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The total C + C low-energy reaction cross section has been reanalyzed. Three phenome-
na suggest an n-particle model for the reaction: (1) the giant resonances, (2) the intermedi-
ate-structure resonances, and (3) anomalous branching ratios. The energy dependence of the
total cross section over the energy range 2.4 to 9.0 MeV cannot be explained solely by the en-
ergy dependence of the penetration of the Coulomb barrier. There is some nuclear structure.
The structure can be explained by an optical potential based on the e model leading to absorp-
tion under the barrier. It could also be explained with two giant resonances in a Woods-Saxon
potential. The intermediate structure is explained as due to special states of Mg built of a

C core and three e particles, and so are the anomalous branching ratios.
Astrophysical reaction rates were calculated for a number of possible optical potentials.

The giant resonances affect the extrapolation to the energies of astrophysical interest and
lead to an uncertainty of a factor of 3 to 10 in the astrophysical reaction rate at T& =0.6,
where Tz ——10 T K.

l. INTRODUCTION

The low-energy reactions of the "C+"C system
have long been a fertile field for new ideas on nu-
clear structure. This fact and the importance of
these reactions for astrophysics have sparked a
continued effort to understand these reactions ex-
perimentally and theoretically. Most recently
some measurements of Patterson, %inkier, and
Zaidins' of the total absorption cross sections at
energies far below' the Coulomb barrier and of
some branching ratios at similar energies mea-
sured by Stephens and Mazarakis' have added to
the data, but raised new problems in the interpre-
tation of the reaction mechanisms. In this paper,
we discuss some of the questions raised by the
measurements which rule out a number of conven-
tional interpretations, and we show, phenomeno-
logically, how the recent measurements combined
with old ones lead to a picture in which the reac-
tion is described in terms of intermediate struc-
ture in an a-particle model. In a subsequent pa-
per we shall derive the model for the reactions in
terms of known o.-n interactions.

The energy region of interest here is shown in
Fig. 1. Throughout this paper, all energies are in

the center of mass system, unless otherwise spec-
ied. Lt is at energies of the C+ C system from

2.5 (well below the top of the Coulomb barrier) to
9 MeV (slightly above the top of the Coulomb bar-
rier}. This corresponds to excitation energies of
the compound nucleus "Mg in the neighborhood of
20 MeV.

For a mell-behaved heavy-ion interaction the
dominant feature of the total reaction cross sec-
tion would be a plummeting cross-section magni-
tude as the energy decreases and the Coulomb-
barrier penetration takes effect; the dominant be-
havior of branching ratios would be given by the
statistical averages of an evaporation model. But
the "C+"C reaction is richer and more puzzling.
The total cross section plummets, as it must; but
it also exhibits an unusual resonance structure in
most of its reaction channels. A structure first
noted 10 years ago' as a few isolated resonances
at moderate energies was analyzed as single-par-
ticle states of the heavy-ion system in a series of
papers, ' but, was recently" found to extend to
many more resonances at very low energies. The
resonances are easily shown, as demonstrated be-
low, to be neither single compound-nucleus states
nor statistical fluctuations: On the other hand, the
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sheer number of states manifested in the recent
data rules out the earlier interpretations' ' in
terms of single-particle states of the heavy-ion
system. One is led inexorably to some interpre-
tation in terms of intermediate structure. Quite
apart from the resonances, the total reaction
cross section when averaged over such structure
exhibits an energy dependence somewhat different
from the one expected from barrier penetration
alone. The cross section is anomalously large
both at the lower energies (E =2.5 MeV) and high-
er energies (=9 MeV) in the energy interval of in-
terest to us —or alternatively it is too small in be-
tween. It is a natural expectation that the average
cross section should tell us about the single-par-
ticle potential of the i C+ "C system.

The branching ratios of the "C+"C system also
misbehave. Although earlier calculations' "
showed that the "C+"C reactions above 9 MeV
constituted one of the first compound-nucleus sys-
tems known, with all partial cross sections cor-
responding very well to the predictions of the sta-
tistical theory, at lower energies some strong de-
viations occur.

The questions raised by the data concern the
simple single-particle picture and the more com-
plex intermediate structure. What simple wave
properties of the "C + "C system lead to the be-
havior of the total reaction cross section? How

are these wave properties to be interpreted by a
reasonable optical-model potential for the "C + "C
system? How is the optical model related to the
underlying intermediate structure? How does the
intermediate structure arise from basic a-a or
nucleus-nucleus interactions? Can the model for
the intermediate structure describe both the inter-
mediate resonances and the anomalous branching
ratios? Our paper addresses these questions sys-
tematically but phenomenologically. In particular
we want to understand the average total reaction
cross section in terms of the "C+"C single-par-
ticle picture and the systematics of the average
branching ratio in terms of an intermediate-struc-
ture model based on n-a interactions. That
leaves for a later paper some secondary but equal-
ly interesting questions concerning the connec-
tions of the single-particle potential to the under-
lying intermediate structure, or concerning the
spectroscopy —the widths and spacings —of the in-
termediate resonances.

The "Mg +n channels will not be analyzed. At
low energy, they contain little information com-
pared to the "Ne+a and "Na+p channels.

2. OPTICAL POTENTIAL FOR THE
C+ C SYSTEM

The total absorption cross section of the "C+"C
system is shown' ' in Fig. 2 for center-of-mass
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FIG. 1. The energy levels available for the decay of compound states of Mg at an excitation energy of -20 MeV.
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energies between 2.4 and 9.0 MeV. To discuss
the average potential well to be used for the ab-
sorption cross section we must clearly distinguish
between single-particle, intermediate, and com-
pound resonances, and then perform appropriate
averages of the data in order to apply the single-
particle picture.

The resonances attributed in Fig. 2 to interme-
diate structure are not statistical fluctuations.
This possibility can be dismissed at once. The
resonances appear in most channels at the same
compound-nucleus excitation energy; whereas,
statistical fluctuations are uncorrelated from
channel to channel, ' since they are related to an

incoherent sum of Breit-Wigner resonance am-
plitudes of the form

~nX. ~a' X~ (E —E~) +i I'q

where E~ is the resonance energy, 1 ~ is a reso-
nance amplitude, and o. and o.' refer to two differ-
ent channels. There is no correlation in the signs
of the I' „from channel to channel.

The distinction between the three kinds of reso-
nances in Fig. 2 is empirical but straightforward
because of the scale of the corresponding level
densities. On the one hand, the single-particle
resonances of the "C+"C system are separated
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FIG. 2. In part (a) of the figure is seen the energy variation of the measured cross section and of a number of fits ob-
tained. There are two curves attributed to PWZ (Ref. 1). The upper one corresponds to his "best fit" formula. The
lower one has, at low energy, the same energy variation as the "best fit" formula. It comes from a square well with
+0 = 50 MeV, ~0 ——10 MeV, and P = 5.0 fm. A factor f = 50 is needed to reproduce the measurements . Such a large re-
flection factor is unphysical; see the text. There is no physically reasonable optical potential with a large ~0 that can
reproduce the data between 3.0 and 6.0 MeV. Throughout this paper the + 's refer to the experimental results of PWZ
(Ref. 1), while the circles refer to the results of Stephens and Mazarakis {Ref.2). All energies are in the center-of-
mass system. In part (b) all cross sections are divided by the cross section obtained with the Reeves {Ref.21) poten-
tial (V0=50 MeV, 80=10.0 MeV, &0=5.7 fm, a =0.4 fm). Because of the large imaginary potential he uses, there are
no resonance effects in his calculated cross sections. His potential is equivalent to a black nucleus and a reflection fac-
tor. Two giant resonances then appear in the data: at E 2.5 MeV and at E =6.5 MeV. Intermediate structure is easily
identified and separated from the compound-nucleus resonances which are about 5.0 keV apart.
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by at least 1 MeV, a scale determined by the re-
duced mass and radius of the interacting heavy
ions, and to a lesser extent by the depth of their
interaction potential. On the other hand, the com-
pound-nucleus resonances which are not clearly
manifest in the data of Fig. 2 because of inadequate
resolution have a level separation of only a few

keV, ' a scale determined by extrapolation from the
level spacing measured in "Mg in the vicinity of
12-Me V excitation energy. The level spacing of
the intermediate structure, based on almost any
model for the intermediate states, would fall in be-
tween these two extremes and have a value of a
few hundred keV.

