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Local 4He-p potentials from resonating-group method phase shifts
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Phase shifts for a + nucleon scattering generated by a multichannel resonating-group method
(RGM) model of the Sve-nucleon system are subjected to iterative-perturbative "mixed-case" in-

version for energies below the reaction threshold. The resulting phase-equivalent potentials are
compared with local potentials calculated from the inversion of empirical phase shifts. A strong sim-

ilarity is revealed between the two sets of potentials, most notably in the description by a parity- and
energy-dependent local potential. In particular, the RGM-derived and empirical potentials share a
distinctive form of parity dependence in which the odd-parity component is of greater radial extent.
Comparison with potentials representing single-channel RGM phase shifts exhibits the importance
of the coupled channels in terms of local potentials. The relative wave functions derived from RGM
are very different from those for the phase-equivalent local potentials. Connections are made with
general nucleon-nucleus scat tering.

PACS number(s): 21.60.Gx, 25.10.+s, 25.40.Cm, 25.40.Dn

I. INTRODUCTION

In this paper we study the relationship between empiri-
cal and microscopic nucleon-a potentials. The results are
relevant to both the evaluation of the microscopic model
involved [resonating-group model (RGM)] and also to un-

derstanding the general properties of the nucleon-nucleus
potential. The importance of the latter lies in the fact
that there are aspects of the physics of nucleon-nucleus
interactions which cannot yet be generally included in
studies of any but the lightest nuclei. It seems that gen-
erally speaking the "few body" and "nucleon-nucleus"
literatures have almost no cross-referencing, but we do
feel that they have a mutual contribution to make to
each other.

The empirical potentials which enter the compari-
son were previously determined [1] using a two-step ap-
proach: In the first step the data are fitted by phase shifts
and in the second step these phase shifts are "inverted"
to yield potentials which closely reproduce them [1, 2].
The cited calculations all use the iterative-perturbative
(IP) inversion method [3—6] also used in this paper and
outlined in Sec. IV below.

The general question which we attempt to answer in
the particular context of the mass-5 system is: Which
characteristic properties of empirical local potentials are
predicted by microscopic theory? The system He+p is
suitable for study for three reasons: (i) The empirical
potentials have been deduced from good-quality data, (ii)
they behave in a nontrivial manner, and (iii) realistic
microscopic calculations, incorporating features omitted
&om calculations on heavier target nuclei, are feasible.
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In this paper, the inversion of microscopic model phase
shifts yields local He+p potentials which are compared
with empirical potentials [1].

The microscopic model is the resonating-group model
(RGM) with two partitions, (o.+p,sHe+d} or (o.+ n, t+
d}. The local potential representing the RGM phase
shifts is obtained by means of "mixed-case" inversion us-
ing the IP algorithm [3]. In mixed-case inversion [1, 2],
potentials are constructed which simultaneously repro-
duce phase shifts for a set of angular momenta and a
range of energies. The inversion is appropriate to spin-2
particles, and spin-orbit potentials are presented. The
present calculations are concerned only with the energy
range below the sHe+d (t + d) threshold, and so all po-
tentials are real.

Characteristic features of the empirical potential as de-
termined by the two-step method are a strong parity-
dependent rndial form and a shorter range spin-orbit
term. In order to establish whether the RGM bears out
these features, one must construct the nucleon-nucleus
potential corresponding to the RGM. It has long been
known that exchange built into the RGM leads to par-
ity dependence, but until now there has been no way of
knowing how this should be represented in a potential
model; generally it has been assumed that the shape of
the potential is not parity dependent. As required by
present day RGM calculations, we describe the intrinsic
nuclear states by a simple model and use a schematic
nucleon-nucleon interaction; the interaction is fixed for
a11 energies and parities rather than chosen to enforce
a fit at a particular energy. The fit to the data thus
being modest, it is not a foregone conclusion that the
nucleon-nucleus potential deduced &om such a RGM be-
haves like the empirical potential. It must be confirmed
that a presently feasible RGM does indeed encompass
those aspects of microscopic dynamics responsible for the
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unexpected character of the parity dependence.
In this framework other properties of the RGM proce-

dure can also be studied: (i) By comparing wave func-
tions &om the local and nonlocal models, we study the
implications of a local representation of a nonlocal model.
This is important for the application of the potential to
three-body models of He, for example. (ii) By omitting
the coupling to the deuteron channel, we measure the
contribution of such coupling to a 4He+p potential; the
corresponding calculation for heavy target nuclei, cou-
pled reaction channel calculations of (p, d, p) effects with
exchange included, is exceedingly difficult and apparently
has never been performed.

