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The Vincent-Phatak procedure for solving the momentum-space Schrodinger equation with com-
bined Coulomb—plus—short-range potentials is extended to angular momentum states coupled by
an optical potential—as occurs in spin 1/2x1/2 scattering. A generalization of the Blatt—Biedenharn
phase shift parametrization is derived and applied to 500 MeV polarized-proton scattering from *He.
The requisite high-precision partial-wave expansions and integrations are described.

I. INTRODUCTION

The theory and equations of quantum mechanics are
represented equally well in coordinate or momentum
space. Bound-state problems, which by definition deal
with normalizable wave functions, can actually be solved
equally well in either space, while scattering problems,
which in the time-independent Schrodinger theory deal
with non-normalizable states, are more challenging in
momentum space. This challenge arises, in part, because
boundary conditions are more naturally imposed in co-
ordinate space, and, in part, because non-normalizable
states contain singularities in momentum space and, ac-
cordingly, have no Fourier transforms [1]. In spite of
the difficulties, momentum-space calculations are impor-
tant because momentum space is where one derives the
nonlocal potentials of many-body and field theories, and
because there are fewer approximations needed in mo-
mentum space to handle them.

The Coulomb problem in momentum space has actu-
ally been “solved” a number of times—possibly starting
with Fock’s study of the hydrogen atom [2]—yet no one
numerical approach appears to provides the requisite pre-
cision for all applications. The real “problem” is that the
Coulomb potential between a point projectile (P) and a
target (T'),

ZPZTC2

Ve(K', k) = WP(Q), (1)

has a 1/q? singularity arising from the infinite range of
the Coulomb potential, and this singularity must some-
how be regularized before a numerical solution is imple-
mented. In (1), g = k' — k is the difference between the
final and initial momenta k' and k, and p(q) is a form
factor which accounts for the finite size of the target’s
charge distribution and makes the potential well behaved
at large ¢ (but not at ¢ = 0).

*Current address: Physics Department, Harbin Normal Uni-
versity, People’s Republic of China.

0556-2813/94/50(6)/3037(10)/$06.00 50

Kwon and Tabakin [3] solved the bound-state prob-
lem with the potential (1) by using Landé’s technique [4]
of subtracting a term from (1) which makes its integral
finite, and then adding in a correction. Alternatively,
Cieply et al. [5] solved the bound-state problem by using
a modification of the Vincent-Phatak (VP) procedure [6].
This procedure gives the Coulomb potential a finite range
by cutting it off beyond some radius Ry, as shown in
Fig.1, and then corrects the asymptotic behavior of the
resulting wave functions. If the procedure is successful,
the calculated scattering will be independent of Rys.

The VP cutoff procedure was originally formulated for
intermediate-energy pion scattering from light nuclei [6]
where it provided sufficient accuracy for the small num-
ber of partial waves involved [7]. However, the accu-
racy has become a concern for intermediate-energy pro-
ton scattering where the proton’s much larger mass leads
to correspondingly larger momentum transfers and cor-
respondingly greater numbers of partial waves. Crespo
and Tostevin [8] and Picklesimer et al. [9] have docu-
mented difficulties with the VP procedure, difficulties
which appear as a sensitivity of the computed phase shifts
to the cutoff radius or as a several-percent error in the
phase shift when compared to coordinate-space calcula-

FIG. 1. The VP procedure’s partition of coordinate space
into a region r > R in which the nuclear potential vanishes,
and a region r > Ry in which the Coulomb potential is set
equal to zero. The wave function in the outer region is denoted
by d:(r) and that in the intermediate region by wi(n,r).
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tions. Both Refs. [8] and [9] suggest algorithms to re-
duce the errors. Alternatively, Elster et al. [10] applied
the two-potential formula to the Coulomb and nuclear
potentials and outlined an approach requiring multiple,
numeric Fourier transforms between coordinate and mo-
mentum spaces. In contrast, the study of intermediate-
energy proton scattering from spinless nuclei of Arellano
et al. [11] simply made the VP procedure sufficiently pre-
cise by using the high-precision partial-wave expansions
developed by Eisenstein and Tabakin [12] (as a check,
they transformed the potentials to coordinate space and
solved the equivalent integro-differential equation).

