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Radiative Electron Capture in Be~
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The continuous spectrum of photons accompanying the electron-capture transition from Be
to the first excited state in 7Li has been measured in coincidence with the nuclear y rays from
the deexcitation of this state. The end-point energy of the photon spectrum was determined
to be 388 ~8 keV, in good agreement with accepted mass differences. The probability of 1s
+2s radiative capture giving a photon energy greater than 50 keV per nuclear y ray was de-
termined to be (10.3 +0.6) &&10 ~. This result should be compared with the value 9.2 &10 pre-
dicted by the theory of Martin and Glauber. At energies higher than 120 keV the shape of the
spectrum agrees with the predictions of theory. At energies lower than 120 keV the intensity
falls off faster than expected from the theory. Exchange and overlap corrections to the radia-
tive-capture theory have been calculated and shown to be too small to account for the observed
discrepancy.

INTRODUCTION

When an orbital electron is captured by a nu-
cleus, there is a small probability that this pro-
cess will be accompanied by the simultaneous
emission of electromagnetic radiation. This ef-
fect, known alternatively as radiative capture or
internal bremsstrahlung (henceforth denoted EB)
was predicted by Morrison and Schiff. ' The ener-
gy spectrum of the electromagnetic radiation was
calculated to be continuous up to some maximum
energy, the endpoint, and to have characteristic
shape, with the process as a whole proceeding at
a rate of about 10 ' of the ordinary nonradiative-
capture rate.

Early attempts to experimentally verify the Mor-
rison and Schiff theory were frustrated by the ap-
pearance of an excess of low-energy photons.
This was explained in allowed captures by an im-
provement of the theory presented by Martin and
Glauber" which included relativistic effects and
the possibility of radiative capture from both s
and P orbital states. While experimentally mea-
sured spectra have agreed well with the shape pre-
dicted by this theory, intensity measurements,

relative to the ordinary nonradiative capture, have
been made with poor accuracy. The present situa-
tion has been summarized elsewhere. ' '

A number of experiments have been published
recently' ' in which the IB yield was found, with
some accuracy, to be only 60-70/z of what would

be expected on the basis of Martin and Glauber's
theory, suggesting that the theory is incorrect.
This discrepancy motivated out experimental study
of radiative electron capture. Accurate determi-
nations of the intensity of bremsstrahlung are al-
so relevant for experiments aimed at the deter-
mination of parity impurities in nuclear states
through investigation of the circular polarization
of nuclear y rays. "

Because of the nature of the Martin and Glauber
theory, its predictions were expected to be most
accurate in elements of lowest Z, where radiative
capture from p states is expected to be small, as
are relativistic effects and effects due to the nu-
clear charge. We therefore decided to investigate
IB from allowed electron capture in the element of
lowest possible Z, that of 'Be. This nucleus de-
cays through only 1s and 2s capture, thus elimi-
nating complications due to p-state capture. Ap-
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proximately 10% of the captures go to the 477-keV
state of 'Li, with subsequent emission of a nuclear
y ray. We used this y ray to perform an IB-y co-
incidence experiment. Because the probability
for internal conversion of the y ray is negligibly
small, the number of IB quanta per nuclear y ray
is equivalent to the ratio of probabilities for total
radiative and total nonradiative electron capture
to the 477-keV state in 'Li.

EXPERIMENT

In the experiment, we attempted to measure the
bremsstrahlung in one NaI scintillation counter
coincident with the occurrence of total absorption
of the nuclear y ray in a second scintillation coun-
ter. As the probability of radiative capture is
small, the experiment had to be optimized subject
to the following:

(a) Random coincidences had to be kept to a
small fraction of the true IB-y coincidences, so
that corrections for such randoms could be done
with confidence. This seems not to have been the
case in the previous experiment, ' where at best
the rate of random events was 300% of the rate of
true events. This optimization of the true-to-ran-
dom ratio called for the shortest possible resolv-
ing time of the coincidence apparatus. However,
this requirement was in conflict with the desire to
maintain 100% coincidence efficiency over the wid-
est possible energy range. In order to fulfill these
conflicting requirements, we chose two-parameter
analysis; i.e. , both the energy of the bremsstrah-
lung quantum and the time of arrival in its detec-
tor, relative to the arrival time of the y ray in its
detector, were measured simultaneously.

(b) In order to further reduce the random rate,
it was necessary to use the weakest possible
source, while simultaneously keeping the time
required for data accumulation within reason.
These conditions forced us to use the most effi-
cient detector geometry.

