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A phenomenological pp ~ der+ model of A(p, x+)8 reactions is developed that incorporates the
full spin dependence of the former reaction. The model makes predictions of analyzing powers and
differential cross sections and is applied to an investigation of the (p, n+) reaction on H, He, He,
and C. The general trends of the predicted observables agree reasonably well with experiment for
the helium isotopes. Much greater sensitivity due to effects of absorption and interference between
different amplitudes is observed for carbon. Nevertheless, characteristic features of the analyzing
powers and differential cross sections for single-particle and two-particle —one-hole states are clearly
discerned. Consistent cross section normalization factors between the model and experiment, of the
order of unity, are found in nearly all cases over the whole range of nuclei and energies investigated.

PACS number(s): 25.40.Qa, 24.10.—i, 21.45.+v, 24.70.+s

I. INTRODUCTION

Since the pioneering investigations of exclusive nuclear
pion production at CERN [1,2] and Uppsala [3] over 20
years ago, much effort has been devoted to characteriz-
ing these reactions experimentally and in elucidating the
basic processes and mechanisms involved. These inves-

tigations, comprising measurements of the angular dis-
tributions of the differential cross sections and analyzing
powers over a wide range of bombarding energies, have
covered many nuclei and involved many different final
states. While a wealth of data has been accumulated,
the shear richness and variety of the results have defied
an overall understanding and systematic interpretation.
Several comprehensive overviews giving the status of this
field as of more than a decade ago have appeared in re-
view articles [4—6] and in the proceedings of a conference
[7]. Many of the questions and issues raised in these ar-
ticles have not been resolved to date. To cite one simple
example, a general feature that is presently not under-
stood is the dependence of the cross section on target
mass number at fixed bombarding energy. More specific
characteristics pertaining to individual angular distribu-
tions of the differential cross sections and analyzing pow-
ers are also not understood at all in terms of an overall
theoretical &amework.

Modern microscopic models of the A(p, m+)B reaction
have been developed in recent years by a number of dif-
ferent groups [8—11]. These models are also among the
first to include analyzing power as a calculated observ-
able, although some earlier models have done so as well

[12]. Each of these models tends to introduce the ba-
sic physics in somewhat difFerent ways and, depending
on the assumptions and emphases, has been applied to
different studies. Thus the model of Alons et al. [8] has
been applied to a study on sHe [13,14], that of Iqbal
and Walker to ~2C [9,15], and that of Cooper and Mat-
suyama [10] to ~sO [16]. Intercomparisons of the differ-
ent treatments and assumptions made in these models
have thus been difficult to make. Within their respective

areas of applications, these models have had a certain
measure of success. However, some unifying overview of
the many features displayed by the A(p, 7r+)B reaction
has not emerged from these models.

In the experimental realm, progress in our understand-
ing of nuclear pion production has come from facilities
that provided high-quality polarized proton beams cou-

pled with high-resolution spectrometer systems. Repre-
sentative of such recent results are those from IUCF [17],
TRIUMF [15,16,18], and LAMPF [19,20]. These mea-

surements have added a wealth of detail, not only be-
cause of the numerous final states amenable to study in
high-resolution experiments, but also because of exten-
sive analyzing power data that have been accumulated. A

rather consistent pattern that has emerged is that in the

(p, m+) reaction, especially near threshold (- 200 MeV),
the analyzing powers have a character that is very much
like that of the pp ~ de+ reaction. Indeed, this feature
was noted in the earliest analyzing power data recorded
for this reaction [21]. Such a two-nucleon pp ~ der+

mechanism has become a cornerstone for the qualitative
interpretation [17] of extensive data on pion production
on ~sC. The selectivity and strength of the (p, vr ) re-

action, which has been documented for many different
cases as well [22,17], is also understood qualitatively in

terms of a two-nucleon mechanism, where the allowed

NX ~ N¹r channels are much more restricted than
for (p, 7r+).

Support for a pp ~ der+ two-nucleon mechanism in

(p, 7r+) reactions is found in other measurements as well.
The energy dependence of the (p, sr+) differential cross
section at fixed momentum transfer has been investigated
on a number of nuclei [15,23] f'rom 200 to 500 MeV and
has been shown to follow closely the energy dependence
of the &ee pp m de+ reaction. Inclusive measurements
in the C(p, n+)4 reaction [24] of both cross sections
and analyzing powers at 400 and 450 MeV are consistent
with a simple quasi&ee model that assumes an underlying
NN —+ N¹r+ production mechanism. Indeed, a recent
coincidence study [25] of the reaction 2C(p, dr+) B at
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223 MeV has shown that the results are in remarkable
agreement with distorted wave impulse approximation
(DWIA) calculations. This provides very strong support
to the picture of quasifree pion production, mediated by
the elementary pp —+ der+ process. Furthermore, new
pion absorption measurements [26] at 115 MeV in the
reaction ~ sO(m'+, pp), over an extended region of phase
space, demonstrate that two-nucleon absorption is domi-
nant. The m.++ ny ~ pp process accounts for 76% of the
total absorption cross section, comprising absorption not
only on I)-shell nucleon pairs, but also s-p nucleon pairs.

Dominance of the pp —+ dh+ elementary process over
other NN ~ NNm+ processes follows from the much
greater cross section of the former reaction near thresh-
old. The NN m N¹rreaction cross sections are usually
expressed in terms of the isospin of the NN pair in the
initial and final channels as follows [27]:

pp M de ~ 0'10+

(a)

PP M P'FlÃ, 0'yp + CTyy
+

pn -+ nnn. +) —2((rgg + (rpg),

pn m pp7( ) 2(ops+ opg) .

In this terminology, cryo dominates for bombarding ener-
gies up to 525 MeV, beyond which energy 0'qo continues
to increase rapidly, while ego reaches a peak at 585 MeV
and then begins to drop with increasing energy [27]. On
the other hand, o qq is much smaller for energies less than
550 MeV, and o'Oq remains poorly defined, but is smaller
yet than o.qq.

Formulating expressions for the A(p, m+) B reaction ob-
servables in terms of the py ~ der+ reaction is not a new
idea. Ruderman [28] formulated expressions for the dif-
ferential cross sections for the reactions p+ d + x++ H
and p + d ~ ~ + He in terms of the pp ~ der+ re-
action cross section. A generalization of this approach
was subsequently used by Ingram et al. [29] in deriving
expressions for the A(p, m+)B reaction. Further develop-
ments of this approach were made by Fearing [30] who
added distortions in the incident and outgoing channels.
Most recently, Kurath [31] has applied a closely related
approach with special emphasis on the nuclear structure
aspects as it pertains to the target nuclei ~~ ~sC. Com-
mon to all these approaches is that only the cross section
observable is calculated in the models.

Given the very important information carried by the
analyzing power and the extensive data presently avail-
able regarding this observable, a new formulation of a
pp ~ der+ model was undertaken that incorporates de-
tailed experimental information on this reaction. The

I

FIG. 1. Schematic representation of coordinates for the

A(p, x+)B reaction in the (a) incident and (b) outgoing chan-
nels.

development follows that of Ingram et al. [29] except for
the inclusion of spin and the considerable attendant corn-

plications that this entails. The goal of this endeavor is
an attempt to correlate as extensive a body of data as
possible under the umbrella of a simple model. In Sec.
II the details of this formulation are given. Section III
discusses the implementation and general features of the
model, and in Sec. IV the predictions of this model for
the target nuclei H, He, He, and C are presented
and discussed.

II. yp -+ dm+ MODEL

A. Formulation

In this section an expression is derived for the matrix
element for the A(p, 7r+) B reaction in terms of the matrix
element for the pp ~ du+ reaction. For clarity, all the
spin information will be suppressed for the time being;
these details will be discussed in full in Sec. IIB. Unless
specified otherwise, all quantities refer to the (p + A)
center-of-mass (c.m. ) system.