The recent measurements of Patterson, Kinkier,
and Zaidins' and Stephens and Mazarakis' at the
low-energy end of Fig. 2 show that the most prom-
inent resonances of the C+ C system are clear-
ly intermediate structure. The spacing of single-
particle resonances is largely determined by the
radius of the optical potential: For any reason-
able radius the spacing between such levels is
more than 1 MeV. The earlier Chalk River mea-
surements' for three prominent resonances at
5.7, 6.0, and 6.3 MeV could have been due to three
single-particle states accidentally close together,
as Davis' suggested, but the continuation of such
structure, with a spacing of less than half an
MeV down to 4.0 MeV, clearly requires that the
corresponding resonances be due to intermediate
states. Consequently, it is appropriate to average
over the individual intermediate states to obtain
an average cross section for "C+"C which may
be compared with optical-model calculations for
the system.

The choice of the optical-model potential for the
"C+"C system —including the shape of the real
and imaginary terms of the potential and of its non-
locality —are subject to some physical constraints.
The constraints are not as simple as for the opti-
cal model of the nucleon-nucleus system. In this
latter case, the real potential has the same em-
pirical and theoretical basis as the nuclear shell
model, a subject which has dominated nuclear
physics for the past 20 years. The empirical ba-
sis of the shell model is now comfortable; the the-
oretical foundation in the many-body treatment of
nuclei interacting through known two-body forces
is reasonably secure. In contrast, the interest in
heavy-ion potentials is relatively recent, the em-
pirical evidence for the potential parameters is
meager, and the theoretical basis of the potentials
is unsound. In this situation many kinds of opti-
cal-model potentials have been employed, not all
of which are equally reasonable.

The central questions, concerning which some
useful guidelines might be discussed, are the

following:
(1) Is the real part of the potential several times
as deep as the nucleon-nucleus optical potential
(=50 MeV) or is it much shallower?
(2) Does the real part of the "C + "C optical po-
tential have a soft core?
(3) Is the real part of the potential strongly non-
local'P

(4) How strong is the absorptive term in the opti-
cal potential'P

The first three questions concerning the depth,
shape, and nonlocality of the real part of the in-
teraction are dominated primarily by the strength
of the two-body interactions and by the effects of
the exclusion principle. In zero order, one might
take the ' C+' C collision to be viewed as 12 inde-
pendent nucleons bombarding a "C nucleus and
thus nelgect all effects of exchange among the 12
bombarding nucleons. In such a view the central
depth of the potential would be perhaps 8 times
(most of the 12 nucleons are in the surface of the
target when the two nuclei fully overlap) the 50-
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FIG. 3. Radial dependence of potentials of interest.
The a-e potential was used to calculate a C+~ C poten-
tial (full line). A nucleon-nucleus potential with Vp= 50
MeV, Rp=1.25x12 3 fm, was used to calculate a C
+~~C potential (dashed line). Another frequently used po-
tential, with Vp ——100 MeV, a =0.5 fm, and Rp ——6.0 fm, is
also shown. Because of the exclusion principle and ex-
change effects, we expect the 2C+ C potential calculat-
ed with the n-e potential to be closest to reality (see the
text). The o.-n potential used fits the cluster model of
ABe, yields the S-wave resonance correctly, and also
reproduces the experimental n-n phase shifts {Ref. 16).
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Me V value of the nucleon-nucleus potential. This
potential would not have a central plateau, but
would drop rapidly from this maximum value for
zero separation as shown in Fig. 3.

The question is, hom much does exchange reduce
the depth of this potential and how much does it
make the potential nonlocal? A common empirical
approach" has been to make the real interaction
about 100 MeV deep and have a radius twice that
of a single "C nucleus. Such a potential is shown

in Fig. 3 as a "deep" potential. For it, the real
depth [=—3 J,

"
V(r) r'dr/R, '] is 2(P/0 larger than for

the very deep potential which entirely neglects ex-
change. In contrast to this, Brueckner, Buckler,
and Kelly' and Pruess and Qreiner" have suggest-
ed that exchange effects not only make the inter-
action strongly nonlocal but effective1y make it
repulsive at small separations. The best local
potential with at least a partial basis in nuclear
theory might then be the soft-core potential also
shown in Fig. 3.

Although we prefer the "soft-core" potentials to
the "deep" potentials on physical grounds we ap-
ply both below to the C+ "C system. One can
also understand the effects of the exclusion prin-
ciple (leading to the soft-core potential of Fig. 3)
more easily from second principles than from
first principles. Instead of considering the full
effects of exchange on all 12 nucleons (first prin-
ciples}, we take the 12 nucleons 4 at a time as n
particles (second principles). This view also un-
derlies a discussion below of the whole reaction
mechanism. The a-n interaction is understood
from first principles. " It ean be represented rea-
sonably accurately by the a-n interaction of Fig.
3, in which the exclusion principle has introduced
a soft core. We can adopt this e-n interaction or
a similar one and proceed with it to the o.-"C in-
teraction in mhich the target "C is viewed as con-
sisting of the three o. particles. The additional
effects of the exclusion principle here are mod-
est: Bhargava and Vogt" showed that a proper
treatment of exchange leads to very nonlocal po-
tentials obtained simply by averaging the three
a-n interactions over the internal motion of the
three o. particles in the "C target. Because of
the strong binding and closed-shell nature of the
a particle, and the consequent soft core in the
n-u interaction which keeps the o. particles apart,
it is not surprising that further effects of ex-
change are modest. It suggests that the "C+"C
interaction can be found from the n-n interaction
simply by averaging over the internal motions of
the a particles in each "C nucleus. Such an in-
teraction is the soft-core potential of Fig. 3. The
actual interaction will certainly be nonlocal, but
not necessarily very different for elastic scatter-

ing and absorption. It mill turn out below that a
"C + "C interaction derived in this way from the
n-n interaction fits the "C+"C absorption cross
section surprisingly well without any adjustment
in parameters.

The imaginary term of the "C + ' C interaction
is less subject to physical guide lines than the
real term. Conventional wisdom says that the "C
system is easily broken up, so that one has a
strong imaginary term. Correspondingly, any

rough calculation of the effect of residual interac-
tions in determining the strength of absorption
leads to an order of magnitude of the imaginary
term of at least 1 MeV mhen the two nuclei over-
lap appreciably. Exchange plays such a crucial
role in any such calculation that no believable es-
timate can be made. It appears reasonable that
the effects of exchange fall off with bombarding
energy, so that the imaginary term may increase
strongly with energy. Apart from this we shall
take considerable freedom with the shape and

strength of the imaginary term in fitting the ab-
sorption data.