II. MICROSCOPIC FORMALISM

We use an approximation to the RGM based on a gen-
erator-coordinate method (GCM). In a coupled-channel

(CC) version of the model of the sLi-like system the wave
I

function for a particular total angular momentum j and
parity n is a combination of the a+p and h+ d (li = He)
partitions:

@(~p)
y

w ) w y(hd)
2

g 1 S2'2

where

(2)

the functions 4 are antisymmetrized intrinsic wave func-
tions, and Ai2 is an interfragment antisymmetrizer.

We describe the internal motions of o. and h by sin-

gle translation-invariant 08 oscillator shell-model config-
urations and that of d by a combination of three such
functions of different size parameters.

The nucleon-nucleon interaction in the Hamiltonian
was chosen to have the form

V(i,j) = ('P|Vge " ~ ' + P,V, e'" ~ ) 2[u+ (1 —u)P;"]+ (Wy+ MTP;")r

x ) VT, e "
~ [3(o'; r)(oz r)/r —o'; o'~]+ V, e " ' 5 I (o;+ o'~),

where 'Pq and P, are spin-triplet and -singlet projectors,
respectively, P;" is the space-exchange operator, r = r~-
r;, cr; are the Pauli vectors of the nucleonic spin, and
1 = —zihr x ((7~ —V';) is the orbital momentum of the
relative motion of the two nucleons. As in earlier work [7],
we took the parameters from Bliige and Langanke [8, 9].
This interaction combines the central term of the force
constructed by Chwieroth et al. [10] with a spin-orbit
force of Reichstein and Tang [11] (V, = —224.8 MeV
and a, = 0.707 fm) and a slightly modified version of
the tensor interaction of Heiss and Hackenbroich [12]. We
set the free space-exchange parameter u to 0.835 [8, 9].
The proton-proton Coulomb potential was approximated
by a combination of 15 Gaussians [13]. We adopted the
oscillator parameters given by Chwieroth et al. [10]which
generate clusters of the correct size.

For each j we included all allowed combinations of
l's'. Unlike in Ref. [7], deuteron distortion (or excitation)
is not allowed for because the force parameters adopted
turn out to reproduce the a+ p empirical phase shifts at
low energies better in this way. We also performed single-
channel (SC) n+ p calculations omitting the second term
of Eq. (1) and carried out both CC and SC calculations
for the mirror system n + n [14].

The RGM calculations can be tested by calculating ob-
servables directly &om the S~~ extracted &om the asymp-
totic form of the wave functions. However, by determin-
ing the local potential which reproduces these S~~ one
can then apply it to, for example, mass-6 nuclei. To ex-
ploit these RGM calculations as a unique source of infor-
mation concerning the effects of nonlocality, one needs
the appropriate one-body nucleon-alpha wave function
g embodying the nonlocality of the RGM kernel. We
shall define this, for the SC case only, as a solution of a

one-body Schrodinger equation, equivalent to the RGM
equation of motion, that contains a Hermitian energy-
independent Hamiltonian [14, 15]. This y is normalized
as a normal one-body wave function. The nonlocal one-
body potential is to be denoted by v.

III. TRIVIALLY EQUIVALENT LOCAL
POTENTIALS

U(r) = V(r) + iW(r) = [y(r)] vy(r), (5)

where vy involves integration. Substituting U into
Eq. (4) yields the one-body Schrodinger equation involv-
ing nonlocal potential v. This verifies that such a local
potential yields the same relative-motion wave function
y in the entire space. It is clear that it must be complex
and, through the energy dependence and boundary con-
dition implicit in y, it must depend on the energy and
on the direction of r. Apart &om the pathological case
of all partial waves having nodes at the same r, it is not
singular.

The definition (5) is identical to the definition of the g-

The microscopic potential v is nonlocal, being an inte-
gral operator of a finite-range kernel. A trivially equiv-
alent local potential (TELP) U of a nonlocal poten-
tial v produces the same wave function y in the local
Schrodinger equation

(4)

as v in the corresponding nonlocal equation. We define
two types of TELP's: one l independent and one l de-
pendent.

We come to the l-independent TELP by taking
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potential introduced in Ref. [16]. Indeed the function U
can be cast into the form y ~(E —T ~)y, which implies

h Re[y'(r) V'zy(r)]

l~(r) I'

h Im[y'(r)V' y(r)] h V'. j(r)
2V IX(r) I' 2 IX(r) I' '

(6a)

(6b)

where p, is the reduced mass of the fragments and
j(r) is the vector of the probability current. Equa-
tions (6a), (6b) are equivalent to those defining the @ po-
tential in Ref. [16].

Note that if y were a solution of a problem with a
real local potential, then, because of S' = 0, the current
would be &ee of divergence. However, W for a nonlocal
problem does not vanish; a nonlocal potential pumps Qux
&om one location to another.

