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Multichannel dynamical symmetry and heavy ion resonances
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The concept of the multichannel dynamical symmetry is introduced. This symmetry may show

up in an atomic nucleus due to its different cluster con6gurations, and connects the interactions of
distinct reaction channels. The correlated distribution of different cluster states at low and high
energies can serve as a signature of it. An application to the Si nucleus is performed in terms of
the Mg+o. and C+ 0 fragmentations.

PACS number(s): 25.70.Ef, 21.60.Fw, 21.60.Gx, 27.30.+t

The concept of dynamical symmetry proved to be a
fruitful tool of analyzing complex nuclear spectra [1]. A
dynamical symmetry holds, if the Hamiltonian of the sys-
tem can be expressed in terms of the invariant operators
of a group chain

GgG'zG" z
Then the energy-eigenvalue problem has an analytical
solution, and the expectation values of the other physical
quantities can also be obtained in a simple way.

The purpose of this Brief Report is to point out the
possibility of a new type of dynamical symmetry in
atomic nuclei that is related to the cluster configurations,
and has a multichannel character, i.e., it connects difFer-

ent fragmentations. The multichannel dynamical sym-
metry can be formulated in the framework of the semimi-
croscopic algebraic cluster model [2, 3]. In this approach

I

the relative motion of the clusters is treated in terms of
the vibron model [4], while their internal structures are
accounted for by the SU(3) shell model [5]. The model
space is constructed to be &ee &om the Pauli forbidden
states and &om the spurious excitations of the center of
mass; practically it is identical with that of the micro-
scopic harmonic oscillator cluster model [6]. The inter-
actions are phenomenological ones, which are obtained in
terms of the generators of the dynamical group of the sys-
tern. When only one of the clusters has internal structure
(the other one is a doubly magic nucleus), the model has
a Uz (4)3U~(3)SUR(4) group structure, where C refers

to cluster, R to relative motion, and U&+(4) is Wigner's
spin-isospin group [7]. Further simplification takes place
if the cluster with internal structure is also a spin-isospin
scalar Then . the dynamical symmetry of the model is
characterized by the group chain:

Uc(3) g U1t(4) ~ Uc(3) IRU1t(3) ~ U(3) Z SU(3) g O(3) Z O(2)

~
[n, , n,2, rts ], [1V, 0, 0, 0], [n, 0, 0, ], [n„n2, n, s], (A, p), K,L, M ). (2)

This dynamical symmetry, when applied to a single clus-
ter configuration, i.e. , in a single channel form, seems to
be a reasonable approximation to some core-plus-alpha-
particle systems [2, 3]. A similar, but slightly more com-
plicated U(3) dynamical symmetry fits well to some non-
scalar [with respect to U&sT(4) or Uc (3)] two-cluster con-
figurations [8—10].

This symmetry can easily be generalized to a multi-
channel one, which has interesting new features. Not
only that it associates seemingly different cluster config-
urations to the same nuclear state, but it gives a well-

defined and simple relation between the phenomenolog-
ical cluster-cluster interactions of different channels as
well. The generalization is based on the following con-
sideration.

The basis states defined by the quantum numbers of (2)
are harmonic oscillator eigenfunctions. Since the Hamil-
tonians of the harmonic oscillator shell model and the
harmonic oscillator cluster model can be transformed into
each other exactly [6], their basis states have also a sim-

ple relation: any state of one of these models can be

]

expressed as a linear combination of those basis states of
the other model that belong to the same oscillator quan-
tum number. This theorem can be used to get rid of the
forbidden states in the nonantisynirnetric cluster model
basis, by requiring the matching of the quantum numbers
of the states (2) with those of the totally antisymmetric
shell model basis. For two-cluster systems, considered
here, this means a matching between the representation
labels of the combined U(3) group of (2), with the corre-
sponding shell-model quantum numbers.

The interaction of the dynamical symmetry splits the
degenaracies of the harmonic oscillator states, in fact the
spectrum can be very far Rom being harmonic. Neverthe-
less, the U(3) representation labels are still good quan-
tum numbers. Let us now consider the case of states
that have U(3) quantum numbers with a single multi-

plicity both in the shell-model and in different cluster
model bases. Due to the shell-model connection men-

tioned in the preceding paragraph, and the fact that the
basis states of difFerent U(3) labels are orthogonal, these
wave functions are identical with each other. Therefore,
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when the U(3) dynamical symmetry holds in a certain
cluster configuration, and some (or all) of the single val-
ued U(3) quantum numbers match with those of another
cluster basis, then the corresponding cluster bands have
to be present in the second configuration as well .