Extrapolation to lower energies for astrophysi-
cal purposes will be seen, in a later section, to
be sensitive on the model chosen. Uncertainties
in the nuclear-reaction model to be used lead to
uncertainties by factors of 5 or 10 in the astro-
physical reaction rates.

To reproduce the measured cross sections and
to extrapolate to energies lower than the energies
at which measurements were made, use is gener-
ally made of a potential of the Woods-Saxon family:

V, +fW,
1 + e(r-80)/a

where Ro is the radius of the potential, and a the
surface thickness. Vo lVO Ro, and a are con-
stants to be determined for each reaction. For
heavy-ion reactions, such as the ' C+' C reap-
tion, the fashion until recently was to use

V, = 50-100 MeV,

8', =10 Mev,

Ro = 2.0 X 1.2A.' ' fm,

a = 0.4 to 0.5 fm.

We will find it necessary to use a very different
set of parameters. To vary the parameters in a
way related to the physical phenomena, we will
carry out a wave analysis of the cross section to
see how the different parameters affect the cross
section. Then we discuss different wells, includ-
ing some with soft cores. Finally the data will
tell us what potentials are appropriate.

The principal wave properties exhibited in the
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cross sections of an optical-model well are reso-
nance, absorption, barrier penetration, and re-
flection. Following Michaud, Scherk, and Vogt"
we use the fact that the wave properties of an ar-
bitrary Woods-Saxon potential can be discussed
in terms of an equivalent square well (ESW),
whose cross sections are known, analytical func-
tions of the energy and orbital angular momentum.
The radius R~ and depth V~+iW~ are related to
the parameters Vp leap Rp and a of the Woods-
Saxon potential in the following way, which is in-
dependent of energy, orbital angular momentum,
or the presence of Coulomb barriers:

R =R +~,
V R =VR

Wq ——8'p.

(3)

(4)

(~)

The value of ~ as a function of R,'V, and a/R, is
given in Ref. 18.

Having established an ESW for the Woods-Saxon
potential, we no longer need to rely on computer
output for the evaluation of barrier transmission,
giant resonance, or other wave properties of the
potential. Instead we can use the familiar trans-
mission functions, penetration factors, and
strength functions of the square mell, except that
we must correct each square-well penetration
function by a reflection factor, f, which accounts
for the artificial wave reflection of the square
edge. As for nR, the reflection factor f depends
only on Ro~Vo and on a/R, and is given in Ref. 18.

Hence for the absorption cross section of the
channel c we can write

o,(abs}=—,P(2l +1)T,(c),
2"

c

T, (c) =7, (c)/[I + ~7,(c}]',
7, (c) =4vf,P, (c)s,(c),

P, (c) = k, R, / [F,'(k, R,) +G, '(k, R,)] .

(6)

( I)

(8)

(9)

In Eqs. (6)-(9) P, (c) is the usual square-well
penetration factor. " (F, arid G, are the regular
and irregular Coulomb wave functions, deter-
mined by the charge of the particles, their mass,
the angular momentum, and the radius of the well).
The penetration factor relates the intensity of the
partial wave at R, to the wave intensity at infinity.
It is not affected by the depth of the nuclear poten-
tial, only by its radius. To the cross section it
brings the effect of barrier penetration, and is
thus responsible for the plummeting of the cross
section at low energies.

The strength function s, (c) brings to the cross
section the effect of the nuclear potential and its
resonances. In a complex potential, close to a

T, = c W(r) P,P,*dr,
dp

(10)

where c is a constant, and P, is the radial wave
function (obtained by numerical integration of the
wave equation with the optical potential}. If W(r)
is not a square well but falls off at large radii like
the Woods-Saxon potential, then at very low ener-
gies the product P,P,*W(r) has its maximum much
further away than the nuclear radius. Most of the
reactions then occur under the barrier. For the
"C+"C reaction and a=0.5 fm, absorption under
the barrier is important below 3 MeV. It may be
the explanation for the relative rise in the cross
section below 3.2 MeV (see Fig. 2). We will come
back to this phenomenon later. We will first ex-
clude wells with large 5' by considering data be-
tween 3.0 and 6.0 MeV. If absorption under the
barrier were important between 3.0 and 6.0 MeV
it would make worse the disagreement that we will
now describe using the ESW, since it would imply
a smaller energy variation of the cross section

resonance, the strength function has the Breit-
Wigner shape, with width 2'. If 8' is as large as
the resonance spacing for a given / in V~, no reso-
nance effect is seen. The well is then equivalent
to a black nucleus. All the particles that get as
far as R, are absorbed. The whole cross section
for the square well then depends only on the ra-
dius, through P, (c). If, however, W is smaller
than the level spacing, giant-resonance structure
appears in s, (c) and thus in the cross section.

The effect of the giant resonances on the cross
section is enhanced both by degeneracy and by
Bose statistics. Any purely attractive nuclear po-
tential has degenerate even-parity (I =0, 2, 4 etc.)
levels alternating with degenerate odd-parity
(I =1, 3, 6 etc )lev. els in the familiar sequence,
which holds exactly for a harmonic oscillator and
very nearly for a square well. The Woods-Saxon
well is roughly intermediate between these two
shapes. The introduction of a soft core can par-
tially remove the degeneracy. Further, the fact
that the two interacting "C nuclei are identical bo-
sons removes all the odd-parity levels, while the
transmission functions of the even-parity levels
are multiplied by 2. Thus one should see only
well-separated even states. The level spacing of
these states is about 5-10 MeV, so that the giant-
resonance effects become important if S'p is less
than 5 MeV.

There is one phenomenon which exists in a
Woods-Saxon potential which does not exist in the
ESW, and which has never been shown to exist or
not to exist in nature: absorption under the bar-
rier. " By an application of Green's theorem" it
can easily be shown that
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than obtained with the ESW. The ESW reproduces
the cross section obtained with Woods-Saxon po-
tentials excePt if absorption under the barrier is
important.

Cross sections will be affected by the nuclear
potentials in two ways: (a) The radius of the po-
tential determines P, (c); (b) the details of the in-
terior of the well determines s, (c), the strength
function. There is a family of Woods-Saxon wells
for which the details of the interior of the well
are of no importance: They have W larger than
the average level spacing. S' is large enough to
absorb all particles before they see the center.
The whole cross section is determined by the ra-
dius. They are equivalent to black nuclei. Such
wells have generally been used in the past to re-
produce and extrapolate the average measured
cross section for heavy ions such as "C+"C. For
instance, Reeves" found a best fit (see Fig. 2) for
the Chalk River data' for the "C+"C absorption
cross section with a Woods-Saxon well [Eq. (1)]
with the parameters:

Vo = 50 MeV,

W, =10 Mev,

Ao=5 77 fm,

a=0.4 fm.

KORo/v ='l . (is)

From Fig. 6 of Ref. 18 for a/Ra&0. 16,f~10.
Larger values of a/R, seem physically unrealis-
tic when compared with the values a/R, ~0.1 ob-
tained from experiment in a number of cases.

In Fig. 4 are shown similar calculations for
square wells with different radii. The real part
of the potential is chosen to be 56 MeV. The
exact value of V~ is of little importance, since
s, (c)~ 1/v' V~ and f,~ v' Vz. The two cancel out.
In Fig. 3 the calculated cross sections for the dif-
ferent radii were made to coincide with the mea-
sured cross section at E =6.0 MeV by multiplying
them by f. The required value for f was deter-
mined by

well is also plotted in Fig. 2 (with V~ = 50.0 MeV}.
It is seen to lead to cross sections 50 times too
small between 3.0 and 6.0 MeV. Between 3.0 and
6.0 MeV, the cross section is linearly proportion-
al to ~, and so the square-well cross section must
be multiplied by f to obtain the cross section of a
physical Woods-Saxon well. Here the f, needed
for the Woods-Saxon well to reproduce the mea-
sured cross section is f,=50. Physically plausi-
ble Woods-Saxon wells with such large reflection
factors do not exist. For the potentials of inter-
est

The ESW would have the parameters":
t/' =41 MeV,

8'& ——10.0 MeV,

B~ =6.7 fm,

= 6.5.