By analogy with Eq. (5), one can define a TELP for
each partial wave:

U((r) = [y((r)] 'v(g)(r), (7)

IV. INVERSION PROCEDURE

The singularity of the l-dependent TELP's means they
cannot be compared with phenomenological single-body
local potentials, or applied to models of mass-6 nuclei, for
example. Local potentials V(r) that reproduce the mi-

croscopic phase shifts b'ti (equivalently, S~i = exp2ib~i)
can be obtained by applying S~~. ~ V(r) inversion.
There exists a suitable spin half inversion procedure: the
iterative-perturbative (IP) method implemented in the
code IMAGo [17]. The extension from the more usual
"fixed energy" inversion to "mixed-case" inversion, which
yields a potential reproducing phase shifts b~~ for a lim-
ited set of partial waves over a limited energy range,
was introduced in Ref. [2]. A discussion of IP inver-
sion and its application can be found in Ref. [18]. In
mixed-case inversion, particular subsets of partial waves

may be included, for example, to produce either energy-
independent l-dependent potentials or energy-dependent
l-independent potentials, subject to the limits of the
available b~~. Here we closely follow the techniques devel-
oped in Ref. [1], based on the concept of "energy bites. "
The idea is to invert S~~ for a set of closely spaced ener-
gies. This yields a potential which gives both the mean
value of S~~ across the energy interval, but also repro-
duces the energy dependence of S~~ across the interval.
It is essential to incorporate, in this manner, informa-
tion concerning the energy dependence of b~~ in order
to stabilize what is efFectively fixed-energy inversion in

where y~(r) and v~ are the t partial-wave components of
g(r) and v, respectively. Clearly, U~(r) is both t depen-
dent and energy dependent and will be singular at nodes
of y~(r), but it is real and isotropic. One can generalize
to an lj-dependent radial function, y~z.

In short, we can form either a TELP depending on di-
rection or an l-dependent TELP. We find more informa-
tion in the former, particularly in view of the singularity
of the latter for certain partial waves.

a regime where few phase shifts significantly difFer from
zero. In Ref. [1], these techniques yielded energy- and
parity-dependent potentials &om empirical b~~ for low-

energy o. + p scattering.
The IP method has been described before and we only

note relevant points and definitions. The algorithm itera-
tively corrects a "starting reference potential" by adding
a linear superposition of basis functions. Since the calcu-
lations presented here are obtained with a very small ba-
sis, we expect some sensitivity to the choice of the basis.
This parameter dependence is assessed using alternative
bases. The quality of an inversion is quantified by the
"phase-shift distance" o. This is defined in terms of the
target phase shifts (b&+ (E)), for which we seek the under-

lying potential, and the phase shifts (bf (E)) . calculated
&om that potential found by inversion, as follows:

0. = ) exp[2ib~ (E)] —exp[2ib~ (E)]

where the sum is over all required l, j values and over all
values of E defined in the energy bite.

Even with the techniques outlined above, the fact that
there are at most four contributing l values implies that
one must use a relatively small inversion basis. To min-

imize consequent ambiguities, we accept the smoothest
possible potential and, in the case of energy-dependent
potentials, a regular energy dependence. Inversion can
lead to potentials with oscillatory features; these features
can be due to an underlying l dependence or nonlocal-

ity, but might also simply be artifacts of the inversion
procedure. We have reduced the presence of such ar-
tifacts by a simple smoothing procedure, described in
Ref. [1], involving the imposition of exponential tails. If
such smoothing does not lead to converged smooth po-
tentials, we infer that the oscillations are necessary to
fit the given set of partial waves. Characteristically, b~~

derived &om l-dependent or energy-dependent potentials
correspond to oscillatory local potentials.

The proton inversions involve the standard optical
model Coulomb potential based on a uniform spherical
charge (radius 1.3 x 4~~ fm), facilitating the subsequent
use of our potentials in optical model codes. Our proton
potentials are thus subject to a small correction near the
nuclear surface equal to the difFerence between conven-
tional and exact Coulomb potentials. All inversions were

performed with a matching radius of 8 fm.

V. RESULTS

A. Microscopic phase shiSs

The phase shifts b~~ obtained from the RGM CC and
SC calculations are presented in Fig. 1 and Fig. 2 as
functions of energy (all energies quoted are for the labo-
ratory frame) together with empirical phase shifts cor-
responding to both effective-range [19] and R-matrix
parametrized [20] fits to the data. The degree of uncer-

tainty associated with empirical b~~ may be inferred by
comparing these latter two sets. Potentials found by in-
version corresponding to these experimental phase shifts
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FIG. 1. Twice the phase shift in radians for S waves and
P waves for a. + p scattering, comparing RGM and empirical
solutions. The solid and dashed lines are the SC and CC RGM
phase shifts, respectively, and the dotted and dot-dashed lines
are the e8ective-range and R-matrix fits, respectively.

have been determined [1]. Uncertainties in such empiri-
cal potentials reside in ambiguities in empirical S~~ and
not in the bi~ ~ V(r) inversion.