In this paper we generalize the VP procedure so that
it can be applied to intermediate-energy proton scatter-
ing from spin 1/2 nuclei in which states of differing or-
bital or spin angular momentum are coupled. In the
process, we also generalize the Blatt-Biedenharn phase
shift parametrization of the scattering of two spin 1/2
particles so that it can describe channel coupling with a
nonsymmetric or nonunitary S matrix, as occurs when
scattering from an optical potential or when the phase
shifts are complex. Although our generalizations of the
VP procedure and computations emphasize working di-
rectly with § or T matrix elements, the connection to
phase shifts is indicated.

In Sec. IT we derive and reformulate the VP proce-
dure for uncoupled channels. Since the basic physics can
get obscured in the multiple steps of the VP procedure
for coupled channels, it is important to understand the
physics and notation of Sec. II before proceeding to the
coupled-channels case. In Sec. III we present our formu-
lation for coupled channels, and in Sec. IV we give some
sample calculations of 500 MeV proton scattering from

3He.

II. UNCOUPLED STATES (0 X 0, 0 x 1/2)

Consider scattering from a short-ranged, but nonlo-
cal, nuclear potential V,(r’,r) and the infinite-ranged
Coulomb potential V.(r). Because the nuclear poten-
tial V,, is nonlocal, the preferred method to obtain the
scattering amplitude is to solve the Lippmann-Schwinger
equation

Vi(K',p)T;(p, k)
E(ko) + ie — E(p)’

2 o0
T;(K', k) = V;(K', k) + ;/ p°dp
0

(2)

with V;—4 (k', k) the partial-wave matrix element of the
momentum-space potential V,,(k’, k). Here [ is the or-

eid1= (ko) [sin §;4 (ko) Gi(kor) + cos &;+ (ko) Fi(kor))
Fi(kor) + Tis (ko) H™ (kor)

Uj—yx1/2(r) =
sinlkor — lm/2 + 61+ (ko)]
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bital angular momentum and j = [ £ 1/2 47 14 is the

total angular momentum. For spin 0 scattering from a
spin 0 or spin 1/2 target, there is no coupling of different
channels in (2).

Equation (2) is valid as long as the coordinate-space
potential is of finite range—which in practice means that
at some radius the potential is small enough to be ignored
without significantly changing the predicted scattering
observables. We indicate by the shaded area in Fig.1
the region in which the nuclear potential V,, acts and the
range for the nuclear potential by R. The coordinate-
space Coulomb potential does not vanish rapidly enough
to be considered as having a finite range, and although
its strength may be weaker than the nuclear potential, it
cannot be included with the nuclear potential in (2).

The Vincent-Phatak procedure sets the coordinate-
space Coulomb potential to zero (cuts it off) for all radii
r greater than some fixed value R.y:

VER(r) = Ve(r) 0(Rews — 7). ®3)

The coordinate-space regions are illustrated in Fig.1
where we assume that R, is larger than the range R of
the nuclear potential. Since the momentum-space trans-
form

cht(k, k) _ ZpZTe2
c ’ 2n2q2

[p(q) — cos(qRcut)] (4)
of the truncated Coulomb potential (3) has the ¢ — 0
limit of ZpZre?R2,,/(672), we see that the ¢ = 0 sin-
gularity of (1) has indeed been removed. Because the
cutoff Coulomb potential is of finite range (in coordinate
space) and without singularities in momentum space, its
partial-wave decomposition can be added to that of the
nuclear potential,

Vi (K, k) = Voux (K k) + VI (K k), (5)

and when inserted into the Lippmann-Schwinger equa-
tion (2), this combined potential produces a well-defined
solution.

The solutions T4 (k',k) of the Lippmann-Schwinger
equation in momentum space (2) can readily be trans-
formed into coordinate-space wave functions for all val-
ues of r [13]. Alternatively, just the on-shell element
T4 (ko, ko) can be used to obtain the wave function any-
place outside of the shaded region in Fig.1. In the
“outer” region 7 > Ry, both the nuclear and cutoff
Coulomb potentials vanish, and so the (unnormalized)
wave function there is expressed as a linear combina-
tion of the regular plus either irregular or outgoing so-
lutions [Fj(kor) plus either Gi(kor) or H,(+)(ko1')] of the
potential-free Schrodinger equation [14]:

for r > Reyt

for » > Ryt (6)
for 7(> Reut) — 00 .
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In (6) we have used two equivalent forms for the free
partial wave functions as well as the asymptotic limit.
The reduced T matrix element T;4 (ko) in (6) is related
to the “preliminary” phase shift §;4+ by

Tit (ko) = €= (%0) sin §, (ko) )

and to the solution T4 (k¥', k) of the Lippmann-Schwinger
equation (2) by

(8)