Since the pp interaction depends on the momenta of
the two protons, the momentum of the struck target pro-
ton will be indicated explicitly. The target nucleus wave
function is thus expressed as a product wave function of
a proton and A —1 nucleons as follows:

QA = fA 1@A 1) @p(Tp —RA —1)

= 4~-i(C~-i) & (&/2~)" J 0("0)'"'" "' '~'"0 (1)

In the last line above, the proton wave function has been represented by its Fourier transform and the meaning of the
various spatial coordinates is illustrated in Fig. 1(a). Vector coupling of the core to the single proton is indicated by
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the symbol . Introducing plane waves for the motion of p and A,

i kp. rp —ikp. RA
7

with

) + ro/A
A ) (3)

the incident channel wave function becomes

1I1ee = (1/211) e)1A 1((A 1) R f 1((ke)exP
~

—1 he+ le RA 1
~

e'"" e' ' '"d tee.

K=
~

~k„+kp=k +kg,

where K is the total momentum of the two interacting
protons and k and kg the momenta of the resulting pion
and deuteron, respectively. The plane waves for the two
protons are next expressed in terms of their total mo-

mentum K and their relative momentum kpp Thus with
r = rz —rp, rg = (rr + rp)/2, and the result (3), one
obtains

ikp pp i[ko —kz/Aj v 0 i K v & i kpp 'F

i(kg+k„) v g i kyat r

For the outgoing channel comprising a pion and nu-
cleus B (with B—:A + 1), one has, referring to Fig.
1(b),

rd, ——RA g+R,

2 ) - /'A —1)
R~+~ = R~-~+

(gAq 1) gA+1)

(7)

I

Here k~ and kp —k~/A are the momenta of the incident
and struck proton in the (p+ A) c.m. frame, respectively.
It is assumed that momentum is conserved in the pp -+
Ch+ reaction. Hence

In a similar manner as before, plane waves are introduced
for the motion of h+ and B, which, after some rearrang-
ing, can be expressed as

ik v —xk RA+1

R

t' . A —1-
x exp

~

—f, kp+ko 'R&—x
~

(g)

In this expression the quantity q has been introduced; it
represents the momentum of the two-nucleon pn system
(i.e., the recaptured deuteron) in the final nucleus B and
is given by

(A —1) - „- fA —I')
k

It will prove convenient to express the internal wave
function of nucleus B as a product wave function of the
nucleus (A —1) and two nucleons. Furthermore, the two-
nucleon wave function is expressed in terms of the in-

ternal coordinate r and the relative coordinate R of the
two-nucleon cluster with respect to nucleus (A —1). Thus

&(r)
O'AA1 1)A—1((A—1) @1) (&) I )1(e ) = 1)A—1((A —1) 1lt 1)P) S A(e))

In the last step above, the pn relative emotion wave function g(r) has effectively been replaced by the deuteron
internal wave function Q~(r). This has been done in order that the latter wave function can be introduced into the
pp —+ der+ matrix element. Since the pp interaction is assumed to be of short range, the ratio of these two wave
functions may be evaluated at some small value of a (or, alternatively, normalized in the interval 0 & r & a). This
ratio is de6ned as p. The foregoing assumptions and the form of the expression also imply that the angular part has
been restricted to angular momentum zero.

Combining these results, the outgoing channel wave function becomes

, (g~ g) (3 Q(R)pe ' exp
~

i k() + kg R~ z
—
I

(3 gg(r)e*"- "-e*"'"'
A

Introducing the results f'rom the previous expressions, the matrix element for the A(p, m+)B reaction is obtained.
Integrations must be carried out over the 3A internal coordinates [32j of nucleus B and the coordinates of the pion.
The integrations over the 3(A —2) core coordinates are immediate, yielding the result
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(rr+B~T e ~Pg) = y(1/2rr) i f d kook(ko) f d Rrk*(R)e' (d'rr ~ToolPP) (12)

where

(de+)Tor~pp) = f d r" ed re '" ' 'eke(r)[Too)e (13)

is the matrix element for the pp -+ du+ reaction, rep-
resenting the NN isospin transition 1 ~ 0. The main
features linking the matrix elements for the pp ~ Ch+
and A(p, sr+)B reactions are the integration over the mo-
mentum distribution of the struck target proton and the
Fourier transform of the recaptured pn pair in the final
nucleus.

This form is most suitable for very light nuclei.
Alternatively, if shell model wave functions of har-

monic oscillator form are used, the formalism developed
for two-nucleon transfer reactions by Towner and Hardy

[33] is more appropriate. In this case one writes

PB ~ O'Mkk Nkk ((c ~ P1 o P2)

B. Angular momentum and isospin couplings

In the following development, the system C (with C-:
A —1) will be referred to as the core. The coordinates
of the two nucleons with respect to C are p„= r„—
RA q and p = ro —BA i. The angular momentum and
spin coupling details follow. Single-particle states are
specified by their values of n, l, and j. The total isospin
and its projection quantum number will be indicated by
T (or t, where t = 2) and N (or t3, where ts —2),
respectively. The target nucleus wave function in the
form of Eq. (1) is then

fA ~/M N ((C P)

N „(Ac(nlrb t)(TCNcttsITdlNg)

x (JcMcj mI JdlM&) (lA 21JoIjm)

N""((C)@""(P)Y,"(P) (14)

The expansion coefficients (~c are closely related to
single-particle coefficients of fractional parentage [32],
which yield this expansion in terms of separately anti-
symmetrized product wave functions. Furthermore, they
are related to the single-particle spectroscopic amplitudes

S&c(1)by the expression (dlc = S&c(1) 1 I,whereZ/2

1)

~

~

~

~ ~

~ ~

~A is the coxnbinatorial factor. Sdlc(l) is the usual
)

single-particle spectroscopic factor. If difFerent configu-
rations are present in the nuclear wave function, the coef-
ficients (,'dlc must be further multiplied by the respective
amplitudes of these components. The spin function of
the target proton is given by y„, .

The wave function of the final nucleus B is most conve-
niently expressed in cluster form comprising a deuteron
(d) and core (C) as follows:

Z[pkklkjk][pkglqjq] J T Jc Tc
q ([n l

~

][ l ].JT)
x(TcNcTNITaNa)(JcMc JMI JaMa)
X pM~N~((c) P MN(Plo P2) o (16)

where pi and p2 are the coordinates of the two nucle-
ons with respect to the core C. Here two-nucleon ex-
pansion coefficients (Bc have been introduced, which, in
this latter case, are closely related to two-particle coef-
ficients of fractional parentage [33]. In analogy with the
single-particle case, these coefficients are related to the
two-particle spectroscopic amplitudes Sac(2) by the ex-

pression (Bc = Sac(2) I 2 I
. The two-nucleon,1/2

or pair wave function, and the core wave function are
separately antisymmetrized. The pair wave function, ex-
pressed in jj coupling above, is next recoupled into LS
form:

lg l2 L
MN(P1) P2) ) 2 2 tl' MN(Plo P2) '

I,S

The square brackets [ ] denote a normalized 9-J coeffi-
cient [33]. The LS coupled pair wave function in terms
of its spin and spatial parts is

MN (p2k p2) = Z«(LASZI JM)()[' ' 'l1(P1 P2)&IN

(18)

A Moshinsky transformation [33] is now applied to the
spatial part of the pair wave function to yield an expres-
sion in terms of the internucleon coordinate r and the
coordinate of the c.m. of the pair with respect to the
c.m. of the core, R. The result is

&B ~ &M N. (&~ »r)
ZM N ~~ z~ lk T,(BC(LSJT)(TcNcTNITBNB )
x (JcMc JMI JBMB)(LAszI JM)
x&~(&)@~zN(&) . (19)

= gZi, i, (l1&1l241LA)4'"p,"'(P1)@'&,
'"

(P2)

= gZ" '„, „,(n1l]n2l2, LIIN'L'n'l', L)
x(L'A'l'A'ILA)Q" i (r)Q ~ (&)
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The Moshinsky bracket is indicated by the symbol (~~).
Antisymmetrization between the two nucleons results in
the factor g, which has a value of 1 if [nqlq jq] = [n2l2 j2]
and a value ~2 otherwise. Orbital angular momentum

coupling satisfies the relationship I'+ I,
' = lq + l2, where

L' is the orbital angular momentum of the pair with re-

spect to t and l' the internal orbital angular momentum
of the pair. Conservation of harmonic oscillator quanta
restricts the sum above to

A Hulthen form for the radial part of the deuteron wave
function gg(r) was used with parameters o/ = 0.2316
fm and P = 1.232 fm . Normalization of the har-
monic oscillator and deuteron wave functions was eKected
by integrating over the interval 0 & r & a, with a —1.5
fm. This normalization depends on v~ and n' and is des-
ignated p . For n' equal to 0 and 1, p has values of 0.79
and 0.84, respectively, for vB = 0.311 fm (appropriate
for C, say).

