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The extended Wick’s theorem for fermion operators, which is used to compute matrix elements
of an arbitrary operator between two different quasiparticle vacuums, is reformulated to deal with
quasiparticle vacuums expanded in a finite single particle basis not closed under the canonical
transformation relating them. A new expression for the overlap of those quasiparticle vacuums is

also given.

PACS number(s): 21.60.—n, 21.90.+f

I. INTRODUCTION

The extended Wick’s theorem for fermion operators
(1,2] and the Onishi formula [3] are widely used tools in
many body theories and more specifically in theoretical
nuclear physics. They are the essential tools in projected
mean field calculations and in the generator coordinate
method (GCM).

Given a canonical transformation 7 preserving the
commutation relations of fermion annihilation and cre-
ation operators (both single particle and quasiparticle)
the extended Wick’s theorem allows the calculation of
general matrix elements of the form

(el ATle)
@l Tle) °

where A is some product of annihilation and creation op-
erators and |¢) is an arbitrary product wave function of
the Hartree-Fock-Bogoliubov (HFB) type. The matrix
element can be computed as the sum of all possible con-
tractions among two quasiparticle operators. The two
quasiparticle contractions and the overlap (|7 |p) are
evaluated in terms of the matrix T defined as

1)

2N
T%T =) T (2)

i=1

where +; is a shorthand notation for the set
(a1yeeey Oy e,y al{, ey a,t, ...) of quasiparticle operators
associated with |p) (i.e., ax|p) = 0). Writing T in block
form with respect to the creation and annihilation oper-
ators

Ty Ti2
T= , 3
(T21 T2 ) ®)
it can be shown [1,2] that the only nontrivial contraction
is given by

% = (T12T5") g - @

For the overlap we get the Onishi formula
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(p|Tlp) = /det(Tz2). (5)

It is worth emphasizing here that 7 is only required to
preserve the canonical commutation relations. It can be
a Bogoliubov transformation (7|¢) = |¢ ’)), an element
of a symmetry group (the parity operator, the rotation
operator, the translation operator, etc.), or just a trans-
formation of the single particle basis.

In the derivation of the extended Wick’s theorem there
is no explicit mention of the single particle basis in which
quasiparticle operators are expanded. However, it is im-
portant to explicitly consider the single particle basis
(which is supposed to be finite) when it is not closed
under the transformation 7~ (that is, 7 'c'7 contains
elements not belonging to the original basis). In this
case the restriction of 7 to our finite single particle basis
no longer preserves the canonical commutation relations
and the extended Wick’s theorem apparently cannot be
used. Examples of such situations are the following: (i)
The transformation 7 represents a spatial translation.
The overlap between the translated and the original ba-
sis [ dF @}, (7)dm(7—a) is different from zero for any value
of n, m unless we consider a plane wave basis. (ii) The
transformation 7 represents a spatial rotation and the
single particle basis is a harmonic oscillator basis with
different oscillator lengths along the three axes. (iii) The
transformation 7 transforms the original harmonic oscil-
lator basis with oscillator lengths b, by, and b, to a new
oscillator basis with lengths b}, b;,, and b .

There is a simple solution to this problem: the single
particle basis has to be made large enough as to make the
T transformation closed. However, it might happen that
the single particle basis has to be extended as to cover the
full Hilbert space rendering this procedure impractical—
as is the case in the examples mentioned above. To solve
this problem there are two alternatives: truncate the ex-
tension of the basis—being very careful in estimating the
effects of the truncation [4]—or restrict oneself to a sin-
gle particle basis in which the 7 transformation is closed
(this is the preferred alternative in most of the projected
calculations carried out up to now). However, using a
basis adapted to the canonical transformation 7 could
be a poor alternative depending on the problem at hand.
For example, if one has to deal with a spatial translation
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50 PRACTICAL FORMULATION OF THE EXTENDED WICK'S . ..

it is not very practical to describe a nucleus using a plane
wave basis.

In the following a method to overcome the aforesaid
problems will be presented. The single particle basis is
formally extended as needed but then the 7 transfor-
mation is factorized in a way that makes it possible to
express the final results (contractions and overlaps) in
terms of quantities defined in the original (not extended)
single particle basis.