Note, again, that we solve the Lippmann-Schwinger
equation with a potential which is the sum of nuclear and
cutoff Coulomb potentials. Accordingly, the preliminary
or unmatched phase shift §;—;+ [which describes the wave
function (6) in the outer region of Fig.1] incorporates

J

Ui+ ("77 ’I‘) = {

Fi(n, kor) + T (ko) Hy ™ (n, kor)
sin [kor — Im/2 + 8fy + 01 — nln(2kor)]  for r(< Reur) = 00 .
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the effects of the naturally finite-range nuclear potential
and of the artificially truncated Coulomb potential. In
particular, effects arising from the finite extent of the
target’s charge distribution are included in the charge
form factor p(g) in (1), and consequently are included in
the preliminary phase shift 6;—;.

To describe physical scattering observables we need a
wave function which incorporates the full extent of the
Coulomb force (or at least one with a cutoff of atomic di-
mensions, which is essentially at infinity in Fig.1). This,
in turn, requires that the preliminary phase shifts §; be
corrected for the artificial cutoff. The heart of the VP
procedure is the observation that while there is no nu-
clear potential acting in the intermediate region between
R and R, of Fig. 1, there is the Coulomb potential there,
and that means that the wave function in the intermedi-
ate region must be a linear combination of regular and
irregular Coulomb waves:

forRSTSRcut,

9)

Here n = ZpZre?/v is the Sommerfeld parameter, Fi(n, kr) is the regular Coulomb function, and H,(+)(17, kr) is the

outgoing Coulomb function.
The Coulomb-modified T matrix,

T, (ko) & %7+ sin 65, (10)

is unknown, and the purpose of the VP procedure is to determine it or, equivalently, the phase shift d7,. This is done
by the requiring that at » = Ry the intermediate region’s wave function u;+(7,7) (a linear combination of Coulomb
waves) have a logarithmic derivative which matches that of the exterior wave function @+ (r) (a linear combination
of free waves):

gy (7)
ﬁli: (1‘)

"‘;:h(n» 1')
(83 ("I, ’I‘)

(11)

r— Ryt — T Reue+

While » is not large enough to match the phases of the asymptotic wave functions in (6) and (9), we can match the
linear combination of free and Coulomb waves. This yields

Ti(k) =

Tox (K)[Fi(n, kr), HY (kr)] + [Fi(n, kr), Fu(kr)]

(12)

where the brackets indicate Wronskians evaluated at r =
Rt [15].

As we expand the intermediate region by taking
R.yt — oo, the intermediate region’s wave function
i+ (kor, 7) becomes the final physical wave function from
which we can extract the experimental scattering ob-
servables. Consequently, we can now use the standard
expression for the scattering amplitude describing scat-
tering from a short-range potential in the presence of the
Coulomb potential. It is informative to note that if in-
stead of matching we had set the phase of the asymptotic
limit of the intermediate-region wave function w4 (kor, 7)
[Eq. (9)] equal to that of the asymptotic limit of the ex-
terior wave function 4;—;+1/2(r) [Eq. (6)], we would have
obtained

01+ ~ 05y + 01 — nIn(2kR.ye). (13)

[Fy(kr), H (0, kr)] + Tow (k) [HD (kr), H (9, k7))

f

The In(2kR.y¢) term, which arises from the specific dis-
tortion of wave functions caused by the point Coulomb
force, is problematic in the R.,; — oo limit. The detailed
analysis [14,16] shows that for all but the most forward
of scatterings, the standard expansion of the scattering
amplitude can be used with

JH: ~ in + o;. (14)

When we determine the Coulomb-modified phase shift
via matching the wave functions’ logarithmic derivatives
(12), we explicitly subtract the In(2kR.,i) term.

Substitution of (14) into the usual partial-wave expan-
sion of the scattering amplitude, and some rearrange-
ment, leads to the final expression for the (spin-nonflip)
amplitude for scattering:
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f(6) = f5(8) + £7(6), (15)
< SR R—— i{0o — nlnsin
£50) = = g7y P12 o0 — ninsin@/2)]),
(16)
e = 5%; 12_:0(21 + 1)e (621'6;’ - 1) Pi(cos8) (17)
1 — T 0 8l
=4 g(zz + 1)e* 1 TF, Py(cos 8), (18)

where fJ; is the scattering amplitude for a point Coulomb
potentlal and f™¢ is the amplitude for nuclear scattering
in the presence of the Coulomb potential [17]. Note that
since the Coulomb-modified phase shift 45, is defined in
(9) relative to Coulomb waves which are already shifted
by the point Coulomb phase o}, the amplitude f™¢ also
includes the effect of Coulomb scattering from the finite
extent of the charge distribution.