2ng + lg + 2n2+ l2 ——2n'+ l'+ 2N'+ L' . (2o) C. Matrix element

= gZn™(n] lyn2l2, L~~N'Ln'0, L)
x [H„op(vBr /2) Yp (r)][K/vol. (2vBR ) YL, (R)] .

(21)

The radial oscillator functions, designated by H, are
characterized by the parameters vB/2 and 2vB, respec-
tively, for the internal and relative motion of the pn pair,
where v~ is the oscillator parameter for the nucleus B.
The term in the last square brackets is to be identified

with the function g(R) defined in the previous section,
whereas the other term in the square brackets relates to
g(r) as follows:

r/io(rj)
'tl'(r)

g(r) m

H„p(vBr2/2)
&~(r)

(rk (")Yo (r)tool) (k2)

It is helpful at this stage to assume that the two-nucleon
cluster will be restricted to carry the quantum numbers
of the deuteron and, furthermore, that the deuteron D
state can be ignored. Thus S = 1, T = 0, and l' = 0. As
a consequence, L' = L and A' = A and the sums simplify
considerably, to yield

Using standard techniques for evaluating the Fourier
transforms, the momentum wave function in (1) is writ-
ten as

d(k. ) =(k/k )"'fd' "(p)Y'"(p)' "'d'p

= (
—o)'/2/rrYi (ko) f r/r

' (p)ji(k p)p odp

= (
—i)'Q2/mY, "(kp)I„)(kp), (23)

where j~(kpP) is a sPherical Bessel function and I„~(kp)
represents the associated radial integral.

The matrix element appearing in Eq. (12) can now be
expressed in detail in terms of all the angular momentum
and isospin couplings. Since T = 0 for the transferred
pair, T~ ——TI3. A factor A results from the number
of terms in the nuclear overlap integral and a statisti-
cal weighting factor of gA+ 1 &om the number of di-
rect terms [32] in the matrix element. This latter factor
arises kom antisymmetrization between the incident pro-
ton and the target nucleons. Assembling the appropriate
equations,

(k MB~Trr~z +~kp&rM&) = A/A+1) Z), M MA f (~c(nljt)
p, pZ

x(TBNB&&s~(T~N~)(JcMcj m~ JaM&)(lA 'ppj~m)-
o((—')'/(kr')) f d'ko Y,"(ko)j„i(ko)

X(BC([nlll jl][n2l2 j2]' JT = 0)(JcMc JM~ JBMB)
lg l2 L

x 2 2 1 (LA1~1JM)g(n~i)-"2l2 IIN'Ln'0 L)
2'-. 2'. J

x d Re' H~l, 2v~R YL, R k ZT k„„p„p

= ) f d (F( kokopkropkoZMAMrr)(k E~T'or~koopopo))
gSp Z

(24)

Here
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(k Z„)T or~k rop op o)
—f d r od„re ' 'r/ro(r)Yo (r)[Too(iorpo )] (25)

Since k~ and q depend on k(), the matrix element for the A(p, n )B reaction depends on numerous lengthy sums and
an integral over the matrix element for the pp —+ der+ reaction. This latter integral was carried out numerically.

D. Eikonal approximation for distortions

In order to be able to investigate the effects of distortions, an eikonal approximation [34] was introduced to describe
the scattering states. This has the eKect of modifying the plane waves and appears as a modification to the integral
over d R. The plane waves are multiplied by the factors

S OO

D~(R) = exp V„dz', D (R) = exp V dz'hv„" '
hv

(26)

where S = {(A—1)/(A+ 1))R and the integrations are carried out along the undefiected trajectories of the particles.
Optical potentials for the particles are designated by V and their velocities in the c.m. by v. The functions D were
further approximated by making a multipole expansion in the form

D„(R) = 4vr ) U„I,(R)Yq"(R)Yq" (k„), (27)

D (R) = 4'�) U ~(R)Y"(R)Y" (k ).
JV

(28)

A good representation for the functions D was obtained for j, k & 2, and polynomials of degree 2 in R, for the
functions U. In this form the integral over dsR can be perforxned using standard techniques alluded to earlier. Taking
the incident beam direction as the z axis, the result is

(kOjvlIv)I„",„(,) = ( )'~' ) "( k+ ) 2L+ 1
~g ICVI

x(kOjOlIO)(~A —vIvlLA)(~OIOlLO)Y„" (q)Y,
" (k )

x H~ I, (2v~R )j „(qR)U„I,(R)U ~ (R)R dR,
0

(29)

where j„(qR) is a spherical Bessel function. The radial integral appearing above is analytic in form, comprising a
small number of terms. This is also the case for the integral I„~(kp) defined previously, whether the single-particle
wave function is of harmonic oscillator or Hulthen form.

E. Cross sections and analyzing powers

The expression for the partial cross section in the A(p, x+)B reaction is

p ~l(k MgglT ~q +lk„p M~)l,
(dA) „ pA

where P„~c is the relative velocity of the particles in the incident channel and p„~ is the final density of states factor
given by p E E~/(E + E~). A similar expression applies to the pp ~ d7r reaction. As a matter of convenience,
amplitudes W for the pp ~ der+ reaction were defined such that

Then

P d& ~
) ~M~Mg

\ dO)

q
PpPo+

W(k k (M„ppZ)l .
idO) „„

(p,„l' (Pt~'
Z„,~ d kp F(krak kpypppZM~M~) «-) &~ "):—l~~~(ks k ppM~M~) I

Wt(k~k ppppZ)

2

(31)

(32)

(33)
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Quantities that are to be evaluated in the pp c.m. &arne are indicated by a dagger. In terms of the amplitudes W„"
defined by the last equation, the spin averaged cross section is

and the analyzing power is

) W„g(kpk~p„+MgM~) ) W*~(kpk~IJ„M~iM~i)
MA M~

(A)vo)„g = 2 Im
MA I M~ g

2 (35)

) WpA(kpk~pp M~MB) + ) Wpz(kpk~lj„M&Ma)
MA M~ MA M~

Here p,
+ and p„represent the incident proton spin pro-

ject ions parallel and ant iparallel to the z axis.

F. Amplitudes for the pp ~ dm+ reaction

Amplitudes for the pp m dh+ reaction were obtained
&om the extensive analyses of Bugg, Hasan, and Shypit
[35] covering proton bombarding energies &om 305 to 800
MeV. A spline fit as a function of the bombarding energy
was made over the entire energy range for the amplitudes
ao to aq2 and aq4. In addition, a smooth extrapolation of
the partial wave amplitudes &om 800 to about 900 MeV
was made. These amplitudes a are defined in numerous
articles (see Refs. [35,36], for example). The quantities
W, defined in Eq. (31), were expressed in terms of the
above amplitudes. As a confirmation, the pp + der+

reaction observables were recalculated using these quan-
tities W.