The energy eigenvalues corresponding to the dynami-
cal syminetry (2) up to linear terms in n can be written
as

E = e+ qn. +PL(L+ 1)+8n.L(L+ 1)+F(A, IJ', L),

(3)
where e, p, P, and 8 are parameters to be fitted to the
experimental data, while F(A, p, L) is a function of the
indicated quantum numbers. When we consider two dif-
ferent cluster configurations of a nucleus, both consisting
of two clusters, one of them is inert, then the n quan-
tum number depends on the &agmentation: n, , i = 1, 2,
while the A, p, , and L quantum numbers do not. E and
its parameters also carry the channel index i. If, however,
several states are common in the two configurations be-
cause of the reasons discussed above, then their energies
have to be the same. This circumstance establishes a
straightforward transformation between the phenomeno-
logical interactions in Eq. (3). Let the relation of the
relative motion quantum numbers be n, = n, + n
Then the

+1 P2 P y 61 62 + P+~p &
~1 ~2

Pi ——Pg + Hn, , Fi(A, p, , L) = F2(A, p, L) (4)
equations have to hold. They guarantee the identical en-
ergies for the common states of the two &agmentations,
and give a unique relation between the cluster-cluster
interactions of two different configurations. Similar re-
lations can be obtained between the matrix elements of
other physical quantities.

When comparing two cluster configurations that need
somewhat different formalisms [e.g. , in one of them there
are two non-Uc (3)-scalar clusters, or more than two clus-
ters], the relations of the interactions are not so complete,
as in Eq. (4), but they still provide us with nontrivial
constraints. In such a case the multichannel dynamical
symmetry is only a partial one [11], i.e., valid only for a
subset of the states, not for all of them.

The multichannel dynamical symmetry is a conse-
quence of the combination of two other symmetries,
namely, the single channel U(3) dynamical synirnetry of
a certain cluster configuration and the antisyrnmetry of
the total wave function. The latter transforms the wave
function of one clusterizat ion to that of another one .

Though in some applications of the semimicroscopic al-
gebraic cluster model the possibility of various clust eriza-
tions of special nuclear states have been investigated [12,
13), the quantitative analyses of the experimental data
have been carried out so far on the basis of the single
channel synonetries [2, 8—10].

There is a heuristic prescription invented by Harvey
[14] for describing the fusion and fission processes of light
nuclei, which recipe is also based on the harmonic oscilla-
tor basis. If we consider the possible fragmentations of a
given state [15,16], then the physical content of Harvey's

prescription and the U(3) selection rule of the semimi-
croscopic algebraic cluster model is very similar (for a
detailed discussion, see Refs. [12, 13]) . The essential dif-
ference is that the multichannel dynamical syrnrnetry, as
presented here, involves a spectrum generating algebra
too. Therefore, in addition to accounting for the sym-
metries of the states it also gives the spectra of difFer-
ent clusterizations, which is a completely new feature in
comparison with the applications of Harvey s prescrip-
tion [15, 16].

As an example for the application of the multichan-
nel dynamical syinmetry, I consider here the 2sSi nucleus
in terms of the 24Mg+a and '2C+isO &agmentations.
The reasons for choosing this example are the following.

(i) SU(3) quantum numbers were associated to several
low-lying bands of the 2sSi [17], without any reference
to the cluster configurations. (ii) The spectrum of these
states could be reproduced approximately by supposing
a 24Mg+a configuration within the U(3) (single chan-
nel) dynamical symmetry scheme [2]~ (iii) Both in the
4Mg+n and in the 2 C+i 0 reactions resonances were

found in high-lying energy regions [18, 19].
The specific question I address is whether or not the

energy spectrum of the high-lying i2 C+ sO resonances
can be described together with the low-lying 24Mg+a
bands within the &amework of the multichannel dynam-
ical symmetry (2,3,4) . The method of this description is
very constrained in comparison with those of the phe-
nomenological models (both algebraic and geometric);
therefore, this calculation involves much less ambiguity.
Nevertheless, the band structure in the highly excited
region is not well known, so in order to conclude about
the presence of the multichannel dynamical symmetry
one has to investigate some global characteristics, like
the densities of different cluster states, or number of res-
onances in the energy and angular-momentum windows
defined by the experiments. I make also this kind of com-
parison.

In the present description the i2C, isO, 24Mg, and
are considered to have [4,4,0], [4,4,4], [16,8,4], and

[0,0,0] Uc (3) quantum numbers, respectively. Each of
them is treated as a spin-isospin scalar. The i2 C+ is 0
and the 24Mg+a model spaces are defined by requir-
ing the matching between the combined U(3) represen-
tation labels of (2) with the corresponding shell model
quantum numbers. The sets of basis states obtained
this way coincide exactly with the ones determined &om
the truly microscopic cluster model calculations [20].
The relation of the relative motion quantum numbers is:
n —n, + 8.