(12}

o(experimental, E =6.0 MeV}
o(calculated, R =6.0 MeV)

The different values needed for f are shown in

IO

(i4}

The lowest-energy data then available were at 5
MeV in the center-of-mass system. Figure 2
shows that the extrapolation based on these data
exaggerated the size of the cross section at 3.5
MeV by about a factor of 4. The discrepancy at
the higher energy comes from the neglect, in the
earlier data, of the contribution of some excited
states of "Ne.

Reeves's potential does not fit the new' experi-
mental data, ' ' very well. However, it has such a
large imaginary term that the resonance effects
are washed out. We will therefore use the cross
sections of this potential as a basis for compari-
son for the cross sections of other potentials
which exhibit more structure.

Realizing that the energy dependence had to be
stronger, PWZ' searched for a square well that
would have the proper energy dependence between
3.26 and 6.0 MeV. Such a procedure is frequently
followed for astrophysical extrapolations. They
found that the radius needed was 5.0 fm. Such a

+ +
+

+

IO-I .

2

f =670.0
+

RS=4.2

I

5 6
E {IVleV)

.0 MeV

S-IO.O MeV

FIG. 4. Ratio of cross sections, calculated and mea-
sured, to cross sections calculated with the potential
Reeves (Ref. 21) used in his extrapolation. The giant
resonances and intermediate-structure resonances [see
Fig. 2{b)] appear in the experimenth1 points. The lines
show the results obtained for square wells of different
radii. The cross sections obtained with square wells
were multiplied by the reflection factor f needed to make
the calculated cross section equal to the measured cross
section at E = 6.0 MeV. For those wells reproducing the
energy variation of the cross section, the reflection fac-
tor needed is unphysically large.
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Fig. 4. We feel that to obtain a fit the radius must
be within the range

4.2&A & 5.5. (15}

6'10.0 ~ f ~ 30.0. (16)

As seen above, there are no physically plausible
Woods-Saxon potentials with such large reflection
factors. If S', =10 MeV, it is impossible to fit the
experimental results over the energy range 3.0
-E, - 6.0 MeV with a Woods-Saxon potential.
The sharp energy variation forces a small radius,
but the relatively large measured cross sections
cannot be obtained with such small radii. The
small radii obtained by PWZ' are unphysical. The
energy variation of o, (c) must be increased through

s, (c). Resonance effects are important in the well;
the imaginary part of the potential must be small.
We must study the behavior of wells with a vari-
ety of interior properties, since these are impor-
tant if Wis small.

In trying to fit the experimental "C+"C total
reaction cross section with optical potentials, no
computerized minimization of deviation from the
experimental points will be attempted, nor is it
necessary. We instead first carry out a, qualita-
tive wave analysis of a number of wells, to find
out which ones differ from the Woods-Saxon po-
tentials with large W' in such a way as to fit the
data better. Quantitative comparison between
cross sections calculated using those wells and
the experimental data will then be presented.

We will study the behavior of two main types of
wells. Woods-Saxon wells and wells with a soft
core. For most purposes Woods-Saxon wells are
sufficient to reproduce the energy variation of re-
actions. We will confirm this for "C+"C total
reaction cross sections. Actually both Woods-
Saxon wells with V, = 25 MeV and with V, = 85
Me V give a satisfactory approximation at low en-
ergy. But the exclusion principle for the "C+'2C
reaction leads to wells with repulsive cores.
What effects will such cores have if added to the
usual potentials'P In Woods-Saxon wells, the l
=0, 2, 4, . .. , resonances lie on top of each other.
Will soft cores separate them sufficiently from
each other to spoil the fit? CouM we exclude the
a-particle model in this way'? Comparing extrap-
olations obtained with the different models fitting
the available data will then give a measure of the
uncertainties involved in the astrophysical extrap-
olation.

From the preceding discussion, the strength
function must have a maximum somewhat above
6.0 MeV. It must decrease down to 3.0 Me V and
increase below that. The most naive assumption

is that there is one giant resonance slightly above
6.0 MeV and one somewhat below 3.0 MeV. Close
to the resonance the strength function then rises
as observed. Potentials of the type given by Eq.
(1) that have properly placed resonances will be
looked for. However, the low-energy rise may be
due to absorption under the barrier. To study this
possibility, in addition to potentials of the type
given by Eq. (1}, we will also study potentials of
the type

y- y /[1+e&"-"o~l's] —jWo/[1+e" o 'I].

The surface thickness of the real and ~mag»ary
parts of the potential need not be the same. If ar
& a~, absorption under the barrier is increased.
The rise in the cross section at low energy would

then be a measure of ar. If there is absorption un-
der the barrier at low energy, there is a need

only for the resonance above 6.0 MeV. There
may be no low-energy resonance.

The imaginary part of the potential, 8'o, is fre-
quently taken to be energy-dependent: As the en-
ergy increases, the number of unoccupied levels
increases, and any effect the exclusion principle
has in reducing the cross section is diminished.
Woods-Saxon potentials will be studied with 8',
= cE.

The a-particle model for the "C+"C reaction
does not lead to Woods-Saxon potentials. If, as
the two "C nuclei come closer together, the aver-
age potential is taken to be the sum of the n-a in-
teraction between the appropriate e particles, the
resulting average potential will have a soft core
and will be very shallow. The soft cores that
exist in the n-o. interaction lead to a soft core in
the '2C+' C interaction. Details of the calcula-
tions of '2C +' C potentials from an n-n interac-
tion will be presented in a subsequent paper. We
will then show to what extent the parameters of
the wells used in reproducing the "C+"C inter-
action can be obtained from the n-n interaction.
Such potentials may reproduce the drop of the
strength function between 6.0 and 3.0 MeV, if
there is no resonance in the well below 6.0 MeV.
The rise in the strength function below 3.0 MeV
could then be due to absorption under the barrier.

Comparing calculated total cross sections with
measured ones will now show what parameters
such wells must have. The parameters of the
wells used are listed in Table I. A Woods-Saxon
well must have V, = 20 MeV [Fig. 5(a)] if it is to
explain the variation in the strength function as
due to two resonances, one at E =2.0 MeV and the
other at E =6.0 MeV. To obtain this value, wells
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were searched having properly placed resonances
and a cross section of the right order of magni-
tude. This imposed V, =20 MeV and R, =6.0
(+0.2) fm. If Ao =5.8 fm, one must use a some-
what larger imaginary potential. The search for
the parameters V, and R, is made much easier by
using the properties of square wells; the average
size of the cross section is determined by the ra-
dius (the penetrability of the square well). The
distance between two resonances is then mainly
determined by the product VORp', which affects
the cross section through the strength function s7
when W, is small enough. The surface thickness
was not varied. It was found to have small effects
in making the fit better or worse except for the
surface thickness of the imaginary part of the po-
tential, if it is taken larger than the real part, as
we shall see below.