The SC and CC b~~ are mostly within a few degrees
of the empirical b~~, with roughly the correct energy de-
pendence. The changes in b~~ generated by the chan-
nel coupling differ from case to case. For S waves, the
SC phase shifts happen to correspond more closely to
the empirical values, whereas the P-wave resonances are
only reproduced well when coupling is included. The
phase shifts for the D and F waves are much smaller
and are also less well known empirically. The inHuence
of channel coupling is strongest in the Ds~2 phase shift

obviously because of the prominent 2 resonance just be-
yond the h+ d threshold. The relatively poor description
of the Dsy2 phase shifts refiects the fact that the RGM
calculation puts the h + d threshold, and with that, the
resonance, some 2.5 MeV too high. Overall, the h+ d
channel appears to be essential for p+ o. scattering.

The RGM phase shifts were evaluated at intervals of
0.25 MeV. However, inversion requires phase shifts at
much more closely spaced energies so that both D and F
waves contribute; otherwise the larger energy gradients
of b~~ for lower l dominate the inversion. To optimize the
choice of energy bites [1],the RGM bi~ were parametrized
by an effective-range expansion following the prescription
of Schwandt et aL [19] with the correction for Coulomb
barrier penetration. For all but the P waves, requiring
four parameters, the energy dependence could be fitted
with two parameters. The resulting fit to the RGM phase
shifts was very close: The differences are only discernible
on graphs of the scale of Fig. 2 for the F waves for E~ b &
10 MeV. That is the estimated numerical accuracy of the
RGM calculations.

0.1— B. Inversion potentials
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FIG. 2. Twice the D-wave and I'-wave phase shifts, oth-
erwise as for Fig. 1.

We have applied inversion to both the SC and the CC
phase shifts for a + p as well as a + n scattering. Below
we present results mainly for o. + p scattering since the
a + n results were very similar.

In successive subsections we describe two ways of in-
verting the phase shifts to define potentials: (1) estab-
lish potentials corresponding to particular energies and
(2) establish potentials fitting particular partial waves, or
small sets of partial waves, over the entire sub-threshold
energy range.

The first class of potentials is of immediate interest to
phenomenology and enables one to compare the energy
dependence of the RGM-derived potentials with both
phenomenological systematics and the empirical poten-
tials [1]. Since both the nucleon-nucleon force and the
Donlocal microscopic potential v are energy independent,
any energy dependence is a property of local equivalents
to nonlocal potentials, and to channel coupling in the
CC case. We comment below on the consequences for
nucleon scattering &om heavier nuclei.

The second class of potentials provide useful cornpar-
isons with Ref. [1] and yield, through the examination of
charge symmetry properties, a useful test of the methods.
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Potentials for laboratory energies of 12 MeV and
18 Me% I
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FIG. 4. The central and spin-orbit a+p potentials fitting
odd and even partial waves separately, obtained by inverting
12 MeV and 18 MeV RGM CC phase shifts. Solid line, 12
MeV, even; dashed line, 18 MeV, even; dotted lines 12 MeV,
odd; dot-dashed line, 18 MeV, odd.
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FIG. 5. Comparison of the terms Vj, V2 of the central
n + p potentials expressed as Vq + (—)'Vq, at 12 MeV. RGM
CC (solid line), RGM SC (dashed line), the potential inverted
from the empirical R matrix (dotted line).

FIG. 3. The central and spin-orbit n+ p potentials fitting
all partial waves, the "all-l solutions, " obtained by inverting
12 MeV (solid) and 18 MeV (dashed) RGM CC phase shifts.
Note the expanded scale in the surface region.

Potentials have been established using mixed-case in-
version for laboratory energies of 12 and 18 MeV. More
speci6cally, these energies were the centers of narrow en-
ergy bites, 12 + 0.03 MeV and 18 6 0.03 MeV.

We And that any potential which simultaneously fits
S~~ for all l behaves in an unphysical manner at large r,
extending out much further than would be expected and
exhibiting a change in sign. See Fig. 3 for the CC case.
Just this general property was found in the "all-l" fits to
the empirical phase shifts [1]. The energy dependence of
the potentials apparent in Fig. 3 appears reasonable for
most r, but we shall see below that the "volume integrals"
show an anomalous contrary dependence.