III. COUPLED STATES (1 x 3)
A. Basic analysis

If the strong interaction couples orbital or spin angular
momentum states, we must generalize the VP method—
even though we assume that the Coulomb interaction re-
mains central and does not couple states. We assume
rotation invariance, parity conservation, and time rever-
sal invariance, in which case the spin-space structure of
the nucleon-nucleus T matrix is [18,19]
2Tk, k) =a+b+ (a— b)aP T4 (c+d)olol

+(c—d)ofof +e(of +0T) + f(oF — o).
(19)

Although not indicated in (19), a—f are functions of the
initial and final momenta k and k’. The superscripts P
and T in Eq. (19) indicate the projectile and target, re-
spectively, while the subscripts n, [, and m indicate a dot
product of P’s or T’s o with one of the three independent
unit vectors

J

LU, MEFFORD, LANDAU, AND SONG 50

f k x k/ I k -k
Tk x k|’ Tk -k’

k+ k'
|k + k'|’

i= (20)

Once the a—f amplitudes are known, it is straightfor-
ward to calculate the experimental scattering observables
[18-20]. For example, the differential cross section, beam
analyzing power, target analyzing power, and depolariza-
tion parameters are

1
o= 5(1a|2 + 162 +|c|® + |d)® + |e]? +|F]%), (21)
1 * *
Agono = ;Re(a e+b f), (22)
1 * *
Agoon = ;Re(a e—b f), (23)

Drono = %(Ial2 + b2 = [el® = [d|? + lel* + [ £I*).  (24)
Here we use the tensor notation Xpr, with the sub-
scripts p and t denoting the direction of the initial-state
projectile and target polarizations, the primes denoting
the corresponding final-state quantities, and a subscript
0 denoting zero or undetected polarization. Accordingly,
only P is polarized in the n direction in (22) while only
T is polarized in the n direction in (23).

The origin of the partial-wave analysis [21] is the ex-
pansion of the 7 and V matrices in spin-angle functions:

(Ta«,k)) =2y (Tf"r “(kcw)
Vikk)) T L Vil (k)

x Vi (k") Y™ (k). (25)

In (25), I, s, and j are the orbital, spin, and total an-
gular momenta of the target plus projectile, and y’ T
is the spin-angle function. When we substitute the
expansions (25) into the three-dimensional Lippmann-
Schwinger equation, we obtain the integral equations cou-
pling states with spin 0 and 1 (the singlet s and triplet ¢
states), as well as those coupling triplet states with dif-

fering orbital angular momenta:

(e ] [ vieo ] / _ pdp ((“’(k’p) VieOw,p) | [ 135" (k) | (26)
8 - ts ts tt 1(ts ’
TJ(t ) ] VJ( ) ] E+ _ P) VJ ) k', p) V]JJ( )( k', p) Il Tj; )(P, k) ]
TJ%“) _ VJ(") / 2dp Vj(u)(k’,p) VJ(“)( ,p) ] TJ(“)( k) ] (27)
TJ st) ] I VJ(st) ] E+ — E(p) VJ(”)(kl’p) VJ(“)(k ) ] TJ(st)( k) | ’
- - .
T | = [ Vi | . _pdp [ VI (Kp) Vi (o) | [ Ty ok )] 28)
tt tt tt tt tt )
@ | T v T e B oEe) | v v Lk | [ T2 ek
7 7 oo 7 tt
][ | [t e | (e ]
s .
TJ( 1)]+1 VJ 1j41 | o Et-— E(p) VJ(1]+1(kl’ p) VJ 15— 1 (K, p) ] T;—1J+1(Pa k)
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For the sake of compactness, we leave off the (k’, k) dependences of the leftmost T and V in (26)—(29), and use E+
as a shorthand for E(ko) + ie.