It is well known that the total cross section

ohio

for
the final state where the pn system is unbound exceeds
the total cross section o~o for the bound pn system for
energies above 525 MeV [27]. (The labels 1 and 0 refer to
the isospin of the NN pair in the initial and final states,
respectively. ) As well, it has been demonstrated that
the analyzing powers for the pp -+ pnm+ reaction can
be very well accounted for [37] in terms of the analyzing
powers for the pp + d7r+ reaction for modest internal

pn excitation energies. Thus the pp ~ pn7r+ reaction
can be expected to make a significant contribution to the

A(p, n+)8 reaction. Inclusion of this contribution was

introduced with the modi6cation

* ~/2

W(k~k p.poE) -+ W(k„k yppoZ) (1+
trio

(36)

The quantity cr&0 represents not the total, but that frac-
tion of the o qo cross section that can be characterized
by internal orbital angular momentum l = 0 for the pn
system. This was estimated from three-body phase space
and an S-wave final state interaction enhancement fac-
tor [38]. This estimated &action is shown in Fig. 2. The
discussion in Sec. IV will compare calculations with and
without this contribution included.

G . Moment um distributions

1.0

0.8

0.6

0.4

0.2

0.0
300 500 700 900

T, , (M8V)

FIG. 2. Estimated fraction of the pp ~ pnvr+ reaction cross
section (ogo) that contributes in the pp m ds+ model.

The momentum sharing which is built into this model
mitigates to a considerable degree the demand for de-
tailed knowledge of the high momentum components of
the nuclear wave functions. Nevertheless, an adequate
representation to values of about 2 fm for the single-
particle moment a must be used. For the target nucleus

H, the wave functions of Machleidt, Holinde, and El-
ster [39) were used. Inclusion of the D state was found
to be very important, without which the magnitudes of
the analyzing powers were severely underestimated. An
alternative Hulthen parametrization for both the S and
D states was also used, which yielded very similar re-
sults. For He a Hulthen-like wave function with pa-
rameters adjusted empirically could be obtained which
provided a good representation of the proton momen-
tum distribution in He, calculated by Schiavilla, Pand-
haripande, and Wiringa [40], for both the S and D
states. The S-state momentum distribution has the form



50 PHENOMENOLOGICAL pp~ds+ MODEL OF A(p, n+)B REACTIONS 1581

P(k) cc [1/(k + cr ) —1/(k +P )] and is also a good rep-
resentation of the electron scattering results of Marchand
et at [.41]. Likewise, for He a Hulthen-like parametriza-
tion was obtained which provided a good representation
of the Schiavilla-Pandharipande-Wiringa [40] S-state mo-
mentuxn distribution. These momentum distributions for
He and He are also in reasonable agreement with ex-

perimental distributions obtained from analyses of (p, 2p)
reactions on these nuclei by Epstein et al. [42] and van
Oers et aL [43], respectively, up to k = 1.5 fm ~. Details
of the above parameters are given in Table I.

For the target nucleus ~2C, harmonic oscillator single-
particle states calculated with an oscillator parameter
v = v~ ——v~ —— 0.311 fm 2 were used. The re-
sulting p-shell momentum distribution is of the form

~P(k)~ oc k e ~, which is, in general, in good agree-
ment with that predicted for the lp3/2 shell [44].

Final state d + C relative xnotion wave functions for
the light nuclei were calculated in an harmonic oscilla-
tor basis. Since the asyxnptotic region of these functions
drops ofF too rapidly, they were modified by xnatching an
asymptotic wave function characteristic of the appropri-
ate deuteron separation energy (from the final nucleus)
and the angular momentum L. These composite wave
functions were then expanded in an harmonic oscillator
series.

H. Nuclear structure expansion coe6icients

The nuclear structure expansion coefficients used in the
calculations, (~c and t,'~c, are shown in Table II. These
coefficients were calculated &om the nuclear overlaps as
defined in Refs. [32,33] for pure configurations. Tabu-
lated values include multiplicative factors that account
for configuration mixing, if present. The target nuclei

H and He were assuxned to have D-state components
of 6%%uo and 7%%uo, respectively. For ~2C and ~sC only the
simplest configurations were assumed; nevertheless, it is
observed that many difFerent combinations of the struck
target nucleon state and the J and L values of the recap-
tured pn pair enter the calculation.

III. IMPLEMENTATION AND TESTING

The various sums appearing in Eqs. (24) and (29) were
most conveniently handled by initially calculating and
storing in several large arrays the results of all the pos-
sible angular momentum couplings. Nuclear structure
information was included in these arrays with a sum-
mation over the nuclear structure expansion coefficients
that describe the struck target proton and the recaptured
pn pair. Numerical integration over the struck proton
moxnentum could then be performed efficiently. Testing
of the computer program for carrying out these calcula-
tions, in addition to the tests of individual subprograms,
involved a simulated pp ~ du+-like calculation where
the angular momentum couplings were tested. Faithful
reproduction of the pp -+ du+ analyzing powers was ob-
tained.

A. Off-shell eFects

Since the pp ~ Ch+ reaction takes place in a nuclear
environment, the process is ofF shell. Indeed, the mo-

menta k„and k~~ appearing in Eq. (25) are not compat-
ible with the Bee pp ~ der+ reaction. Within this for-
mulation no unambiguous approach exists by which the
on-shell amplitudes for this reaction can be applied to
the nuclear environment. Furthermore, in a reaction like

(p, m) where threshold efFects are very pronounced [45],
kinematical considerations play an important role. In the
context of this model, a procedure must be devised for
mapping the on-shell amplitudes onto the nuclear prob-
lem. Several difFerent approaches were incorporated in
the program, &om which the following were found em-

pirically to be generally most appropriate.
(1) The intermediate recoil nucleus C = A —1 in

the initial stage of the reaction was assumed to be on
shell; the struck proton, with a momentum po, in the
rest kame of the target nucleus, was assigned the energy

Eo ——mac' —(mcc2 +po/2m').
(2) From the energies and momenta of the two pro-

tons, all the requisite kinematical quantities in the pp

TABLE I. Harmonic oscillator (v) and Hulthen (n, P) parameters characterizing the momentum
distributions.

Reaction

H(p, s+) H

He(p, s'+) He

He(p, s+) He
lzC( +)13C

S
D

S, D
S
D
S

2 + p2

(fm ')
1.553
2.237

0.992
0.850
1.027

Target nucleus
2@2

(fm ')
0.081
0.450

0.142
0.176
0.659

(fm ')

0.311

Residual nucleus

2'
(fm ')
0.234

0.434

0.434
0.622

Parameters as given by Machleidt, Holinde, and Elster [39].
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c.m. frame [i.e., k„„and the quantities appearing in Eq.
(32)] were calculated.

(3) The angle between the vectors k and k~~ was used
as the pion scattering angle for evaluation of the pp ~
der+ reaction amplitudes.

(4) Finally, and most significantly, the dynamical pa-
rameter that defined the energy at which the pp -+ d7r+

reaction amplitudes were evaluated was defined by k .
Specifically, k, the pion momentum in the (p + A) c.m.
kame, was also taken as the pion momentum in the &ee

pp ~ Ch+ reaction. This has the efFect of shifting up-
wards the energy scale at which the pp ~ de+ ampli-
tudes are calculated. By contrast, if k„„ is used, the
energy scale is much too low, resulting in unrealistically
low cross sections and wrong analyzing powers. A conse-
quence of the above procedure is that the energy at which

the pp m der+ reaction amplitudes are evaluated is con-
stant for the A(p, 7r+)B reaction at a given bombarding
energy, independent of ko and of angle. An apprecia-
tion of the nature of this assumption can be obtained by
noting that in the A(p, sr+)B reaction the pion momen-
tum with respect to the c.m. of the pn pair will be low
for forward pion angles and high for backward pion an-
gles, since the pn pair has a momentum strongly peaked
in the forward direction. Hence, if the pion momentum
with respect to the c.m. of the pn pair is used to define
the energy scale, a strong angle dependence is introduced
that raises the back-angle cross sections by an unphysi-
cal amount. The earlier assumption of a constant energy
thus represents some averaging of these e8'ects, a pro-
cess that, in the real case, will be mediated by multiple
scattering and distortions.

TABLE II. One- and two-nucleon nuclear structure expansion coefficients. The amplitudes (nc
for C must be multiplied by the additional factor 1/~78.