Using the same procedure we determined parity-
dependent potentials at 12 and 18 MeV. That is, we
And pairs of potentials which reproduce the values and
energy dependence of, respectively, the odd and even
partial-wave phase shifts at these energies. The parity-
dependent potentials do behave reasonably in the sur-
face and we present the CC results in Fig. 4. The odd
and even potentials have very different radial forms, the
odd-parity term having a much longer range, and cross-
ing over the even parity term which is deeper at r = 0.
This is just the behavior of the empirical potential [1].
In Fig. 5 we express the central potential in the form
Vq(r) + (—1) V2(r) and compare Vq and V2 for the 12
MeV CC and SC RGM potentials with the same quanti-
ties for empirical potentials. We see that the channel cou-
pling brings closer agreement, so that the CC Vq agrees
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FIG. 6. Proton-n central (above) and spin-orbit (below)
potentials, showing the efFect of channel coupling at 18 MeV.
The solid line shows CC even, the dashed line the SC even,
the dotted line the CC odd, and the dot-dashed line the SC
odd potentials.

remarkably well with the empirical Vj. The qualitative
nature of the RGM V2 is the same as for the empirical
V2, although the magnitude is greater. Although Fig. 5
shows only one empirical potential, the R-matrix and
effective-range empirical potentials closely agree.

Referring back to Fig. 4, we see that for r & 3 fm both
the odd-parity and even-parity potentials fall with in-
creasing energy much as would be expected &om nucleon-
nucleus systematics. The spin-orbit potential peaks at
about 1 fm, a universal property of all the inverted po-
tentials, and also a general property of nucleon-nucleus

potentials. However, the spin-orbit term is much less well
determined than the central term, especially for D waves.

As required, the even-parity potentials support a single
l = 0 bound state. For the potential fitting the 12 MeV
phase shifts, this is at E = —8.38 MeV (SC case) or at
E = —11.675 MeV (CC case). The odd-parity potentials
support none. This l = 0 state corresponds to the single
Pauli-forbidden state, and its appearance shows that our
potential tallies with those calculated directly &om the
RGM kernels [21,22]. The potentials we exhibit therefore
do belong to the same family as "the true" potentials, and
not to families of their supersymmetric partners [23—25].

Figure 6 compares the full CC 18 MeV RGM potentials
with those for the SC RGM at the same energy. It can
be seen that coupling to the h + d channels induces a
substantial attructiee effect in the even-parity potential
for all r, consistent with the deeper bound state noted
above. The effect on the even-parity potential is probably
magnified by the 2 resonance.

The energy dependence of the potentials is conve-
niently quantified in terms of the volume integral JR and
rms radius which also facilitate comparison with wider
nucleon-nucleus phenomenology [26]. Table I presents
these characteristics. The "all-l" volume integrals and,
especially, rms radii must be treated with caution be-
cause of the large-r behavior of these potentials. With
this proviso, we note that the energy dependence of the
"all-l" volume integral is of the wrong sign again in strik-
ing conformity with the corresponding empirical poten-
tials [1].

Table I also suggests that the effect of channel coupling
on the odd-parity solutions is almost as large as for the
even-parity potentials; this is not what might appear to
be the case in Fig. 6. This is also a "large-r" effect, since
closer examination of Fig. 6 reveals that indeed coupling
does have a notable effect on the tail (r ) 3 fm) of the
odd-parity potential. It is the "all-L" volume integrals
which approach the values expected for heavy nuclei. The
parity dependence of the nucleon-nucleus optical poten-
tial is small for heavy nuclei and it is remarkable that JR
for such nuclei is roughly the mean of the odd and even

TABLE I. Volume integrals JR and rms radii for potentials found by mixed-case inversion at
12 MeV and 18 MeV (laboratory) Characteristics of potentials inverted from CC and SC phase
shifts are shown for the two components of the parity-dependent solutions as well as for the "all-l"
potentials.

Energy
(Me V)

12
12
18
18

12
12
18
18

SC/CC

CC
SC
CC
SC

CC
SC
CC
SC

Even l

JR
(MeV fm )

366.9
290.5
347.4
289.9

68.1
73.5
64.4
74.8

Odd l

( 2)1/2

(fm) (MeVfm )
Central potential
1.729 657.7
1.595 607.7
1.744 620.1
1.629 570.6

Spin-orbit potential
1.653 69.0
1.713 69.9
1.623 72.5
1.727 71.2

( 2)l/2

(fm)

2.516
2.474
2.460
2.410

1.686
1.689
1.743
1.708

All l

Ja
(MeVfm )

474.9

479.1

35.2

41.1

( 2) 1/2

(&m)

2.242

3.183

1.829

1.420
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values for He.
Finally, Table I suggests that when the entire radial

range is considered, it is only when coupling is included
that the even-parity potential falls with energy in the
expected fashion.

The striking result is that the RGM b~~ yield a po-
tential with the highly characteristic parity-dependent
radial form found by inverting empirical b~~. It is also
satisfying that the RGM plus inversion has led to such
details as the correct energy dependence, the spin-orbit
potential peaking at a smaller radius than the halfway
point of the central potential (a universal phenomeno-
logical property), JR consistent with heavy nuclei, and a
plausible channel-coupling effect.