The cross section above 7.5 MeV would have
been closer to the experimental cross section if
W = cE'. At E «6.0 MeV, a small imaginary part
is needed to allow for energy variation of the
strength function. But this is not so above 6.0
MeV. The resonance structure below 6.0 MeV
imposes a small imaginary part on the potential
there, but above 6.0 MeV the absence of structure
imposes a large W.

In Fig. 5(b) is shown the cross section obtained
with the well found" to reproduce the elastic scat-
tering data in the "C+"C system. It has a reso-
nance at 3.5 MeV; whereas, it should have one at
2.0 MeV, and the next resonance is at 7.0 MeV,
only 3.5 MeV above the first one. This potential
is very similar to that leading to a good fit in Fig.
5(a); however, it is not deep enough (the distance
between two resonances is too small) and the reso-
nances happen to fall in the wrong places. Using
Vo 16 0 Me V would bring the low -energy re so-
nance to the right place but the next resonance
would be too close to give as good a fit as obtained
in Fig. 5(a). The fit, however, would still be rea-
sonably good.

Compare Figs. 5(a) and 5(c}. In both wells there
are resonances between 1.0 and 2.0 MeV. The
next resonance is at 6.0 MeV for the shallow and

at 8 MeV for the deeper wells. "" In the deeper
well the next resonance is at 8.0 MeV; the bot-
tom of the valley between the resonances then oc-
curs around 4.2 MeV, about 0.7 MeV too high.
The fit has, we feel, deteriorated appreciably as
compared with that obtained with the shallow well.

A similar fit is shown in Fig. 5(d}. The reduced
value of Ro is compensated for mainly by an in-
crease in W. V, had to be taken larger to allow a
great enough distance between resonances and
thus a sufficient decrease in the cross section
around 3.5 MeV. The larger imaginary part of the
potential implies wider resonances and not so
shallow valleys. Figure 5(e) shows the same po-
tential as Fig. 5(d) except that it is 1.0 MeV deep-
er. The fit between 4.0 and 6.0 MeV is greatly
improved, but here there is no rise in the cross
section below 3.0 MeV due to the resonance. It is
too far away. Figure 5(e) shows, however, that a
fit nearly as good as that obtained with a shallow
potential can be obtained with a much larger poten-
tial if there is absorption under the barrier (see
Fig. 6). This was achieved by taking al =1.2a„. It
does indicate how sensitive the extrapolation to
lower energies is to the surface thickness of the
imaginary part of the potential.

Finally, Fig. 5(f) shows a fit obtained with a
well even shallower than the first one. It was ob-
tained from the n-n interaction without any pa-
rameter variation and has a soft repulsive core.
In it, the first resonance occurs at E, =6.0 MeV.
The rise in the strength function as E is decreased
below 3.0 MeV is again due to absorption under
the barrier. The fit is as good as obtained with
any Woods-Saxon well. It is improved if W in-
creases (dashed line) above 6.0 MeV, but W may
be constant below that.

Considering the energy fluctuations due to in-
termediate structure and the approximation im-

TABLE I. Potentials used for the C+' C channel. All potentials whose parameters are given here are of the Woods-
Saxon shape [Eq. (1)J. For a few potentials different radii or surface thicknesses were used for the real and imaginary
parts of the potentials. R and I are used as indices for the real and imaginary parts, respectively.

Identification
Vp

(MeV)
Wp

(MeV)
RR

(fm)
R~

(fm)
a&

(fm)
a

(fm)

Reeves (Ref. 21)
Potential I
Reilly et al. (Ref. 22)
Potential II
Potential III
Potential IV
Potential V

50.0
23.0
14.0
63.0
84.8
85.8

From n-o.
interaction

10.0
0.2E

0.4 + 0.1E
0.1E
0.2E
0.2E
1.0

5.77
6.0
6.18
6.0
5.7
5.7

6.41

6.0

0.4
0.5
0.35
0.5
0.5
0.5

0.35

0 ~ 55
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plied by using a local potential for heavy ions, it
is felt that at least three of these wells [Figs.
5(a), 5(e), and 5(f)j give very good fits to the data.
The large wells [Figs. 5(c}and 5(d}] with two reso-
nances appearing give slightly poorer fits but
should probably not be rejected completely. The
total absorption cross section does not allow us
to determine uniquely one well with which we
could extrapolate to lower energies. The elastic
scattering data suggest that we should use a shal-
low well and give an argument for our well with

V, =23 MeV. However, as we shall see below, the
n model allows us to explain the branching ratios.
It also suggests an intermediate structure consis-
tent with the measured resonances. Physically,
the well obtained from the a model seems more
reasonable. All the other wells suffer from a se-
rious drawback: because of the need for reso-
nances, the imaginary part of the potential has to
be so small that when one "C nucleus is superim-

posed on the other it is not destroyed very quick-
ly. This is hard to reconcile with the exclusion
principle, among other things. The well based on
the n model is much less subject to these objec-
tions for two reasons:
(a) It can accomodate a large imaginary term in
the region of strong overlap because of the repul-
sive central core: The two "C very rarely over-
lap strongly, and whatever happens when they do
does not affect the average cross section (i.e. , W

could be very large at r = 0, and it would not affect
the cross section).
(b) Because the real attractive part of the poten-
tial is much shallower than for the other wells,
the well is less transparent in its outer regions
(r =5.5 fm) than the other wells are. For those
reasons we prefer the extrapolation based on the
n model. We do not feel, however, that the argu-
ment is binding and we will consider extrapola-
tions with most of the wells described above. The
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3. BRANCHING RATIOS, STATISTICAL THEORY,
AND O.-PARTICLE MODEL

The evaporation model and the statistical theory
have been found to explain successfully the reac-
tion cross section to a number of exit channels in
the reaction i2C + z2C Ne + ~ at E = 12 Me V.
But at lower energy (E = 3.0 MeV) major prob-
lems appear. The statistical theory predicts the
plummeting of the cross section as the threshold
is approached. But some of the measured cross
sections remain more than 1 order of magnitude
larger than predicted. The o. -particle model for
the underlying intermediate structure suggests an
explanation.

Calculations of average cross sections were
made using the evaporation theory for two similar
spinless incoming bosons'" ":

g T,.(c')

o„.=—„,g(2 J +1)T,(c)
C T) ~ c

J
C(ttS ttl tt

(18}

where c represents a pair of particles and their
state of excitation, s is the channel spin, l the or-
bital angular momentum of the pair, and J' the
angular momentum and parity of the compound nu-
cleus. The vector sum J =1+s must be consistent
with the conservation laws for angular momen-

O. I6-

E

Ir. 0.12-

Z
O
)—0.08

~ 0.04

/

I

I
I

E: = 2.0 MeV

l=2

«om VC- C a-a

Vo= 85.8 MeV

WO=0. 4 MeV

Rp=5.7 fm

aR=0. 5 fm

a
I
=0.6 fm

IO I 5 20
R(fm)

25

FIG. 6. Absorption per unit radius as a function of the
radius. In the very shallow well, at E = 2.0 MeV, most
of the reactions would occur at r =13 fm. In the deeper
well, half the reactions would occur within the well and
half outside. The rise in the cross section at low energy
may well be the first good evidence of the existence of
absorption under the barrier.

potentials which fit the total absorption cross sec-
tion of the entrance channel make it possible for
us to discuss quantitatively the branching ratios of
the compound nucleus to individual exit channels
(Sec. 3).

turn, parity, and statistics. Here, in the incom-
ing channel J"=/', where L is limited to even val-
ues because we have identical bosons. The un-
primed quantities refer to the incoming channel,
the primed quantities refer to the outgoing chan-
nel, and the double-primed quantities should be
summed over all open channels in the compound
nucleus. It is assumed that all T„(c)= T, (c), and
similarly in the primed and double-primed cases.
The total reaction cross section [Eq. (6)] may be
obtained from Eq. (18}by adding up the contribu-
tions of all the outgoing channels. In Sec. 2, the
behavior of T, ("C+"C) [or T, (c) in Eq. (18)] wa, s
studied by the analysis of the total cross section.
Although the entrance channel transmission func-
tions are then reasonably well known, we shall re-
move any small influence of the properties of the
"C+"C system by taking ratios of outgoing chan-
nels. For example, the value of the cross section
' C+'2C Ne*+~ to a given level of Ne will not
be given here; only the ratios of this cross sec-
tion to the total reaction cross section or to the
total "Ne+ o, cross section are given. In all the
calculations we have used potential I (Table I) for
the entrance channel.