II. DECOMPOSITION OF THE
TRANSFORMATION

The purpose of the extended Wick’s theorem is to com-
pute the general overlap

(p|AT|p")
@ITIe? (6)

where A is a general product of creation and annihilation
quasiparticle operators, 7 is a canonical transformation
preserving commutation relations, and |¢), |¢ ') are HFB
wave functions related by a Bogoliubov transformation
Tg such that |¢') = T|).

Both HFB wave functions are supposed to be ex-
panded in terms of the same finite single particle basis
(the extension to different single particle bases for |p)
and |p’) will be treated in Appendix B). This basis
{l7)1, 7 = 1,..., N} will be referred to as basis 1. On
the other hand, those states of the Hilbert space basis
not present in basis 1 will be denoted by |j)2 (basis 2).
In general, the 7 transformation will mix states of basis
1 with those of basis 2. This mixing means that 7~ will
no longer be a canonical transformation in the subspace
generated by basis 1. Therefore, we are forced to use the
full Hilbert space basis in order to apply the extended
Wick’s theorem for the calculation of the overlap of Eq.
(6).
The effect of 7 on the single particle creation and an-
nihilation operators of the full basis (basis 1 and 2) can
be expressed through a mixing matrix R defined as

T‘l(ccf)T=R(§). (7)

The constraint on 7 of preserving the canonical commu-
tation relations implies that the mixing matrix R has to
satisfy

RoRT =g, (8)

where o is the matrix

‘7=[’Yi,’7j]+=((1) (1)) 9

In the following we will assume that the transformation
T does not mix single particle creation and annihilation
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operators.! This restriction allows us to write the matrix
R in block diagonal form

R o0
R= ( 0 (&) ) ) (10)

where R is the transformation matrix for the annihilation
operators and the special form of the transformation ma-
trix for creation operators is a direct consequence of Eq.
(8). From the above definition it is clear that R;; are
the single particle matrix elements of the transformation
operator T

R;; = (i|T13), (11)

provided that 7]—) = |-). With the two restrictions
imposed on 7 we can write it as (see Appendix A)

T = exp Z gijcle; | . (12)
ij

However, it is more convenient to rewrite the above
expression as the exponential of an antisymmetric
quadratic form of annihilation and creation operators

1
T = Crexp 2 Z 7i(Qa)is V5 | » (13)
ij

where the antisymmetric matrix @Q 4 is given by

Qu = (2 i ) (14)

and the constant Cr by

1
Or = exp (;ﬁ(q)) . (15)
In terms of Q4 the transformation matrix R is given by

R =exp(cQa). (16)

From here it is easy to obtain the corresponding relation
for R

R= exp(q)a (17)

which also allows us to rewrite the constant Cr as

Cr = exp (—;—Tr[ln(}_i)]) = 1/det(R). (18)

Taking into account that we are dealing with two dif-
ferent bases it is convenient to decompose R in a block

!The generalization to a transformation mixing creation and
annihilation operators is straightforward but seems to be of
little interest.
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form that makes explicit this fact,

ﬁ:(%ii). (19)

In the above expression R; is the transformation ma-
trix among the states of the single particle basis 1 (i.e.,
(R1);; =1 (i|T15)1), S1 is the mixing matrix between
basis 1 and 2 [i.e., (S1);; =1 ([ Tj)2], etc.

The key point in the argument is to decompose R as a
product of three special transformations

(D) R)6T) e

The first transformation does not mix elements of the
basis 1 with those of basis 2 but it mixes elements of basis
2 with those of basis 1 through the mixing matrix X; (it is
the sum of the unity matrix plus an idempotent matrix).
The second does not mix elements of the two basis (i.e.,
it has block diagonal form), while the third one is the

=

1 0
R= X1

where each of the transformations R() preserves the
canonical commutation relations (i.e., RWeRO” = o
The decomposition of R can also be expressed in terms
of exponentials of quadratic forms of creation and anni-
hilation operators (see Appendix A and [1])

~—

T = exp {czz)’ﬁ’Rl_lc(l) } exp {c{l) In ch(l)}
X exp {022) InYic(2) } exp {czl)'Rl—lslc(z)} o (23)

where the subscripts (1) and (2) stand for the operator
of basis 1 and 2, respectively.

