-
tropy increase. Our calculations are set up such that the
Hagedorn equilibrium results at T = 0.250 GeV—due
to energy conservation at fixed volume the energy den-
sity is constant as function of p~ (index G is henceforth
dropped) and takes the value 2.66 GeV/fms. When we
consider a thermal mass for gluons, which we take for
illustrative purposes to be mt' Q 45Q GeV~ we also
choose to have Hagedorn equilibrium at T = 0.250 GeV
and therefore the constant energy density drops to 1.89
GeV/fms.

We show in Fig. 1 the entropy density S/V (units
1/fms) as function of p. We note that for massless glu-
ons we cannot proceed beyond p = 1 because of Bose-
condensation phenomena not considered further here.
We show by dashed lines the same calculation carried
out at m& ——0.450 GeV, which allows us to continue the
calculation up to p 2.2. The remarkable feature to be
noted in Fig. 1 is the appearance of the very weak maxi-
mum at p = 1—we observe that for all practical purposes
in the hot glue picture [2] all entropy of the system is al-
ready created when the particle number evolution begins

It is our hypothesis that the system is isolated, hence
dE = 0. Considerable cancellation occurs when we eval-
uate Eq. (7):

dS'~ = dpi
(1 ~ pie —~'~)

~„E„Jd-„u,e,w, e-~"
x o.'~e —6~e

P„Jdu~ e„~„7,e

We see that indeed the change in entropy vanishes ex-

0
0

FIG. 1. Entropy density S/V (units 1/fm ) at fixed en-
ergy density E/V = 2.66 GeV/fm for mo = 0 (solid line)
and at E/V = 1.89 GeV/fm for mo = 0.450 GeV (dashed
line) for a (gluon) Bose gas as function of the chemical occu-
pancy p.
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at p 0.1 [4]. However, the temperature T shown in
Fig. 2 evolves rapidly in the interval 0.1 ( p ( 1. While
the total entropy increases by 15% (respectively 11%)
the temperature drops from 0.450 GeV (respectively 0.43
GeV) to 0.250 GeV for the case mt& ——0 (respectively
mt& ——0.45 GeV), this decrease being driven here solely
by particle production (no expansion cooling).

As we can further note in Fig. 3 the glue number den-
sity increases considerably in the same region —it more
than doubles for massless gluons. In Fig. 3 we also note
that the glue number density increases monotonically as
we pass p = 1 for m~ & 0. On the other hand, Fig. 4
shows that the entropy per particle drops continuously
as could be expected &om the qualitative result obtained
in the Boltzmann limit, Eq. (5).

We note that in the expanding glue fireball there are
no other known sources of entropy, in particular since the
expansion is believed to be a largely entropy conserving
hydrodynamical How process. We will now address in
qualitative terms the interplay between expansion and
particle production cooling. In principle we need to know
with some precision the relative rates of change of the
volume V and the occupancy factor p. Details of such
calculations are by necessity model dependent, but we

can obtain some interesting qualitative insights pursuing
some general relations. For (nearly) massless gas we have

S = 3cqVT p+ cqVT pa,
Eth = @0 Eflo —1 VT

Both cq(p, Pm), and c2(p, Pm) are well known factors
and can be exactly computed. For Pm ~ 0 we find

cq/c2 ——2.7 for p = 1 and cq/c2 ——3 for p = 0; note that
in the Boltzmann limit the factors cz, c2 are completely
independent of a = lnp . From Eq. (9), using cr/c2
3, we obtain

I I I I I I I I
l

I I I I I I I f I
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FIG. 3. Particle density N/V (units 1/fm ) as function of
the chemical occupancy p. Lines as in Fig. 1.

To 1+a/4 (
T 1+no/4 q Eo )

(10)

When Efl ——0 this is a condition satisfied by the re-
sults we presented before. Because of the appearance of
the Bow factor in Eq. (10) which reduces the right-hand
side, we further see that a reduction of the reservoir of
thermal energy entails a further reduction in the growth
in entropy due to particle production.

Since entropy increase was rather small anyway, it is
now possible to suppose that we have S/So 1. Then
we find from Eq. (10) that the temperature cooling on
the way to Hagedorn equilibrium is given by
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FIG. 2. The temperature T as function of the chemical
occupancy p. Lines as in Fig. 1; equilibrium point p = 1 has
been chosen to occur at T = 0.250 GeV.

FIG. 4. Entropy per particle S/N for a (gluon) Bose gas
as function of the chemical occupancy p. Lines as in Fig. 1.
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T~
Tp 1+op/4 5 Ep )

where TH is the temperature at which the Hagedorn equi-
librium is established, and there the fraction Ett/Ep of
energy was transferred to the flow. For an initial pp = 0.1
occupancy, we have ao ——2.3 and hence the cooling due
to particle production is by factor 0.63 (correct numerical
Bose gas result which accounts for entropy production is
0.55). The time period is of the order of 1 fm/c and dur-
ing this time the &action of energy transferred to flow

may be as large as 40%. Consequently, we see that the
particle production cooling [first factor in Eq. (11)] is of
the same importance as the hydrodynamical expansion
cooling [second factor in Eq. (11)] and that both com-
bine to increase the temperature reduction, while both
do not lead to appreciable entropy increase. We see that
the cooling shown in Fig. 2 is certainly of equal, if not
greater, importance than the cooling expected &om the
longitudinal hydrodynamic expansion of the glue-parton
volume obtained in a recent numerical study [4].

In summary, we have found that for an isolated sys-
tem the intuitive expectations based on heat bath experi-
ence that the entropy grows proportionally to the particle
number increase is utterly incorrect. We determine that
the increase in entropy is surprisingly small (10—20%)
during approach to Hagedorn equilibrium (p = 0.1 ~ 1)
by a hot glue gas. For an isolated system the entropy

is as expected maximal at the Hagedorn particle abun-
dance equilibrium point, but, remarkably, the maximum
turns out to be exceedingly flat on the scale of previous
experience with heat bath systems. In a qualitative dis-
cussion we have found that the temperature cooling due
to particle production is comparable to cooling due to
hydrodynamic expansion. While the latter mechanism
is presumed to be the dominant one in prior studies of
the dynamics of hot glue-parton fireballs, we believe we

have shown that the approach to the Hagedorn equilib-
rium by particle abundances may in certain conditions
be at least of equal importance and we believe that the
particle number changing processes must be incorporated
in studies of transport properties of quark-gluon-parton
systems. Since we have discovered that a sizable increase
in gluon number is not generating a large increase in en-

tropy in the nuclear collision, the mechanism of entropy
production in high energy nuclear collisions becomes even
less understandable, as it now must occur in the initial
(quantum) time period before 0.3 fm/c [3], when the pri-
mordial hot glue phase is generated.
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