Potentials fitting all energies

Potentials can be derived which fit the phase shifts
for any l value, i.e., for each pair (I,j = I + 2) and

(t, j = I —2) for the energy range 0—20 MeV. In this way
we find potentials that are particularly well determined
by the l = 1 resonances. Fitting the energy-dependent
phase shifts for other Ij yields less well-defined poten-
tials although differences between SC and CC potentials
emerge which are independent of the inversion basis.

The CC and the SC l = 1 a-p potentials are similar to
the empirical potentials shown in Fig. 6 of Ref. [1]. The
CC potential is more attractive than the SC potential for
r & 1.8 fm and less attractive for small r and the same is
found for a+ n. (In Fig. 6 the odd-parity potential shows
a similar but weaker crossover in the sign of the coupling
effect, with attraction at larger radii. ) Differences be-
tween the l = 1 proton and neutron SC potentials are
very small and for the CC potentials scarcely visible on a
plot. Although a direct consequence of charge symmetry
which is built into the RGM calculations (in contrast to
the empirical case [1], where charge symmetry emerged
&om the experimental data), it is significant. Since the
Coulomb force is strong enough to put the P-wave reso-
nances at different energies for protons and neutrons, the
emergence of precisely charge-symmetric potentials con-
firms the correctness of the overall RGM plus inversion
calculations.

We find that representation by smooth parity-
dependent potentials requires a separate potential for
each energy since any parity-dependent potential fitting
all energies will have some degree of surface oscillation.
A local potential fitting phase shifts which embody either
1 dependence or energy dependence will be oscillatory in
some degree.

C. Percy factors and trivially equivalent potentials

Local o.-nucleon potentials are applied in, for exam-
ple, three-body models of Li [27] and of He [28]. To
evaluate such models, one must measure the importance
of nonlocality. An estimate can be found by comparing
RGM wave functions with those for the b~~-equivalent lo-
cal, but possibly l-dependent, potential.

For the SC calculation we introduce a generalized
Percy factor [4]. The wave functions for the equivalent lo-

cal potential, y ' '(r), follow from the Schrodinger equa-
tion with local potentials found by inversion. We then
define the generalized Percy factor:

I&(r) I

I&'-'(r)
I

We present the ratio R(r) on the scattering plane in
Fig. 7 for 18 MeV protons, with SC y and y ' of the
parity-dependent inversion potential. In this figure the
particle flux comes &om the left, with the impact pa-
rameter represented by the vertical axis. The pattern is
up-down asymmetric due to the spin-orbit force; the ra-
tio is presented for the nucleon spin projection normal
outwards &om the plane of the paper.

The function R varies widely, &om ( 0.7 to ) 1.2.
While there is a strong Percy-like effect (R ( 1) close
to the center, there are also conspicuous regions where
the nonlocal wave function has considerably the greater
magnitude ("anti-Percy" effect). At lower energies the
pattern is similar but slightly greater in range. R(r)
calculated with the wave function for the 18 MeV l-
independent potential (see Fig. 3) in the denominator
varies much more widely having with both R ( 1 and
B ) 1 regions extending to greater radii; however, the
"Percy" region almost completely covers the region of

E

0)
0)
E o
L0
CL

00
CL
E

0

z axis (fm)

Above 1.20
1.02 — 1.20
0.98 — 1.02
0.85 —0.98
o.70 —0.85

Below 0.70

FIG. 7. Ratio of the magnitudes of the RGM SC wave

function y and of the wave function for the parity-dependent
inverted potential for 18 MeV protons. The figure represents
the scattering plane, with the nuclear center at the center,
the impact parameter plotted vertically, and the protons inci-
dent from the left. The asymmetry between the positive and
negative impact parameters re8ects the fact that the nucleon
spin is normal to the page.
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nuclear overlap.
Since there are few partial waves, one can compare

wave functions for each lj individually. In Fig. 8 the
functions ~yI~ (r) (

are compared with ~y&~.
' "(r)

~

and
'

(r)
~

calculated from the parity-dependent and l-
in/ependent potentials, respectively, for some of the par-
tial waves. As expected &om the remarks above, y' '"
differs much more &om y than y& "~. The largest dif-
ference between (yI~(r)~ and ~y&~.

""(r)~ is seen for the
S wave for r & 2 fm, corresponding to the Percy-like
effect at the nuclear center in Fig. 7. Projecting the
Pauli-forbidden state out of y& ""for l = 0 brings it
somewhat closer to the RGM wave function for r & 1.5
fm, but somewhat increases the difference beyond that
radius. One sees &om Fig. 8 that there is a general, but
not universal, tendency for the RGM wave function to
be damped relative to the wave function of the preferred
(parity-dependent) local potential.