Once these partial-wave Lippmann-Schwinger equations are solved, the on-energy-shell matrix elements
T,’,f’ ')(ko,ko) can be converted to phase shifts or summed to form scattering amplitudes. In Sec. IIIB we show
how to extend the spin 1/2 x 1/2 phase shift analysis used for two nucleons [22]- [25] to nucleon-nucleus scatter-
ing with complex potentials. The summation of the partial-wave T matrices to form the spin-basis matrix element
(8'm4|T|sm,) is derived in [21] for the pure nuclear case. As discussed in Sec. IIIC, when the Coulomb force is
present, there is a point Coulomb scattering amplitude added to the nonflip spin matrix elements, and a Coulomb
phase factor ®; = exp(2io;) multiplying some of the partial-wave matrix elements:

204+1 1(”)( , k),

Ts1(k', k) = (0,0|T|1,1) = Hz = cos Orik) ————= NIES (30)
T,.(k’,k) = (0,0/T|0,0) = W EP;(:I:)(% +1) T/ (K, k) , (31)
=0
Tu (K, k) = Zﬂ(z>{<l+2>d>m“‘"><k' - VI+D+2) L5 * k)
+(2+ VBRIV K R + (- DRDT O E E) - VT DT (K F) } (32)
Too(K', k) = (0,01T10,0) = 5 Ep,(z){(z +DETEO ) k) 418, T () k).
=0
C+ DI+ T * R + VI DT R, k)} (33)
fn V2 1 1—1(tt) 1/ 1+1(¢t) 11 1-+1(t) /10 - 1(¢8) /10
Tm(k,k)—mZP,(z) =Ty (KL R)+ T (K k) + Tu+z (k' k) =4/ — Tu (k' k)
=1
(34)
L+2 a410e0) 1(tt) rq0
’ I
TOl(k’k) s 22 l( ){__T’l ( k) l(l+1)T” (k’k)
-1 l+2
PO W k) 4[RO W ) — [ TOw, k)} (35)
1
T, _ k,,k Tl+1(tt) k/ l+1(tt) k/ k
a0 = g Sl ){ 0 ) ~ e T 8
2l+1 1tt) (p 1—1(tt) /11 1 z 1(::) ,
— T, k) + = T k) — ———= k' k 36
[
The a-f amplitudes needed to calculate the spin ob- The partial-wave potential matrix elements used as
servables (21)—(24) are then constructed from the T ma-  input to (26)—(29) are obtained by first evaluating the
trices in the spin basis: potentials in the spin basis (s'm, |V|sm,), and then

expanding these spin-basis matrix elements in partial

oy 1 waves. The expansions are the same as those of the T
a(k', k) = 2 (T11 + Too — T1-1), (37) matrix, (30)—(36), but with no Coulomb phase factors.

AN | These expansions are then inverted to obtain the partial-
bk, k) = 2 (T11 +Tos + T1-1), (38) wave potentials V,‘f,(a *) (k',k) by numerically projecting

Py 1 out the different P"(z) dependences and then solving
c(k',k) = 5 (T = Tos + T1-1), (39 the resulting linear equations [21].

1
d(k',k) = 3 (Too + T1—1 — T11) /(2 cos Oxs), (40)
i B. Extensions for optical potentials

e(k,,k) = ﬁ (TIO et T01) y (41)

Blatt and Biedenharn were the first to give the exten-
f(K', k) = iV2T,,;. (42)  sion to the phase shift analysis needed to describe the
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scattering of two spin 1/2 particles in the presence of a
tensor force which mixes the orbital angular momentum
states [24,25]. They assumed that the j = I £+ 1 states
within the nucleon-nucleon spin triplet have the asymp-
totic forms

lim ujoyyq(r) = Ayeilbr=G-D3] _ B eilkr—(G-1)3]
7—00

(43)

lim 'llj:[l_l(’l') — A_e—i[kr—(j+1)§] _ B_ei[kr—(j+1)§].
r—00

(44)

The S matrix for the coupled system is then defined by
the relation among the A’s and B’s:

By | _ [ S++ S+ || A+
[B_] = [s_+ s._||a | (45)
where we use the shorthand notation

+ ¥ G=1%1). (46)

For NN scattering below the pion production threshold,
the S matrix must be unitary since flux is conserved, and
symmetric since all terms in the Schrédinger equation are
real. For that case, the most general form for S, a uni-
tary and symmetric 2 X 2 matrix, is given by a similarity
transformation with a “mixing” parameter e:

(8] = (U] [e*41U]), (47)
O )
(28] = [ SMH Opis._ } (49)

When dealing with nonidentical particle scattering
through an optical potential, the S matrix is no longer
unitary (which means the phases shifts become complex),
and as well, the S matrix is no longer symmetric (which
means there are now two mixing parameters). To de-
scribe this more general case, we assume (47) to be valid
but with a more general transformation matrix