III. QUASIPARTICLE TRANSFORMATION

In the preceding section the 7 transformation for sin-
gle particle states has been decomposed as a product of
three simpler transformations. Now the effect of those
transformations on the quasiparticle operators will be
considered.

As we are dealing with two different HFB wave func-
tions we have to consider not only the effect of 7 but
also the effect of the Bogoliubov transformation 75 con-
necting |¢’) with |¢). Therefore, let us consider the
total transformation operator 77g. Let a, and (3, be
the quasiparticle annihilation operators associated with
the quasiparticle vacuums |¢) and |¢') = Tg|y), respec-
tively. The quasiparticle operators are linear combina-
tions of the single particle annihilation and creation op-

erators c;, cg
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opposite to the first transformation as it mixes elements
of basis 1 with those of basis 2 through a mixing matrix
Z, but it does not mix elements of basis 2. Determining
X4, Yy, Y1, and Z; is not a difficult task: the product of
the three matrices appearing in Eq. (20) is carried out
and equated to the expression appearing in Eq. (19). A
little algebra yields the result X; = T{Rl_l, Y: = Ry,
V1 =U; — 7'1731_181, and Z; = R;lsl, provided that R,
can be inverted.

It is also possible to obtain an expression for X;, Y7,
Vi, and Z; in terms of the matrix decomposition of

R
(R&") ' = (7%2 Z‘Z ) . (21)

The result is XT = —52U{1, Yi =R, — Szuz‘l’rz, Y =
UF)~1, and ZT = -U; ' Th.

Using the above decomposition of R the full trans-
formation matrix R can be decomposed as the product
R = RMLORRRAB)

(22)
02

(3)=( ) () m(5)- e

Taking into account that both set of quasiparticle op-
erators are related through the 7p transformation

()= (5) (25)

and recalling that 7 and 7p are linear transformations,
the effect of the transformation 773 in the (a, af) set is
given by

T ! ( o ) TTs = WIRW' (;‘, ) . (26)

where W and W' are the Bogoliubov wave functions
of Eq. (24) associated with the quasiparticle opera-
tors «, a' and B, B, respectively. Denoting by T the
product WIRW '’ we decompose it as the product T =
TOT@)TG) where the T() are given by

W = wtRMW, (27)
T7® = WIRAW/, (28)
TG = W1TROW' . (29)

With the above definitions, and taking into account that
R® W, and W' preserve canonical commutation rela-
tions, it can be shown that this is also the case for the
T,

In order to compute the transformation matrices T it
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is first necessary to consider what is the structure of the
Bogoliubov wave functions U and V in terms of the two
bases, 1 and 2. As only basis 1 is used to determine the
HFB wave functions, the U and V matrices do not mix el-
ements of basis 1 with those of basis 2. The structure of U
and V in the basis 2 subspace is somewhat arbitrary, the
only restriction being that the occupation probabilities
in such subspace have to be zero (i.e., v, = 0, u, = 1).
With the previous considerations we can write U and V
in terms of basis 1 and basis 2 states as

o=(78) (1)

where U and V are the wave functions determining |¢)
and d is an arbitrary unitary transformation among the
basis 2 subspace. As |p) and |p') are expanded in the
same basis, the previous decomposition of U and V also
holds for U’ and V.

In order to simplify the algebra and the expressions
appearing in the following, T() is written as

ro - (T8 T ), (5
T21 T22

where T 1(;) is the transformation matrix among annihila-
tion operators, Tl(;) is the mixing matrix between anni-
hilation and creation operators, etc.

The calculation of T is straightforward. The results

for T,SQ;, making explicit the terms corresponding to each
basis, are

1y _ 1 0
' = (ETxlﬁ 1 ) (322)
) _ 0 -Vixrd-
8= (a0 ) (32b)
TV =0, (32¢)
-1
T = (T87) (329)
for T(L,

2 A0
- (5 %) (33)

B0
T = ( o 0), (33b)

B o
T = ( ; 0), (33¢)