The parameters appropriate for the optical mod-
els of "Ne+o. and "Na+P have been discussed
elsewhere. '~" The effect of varying the parame-
ters will be discussed with the presentation of the
results. All transmission functions were calcu-
lated numerically" for the wells of interest. Some
of the transmission functions used are shown in
Fig. 7.

In Fig. 8 is shown the ratio of the total "C+"C
-"Ne+ n cross sections to the total cross sec-
tions for "C+"C-"Na+P. The total cross sec-
tions are obtained by adding up cross sections to
each of the states of ' Ne or "Na. Using the small-
er radius for the ' Ne+e channel changes the ra-
tio by 10%. The ratios of the corresponding mea-
sured cross sections are also shown. No signifi-
cant disagreement appears.

In Fig. 9 is shown the ratio of the cross section
for ' C+' C- Na+ p, where Na is left in the 9th
excited state, to the total cross section to all "Na
levels. Both the measured and calculated cross
sections are shown. No significant disagreement
appears. For the 9th excited level of "Na we as-
sumed J' = —,

' . Its spin and parity are unknown.
If it had the spin and parity J"=-,', the calculated
cross section would have been given by the dashed
line, showing strong disagreement. It is impor-
tant for a proper understanding of the "C+"C re-
action that the spin and parity of more excited
states of "Na be determined. With our present
degree of ignorance, there is no disagreement be-
tween calculated and measured branching ratios
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son of the branching ratios of the 3 and 1 levels.
It would be interesting to distinguish experimen-
tally between those two levels. Some of the "Mg
states built around ' C will be similar to the Ne

states built around "C; they will lead to the anom-
alous rise in the branching ratio as the threshold
is approached. These resonances should be close
to the threshold of the ' Ne states involved, since
the added n particle will be barely bound or slight-
ly unbound. "

This picture is supported by the experimental
evidence gathered on the I9

' reduced width in the
"0+n reaction. " The I9„' reduced width is close
to 1 for the 5.78-MeV, 1 and the 6.72-MeV, 0'
levels but is only 0.006 for the 5.62-MeV, 3 lev-
el. This shows that the 1 level has a large over-
lap with the "0 ground state plus one n particle,
but the 3 level has a small overlap with it. Con-
sequently, the overlap of the 1 level with a "C
core and two n particles is expected to be small,
while that of the 3 level may be large. Similar-
ly, the low-energy rise in the branching ratio
does not exist for the 0', 6.75-MeV level.

Thus, the a-particle model can explain qualita-
tively the anomalous branching ratios measured
in the "C+"C reaction. In a forthcoming paper,
we shall see, using the formalism developed be-
low, how quantitative the model can be made.

2.0-
~ ~

4. FRAMEWORK FOR AN 0-PARTICLE

INTERMEDIATE-STRUCTURE MODEL

Phenomenologically, we have seen that an @-
particle model could lead to an optical potential
reproducing the total cross section for the "C+"C
reaction, and that an n-particle model leads to in-
termediate structure explaining the anomalous
branching ratios observed to some levels, and the
70-keV-wide resonances. We must now tie togeth-
er these various aspects of the "C+"C reaction
into a comprehensive framework. " We must re-
late them to the existence of intermediate struc-
ture and we must relate the a states to the nor-
mal states of "Mg. Finally, we will discuss brief-
ly the difficulties met by other intermediate-struc-
ture models, in particular the quite successful
and interesting model proposed by Imanishi. '

Let us assume that the 24 nucleons of the prob-
lem interact only through two-body interactions
v, , , so that the total Hamiltonian of the system is

@2 24 24

H= — Qv', . + g v;, .
n i=1 i& j

(19)

I.O

The compound states X~ of the "Mg system are
then eigenstates of the total Hamiltonian in the re-
gion of configuration space in which all 24 nucleons
are close together:

(20)

Next we can consider the 24 nucleons arranged
as six n particles. " The wave function then is a
product of the internal wave functions y of the
six n particles (which can each be in the n-parti-

a
+ 1.0-

o 08-
CU

b
0.6-

+
U

ro 04)
CU

b

0.2-

Vo =52.0 MeV

W =50 MeV

Ro= 3,56 fm

a =0.5fm

~ ~

+ +
~ +

+ ++

+ +

IO

O

CV

b

CU

b IQ

~ ~ ~

Vo=52.0 MeV

WO=5.0 MeV

Ro 3.56 fm

a =0.5 fm

3+
2

Q. I

2.0 3.0
E (MeY)

I

4.0 5.0

FIG. 8. Ratio of the cross section for ~-C+ C- Na
+p to the cross section for ~ C+ C — Ne+a: as a. func-
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The parameters in the figure are for the ~3Na+ p channel.
The solid line comes from our statistical-theory calcula-
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results.
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FIG. 9. Ratio of the reaction cross section to the 9th
excited level of ~Na to the summed cross section to all
~~Na levels. Our ca.lculations depend on the unknown spin
and parity of the level. No well-established disagree-
ment exists yet.
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cle ground state or in an arbitrary excited state)
and of the wave function 4,. describing the relative
motion of the six n particles. In the decomposi-
tion we have chosen to regard 4,. as the intermedi-
ate state of the problem. It satisfies the approxi-
mate Hamiltonian

5t&int)

CX (=1 j& j
(21)

v» = (v', 9 ~ I Z Z U;, I v",v~),
i=1 j=5

(22)

where (It) is the ground-state wave function of the
l

first a particle (with nucleons 1-4) and y+ the
ground-state wave function of the second a parti-
cle (with nucleons 5-8). The two o. particles are
separated by a distance which is the argument of
0 l2 Antisymmetrization is left implicit.

Just as the average n-n interaction is based on
the two-nucleon interaction given by Eq. (22) it is

where m is the n-particle reduced mass and ~,,
the a-n interaction" based on the two-nucleon
forces v, &. That is,

4 8

clear how the intermediate and compound states
are related by means of the two-nucleon poten-
tials. We can write

6

X =+v;~— (24)

where the primed sum runs over the values
(i =1-4, j =5-24), (i =5-&, j =9-24), etc. , that
is, over all nucleon-nucleon interactions between
different e groups but not within each group. Al-
ternatively we could write Eq. (24) as

X' = g' U,.~
—(g'v, ,)~, (25)

where the average is over the internal coordinates
of the o. particles as in Eq. (22). The configura-
tion interaction mixes intermediate states into
compound states. However, both R itself and

H =X +X +K

where X is the exact Hamiltonian for the internal
motion of the six n particles and 3C' is a configura-
tion interaction
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X"""+X constitute operators whose eigenstates
span the complete space of all 24 nucleons.