What we see in Fig. 7 is very different from the conven-
tional Percy damping. Both a parity-dependent local po-
tential and an L-independent nonlocal potential give rise
to strong damping (or antidamping) effects on a wave
function when compared to the respective phase-shift-
equivalent l-independent local potentials. We shall now
argue that the wave functions g do embody strong non-

2=

local effects beyond those due to parity dependence. The
argument hinges upon the properties of the imaginary Q
potential defined in Eq. (6b). In Fig. 9 we present this
quantity on the scattering plane for the 18 MeV RGM SC
wave functions. The quantity is not calculated beyond
r = 8 fm, the matching radius. We see that this quantity
differs considerably from zero, although the asymptotic
flux is conserved exactly. A nonlocal potential removes
flux &om certain regions, reemitting it elsewhere —hence
the balance of absorptive and emissive regions in this 6g-
ure. This does not, however, sufBce to demonstrate the
effect of nonlocality on each partial-wave component of
the wave function. The argument has to be more subtle
since even a purely real, local, parity-dependent potential
gives a g potential with strong emissive and absorptive
regions. For example, we show in Fig. 10 the imaginary
vP potential constructed with the wave function of the 18
MeV SC parity-dependent local potential. It is very dif-
ferent &om Fig. 9. The approximate antisymmetry about
z = 0 is meaningful, as will now be discussed.

There is a striking property of V j: It is not hard to
show, starting from Eq. (10) of Ref. [16] and assuming
no spin-orbit potential that a parity-dependent potential,
Vq(r) + (—1) V2(r), which is local for each partial suave,
will lead to V' j(r) having the form

v' j(r) = n ) zI(r)bio(~),
odd l

which has precise odd symmetry about the z = 0 plane.
A consequence is that the imaginary g potential should

0

2:

2=

0

2=

E

L

QI
Eo 0
L
Q
CL

O0
CL

g
hrr I
'hh I'

rr",

h

Im3

0

2: F,
0

z axis (fm)

0 I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I

1 2 3 4 5 6 7

r (fm)

FIG. 8. For selected partial waves of 18 MeV protons, the
magnitude of the RGM radial wave function ply (solid line)
compared with magnitudes of wave functions calculated from
the parity-dependent (dashed line) and I-independent (dotted
line) phase-equivalent potentials.

Above 3.00
0.01 — 3.00

—0.01 — 0.01
I:. . -:,-.::I —3.00 — —0.01

Below —3.00

FIG. 9. The imaginary @ potential for the 18 MeV RGM
SC calculation plotted on the scattering plane as in Fig. 7.
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FIG. 10. The imaginary g potential for the parity-
dependent potential 6tting the phase shifts of the 18 MeV
RGM SC calculation, plotted on the scattering plane as in

Fig. 9.

exhibit a similar property but modulated by the varia-
tion of ~y~ over the reaction plane. The pattern of positive
and negative regions will be unaffected by variations in

~y~ and must show exact antisymmetry, although the ac-
tual magnitude of the imaginary @ potential will not. We
have confirmed this for the imaginary @ potential calcu-
lated from the parity-dependent inversion potentials us-

ing judicious contour lines: The regions for which it is,
respectively, ) 10 and ( —10 are precise reflections
of each other in the z = 0 plane, but the detailed "hills
and valleys" are only approximate reflections. In fact,
this is more than might have been expected, since the
derivation of Eq. (10) assumes that there is no spin-orbit
force, and, indeed, V' j is far &om antisymmetric about
z = 0 for a parity-dependent potential with spin-orbit
term. However, the spin-orbit force also twists the pat-
tern of ~y~ (for a nucleon with spin quantized normal to
the scattering plane), so that it differs between the re-
gions of positive and negative impact parameters; for the
parity-dependent inversion potential the quantity evalu-
ated from Eq. (6b) does have exact antisymmetry in sign
and approximate antisymmetry in magnitude.

Why do RGM g wave functions not yield imaginary Q
potentials exhibiting clear antisymmetry about z = 0?
In Fig. 9, approximate antisymmetry can be seen for
6 & r & 8 fm but not for r ( 6 fm. The explanation
is that the RGM kernels are not only effectively parity
dependent, but also highly nonlocal, partial wave by par-
tial wave. (We stress this because t dependence is some-
times misleadingly called an efFective nonlocality. ) Thus,

inspection of the imaginary Q potential immediately re-
veals the nonlocality partial wave by partial wave, an
effect in addition to parity dependence. It is worth men-
tioning that we found the partial-wave TELP's erratically
angular momentum dependent.