Reaction

H(p, 7r+) H
1+

He(p, m+) He
0+

He(p, 7r+) He
3
2

»C(p ~+)»C
0.00 MeV, 2

sp

3.09 MeV, 2

8P

3.85 MeV, 2

3.68 MeV, 2

2p-lh
6.86 MeV, 2

2p-lh

9.50 MeV, —,
'

2p-lh
21.4 MeV, —",

2p-lh

ls1/2
1S1/2

ld3/2
1d3/2

1S1/2
1d3/2

181/2

181/2

ls
1s1/2

lp3/2

lp3
lp3

181/2

lp3/2

lp3

1S1/2

ls1/2

lp3/2

lp3

lp3/2

lp3
1P3/2

1P3j
1P3/2

lp3/2
lp3 j
lp3/2
lp3 /2

1P3

lp3/2

Target nucleus
Ja
1+
21+
21+
21+
2
1+
1+
1+
21+
2

1+
21+
2
3
2
3
2
3
21+
2
3
2
3
21+
21+
2
3
2
3
2
3
2
3
2
3
2
3
2
3
2
3
2
3
2
3
2
3
2
3
2

3
2

(AC

0.969
0.969

—0.173
—0.173
—0.682

0.153
1.000
1.000

0.577
0.577
0.816
0.816
0.816
0.577
0.816
0.816
0.577
0.577
0.816
0.816
0.816
0.816
0.816
0.816
0.816
0.816
0.816
0.816
0.816
0.816

0.816

1s1/2 1p1/2

1$1/21p1/2

1p3/2 1p1/

lp3/2 1p1/2

lp3/2 1p1/

181/2281/2

lp3/2 2S1/2

1p3/22s1/2

181/2 ld5/2
1S1/2 1d5/2

lp3/21d5/2

lp3/2 1d5/2

1p3/21d5/2

lp3/2 ldll/2

1P3/21d~ /2

1P1/2 1P1/
1p1/2 1p1/

1p1/2 ld5/2

lp1 /2 1d5/2

lp1 /2ld5/2

1p1/2281
1p1/2 1d5/2

lds /21ds/2

Residual nucleus
J L

0.684
0.141
0.684
0.141

—0.707
—0.707

0.193
0.250

0.500
—0.866

0.866
0.866

—1.118
—0.866

0.866
—1,118

0.646
—0.764

0.500
—0.645
—0.645

0.764
—0.866

1.000
1.000
0.088
0.088
0.510

—0.270
—0.500

1.000
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B. Absorption effects

The optical potential appearing in the eikonal approx-
imation for the scattering states is parametrized in the
usual manner by a Woods-Saxon form factor with a dif-

fuseness parameter a and real and imaginary depths Vo

and Wo. The imaginary part of this potential (Wo & 0)
results in absorption and the real part in a phase change,
without altering the projectile momentum. When Vo ——0
the mean &ee path of the projectile is simply related to
Wo by the expression A = hv/2Wo. More generally, com-
binations of Vo and R'0 may be defined in terms of an
approximately equivalent mean &ee path A. Optical po-
tential parameters appropriate for describing the propa-
gation of protons and pions through a nuclear medium
may be quite different from those that satisfy elastic scat-
tering data. For this reason compatibility with absorp-
tion constraints was sought in the optical parameters that
were used.

Recently, proton propagation in nuclei has been stud-
ied with the (e, e'p) reaction [46]. Experimental trans-
missions for a nucleus like Ta are greater by a factor
of about 2 at 180 MeV than predictions of standard cal-
culations. A new calculation of medium effects [47] that
makes use of these new data shows that the mean free
path of protons in symmetric nuclear matter at 200 MeV
is about 4 fm. Figure 3 is a slightly modified and ex-
tended curve of the result presented in Ref. [47], which
will be used in the present calculations. The horizontal
scale will be interpreted as the total kinetic energy in the
channel.

Extensive measurements of pion scattering and pion
reactions have been made for the helium isotopes [48] and
for heavier nuclei, including carbon [49]. From these data
a universal curve was generated, as shown in Fig. 3, which
gives the mean &ee path of pions in a nuclear medium as
a function of the kinetic energy. This curve is consistent

with, but not necessarily a unique representation of the
scattering and reaction data. Nevertheless, it is adequate
for present purposes in the calculations where absorption
effects are studied.

C. General features of predicted observables

A central feature of the predictions of this model is

that the magnitudes of the analyzing powers for the

A(p, m+)B reaction can be much greater than those for

the pp -+ Ch+ reaction. The restrictions imposed by
angular momentum coupling dictate that the amplitudes

for the A(g7, or+) B reaction combine with different weight-

ings than in the pp m dh+ reaction. Different final states
would thus be expected to exhibit structure dependence
of A~o. Nevertheless, near threshold and up to about
200 MeV, the predictions are for a generally highly nega-
tive A~o in the neighborhood of 60' —90' for most states.
Overall, few of the other parameter choices have much

influence on the analyzing powers, including absorption
effects, although in the case of 2H the D state is impor-
tant.

The magnitudes of the predicted cross sections depend

primarily on the energy scale defined for the calculation
of the pp ~ der+ reaction amplitudes, the degree to which

momentum sharing can occur, and on absorption effects.
The shapes of the angular distributions of the differential

cross sections depend on several factors, among which the

angular dependence of the momentum sharing is very im-

portant. Thus the details of the momentum distribution
of the struck proton and the momentum states available

to the recaptured pn pair play major roles. The signif-

icant momentum transfer variable is expressed through
the quantity q defined by Eq. (9). A representation of

the quantity q' =
~q

—ko~ for several reactions is depicted
in Fig. 4. Low values of q always favor antiparallel di-

1200
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/
/

/
/

/

A(p.~)B

10
1

800
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0
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900

FIG. 3. EfFective mean &ee path of protons and pions in
nuclear matter as function of the total c.m. kinetic energy.

FIG. 4. Momentum transfer q' =
~q

—ko
~

as a function
of proton bombarding energy. The lower (upper) branch for
each curve corresponds to a pion scattering angle of 0' (180').
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rections for the incident and struck proton momenta. As
well, near threshold where k is small, the angular depen-
dence of q is modest, and its value small enough to yield a
large value of the integral I~,I J, (q) of Eq. (29) . At higher

energies the efFect of k results in a greatly reduced inte-
gral at backward angles relative to forward angles and a
correspondingly reduced difFerential cross section. Also
ixnportant in the overall shape of the differential cross sec-
tions is the shape of the underlying pp m der+ reaction
cross section. This cross section, which is synunetrical
about 90', has a minimum at 90' which is about 4 of
the value at 0' for energies in the range of 400—500 MeV.
The angular transformation that occurs in the calcula-
tion shifts this angle to about 60' in the p+ A frame.

The absolute magnitude of the differential cross sec-
tion is generally not well defined in a plane wave model.
Nevertheless, in the present case surprisingly consistent
values of the normalization factor N = o'«~t/0'qh«, „,of
the order of unity, were obtained over the whole range of
nuclei and energies investigated. One notable exception
to this case occurs for C, as discussed in Sec. IVD.
Normalization factors N applied to the calculated curves
prior to plotting are given in each figure caption and are
further discussed in Sec. V.