U] = cos€,_ sine_g (50)
—siney_ cose_y |’
-1 _ 1 cose_y —sine_4
I = det U [sine+_ cosey |’ (51)
detU = cosey_cose_4 +siney_sine__. (52)
This leads to the S matrix elements Si; =

Sj=tr+1,j=t+1(ko) having the form
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S++ = m(cos €4 COS €_+62i6++
+siney_ sin e_+62i6“), (53)
S+_ = m(sin €_4 COS €_+82i5++
—COS€E_4 sine_+62i6"), (54)
1 .
S_, = d—et—U(sin €4_ cosey_e2i0++
—cose,_sine,_e?¥--), (55)
1 .
o= m(cosq_ cose_ e?i0--
+sine;_sine_,e%++), (56)

The T matrix elements used in the VP procedure and
computations are simply related to the S matrix elements
via (7) and (8):

2ipgTur (ko, ko) = 0ur — Svr=j+1,1=j1(ko)- (57)

We note that (53)—(56) reduce to the standard, cou-
pled case [24,25] if e;_ = e_, and to the standard un-
coupled case if e, = e_; = 0. For the symmetric S
matrix case, Stapp et al. [22] also gave a parametrization
of the S matrix in terms of the “bar” phase shifts, which
in some cases is more convenient for the phenomenologi-
cal parametrization of data. Note, however, that the bar
phases are not the ones introduced here, and even for the
NN case, the bar phases do not provide a diagonal rep-
resentation of the S matrix as do the Blatt-Biedenharn
phases.

C. VP procedure for coupled channels

The general approach we take for applying the VP pro-
cedure to channels coupled by an optical potential has
three steps. First, we transform the states to a new basis
in which there is no channel coupling. Second, we match
the exterior wave function in this basis 4(kr) to an inter-
mediate region wavefunction u(r,n) (a linear combination
of Coulomb waves). Finally, we return to the original,
nondiagonal basis to calculate the scattering observables.

A possible implementation of these steps would be to
take our S matrix elements computed via (26)—(29) and
(57), assume they have the forms (53)—(56) in terms of
phase shifts and coupling parameters, and then search for
the (6-_,04++,€4—,€_4) which satisfy these transcenden-
tal equations. The é’s would then be the phase shifts in
the basis in which S is diagonal and we could use them for
matching. Instead, we have adopted a more direct—but
equivalent—approach in which we explicitly diagonalize
the S matrix, do the VP matching of the wave functions
in the diagonal basis to obtain the Coulomb-modified T
matrix elements, and then transform the matrix elements
back to the original basis where we calculate the observ-
ables.

Considering the complexity of the procedure, we enu-
merate the steps followed in a realistic calculation.

(1) Start with a microscopic, first-order, momentum-
space optical potential [20,26,27)
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Va(K', k) = N{(t5p, + t2"0 D)ol e(a) + 50l 0l + t8mol + 8ol ol + t8m ol o]
P P
+tPr(ohol + ol ol)lpn (@)} + Z{(t.7, + tEPol) () + [t Pyo kol +tEPol,
P P P
+tcfd050£ + tcfdalpalp + tcfd(O'f:lO’? + o,ipo."l’;)]pgp(q)} . (58)

Here the subscripts a—e indicate that these terms origi-
nate from nucleon-nucleon (NN) t’s with the same spin-
space structure as (19). The potential (58) manifestly
contains the spin 1/2 x 1/2 dependence of NN scatter-
ing weighted by form factors describing the distributions
of spin (sp) and matter (mt) for protons and neutrons
within the nucleus. The off-energy-shell NN t’s in (58)
are transformed to the projectile-target center of momen-
tum frame with a Lorentz covariant prescription which
also optimizes the impulse and factorization approxima-
tions, and the off-shell variation is described with a sep-
arable potential [26,27].

(2) Add the regularized Coulomb potential V.2 (k’, k)
[Eq. (58)] to the optical potential V,(k’, k) [Eq. (58)].
Since the Coulomb potential is central, this effectively

modifies the central potential term arising from tf_{_’b and

tfn,. The Coulomb potential is accordingly added to the
diagonal spin-basis potentials V,,, Vg, and Vi;:

Vas (K', k) Ves (K', k)
(Voo(k’,k)) - (Voo(k',k)> + VS (K, k).  (59)
Vi (K, k) Vi (K, k)

(3) Project out the partial-wave potentials from the
spin-basis potentials using the V' versions of (30)—(36).
The spin-independent Coulomb potential is thereby in-
cluded in V") (k', k) and Vi) (K', k).