Prom among the low-lying states of 2 Si those were
considered for which the band structure is known &om
previous investigations [17] (Fig. 1). The i2C+isO reso-
nances of Fig. 2 are &om Ref. [19],and they are arranged
into collective bands according to the relative energy dif-
ferences and the band structure of the model [2, 3]. The
model spectra were obtained &om the energy formula:

E = e+pn +pL(L+ 1) +On L(L+ 1)
+it i Cg + Q2 C3 + ((j53CQ + $4C3 )L(L + 1), (5)
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where the expectation values of the second- and third-
order Casimir operators of the SU(3) group are Cq
A'+p'+Ay+3(A+@), Cs ——(A —p)(A+2p+3)(2A+2p+3).
The constraints of the multichannel dynamical symme-
try (4) were taken into account. A least-squares fit-
ting procedure was carried out, and each state had a
weight factor of I/E „~, (without dimension) in order
to pay more attention to the better-known low-energy
part of the spectrum (except for the ground state, which
had a unit weight). The parameters (in MeV) cor-
responding to the model spectra shown in the figures

&Mgcx = 35 53' &CO = —87 66, fMn = +CO
6 52, PMs

——0 131, Pco = 0 216, 8Msn Hco
—0.011, (6iM, ——

&j! ioo = —0 072, 9 &Ms
= 4'&co

0.000 064, /3M —(6soo ——0.000 51, /4M,—0.0000089. In Fig. 2 only the natural parity states
are indicated, since the C+ 0 reactions cannot popu-
late others. The model spectrum is shown for each band
only in the energy and angular-momentum window sim-
ilar to that of the experiment. Three bands of the model
spectrum in Fig. 1 are also present in the zzC+z60
spectrum. They are the ones with the quantum num-
bers (12, 0)0+, (14, 1)1, (16,2)0+. It is appropriate
to note here, however, that the other low-lying bands

TABLE I. The numbers of states of the indicated angular
momenta and natural parities in the energy windows defined
by the experimental observations. The experimental data are
compared with the results of the model calculation for the

Mg+a and C+ Q clusterizations.

Reaction

Mg+n
Mg+o.
Mg+n

Nexpt

4
7
17

NM&~

1
10
15

Nco

12C+16Q
12C+16Q
12C+16Q
12C+16Q
12C+16Q
12C+16Q

8
9
10
11
12
13

42
32
27
30
48
33

of the Si nucleus cannot be described in terms of the
' C+'sO clusterization. The situation is difFerent from
case of the ~4Mg, where the whole low-lying region can
be interpreted in terms of the the C+ C configuration
[9]. This finding is in line with the experimental observa-
tion, that no i~C(g.s.)+isO(g. s.) fission of the zsSi takes
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FIG. 1. Band structure of Si as established in Ref.
[1?j in comparison with the model spectrum of the Mg+cr
system. The bands are labeled by the (A, p)K quantum
numbers. In the model spectrum the relative motion quan-
tum number n M is given below the SU(3) labels. In the
experimental part the excited-shell-model configurations are
also indicated, so, e.g. , (3)' means (0) (I) (2)"(3) . When
no such configuration is shown, it should be understood as
(0) (1) (2)' . Further notations, P, P instable; 0, oblate
(A ( p); P, prolate (A ) p, ).
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FIG. 2. Experimental and model spectra of the C+ Q
system. When the (A, p) numbers are written between two

bands, they refer to both. In such a case the corresponding K
values are min(A, p), and min(A, p) —2; otherwise, min(A, p).
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place following the inelastic scattering [21], contrary to
the 24Mg~i C+i2C process. (For further discussion see
Refs. [22, 13).)

Table I shows the comparison between the experimen-
tal and theoretical level densities. Only partial waves
populated well in the 24Mg+a and i2C+isO reactions
are given. The data were taken f'rom the [18, 19] com-
pilations, and the energy windows of the model cal-
culation were set between min(E, „~t) —0.5 MeV and
max(E, „~t) + 0.5 MeV. Note that in such a compari-
son the similarity in the numbers of states between the
studied reactions and the corresponding cluster configu-
rations is the sign of the validity of the symmetry. In
the present case these numbers are comparable, and dif-

fer significantly from those of the other configuration.
This fact combined with the similarities between the ex-
perimental and model spectra of the figures indicate the
presence of an approximate multichannel dynamical sym-
metry. It is proper to note here that the single channel
symmetry, serving as a building block of the present mul-
tichannel one, is valid also approximately in the 2sSi nu-

cleus [2].
In conclusion, I have discussed the possibility of the

appearance of a multichannel dynamical symmetry in
atomic nuclei. It is related to the presence of difFerent
cluster configurations of the same nucleus, and it is a
consequence of the single channel dynamical symmetry
combined with the antisymmetry of the total wave func-
tion. The multichannel symmetry establishes a connec-
tion between the cluster-cluster interactions of different
configurations. Its signature can be the correlated dis-
tribution of different cluster states at low and high en-

ergies, the latter ones observed as resonances in heavy
ion reactions. The 24Mg+a and 2C+isO data indicate
the approximate validity of the multichannel dynamical
symmetry in the Si nucleus.
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