IV. RESULTS

A. 'H(P, ~+)'H

Results for a series of calculations for this reaction are
shown in Fig. 5 for the angular distributions of the an-

1.0
277 MeV

10

L8
10',-

330 MeV

350 MeV

~ ~ ~ I ~ I I e

500 MeV

C'
10

b
O

Ah
@gaea & ~

10 I I 0 I ~

0 60 120 1800 60 120

e (deg)

180

FIG. 6. Predictions of the model for the angular distribu-
tions of the differential cross sections for the H(p, z+) H re-
action. The experimental data for the H(p, z ) He reaction
have been multiplied by the isospin factor of 2. The calcu-
lated curves have been multiplied by the normalization factor
N = 0.38. Other details are as given in Fig. 5.

alyzing powers and in Fig. 6 for the difFerential cross
sections. These calculations were performed with input
conditions as previously discussed (standard input) with
absorption efFects in both the proton and pion channels
set to zero. The initial and final state wave functions
contained a D-state component of 6% and 7%%uo, respec-
tively. Because of the overall uncertainty in the theo-
retical energy scale, the calculations have been carried
out at a number of energies in the vicinity of the ex-
perimental data. These data are from Ref. [50] at 277
MeV, from Ref. [51] at 330 MeV, and from Ref. [52] at

0.5
------ 250 MeV

277 MeV——300 MeV

'H(I ~+)'H 1.0 ~ ~ I ~ ~ I ~

277 MeV 'H(p ~')'H

0.0

-0.5

—1.0
0 60 120 180

Data:

H(p, m+) H

H(p, me) He
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Calc: 2H H

S S+D
S+D S+D

——S+D S
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----- ~ 300 MeV
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/

4 "4+
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470 MeV——500 MeV
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—0.5
4

—1.0
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FIG. 5. Predictions of the model for the angular distribu-
tions of the analyzing powers for the H(p, m+) H reaction.
The data at 277 MeV are from Ref. [50], at 330 MeV from
Ref. [51],and at 350 and 500 MeV for the H(p, z ) He reac-
tion from Ref. [52].

—1.0
0 60 120 1800 60
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FIG. 7. Predictions of the model for the analyzing powers
for the H(p, z+) H reaction as a function of D-state com-
ponents in H and H. Other details are as given in Fig. 5.
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FIG. 8. Predictions of the model for the differential cross
sections for the H(p, z.+) H reaction as a function of D-state
components in H and H. The calculated curves have been
multiplied by the normalization factor N = 0.38. Other de-
tails are as given in Fig. 7.

350 and 500 MeV for the H(p, s'P)sHe reaction. Angular
distributions for the (p, s+) reaction below 500 MeV are
fragmentary, and for this reason results for the (p, s P) re-
action have been used. For comparison of cross sections,
the isospin factor of 2 was applied to the latter reaction.

The calculated analyzing powers in the neighborhood
of 277 and 330 MeV are typically less negative than the
experimental results, but possess the general character
displayed by the data. A rapid energy dependence is
noted in the predicted results in the range 300—360 MeV.
At 500 MeV the calculated analyzing powers are very dif-
ferent &om the ones observed experimentally. However,
the 500 MeV differential cross sections shown in Fig. 6
are in reasonable agreement with experiment, although
the plateau region beyond 70' is considerably below the
data. Marked difFerences are evident between the (p, s'+)
and (p, s'P) experimental cross sections at 330 and 350
MeV; the calculated results are thus broadly consistent
with the data.

The calculations displayed in the two previous figures
included a D-state component in both the H target and
the sH residual nucleus. If these components are not in-
cluded in one or the other of these nuclei, the predictions,
particularly for the analyzing powers, are considerably
modi6ed. This is shown in Fig. 7, where it is observed
that omission of the D state in 2H greatly increases the
discrepancy between prediction and experiment. Omis-
sion of the D state in H has a much smaller effect. On
the other hand, effects on the cross sections are relatively
small, as displayed in Fig. 8.

B. He(p, w+) He

Calculations for this reaction for a series of energies
are shown in Fig. 9 for the angular distributions of the
analyzing powers and in Fig. 10 for the differential cross
sections. Absorption effects in both the proton and pion
channels were set to zero. A D-state component of 7%
was included in the target He wave function. The data

0.5

0.0

005 e e e e i o 395 MeV

415 MeV

435 MeV ~
-1.0

0 60 120

5.
5'

460
485

:——"sos
I ~

1800 60
e (deg)

MeV

Mev g
MeV

~ ~

120 180

FIG. 9. Predictions of the model for the angular distribu-
tions of the analyzing powers for the He(p, z+) He reaction.
The data at 198 MeV are from Ref. [53] and from Refs. [18,54]
at the three other energies.

in these figures are from Ref. [53] at 198 MeV and from
Refs. [18,54] at 300, 416, and 507 MeV. The experimental
analyzing powers are observed to change very rapidly be-
tween 200 and 300 MeV and less rapidly thereafter. The
model predictions tend to follow this pattern closely. At
200 MeV the predictions have a deeper minimum and are
also shifted in angle froxn the minimum observed exper-
imentally at 90'. For the higher energies, the positions
of the maxima and minima in the analyzing powers are
well reproduced, although their magnitudes show some
discrepancies. The large negative values of 2~0 at about
120 for 416 and 507 MeV are not reproduced, but here
the momentum transfer is already quite large.

The calculated differential cross sections shown in
Fig. 10 fit the shape of the experimental data quite well
at 300 and 416 MeV, but are too Bat at 200 MeV and
too steep at 500 MeV. Relative magnitudes of the forward
angle cross sections are well reproduced.

Sensitivity of these calculations to a number of as-
suxnptions made will now be considered. First, the effect
of omitting the contribution &om the pn unbound 6nal
state (through crxp) has the efFect of reducing the difFer-
ential cross sections to values of 75'%%up, 75'%%up, 47%%up, and 29'%%up

of the xnagnitudes given in Fig. 10 for the energies of 200,
300, 415, and 505 MeV, respectively. The consequence is
an increasing departure between the experimental data
and calculated results as the energy is increased. Given
the manner in which the contribution for the pn unbound
6nal state is treated, no differences arise for the analyzing
powers.

Second, the ixnportance of the D-state coxnponent in
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FIG. 10. Predictions of the model for the angular distribu-
tions of the differential cross sections for the He(p, sr+) He
reaction. The calculated curves have been multiplied by the
normalization factor N = 1.11. Other details are as given in
Fig. 9.

FIG. 11. Comparison of model predictions for the analyz-
ing powers for the He(p, s+) He reaction as a function of
D-state efFects in He and as a function of absorption in the
incident and outgoing channels. Other details are as given in
Fig. 9.

He is considered. Analyzing powers shown in Fig. 11,
with and without this component included in the cal-
culation, reveal that the positions of the maxima and
minima are strongly affected. Without the D-state com-
ponent, the disagreement between prediction and exper-
iment grows markedly, especially for 300 and 416 MeV,
where reasonable fits were otherwise obtained. Likewise,
the predicted difFerential cross sections, shown in Fig. 12,
fit the minima (or points of infiection) of the experimen-
tal data much better if the D state is included.

Finally, the effects of absorption are considered in cal-
culations where the projectile mean &ee paths, as given
by Fig. 3, are introduced. These mean &ee paths at bom-
barding energies of 200, 300, 415, and 505 MeV are, re-
spectively, 4.0, 3.8, 3.6, and 3a9 fm for protons and 28,
3.1, 1.1, and 2.7 fm for pions. The very rapid change of
the pion mean kee path over this energy range can be
expected to lead to pronounced effects, and this is in-
deed observed to be the case. However, except for the
415 MeV case, the effect is primarily in an overall reduc-
tion of the differential cross section, as shown in Fig. 12.
At 200 MeV the differential cross section is reduced to
65% of its earlier value, at 300 MeV to about 42Fp, and
at 505 MeV to about 40'%%up. In addition, for the latter
energy there is a noticeable enhancement at backward
angles. For 415 MeV a large overall reduction at forward
angles is observed, accompanied by a large enhancement
at backward angles. Absorption effects lead to differ-
ences in the analyzing powers which are significant only
at 415 MeV and to a lesser extent at 505 MeV, as shown
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FIG. 12. Comparison of model predictions for the cross sec-
tions for the He(p, 7t+) He reaction as s function of D-state
efFects in He and as a function of absorption in the incident
and outgoing channels. The calculated curves have been mul-

tiplied by the normalization factor N = 1.11. Other details
are as given in Fig. 10.
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in Fig. 11.
The previous calculations investigating absorption ef-

fects are equivalent to using Vo
——0 and Wo g 0. Vari-

ous combinations of potentials were explored which were
equivalent in their attenuation factors. For example, the
potential Vo„——20 MeV, Wop: 14 MeV, Vp = 0
MeV, and Wo = —26 MeV at 300 MeV produces a cross
section about 30% greater than the above case. Other
potentials could effect a 10'%%uo—20%%uo reduction or a 10'%%uo

forward-backward change in the shape of the differential
cross section. In all cases these changes were not sub-
stantial, arid all produced the same analyzing powers.