(4) Solve the coupled Lippmann-Schwinger equations
(26)—(29) for C'l’,"fg"')(k’, k). This is equivalent to solving
for the wave function in the outer region.

(5) Convert the T matrix elements into S matrix ele-
ments via (57), and construct the nondiagonal S matrix

s=[57 57 @)

Ty 1 (K)[Fi(n, kr), B (kr)] + [Fi(n, kr), Fi(kr))

r
(6) Explicitly diagonalize the S matrix elements with
the similarity transformation

s1=wsior = (g b8 ). e
i S,
U] = ( s_ A_—ls,_ ) ) (62)
Ap—S44
1 _5,_

20 =S4+ + S5

+4/(Ss4 - S__)? +45,_5_,. (64)

We now know the diagonal elements exp(2id., ).

(7) Extract the preliminary phase shift &, (for the
outer region’s wave function) or equivalently, the nor-
malized preliminary T' matrix [Eq. (7)]:

Ty, = e+ sin 6;3:. (65)

Since we are in a basis in which there is no coupling, we
can match the outer wave functions to the linear combi-
nation of Coulomb waves of the intermediate region.

(8) Do the VP matching as in (12) to obtain the
Coulomb-modified amplitude T;ci (or, equivalently, the

phase shift §.¢, ) from the T ,:

Tfi(k) =

(9) Now that we know the wave function in the inter-
mediate region, we transform back to the original basis
to extract the scattering amplitude. Form a Coulomb-
modified S’ matrix in the diagonal basis,

‘e _ €2i6'+‘c+ 0
5= (0 a2 ). 67

and use the U matrix of (61) to transform S'c back to
the basis in which we calculate the observables:

(57 = [U17*[S |- (68)

(10) Even though the method is guaranteed to diago-

[Fy(kr), HD (n, kr)] + Ty (k) H (kr), H (n, k7))

(66)

—

nalize the S matrix, as an independent test, check that
the unitarity constraint is preserved throughout:

ISEEl <1, |Sw| <1 (69)

(11) We have split the total phase shift into the sum of
the point Coulomb phase o; plus the Coulomb-modified
phase shift 65,. As done for the spinless case, we
separate out the point Coulomb scattering amplitude
from the nuclear amplitude, leaving behind the Coulomb-
phase factor ®; = exp(2i0;) in the diagonal (m] = m,)
spin-basis amplitudes Tr:m,(k’,k). Form the partial-
wave expansions of these amplitudes via (30)-(36).
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(12) Add the point Coulomb amplitude to the diagonal
spin-basis amplitudes:

T,.(k, k') T,s(k, k')
(Too(k1k')) - (Too(k,k')) + foe(6)- (70)
Ty, (k, k') Ty (k, k')

(13) Calculate the scattering amplitudes a—f via (37)—
(42), and from these the experimental observables, for
example, via (21)—(24).

IV. SAMPLE CALCULATIONS

As a first test of our precision with the VP method,
we solved the Lippmann-Schwinger equation with only a
point Coulomb potential. We confirmed that our com-
putations reproduced the point Coulomb phase shifts
o1 [after removal of the nln(2kR.y:) term in (9)]. We
concluded from this severe test that factoring out the
overall phase factor of e?°° is helpful, and that 48-64
grid points are required in order for our solution of the
Lippmann-Schwinger equation to yield four- to five-place
precision in g;. That precision in o; is needed to obtain
a point Coulomb scattering amplitude fP* which is indis-
tinguishable from the analytic expression on a five-decade
semilogarithmic plot.

As the next test, we computed pure Coulomb scatter-
ing of 500 MeV protons from the finite charge distribu-
tion of 3He. While in this case we have no exact answer to
compare with, we do have the first Born approximation
amplitude,

Fimite(9) v £P4(9) p(q) + O[(Za)?). (71)
107 T ' ' ' ' S |
i | Re Wiy (k, k) |

v,, (exact) ——

Partial Wave Sum -

Vi &k, k")

€0s Oy

FIG. 2. The nuclear-plus-Coulomb potentials in momen-
tum space for the spin triplet state with m, = my =1 as
a function of the cosine of the angle between k and k'. The
summation (73) of partial-wave potentials essentially overlaps
the input potential.