A0
T3 = ( 0 A) : (33d)

with

A=T" (RT)'T"+V RTV", (34a)
A=d ud"™, (34b)
A=T'RT' +V'(RT)'V", (34c)
A=d Wr)'a, (34d)
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B = ﬁT'RlV“ + VT (R{)—l U“, (346)
B=U (RT)'V'+V R,T, (34f)
for T(® and
3 1 U'tz,d’
Tl(l) = (0 1 ! ) E] (358.)
3 0 vV'TZ,d'
T2(1) = ( _EITZITV/ 0 ! ) ’ (35b)
Tl(:) =0, (35C)
-1
r = (1) 350

for T(®. At this point it is worth noting that both Tl(;)

and Tz(f) are zero due to the special decomposition of
R, Eq. (20). This will be shown to be crucial in the
calculation of the overlap and the proof of the extended
Wick’s theorem.

Resorting again to the relation between a transfor-
mation matrix and the corresponding operator (see Ap-
pendix A) it is possible to associate to each transforma-

tion matrix T(*) the corresponding operator 7-7(‘1')

7;9')-1 (; ) T;-“ — 70 (;{‘ ) (36)

so that the total transformation 77 = T 7Tp can be de-
composed as

Tr = \/det(R T T30 777 (37)

The general structure of the 7'7(-i) operators is of the form

i) _ 1 i
0 - xp (1 0l ). (39

al )
‘ e I
and Qf:,), is an antisymmetric matrix such that TG =
exp(0Q®). The explicit form of Q") is irrelevant of the
arguments used in the following and, therefore, the op-

erator 7'7(.i) will be directly written in its factored form
. 1 . .
780 = exp (3 S ol ) sp (St
puv pv
L @) 1 @)
xexp | 5 Za,‘Mpua,, exp _ETI [L ] .
puv

(39)

where 7, is the uth element of the vector (ay,. ..

The K@, L), and M) matrices are expressed in terms
of T® as (see Appendix A)

KO =TT, (40a)

. . -1
exp (L(')) = (Tz(;)T) , (40Db)
MO =17, (40c)
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The only difficulty in the evaluation of these quantities

seems to be the calculation of the inverse of the Tz(;) ma-
trices. However, this calculation can be greatly simplified
taking into account the following properties

(+1) (42
(G1)-(7)

Using them one can obtain the expressions for K(), L(1),
and M),

(41a)

(41b)

=t - 1*
-V Xid
—=t —t——lf —* ) (42)
d'x,v'U'x7d

L“):(_fO_O), (43)

MM =9, (44)
Tr [L(U] =0, (45)

The fact that the qul) transformation does not have
a two-quasiparticle annihilation operators part (i.e.,

M@ = 0) is due to the fact that Tl(;) =0.
For 7;2) the following expressions are obtained:

K@ _ (BAO"I g) , (46)
exp (L(z)) = ( (AT(;)— (.A'I('))_l ) ) (47)
M® = ( 4B g) , (48)

exp(— 1 Tr[L?]) = \/det(A) det(A), (49)

where the matrices A, A, B, and B are those of Egs.
(34a), (34b), (34e), and (34f).
Using the decomposition of R it is easy to show that

det(R) = det(Y7) det();) = det(Ry) det [(uzT)‘l]. Tak-
ing into account the expression for A and the pre-

vious relation, we can write det(A) = det(Uz) =
det(R,)/det(R). This allows one to write the constant

term appearing in the expression of 7;(,2) solely in terms
of quantities defined in the basis 1 subspace,

exp(—1TH{Z?)) = /%_ (50)

Finally, for qus) we get
K® =, (51)

TrTt7. 3¢

0 V' Tz,d’
T TY71  GIT gTFr 71T 7. 51 ) ° (53)
—d Z;yV' d'TzZIU"v'TZ,d

<

&

I
/N

Tr [L“’)] =0. (54)

Here, K®) = 0 is a direct consequence of having Tz(f) =0.

IV. WICK’S THEOREM AND ONISHI FORMULA

In the preceding section the transformation operator
Tr has been decomposed as the product [Eq. (37)] of

three special transformations 7;@ having the properties

T210) = lo), (55)
(el T) = (ol, (56)
(eI T3?|p) = exp(~ 1 Tr[L?]). (57)

The first two properties stem directly from the fact that
both K®) and M) are zero and this is a consequence of
the special decomposition of 7.