In consequence, any use of RGM local potentials in ap-
plications must allow for the fact that nonlocal effects are
strong and are not allowed for by using parity-dependent
potentials, although indeed they must be parity depen-
dent.

All nonlocality evident in these comparisons between
the wave functions of the RGM and of its local equiv-
alents are due to the exchange effects inherent in the
RGM. There is an additional nonlocality due to channel
coupling, but accurate study requires the second channel
to be orthogonalized to the elastic channel [29]. Since our
RGM is not orthogonalized, we have only studied the SC
case here.

VI. DISCUSSION AND CONCLUSIONS

In many ways, the RGM provides the most complete
framework for calculating reactions between nuclei. An-
tisymmetrization, which plays a crucial role, can be in-
cluded exactly alongside channel-coupling effects. Nev-

ertheless, the RGM is an approximation requiring not
only basis truncation but also effective nucleon-nucleon
potentials. For computability, these interactions tend to
be of simple functional forms, but they have no strict
theoretical foundation. Therefore the superiority of the
RGM over simpler approaches, such as the folding model,
is not unqualified, and elaborations of the folding model
are far more feasible for complex nuclei. It is for this
reason that these light nucleus studies can contribute to
our more general understanding of nucleon-nucleus inter-
actions, with the systematics of local potentials playing
a key role, since local potentials are still at the center
of single-body models, including modern efForts [30] to
unify shell and optical models.

Currently, the most useful model for nucleon-nucleus
potentials for heavier nuclei is a local folding model with
effective interactions based on local-density G-matrix
theory and a crude representation of antisymmetrization;
this certainly misses aspects that the RGM encompasses,
parity dependence being an example. It has long been
known that RGM calculations predict parity dependence,
but this has been very hard to pin down empirically. The
quality of fit to the scattering data is such that a wide

variety of phenomenological potentials, with and with-
out parity dependence, give fits of comparable mediocre
quality. Indeed, conventional phenomenology has failed
to give a decisive answer on the existence of parity depen-
dence for very light systems, although the argument for
heavier cases such as He on 2oNe [31] is more convincing.
For o. + p scattering, there is insuS. cient information in
the single energy angular distributions to establish parity
dependence decisively, particularly since there has been
no motivation to adopt a parametrization other than a
1+c(—1) multiplicative factor. However, by using inver-

sion methods which include information from the energy
dependence of the phase shifts, we established [1] from
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experimental data that the n+ p interaction was parity
dependent but not with an overall 1+c(—1)t factor.

By applying inversion to RGM phase shifts, we 6nd the
same form of parity dependence as had been deduced
&om experiment; see Fig. 5. That is, we have estab-
lished that the RGM predicts a form of parity depen-
dence which, unusual as it is, is required by experiment.
We emphasize that this has been established indepen-
dently of the degree to which the RGM Gts experiment
directly and hence is not contingent upon the choice of
effective nucleon-nucleon interaction. Figure 5 also shows
that the present RGM CC calculation leads to a poten-
tial whose parity-independent component is remarkably
close to that required by data.

Concerning empirical parity dependence in general, we

see that one should parametrize using the general form

Vq(r) + (—1)'V2(r) and not an overall 1+c(—1) multi-
plicative factor. Indeed, what we found [2] for ~2C+a
scattering is very similar to the pattern of Fig. 5. This
suggests that a longer-ranged odd-parity component is a
general property.

Local potentials have many applications beyond para-
metrizing scattering data. If we are to attribute any
meaning to the wave functions they produce, it is im-

portant to explore their relationship to the RGM wave
functions. For this reason we have presented "Percy" fac-
tors, and compared our inversion potentials with trivially
equivalent local potentials.

It was found that the local potentials produce wave
functions which agree in broad features but differ in de-
tails appreciably &om the RGM relative wave function

y. The difference is certainly reduced if the macroscopic
model is changed so that its equation of motion may in-

clude Pauli projection [14]. But the moderate agreement
of the wave functions in the P waves shows that refine-

ments beyond the exclusion of forbidden states may be
required.

We have seen that nonlocality has effects beyond the
so-called Percy effect. This needs to be understood since
local potentials continue to be useful in a range of struc-
ture and reaction calculations, as phenomenological tools
in reproducing scattering data and in establishing the
link between nuclear reactions and structure [30]. They
also provide a link between experiment and microscopic
calculations, as the present work has shown. The non-

locality is in addition to effects of parity dependence,
although this happens to be also related to exchange.

Although strongly parity dependent, the nucleon-n po-
tential is consistent with the systematic behavior of the
general nucleon-nucleus potential in a particular sense.
The key point is that although the volume integral of
the odd component for p, n+ o. is much larger than pre-
dicted by systematics for heavy nuclei and conversely the
volume integral of the even component is smaller, nev-
erthless, the average of the two closely conforms to sys-
tematics.
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