C. He(p, w+)zHe
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Results for a series of calculations for this reaction are
shown in Fig. 13 for the angular distributions of the an-
alyzing powers and in Fig. 14 for the differential cross
sections. The same conditions apply as for the calcula-
tions for He, with absorption effects in both the proton
and pion channels set to zero. In addition, the target He
nucleus was assumed to be pure (laq~2) and the final nu-

cleus pure (laqg2) (lpsy2) . Experimental results at the
four energies of 240, 300, 400, and 500 MeV are from
Zhnutani et ol. [54]. What is striking in the experimen-
tal results is the general similarity in the shapes of the
angular distributions for both A~o and do'jdO to those
for 3He. However, the cross sections for He are typi-
cally larger by a factor of about 2. (Note that the cross
sections for 4He going to the unbound 5He final state
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FIG. 14. Predictions of the model for the angular distribu-
tions of the differential cross sections for the He(p, z'+) He

reaction. The calculated curves have been multiplied by the
normalization factor N = 0.75. Other details are as given in

Fig. 13.
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FIG. 13. Predictions of the model for the angular distribu-
tions of the analyzing powers for the He(p, 7r+) He reaction.
The data are from Ref. [54j.

employed an integration cutoff at 4.44 MeV excitation of
the n+ o. system, as discussed in Ref. [54].)

A good fit to the data for both ANs and do'/dO is ob-
served at the lowest energy of 240 MeV, and fits at 300
MeV are comparable to those shown in Fig. 9 for He.
The calculated cross sections at 400 MeV still represents
a good fit to the data, but the analyzing powers do not.
Features of the latter AN0 are rather similar to those at
415 MeV in Fig. 11 when only the 8 state for He is
considered. Since the (laqy2) configuration in He con-
tains considerably higher momentum components than
the (1a&~2) configuration in He, a plausible explanation
is that the former nucleus is more adequately described
as a (la)" configuration for this reaction at low energy
than is the He nucleus.

The sensitivities of the calculated analyzing powers
and cross sections to other assumptions made in the cal-
culation (omission of pn unbound final state, absorption
effects, etc.) were very similar to those discussed for sHe,
and little is added by providing these details. An aspect
of the He calculations, not present for He, is the fact
that the total angular momentum of the recaptured pn
pair, J = I + 8, can have two values, namely, 1 and 2.
Most of the strength comes from the J = 2 transition,
but a change in the sign between the two correspond-
ing amplitudes results in a large change in the analyzing
powers, inconsistent with experiment.
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Nuclei with more than four or five nucleons present
situations of increasing complexity. For example, for a
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FIG. 15. Schematic of transition possibilities in the

pp ~ der+ model of the A(p, 7r+)B reaction (a), (b) for sin-

gle-particle states and (c),(d) for two-particle —one-hole states.
The symbol x indicates a proton or neutron transferred to
previously un6lled levels and the symbol the interaction
with, and return of a proton to, its previously occupied level.

nucleus like C, interactions with protons from both the
18 and 1p shells contribute to the excitation of single-

pariticle states like the
& g.s. On the other hand, ex-

citation of two-particle —one-hole (2p-1h) states, like the

, 9.5 MeV state, involve only protons from the 1p shell.
Figure 15 shows in schematic form the various transitions
that may occur. Contributions &om the 18 and 1p shells
to a given final state are thus characterized by several
L values (of difFerent parties) and several values of J,
the total angular momentum of the recaptured pn pair.
Spectroscopic information for a number of states for this
reaction is given in Table II. The simplest configurations
only for these states were assumed in calculating the am-
plitudes, following the methods described in Refs. [32,33].

Contributions from the different (L, J) values give rise
to complicated interference effects which are now exam-
ined for the transition to the g.s. of C. Once more,
standard input conditions were used in the calculations
with absorption effects set to zero in both the proton and
pion channels. The radial integral appearing in Eq. (29)

L — 2then has the general form q p ~ /' "~ for N' = 0 and

[1 —2qz/3v~]e ~ ~z"s for N' = 1, L = 0. The q depen-
dence of this integral results in a less rapid decrease as
a function of angle of the differential cross section as I
increases. In Fig. 16 results of calculations for the indi-
vidual (L, J) transitions are shown, Fig. 16(a) when the
target proton is from the 1s shell and Fig. 16(b) when
the target proton is &om the 1p shell. The angular distri-
butions of the differential cross sections for the five sepa-
rate transitions shown all exhibit different character. In
particular, the two curves in Fig. 16(a), where identical
dynamical factors apply, differ only because of angular
momentum coupling (J = 0, 1). A similar statement ap-
plies to the two curves of Fig. 16(b) with I = 2 (and
J = 1,2). Indeed, the corresponding analyzing pow-
ers fall into three distinguishable patterns governed by
J = L —1, J = L, and J = L+ 1. Finally, in Fig. 16(c)
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for interactions with 1p-shell
protons only. The sum of
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separately for 18- and 1p-shell
protons, as well as their to-
tal. The calculated curves have
been multiplied by the normal-
ization factor N = 1.35.
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the results are shown when the contributions from the 18
protons are added coherently and when the contributions
&om the 1p protons are added coherently. A final curve
includes the coherent contributions &om all five terms.
The minimum in the differential cross section at 65
corresponds to destructive interference between contribu-
tions &om the 18 and 1p protons. On the other hand, the
angular distributions of the analyzing powers are almost
identical for the 18 and 1p protons separately.

Unfortunately, unlike the results for ' He, the results
for C are very sensitive to absorption effects. Compar-
isons are shown in Fig. 17 for three single-particle states.
These single-particle states are all characterized by the
presence of contributions &om both 18 and 1p protons.
The greater size of the C nucleus compared with the

' He nuclei, and the interference between the various
contributions leads to a much greater sensitivity to de-
tails of the input parameters. Projectile mean &ee paths,
as given by Fig. 3, of 3.9 fm for the proton and 15 fm
for the pion were used in these comparisons. Dramatic
enhancement of the back-angle differential cross sections
is observed in all three cases when absorption is intro-
duced. By comparison, the analyzing powers are much
less strongly modified. Experimental data shown in this
figure have been measured by Korkmaz et al. [17]. The
unresolved 3.68 and 3.85 MeV doublet is estimated to
comprise more than 80% the latter state. Calculations
also confirxned a much smaller cross section for the 3.68
MeV state, but rather similar analyzing powers. In or-
der to obtain the results in Fig. 17(a), the amplitudes
for the contributions of the p-shell protons were reduced
by a factor of 2, relative to those used in Fig. 16(c), as
given in Table II. Differences between the relative 8- and
p-shell contributions is not unexpected when it is remem-
bered that, in this case, harmonic oscillator functions are
used to describe the momentum wave functions. Further-
more, the assumptions made regarding the structure of

these states are oversimplified. Nevertheless, within the
range of the two sets of calculations shown, a reasonable
representation of the experimental data is obtained. It
is interesting to observe that for the states referred to
above the experimental data [17,55,56] from 190 to 250
MeV indicate a rapid rise followed by a rapid decrease
in the analyzing powers in the angular range of about
80 —110'. This is clearly observed in the model calcula-
tions of Fig. 17, in the absence of absorption, and arises
&om interference between contributions &om the 1s- and
1p-shell protons.