With the above properties the calculation of the over-
lap {¢|T|¢’) (Onishi formula) is straightforward:

(@lTle") = (e|Trle) = 1/ det(B) (ol T3> )
= y/det(A) det(R,). (58)

The above result gives us an expression of the overlap
solely in terms of quantities defined in the basis 1 sub-
space. It differs from the usual one in the definition of
the matrix A, Eq. (34a), and the extra det(R,) [for the
definition of R, see Eq. (19)].

To prove the extended Wick’s theorem and to compute

the contractions, the property of 7':,(,3) given in Eq. (55)
is used to write the overlap of the operator A as

iTley
WATR ) — (AT exp(3atK P a)le)

= (p|ATw o). (59)

This shows that the only relevant part of the transfor-
mation is given by Tw = 7}(.1) exp (2atK®at).
Now a new set of quasiparticle operators (d,, d,,) sat-

isfying canonical commutation relations (but not neces-
sarily being Hermitian conjugated) is defined as

(g>=’rv;1(;)'rw. (60)

Using the transformation properties of 7'7(.1) [see Eq.
(36)] and those of exp (;afK(®at) (see Appendix A),
we establish the linear relation between the (d,, d,) and
the (ay, af,) sets

d\ _ (19 1Y 1 K@ a
i)~ o @ )\lo 1 )\a

1 1
= T1(1) Tl(l)K(z) +T1(;) ( a ) (61)
(1) t )
0 T, a
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where the matrices TS), Tl(;), Tg) have been defined in
Eq. (32) and K® in Egs. (46), (34a), (34e).
Noting that

(o|Tw =0 (62)

and inserting in the expression of A(a, af) as many
7'W7'w_,1 as needed, we express the general overlap of Eq.
(6) as a mean field value of d and d quasiparticle opera-
tors

<‘P|A(a, aHT e’ _ .
@ Tley (plA(d, d)|#)- (63)

As d,,, d,, are linear combinations of the quasiparticle
operators a, a! associated with |¢), the matrix element

(plA(d, d)lo) (64)

can be computed using the usual Wick’s theorem as the
sum of all possible contractions of the d and d opera-
tors. Using the definition of d and d we obtain for the
contractions

—~BA™!

d.d,|p) = o —
(plduc ) (_dfﬂV,,Aq

The result for the subspace spanned by the basis 1 is iden-
tical to the usual expression for this contraction except
for the different definition of the A and B matrices [Egs.
(34a), (34e)]. On the other hand, the contractions for
those pairs of indices containing at least one index of ba-
sis 2 cannot be compared with any previous result. They
show the peculiarity of containing the arbitrary trans-
formation d [see Eq. (30)]. At a first glance this seems
rather suspicious but, as it will be shown in the next
section, the d matrix never appears in the calculation of
overlaps of operators.

For unitary transformations not mixing basis 1 with
basis 2 (§; = 73 = 0 in ﬁ), R, has to be an unitary
matrix [i.e., (RT)"! = R}]. In this case the A and B
matrices of Egs. (34a), (34e) are given by

A=TRU" +V RV ",
B=TU'R,V"*+V'RIT",

(71a)
(71b)

which are the usual expressions previously found in the
literature [2]. Moreover, if one takes into account that the
unitarity of R, implies that its determinant is a phase,
it is clear that the overlap of Eq. (58) reduces to the
usual Onishi formula [3]. The (p|d.d,|p) contraction is
in this case only different from zero if both indexes p and
v belong to the basis 1 set thus reducing to the usual
contraction [1,2].

V. SOME APPLICATIONS

In this section the Hartree-Fock limit for the overlap
{¢|T|¢) and the calculation of the overlap of one body

—d' X, UAT)WVtTTd"
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((p]d,,&,hp) = O, (65)

(pldudilo) = [T (TS +KD'TYT)] . (66)
"

(pldud.le) =0, (67)

(ldudy o) = 0. (68)

Using the relation of Eq. (63) and taking into account
that the matrix element of Eq. (64) can be computed as
the sum of the contractions given in Egs. (65)—(68) the
proof of the extended Wick’s theorem is complete.