Next, we go further and group the six ~ parti-
cles into two carbon nuclei. We proceed as for the
intermediate state and write the wave function Bs
a product of the internal wave function Pc of the
two carbon nuclei and of the single-particle wave

function 4c describing the relative motion of the
"C pair. The corresponding single-particle

Hamiltonian is

(26)

Here Vc is the single-particle (or optical-model)
potential

where 4, is that intermediate state in which the
two "C nuclei are in the n-particle configuration
(triangular) of the '2C ground state with the "C,
"C pair separated by a distance which is the argu-
ment of Vc.

Again, we can relate h "~' to the intermediate
Hamiltonian in the following way:

~(int) h(sP) +h c (28)

where hc is the internal Hamiltonian of each "C
nucleus and h' is a configuration interaction

h'=Q Qu, , —Vc
j=1 j=4

3 6 3 6

(29)
i =1 j=4 i=I j=4

where the average is over the intermediate states
as in Eq. (27). The configuration interaction h'
mixes single-particle states into intermediate
states. The single-particle states of the "C+"C
system along with all the excited states of the "C
nuclei would constitute a complete set of states
for the 24 nucleons. However, in forcing, as we
do, each n particle to be internally in its ground
state in defining h' we implicitly accept that a
"C nucleus, in the first step of the reaction, can
only be excited to a state of "C completely made
up of three n particles internally in their ground
state. All the states of "C would be included only
if the a particles were allowed to be excited inter-
nally. The approximation of our model then essen-
tially consists in assuming that in the first step of
the reaction the o. particles do not break up. They
will be allowed to break up only in the second
step. The main justification of the approximation
is the width of the intermediate resonances, 1
=100 keV, implying that the intermediate struc-

ture lasts much longer than the single-particle
structure.

The average configuration interaction of the two
operators h' and 3C' can be incorporated by adding
appropriate imaginary terms to V& and each V, ,.
In turn, the imaginary part of the potential can be
related to the observed width of the single-parti-
cle states or of the intermediate states (=100 keV).
To make such a calculation for the width would

carry us beyond the scope of the present paper.
Perhaps the greatest miracle required of the
whole model is that the effects of K' should be so
small that the intermediate states have their ob-
served long lifetime. We hope to show that this
arises in part from the soft repulsive cores of the

g... in part from the threshold nature of the "C
+ "C states, and in part from the difficulty of ex-
citing an n particle internally.

Next, a word about the alternative decomposition
in which we would retain one of the "C nuclei as
being an eigenstate of the exact "C Hamiltonian,
rather than of its approximation through the e-par-
ticle model. Then the intermediate states are
those of three n particles and a carbon nucleus.
Half of the configuration interaction 3C' also disap-
pears. The prescription for the single-particle
motion remains unchanged —except for adopting
the change already noted for Co in Eq. (27) and by
corresponding changes in Eq. (29). Again, one has
the same basic relations between compound, inter-
mediate, and single-particle states. We will use
the first decomposition to do all our calculations,
for example those of the real and imaginary parts
of average potentials for the "C+"C interaction.
However, we will use the second decomposition in
our discussion of the intermediate structure in
"Mg. The contradiction is not so profound as it
appears. The use of the n-n interaction to calcu-
late the "C + "C interaction could be justified even
if the "C nuclei were not thought of as made of
three a particles: In the e-n interaction the ex-
change and exclusion-principle effects are already
taken into account. The use of o.-a interaction in
the calculation of the interaction between heavier
nucleons then allows us to neglect the effects of
exchange and of the exclusion principle. Our hy-
pothesis is that even though "C nuclei can be rep-
resented perhaps only half the time as made of
three e particles, the contribution of the nucleon-
nucleon, or nucleon-a force would not be very dif-
ferent from an a-n force once the exchange and
exclusion-principle effects are taken into account.
In principle, once the nucleon-nucleon forces are
specified then the real and imaginary parts of op-
tical potential for both the intermediate and single-
particle motion are fixed without arbitrariness.

The discussion of the experimental results pre-
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sented in Secs. 1-3 then argues for the existence
of the following phenomena in the C+ C inter-
actions:
(1) At energies lower than 6.0 MeV, as one ' C
nucleus approaches another, either can be consid-
ered to be made of three n particles. Presumably
it is only a fraction of the time in the form of
three n particles, but the prominence of interme-
diate structure shows that the e-e interaction
mechanism is the dominant feature. Also, an op-
tical potential obtained assuming only o.-a inter-
actions leads to a cross section very similar to
the total ' C+' C cross section.
(2) The reaction proceeds through the internal ex-
citation of one "C nucleus. n particles that are its
building blocks are excited by the residual inter-
action from the other ' C nucleus. Once excited,
they can easily form a state of "Mg made of a "C
core and three n particles around it. These states
lead to the intermediate structure observed in the
total reaction cross section and to the relative
rise in the branching ratio to excited states of ' Ne
as the threshold to these states is approached.
(3) Instead of all three n particles from one "C
nucleus transferring to the other "C nucleus, it is
possible that only two transfer, causing a direct
reaction to some states of Ne. This will be ob-
served to states of "Ne made of a "C core sur-
rounded by tmo n particles.
(4) The residual interaction between the o parti-
cles causes the states formed of a "C core and
three e particles to disintegrate into the '4Mg
"normal" states. This takes place 10 to 20 times
more slowly than the breakup of the ' C nucleus:
The imaginary part of the potential needed to re-
produce the "C+' C total reaction cross section
is of the order of 1 MeV, but the width of the in-
termediate-structure levels restricts to less than
50 keV the imaginary part of the potential due to
the residual interaction between the e particles.

These last remarks lead us to discuss the inter-
mediate-structure model of Ref. 8. Other such
models' ' have been proposed and most of our re-
marks here would also apply to them.

Imanishi' carried out a calculation of resonances
in elastic scattering with the 2' level of "C at 4.43
MeV coupled to the ground state of "C. This care-
fully done coupled-channel calculation gave very
promising results: It was possible to reproduce
the energy, level width, and spin of the first three
levels measured. ' Because of the number of arbi-
trary constants necessarily involved, homever,
the study was not conclusive. It reproduced the
position of three levels, but there mere two re-
lated arbitrary constants: the depth of the poten-
tial and the coupling constant. The width of the
levels can be related to the arbitrary size of the

imaginary potential and to the arbitrary radius
used for the potentials.

We have two main objections to Imanishi's mod-
el: the small size of the imaginary potential and
the small number of intermediate-structure res-
onances it is possible to get from such a model.
Since the intermediate-structure resonances are
only 100 keV wide (the data of Ref. 1 actually re-
veal 50-keV-wide resonances), Imanishi was
forced to use optical potentials with an imaginary
part of 100 keV to reproduce the width of the mea-
sured resonances. It is hard to imagine how the
system formed by such loosely bound nuclei as
two "C nuclei, one of which is in its ground state,
can last as long as indicated by a resonance width
of 100 keV (or equivalently an imaginary potential
of 100 keV). A nucleon interacting with a, complex
nucleus lasts only ~ of that time. Furthermore,
as seen in Sec. 2, the imaginary part of the "C
+ "C potential must be 5 to 10 times larger than
what was used by Imanishi to reproduce reason-
ably well the total cross section. It is true that
reactions will also occur through the coupled chan-
nel, but, even multiplied by 2, the imaginary part
of his potential is still far too small. We have

IO
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6
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FIG. 11. Total absorption cross section calculated
with the optical potential for the ground state of Ne
used by Imanishi {Ref. 8) in his coupled-channel calcula-
tions. Adding the coupled channel will change the posi-
tion of the resonances, but is not expected to change the
averaged energy variation of the total cross section.
Comparison with Fig. 2 shows how far it is from a real-
istic potential.
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also calculated what kind of total cross section to
expect from the ' C+' C optical potential he uses
in the ground state, but neglecting the coupled
channels. The result does not look anything like
the measured cross section, but is in itself not
too significant, since the resonance structure of
the entrance channel is altered by the coupled one.
Above 5.5 MeV, however, the average cross sec-
tion (averaged over resonances in the well) is far
too small, as can be seen from Fig. 11. This is
a rather naive approach, and a systematic study
of the properties of coupled-channe1. calculations
should be undertaken to shed light on such ques-
tions.