In contrast to the single-particle states just discussed,
the two-particle —one-hole (2p-1h) states, where the con-
tributions are &om 1p protons only, display very different
characteristics. The sensitivity of the calculated differen-
tial cross section angular distributions to absorption ef-
fects is much less than for the single-particle states, and
the analyzing powers also are only weakly affected. Nei-

ther of the calculations for the 6.86 MeV, 2 state shown
in Fig. 18(a) is in good agreement with the experimental
differential cross section, while for the 9.5 MeV, 2 state,
shown in Fig. 18(b), the cross section is fitted rather well,
whereas the analyzing power is not. The observation
of very strong states at high excitation in each of the
~zC(p, z'+) sC and ~sC(p, vr+)~4C reactions is discussed
in Ref. [17]. Because of the almost zero analyzing powers
of these states, at 21.4 and 23.2 MeV excitation, respec-
tively, they were judged to be anomalous when compared
to all other transitions. For the present calculations,
it has been assumed that the state in C corresponds
to the stretched configuration (Idsy2) (Ipsg2) coupled

to 2 . With these assumptions the results shown in
Fig. 18(c) are obtained, which do indeed show small val-
ues of the analyzing powers and cross sections that re-
semble the experimental data. However, the predicted
magnitude of the cross sections is relatively larger than
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FIG. 17. Predictions of the
model for the reaction

C(p, s+) C at 200 MeV for
several single-particle states,
without absorption (solid line)
and with absorption (dashed
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going channels. The data
are from Ref. [17], where the
3.85 MeV state represents data
from the unresolved 3.68 and
3.85 MeV doublet. The calcu-
lated curves have been multi-
plied by the normalization fac-
tor N = 1.35.
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for the other states by an order of magnitude, requiring
a normalization factor N of only 0.11.

Little success was obtained in studies of the energy de-
pendence of the observables from 200 to 250 MeV for the
g.s. The experimental cross section changes only slowly
in this energy range, while the analyzing powers change
dramatically [56]. Calculated results show rapid varia-
tions as a function of energy for both observables, but in
a manner inconsistent with experiment. For the 9.5 MeV
state, however, the energy dependence of the calculated
observables is very gradual, which is consistent with the
cross section data, but not with the analyzing power data
[56].

Many of the qualitative observations with respect to
the cross sections for the C(p, 7r+) ~sC reaction are very
similar in this model and the model of Kurath [31].

V. DISCUSSION AND CONCLUSIONS

In this paper an attempt has been made to put for-
ward a simple phenomenological model of the A(p, 7r+)B
reaction that incorporates our extensive knowledge of the

pp -+ de+ reaction. Most important in this model is
the assumption that the pp ~ du+ elementary process
dominates over other NN ~ NNvr+ processes in proton-
induced nuclear pion production. Observables calculated
in the model are the differential cross section and the ana-
lyzing power. Emphasis has been placed on correlating a
wide body of experimental results through application of
the model to (i) a broad range of target nuclei 2H, s 4He,
and C, (ii) a wide range of proton bombarding energies,
and (iii) cross section and analyzing power distributions
covering a large angular range. The first point serves as a
critical test of the model for diverse spin structures in the
initial and final states, the second and third, as stringent
dynamical tests as a function of energy and momentum
transfer. No attempts have been made to obtain optimal

fits to experimental data. In general, the model contains
few adjustable parameters; indeed, with few exceptions
as noted in the text, all the calculations were carried
out under the same assumptions. This adds considerable
weight to the conclusions. Many previous models have
been applied in much more limited situations.

Overall, the calculations presented show that the
model provides a rather good representation of the trends
of the experimental data for the wide range of tests to
which it has been subjected. In reference to the points
made above, it is worth noting where limitations of the
model may arise. First, as mentioned, only the NN
isospin transition 1 ~ 0 has been included. However,
the effective pp collision energies attain values where the
NN isospin transition 1 —+ 1 may be far &om negligi-
ble. Indeed, for proton bombarding energies of 200, 300,
410, and 500 MeV, the effective pp collision energies are
often —depending on the struck proton momentum —in
the range of 300, 450, 600, and 750 MeV, respectively.
At these latter energies, the ratio aqua/o~o is about 0.01,
0.15, 0.60, and 2.3, respectively. Interference of ampli-
tudes Rom the 1 ~ 1 transition with those of the 1 —+ 0
transition will thus become of increasing importance as
the energy is raised. InsufIicient information presently
exists on the details of the amplitudes of the former NN
reaction for making quantitative estimates.

Second, one might well expect that the on-shell pp m
du+ reaction amplitudes involving pion-deuteron partial
waves l = 0, 1, 2 will suffer modifications in the nuclear
medium which increase rapidly with increasing value of
I, .

Third, the recaptured pn pair was restricted to internal
orbital angular momentum l' = 0 [see Eq. (21)]. This
was necessary in order to keep the calculation tractable.
The neglect of the l' = 2 component may be important,
particularly for a case like 2H(p, m+)sH, where the deep
negative analyzing powers were not reproduced.

Fourth, the manner in which the energy scale is de-
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FIG. 19. Excitation functions at 30 . The 200 MeV points
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tiplied by the normalization factor N = 1.11 for He and by
X = 0.75 for He.

fined in the model, in the calculation of the pp + Ch+

reaction amplitudes, is rather arbitrary. The efBcacy of
this assumption is best judged in examining the exci-
tation functions for the He(p, m)He reactions shown in
Fig. 19. The model predicts that the peak in the exci-
tation functions should occur at about 340 MeV, while
the data suggest that it is closer to 400 MeV for both
reactions. However, the range of the magnitudes of the
30' cross sections predicted is close to that actually ob-
served. Two factors further complicate the interpretation
of this figure; one is the neglect of absorption effects,
which, if included, greatly increases the discrepancy be-
cause of its marked eff'ect at 400 MeV (see Fig. 12). The
other factor arises &om the inclusion of the unbound pn
0'qo contribution in the manner described. Omitting this
contribution results in an increasing departure between
experiment and prediction as the energy is raised. These
observations suggest that the treatment of off-shell effects
is inadequate —not a totally surprising conclusion.

Absorption effects were found to have a rather small
influence on the calculated AND for the lighter target nu-

clei and only a moderate one for C. Differential cross
sections, on the other hand, were quite sensitive to these
parameters, as expected, particularly in the neighbor-
hood of 400 MeV on the He nuclei and at all energies for

C, because of its larger size. An exception to this latter
case applies for the high spin states 2 and 2 where,9+ Z3-

presumably, the reaction is more strongly surface local-
ized. Proper treatment of distortion effects is clearly im-

portant in many of these situations, but, unfortunately,
dificult to incorporate into the present model.

Normalization factors N = cr,„~t/0'tg«, „were applied
to all the calculated curves for do'/dD, as indicated in
the various figures. In summary, these factors were 0.38,
1.11, 0.75, and 1.35 for the target nuclei H, He, 4He,
and ~2C, respectively. A single exception (to these val-

ues of order unity), for the putative 2 state of ~sC,

has been noted previously. For H the value N = 0.38
provided good relative normalization at the two ener-

gies of 350 and 500 MeV, as shown in Fig. 6. For He
and He, the above factors resulted in an energy depen-
dence relative to the data, as previously discussed and
shown in Fig. 19. The fact that these normalization fac-
tors are relatively constant and near unity is quite un-

expected in a plane wave model. This must imply that
much of the off-shell dependence of the reaction is rather
well accounted for by use of the experimental pp —+ dh+
reaction amplitudes and the manner in which momen-

tum sharing is built into the model. Moreover, several of
the points discussed above —the definition of the energy
scale, treatment of the unbound pn contribution, differ-
ent ways of calculating the momentum wave functions,
absorption effects, etc.—are likely to have a considerable
inQuence on these normalization factors. In particular,
it must be noted that these factors provide appropriate
normalization of the model calculations to the data when
absorption effects are set to zero. This is a somewhat
puzzling result since the pion mean &ee path changes so
dramatically over the range of energies investigated.

As a final comment on normalization, it is noted that
the nuclear structure and other A-dependent factors of
Eq. (24) lead to a cross section which, in the simplest

case, is proportional to [S&~&(1)S&&(2)[2.In the general
case, there is a coherent sum over all the initial and fi-

nal state structure factors, with each term multiplied by
appropriate dynamical and other factors.

New directions that can be explored to further test
some of the assumptions in this model involve coinci-
dence studies of the (p, d7r+) reaction on nuclei. One
such study has been reported [25], and other measure-
ments are planned at higher energies at TRIUMF.

This work was supported in part by the Natural Sci-
ences and Engineering Research Council of Canada.
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