Finally, the structure of the only nontrivial contrac-
tion (yp|d,d,|p) can be determined by using the explicit
form of T\, T} [Egs. (32)] and K® [see Eqs. (46),
(34a), (34e)] in terms of the 1 and 2 subspaces. However,
the final result involves rather lengthy expressions and
therefore it is convenient to use the relation

V'A+UB =R, V', (69)

which can be obtained using the explicit expression of
the A and B matrices and the unitarity relations of the
Bogoliubov wave functions, to simplify the final result,

(D VIT d ) . (70)

[
operators will be presented.

In the Hartree-Fock (HF) limit we can consider that
basis 1 is the self-consistent single particle basis of the
occupied states. Therefore, the U matrix is zero and V'
is equal to the unity matrix. The A matrix of Eq. (34a)
is simply R, and then the expression of the overlap Eq.
(58) reduces to

(¢|Tlp) = det(R4). (72)

Taking into account that R; are the matrix elements of
the transformation operator 7 in the basis 1 (i.e., the
self-consistent basis), it is clear that the previous result
coincides with the well-known Lowdin formula [5]. The
generalization of the previous limit to the more general
overlap (¢|T|¢’) requires the use of two different single
particle basis for |¢) and |¢’) and the reader is referred
to Appendix B for further details.
Now we turn to the calculation of the overlap

(IOTI¢!)
@ITTe 73)

where Q is a single particle operator

Q = ZQ“CIC]'. (74)
ij

Using the inverse Bogoliubov transformation, we can ex-
press the creation and annihilation single particle opera-
tors in terms of the quasiparticles associated with |¢)



2880

(plQT1¢) _ 3 Qi (ploaw (Vivod + Usvan) Tle')
ij

(el Tle") (el Tle")
(75)
Using now the contractions
<‘P|a#al7~|‘/’l) = (old.dt =5 76
(<P|T|<P') (‘pl “ ul‘p> nY ( )
<¢Ia#ale¢,) d d
et v|®) = Cu, 7
($0|T|<P'> (‘Pl (o] IQO) [ ( )
we obtain
(‘PIQTW') T * T
ALl b i A N 74 v*+UcC’)|. 78
wiTley — L9 e

Using the explicit form of the matrices entering the above
expression as well as known properties of the trace, we
obtain after some algebra

@OTIY) _ T (7" o TR A1
L =Tr[V V +UBA
wirley ~ o Qul :
+VTQuTi(V'*A™Y), (79)
where Q;; and Q2 refer to the matrix elements of Q in
the basis 1 subspace and to the overlap of Q between
basis 1 and 2, respectively. The previous trace can be
simplified by using the property of Eq. (69) to
1723 Ti* 41

Tr [V (QuR1+ Q12Th)V *A ] . (80)

The matrix (Q11R1 + Q1271):; can be written as

D 1(6lQIm) 11 (m|T15)1 + 1(i|QIm) 22 (m|T5)s

=1 (i|QT|m)1 = (QT )1, (81)
which allows us to finally write the overlap of Q as
(£lQT¢") o7 s 4-1
=T |V (QT)nV *4A71]|. 82
ey =TT @A) e

As it was said before, the overlap of Q can be expressed
solely in terms of quantities defined in the basis 1 sub-
space.

VI. CONCLUSIONS

In this paper the extended Wick’s theorem and the
Onishi formula have been reformulated to consider the
situation where the single particle basis is not complete
under the transformation operator appearing in the cal-
culation of the overlaps. It has been shown that the
overlap can be expressed in terms of quantities defined
in the noncomplete single particle basis. Although the
contractions appearing in the application of the extended
Wick’s theorem are different from zero for those indexes
not belonging to the original basis, it has been shown
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that in the calculation of overlaps of operators the final
result does only depend on quantities defined in the orig-
inal basis. The results obtained are of great importance
in the practical application of the angular momentum or
center of mass (among others) projection of HFB wave
functions.
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APPENDIX A

In this appendix we present some well-known results
concerning the effect of a linear canonical transforma-
tion operator on a given set of creation and annihilation
operators. Although we have closely followed the ap-
proach of Balian and Brezin [1] the main results of their
work are summarized here for convenience of the reader.
The reader interested in further details should consult
the original reference.