In his calculations Imanishi reproduces the
three resonances measured in Ref. 3. He does
not predict any other close by. At least three
more have been measured by PWZ. ' It appears
that wells similar to Imanishi's cannot support
as many resonances as are measured. Wells rea-
sonable for the "C+"C system have a resonance
density of 1 MeV '; whereas, at least six reso-
nances are measured within 2 MeV.

Both because of the narrowness of the reso-
nances and because of their density it is hard to
see how they could arise in distorted-wave calcu-
lations. A more complex intermediate structure
appears necessary. The o. model offers such a
structure. However, others may exist.
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FIG. 12. Ratio of astrophysical reaction rates calculat-
ed with some of our potentials ((ov)) to those calculated
with the potential Reeves (Ref. 21) used in his extrapola-
tion ((Ov)~). This gives an estimate of the uncertainty of
the low-temperature reaction rate. It does not represent
lower or upper limits except perhaps the PWZ (Ref. 1)
results; see text.

5. APPLICATION TO ASTROPHYSICS

Previous attempts to extrapolate the measured
cross sections to the energy region of astrophysi-
cal interest"' "have assumed that all the energy
variation was due to the Coulomb barrier. The ex-
trapolation is then straightforward. However, Fig.
3 clearly shows that there are strong resonance
effects in the ' C+' C potential well. It js then
much more difficult to extrapolate with confidence.
What is the rise in the strength function below 3
MeV due to? A resonance at 1.0 MeV, at 2.0
MeV, or absorption under the barrier? The ex-
trapolation depends sensitively on the well chosen.
To see how sensitive the astrophysical calcula-
tions are on the extrapolation, we have calculated
the thermonuclear-reaction rate for a number of
the wells presented in Sec. 2.

The thermonuclear-reaction rate per second per
pair of interacting particles is"

6-

2-

0
0

where E is the energy in the center-of-mass sys-
tem, T is the temperature, M is the reduced mass

FIG. 13. Energy range of importance in the calcula-
tions of the astrophysical reaction rates as a function of
temperature. The full line gives the maximum of the in-
tegrand. Within the dashed lines lies 90% of the integral
at a given temperature; 5% of the integral lies at lower
energies and 5% at higher energies.
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of the system, and k is Boltzman's constant. The
reaction rate can then be calculated once the cross
section is known as a function of energy. The
cross section was calculated numerically over the
energy range

0.3&E& 10 MeV

by solving numerically Schrbdinger's equation for
the wells presented in Sec. 2. The reaction rates
were calculated numerically to a 1% accuracy us-
ing Eq. (30). The results obtained for four wells
were then compared with those of Reeves" (Fig.
12).

The temperature range of interest for hydrostat-
ic carbon burning is" (T, —= 10 T'K)

0.4= T9& 1.0.
This is exactly the range where the effect of a
giant resonance would be felt. Especially for T,
& 0.7 the uncertainty in the extrapolation leads to
an uncertainty of at least a factor of 3, and more
conservatively of a factor of 10 in the stellar re-
action rate.

To understand how the extrapolation in energy
affects the reaction rate, one may refer to Fig. 13.
The full line indicates for each T, the maximum of
the integrand in Eq. (30). Within the dashed lines
lies 90% of the total integral; 5% lies outside at
each end. For T,~ 1.6 the stellar reaction rate is
determined by the measurements. They are avail-
able above 2.6 MeV. At lower temperatures, the
reaction rate is mainly determined by extrapolated
values of the cross section. Comparing our differ-
ent extrapolations gives an order of magnitude es-
timate of the uncertainty, but it does not give the
maximum range of uncertainties. Wells can easily
be imagined that give either larger or smaller ex-
trapolated values of the cross sections. For in-

stance, the low-energy resonance might be at E
= 2.6 MeV and the cross section might go back
close to the PWZ' value below 2.0 MeV. From
our studies of a number of wells, this appears un-
likely and is a lower limit, and so is the reaction
rate calculated with the PWZ' values of the extra-
polations. What is the upper limit? The potential
we1.1 with V, =63.0 MeV, 8,=6.0 fm leads to a res-
onance at Tg 0 45 By adjusting slightly the pa-
rameters of this well the resonance could appear
anywhere between T, =0.0 and T, =1.0. For T,
& 0.7, the upper limit is then approximately

(ov)/(&rv)„= 50. (31)

log„(N„(uv)) =4, —-', log„T, —
9

(32)

Above T, = 0.7, the upper limit is lower, since the
range of energy values where the integrand is
large is getting close to the measured values.

Assuming that there exists an optical potential
fitting the measured cross section between 0.0 and
6.0 MeV, the above discussion is somewhat con-
servative. A reasonable uncertainty is a factor of
3 either way from the n-model extrapolation. A
conservative one is a factor of 10 either way.

Up to now we assumed that the mechanism domi-
nating the reaction of the "C+"C reaction was the
same below and above 2.6 MeV. Such an hypothe-
sis made at E =3.2 MeV leads to Patterson's ex-
trapolation. '" A new mechanism probably ap-
peared below 3.2 MeV: absorption under the bar-
rier. There is no guarantee that no new surprise
awaits us below 2.6 MeV. In view of this, an un-
certainty factor of 10 in (ov) for T, ~ 0.7 MeV
might actually be merely reasonable.

In numerical stellar-evolution calculations, the
nuclear reaction rates are required. We fitted
our calculated rates to the formula:

TABLE II. Thermonuclear reaction rates.

Potential

Reeves (Ref. 21)

Equation
used

(32)
(32)
(32)
(32)

A)

25.428
23.309
27.584
22.654

A2

35.352
33.026
36.834
32.235

Temperature
range

0.4 ~Tg ~ 1.3
1.3 & Tg ~ 3.5

0.08 ~ Tg~ 0.80
0.8 &Tg ~ 3.5

Accuracy
(%)

15
15
20
10

(32)
(32)

24.829
23.166

34.928
33.027

0.4 ~Tg & 1.4
1.4~Tg~3.5

15
10

(32)
(32)

24.954
22.838

34.513
32.558

0.3 ~ T g
~ 0.9

0.9 &T, ~ 3.5
20
20

PWZ (Ref. 1) (32)
(32)

25.639
24.318

36.023
34.676

0.3 ~ Tg & 1.0
1.0 ~ T g

~ 3.5
15
15
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or to the formula

log, (N„(ov)) =A, —log, fT '" [(T —0.45)'

+(o 2)') j-
T9

(33)

where N„ is Avogadro's number. The range of
validity of the different formulas used and the ac-
curacy with which they represent the calculated
rates are shown in Table II. We do not feel that
we can say with confidence which of these approxi-
mations to use. However, insofar as the n-par-
ticle model explains the intermediate structure
and the anomalous branching ratio, the optical po-

tential obtained from the a-particle model should

be preferred for the extrapolation.
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