We obtained an essentially perfect reproduction of (71).
This means we can include finite Coulomb effects, in
addition to the long-range Coulomb force, to at least
this level of precision [(Za)? =~ 0.02%]. To obtain this
agreement we used 48 grid points in the solution of the
Lippmann-Schwinger equations (26)—(29), and increased
the number of Gaussian integration points used in our
partial-wave projection,

1
Vi(k' k) = m? V(k',k) Pi(cos 8};) d(cos 0y), (72)
. k

until the partial-wave summation

Imax

VK, k) ~ Ej—rf S @+ DVi(K' k) Pilcos brr)  (73)
1

reproduced all oscillations present in VS'(k/,k). We
show a reproduction of this type in Fig. 2 where the many
oscillations arising from the cos(gRcut) term in the cut-off
Coulomb potential (4) are evident. We obtained six-place
reproduction of VU (k', k) using lmax = 48 partial waves
and 96 integration points in the partial-wave projection
(72). Ten-place reproduction demanded lnax = 96. We
expect these number to scale as kR, and so larger nuclei
or higher energies will require more partial waves and
grid points. For these calculations we used analytic nu-
clear form factors, although we also were successful for
13C using numerical Fourier transforms of Wood-Saxon
densities [21]. However, we found that noise and insta-
bility appear for form factors which falloff slowly in g. In
those cases, a cure is to impose a rapid falloff for g values
beyond the limit of experimental measurements.

An important requirement on the VP method is that
the matching radius, which we take equal to Ry, be

- 3
10' [ do/dQ p- He
L 500 MeV
5 i
=
E
] -1 3
= 10
Py e
-} - 3 4
-
! Rey=6fm.  —
-3 Rye=10fm. =
10 Hausser et al. 2
b

0 40 80
Q... (deg)

FIG. 3. The differential cross section for 500 MeV proton
scattering from *He. Calculations performed using a cutoff
radius in the range 6 fm < Ry < 10fm fall within the two
curves. The experimental data are from Hausser et al. [28].
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L
3
C]()l - do/dQ p-He 4
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5 - =
G L
T |
'g -1 J
10 [ ;
.......... . *
VP method — T
_3L No Coulomb e .
10 F
Hausser et al. {
0.8]
0.4 L
g .
< 0
-04(
L
0.8 _
d
° “ ouw

FIG. 4. The differential cross section and analyzing power
(unpolarized target, projectile polarized in normal direction)
for 500 MeV proton scattering from 3He. The solid curves
give the exact results using the VP method and the dashed
curves give the results if no Coulomb force is included. The
experimental data are from Hausser et al. [28].

larger than the range of the nuclear force (in order to be
able to express the intermediate region’s wave function
as a linear combination of pure Coulomb waves). How-
ever, increasing R.,; makes the cutoff Coulomb potential
more oscillatory and more difficult to handle in momen-
tum space. In fact, it was the sensitivity to changes in
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R, which led the authors of Ref. [8] to search for an
alternative to the matching method. For p3He at 500
MeV, we find that using R.,; < 5 fm produces unstable
results (presumably cutting off some of the nuclear po-
tential), but as seen in Fig. 3, we obtain stable results for
6fm < R.y < 10fm.

In Fig. 4 we compare the nuclear-plus-Coulomb cross
section and polarization (solid curves) to those calculated
without Coulomb (dashed curves). The exact handling
of the Coulomb potential is seen to have a significant, al-
though small, effect in the semilogarithmic plot of do/dS2,
and a more pronounced effect for Aggno-

V. CONCLUSION

We have extended the Vincent-Phatak procedure for
the exact inclusion of the Coulomb potential in momen-
tum space to calculations of proton scattering from spin
1/2 nuclei in which spin-dependent forces couple orbital
and spin angular momenta channels. As part of that ex-
tension we also generalized the Blatt-Biedenharn phase
shift analysis for the scattering of two spin 1/2 parti-
cles to cases where the S matrix is no longer symmet-
ric (optical potentials or complex phase shifts). Al-
though our formulation and calculation is for a more
complicated spin dependence than examined by Arrel-
lano et al. [11], we confirm their finding that the VP pro-
cedure can be made sufficiently accurate for applications
to intermediate-energy proton scattering by using high-
precision partial-wave expansions and large numbers of
partial waves.
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FIG. 1. The VP procedure’s partition of coordinate space
into a region r > R in which the nuclear potential vanishes,
and a region r > Ry in which the Coulomb potential is set
equal to zero. The wave function in the outer region is denoted
by d:(r) and that in the intermediate region by ui(n,r).