Given a set of fermion annihilation and creation opera-
tors obeying canonical commutation relations {c,¢} (the
notation € is used for creation operators as they do not
necessarily have to be the hermitian conjugates of the
annihilation operators) the operator

1
T = exp 3 %:’YiQij’Yj ’ (A1)

where +; is a shorthand notation for the vector
(c15-+-1CNy- .-, C1y...,CN,...) and Q is an antisymmet-
ric matrix, transform the annihilation and creation oper-
ators in the following way:

m()77(2)

The transformation matrix T is related to @ through the
relation

(A2)

T =exp[oQ],

where o is the anticommutator of the -y; operators

01
Oij = ['Yi97j]+ = (1 0> .

With the above definition of T it is easy to show that
this matrix satisfies the relation

(A3)

ToTT = o. A4
(A9)

which is equivalent to say that 7 preserves the canonical



commutation relations {c;,¢;} = d;;.

The opposite is also true: Given a transformation ma-
trix satisfying Eq. (A4) there is an operator, exponential
of an antisymmetric quadratic form of creation and anni-
hilation operators, which produces the desired transfor-
mation. The operator is unique if we restrict it to be the
exponential of an antisymmetric form; otherwise it is de-
fined within a multiplicative constant. The origin of this
constant can be easily understood if a general matrix Q is
considered in Eq. (A2) instead of an antisymmetric ma-
trix. The quadratic form yQ+y can be decomposed as the
sum of two terms yQsvy and yQ 4y which are the sym-
metric and antisymmetric parts of @, respectively. Using
the commutation relations [v;,v;]+ = o;; it is straight-
forward to show that the symmetric part reduces to a
constant :Tr(Qso).

Now we will consider some useful transformations (see
[1] for further details)

m_(1X M) — exp | Loxe
T -—(01)——)7' —expl:2cXc},

Y
T(z) = (60 e_(;-T ) — 7—(2)

(A5)

— exp[cYc] exp [—%Iw] . (A6)

@_ (10 ®) — exp | -
T —-(Zl)—>T —exp[chc,

where X and Z must be antisymmetric matrices so that
the corresponding T satisfies Eq. (A4). In Ref. [1] it was
shown that any transformation operator 7 exponential of
an antisymmetric quadratic form of fermion annihilation
and creation operators can be decomposed as the product
of three elemental transformations of the type mentioned
above Egs. (A5), (A6), and (A7),

(A7)

T=THTATE), (A8)
The X, Y, and Z matrices are related to the transforma-
tion matrix

T The (1) (2) 7 (3)
(Tzl Tz )

(A9)
of T through the relations X = T13(T%2) ", exp(-Y) =
T;";, and Z = (Ty3) !T2;. For a general operator 7T
[i.e., the matrix @ in Eq. (Al) not having any sym-
metry property] one has to write it first as the prod-
uct of the constant exp[1Tr(cQs)] times the operator
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Ta = exp(; Eij 7i(Qa4):;7v;] and apply the decomposi-
tion to 7T4.

APPENDIX B

In this appendix we consider the situation in which the
two quasiparticle vacuums |¢) and |¢') are expanded in
two different single particle bases.

Let us denote by ¢! and a' the creation operators of the
bases in which the quasiparticle operators of |) and |¢’)
are expanded. Both bases are related through a unitary
transformation 7. such that

— a C
o (3)me(2)

The effect of 7,. on the quasiparticle operators associ-
ated with |¢')

(5)-(5 ) (3) - (3) o

is to transform them into a new set

3 G "t
T (f)me=(5) = (Pr on ) (&)
:W'T(Cﬂ), (B3)

which has the same Bogoliubov wave functions U’ and V'
but is expanded in the single particle basis of |¢). The
quasiparticle vacuum of the (ﬁ~, ﬁ") set, |¢’) is therefore
related to |¢') through the same transformation

(B1)

l¢") = Tacl@")- (B4)
Using the previous relation we can write
A ’ A =~/
(0lATI¢") _ (p|AT Tacl ') (B5)

(I Tle"y — (oI TTaclg") ’

so that we have reduced the problem to the one treated
in this paper but using instead of 7 the transformation
operator Ty = 7 Tac- The transformation matrix R as-
sociated with Ty is given by

Rij = o(i|T|i) (B6)

where |i)o and |7)1 stand for those states associated with
the creation operators ¢; and a;f-, respectively.
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