(c) A choice of geometry had to be made with
awareness of the possibility of scattering taking
place from one detector to another. Such events
would have caused false prompt events to be super-
imposed on the bremsstrahlung data.

The detector arrangement is shown in Fig. 1.
The collimating lead shield was introduced to re-
duce scattering events between the crystals. The
angles of its cones were chosen to cover the full
face of each detector at the mean absorption depth
of the radiation it was designed to measure. It
might appear that backscattering would have been
significant for this face-to-face arrangement, and
so an arrangement with the detectors at 90 from
one another should have been chosen. In a baek-
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FIG. 1. Scale drawing of the experimental arrange-
ment of the detectors.

scattering event, however, the full energy of the

y ray is not registered in the detector. Therefore,
such events can be discriminated against electron-
ically. As will be seen, the experimental spectra
confirm the hypothesis that prompt events due to
backscattering were negligible. Also, a 90 geome-
try greatly reduces geometrical efficiency, re-
quiring much longer counting times for a given
true-to-random coincidence ratio. For these rea-
sons, the face-to-face geometry was chosen. In
order to further reduce prompt unwanted events,
we found it advantageous to introduce a copper
plate between the source and the y detector to ab-
sorb escaped iodine x rays. A cadmium lining on
the side of the lead collimator facing the IB detec-
tor was used to reduce detection of x rays from
the lead.

Great care was taken to minimize background
levels. The entire detector system was enclosed
in 2 in. of iron bricks, which were chosen instead
of lead because of their low natural radioactivity.
Surrounding the iron house was a layer of -', -in.
plastic scintillator covering &80% of the 4v sr sur-
rounding the detectors. This served as anticoin-
eidence shielding and reduced prompt coincidences
due to cosmic rays scattered through the building.
4 in. of lead surrounded the plastic scintillators.
The collimator and iron house were constructed to
ensure accurately reproducible positioning of the
source and detectors. With these precautions, the
background prompt coincidence rate measured in
the system with no source was reduced to 3 or 4
counts/h, as compared with the -100 IB-y coinci-
dences per hour obtained with the source strengths
used.

Sources were prepared from commercially ob-
tained 'BeCl, by evaporating a small drop on cello-
phane tape and sealing with a second piece of tape.
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Care was always taken to make the source spot
considerably smaller than the 8-in. hole in the col-
limator, thereby preventing inaccurate results due
to partial shielding of the source. The sources
were checked for impurities with a high-resolution
Ge(Li) detector and were found to be free of any
extraneous y rays of energy between 0.5 and 3.5
MeV to better than 0.1 ppm. Source strengths
were chosen to give a counting rate of about 3500
sec ' in the geometry used.

In order to obtain the best possible time resolu-
tion with the two 3-in. x 3-in. Harshaw integral
line NaI detectors employing RCA 8054 photomul-
tiplier tubes, these were operated at highest pos-
sible voltages (-2500 V) consistent with stable
operation. The voltage was distributed to obtain
minimum spread in transit time. Timing pulses
were generated by fast pulse-height discrimina-
tors, lower-level discriminators (LLD), set at as
low a level as possible without undue dead time
due to triggering by noise pulses. In this way,
time jitter due to variations in pulse amplitude
was minimized.

As is shown in the block diagram of the electron-
ics in Fig. 2, a second fast discriminator, upper-
level discriminator (ULD), was included in each
of the fast branches. The triggering level of this
discriminator was set high enough (-30 keV for
the IB branch and -350 keV for the y branch} to
re~ect noise pulses. The short output pulses from
the two discriminators in each branch were fed to
an AND gate whose output was timed by the cor-
responding LLD. These AND gates generated
start and stop pulses for the time-to-amplitude
converter (TAC). With these two features, high
voltage and dual discriminators, resolution was

approximately 2T =4.0 nsec for energies &250 keV
and 2~ =6.0 nsec for an IB energy of 100 keV.

Because of the variation in pulse height with en-
ergy, the time spectrum changed shape and posi-
tion considerably for varying energies in the IB
detector, as can be seen in Fig. 3. For this rea-
son we chose to employ a TAC and two-parameter
analysis, which allowed us to record time spectra
for all IB energies and eliminated the need for a
wide time window, which would have been neces-
sary to maintain 100% coincidence efficiency at
low energies. This method offered the additional
advantage that the random coincidences were re-
corded concurrently with the prompt ones.

The TAC received start pulses from the y
branch and stop pulses from the IB branch, the
latter delayed by about 50 nsec to place prompt
events in the center of the TAC range. The TAC
also generated others signals besides the output.
A valid start signal indicated a pulse had been re-
ceived from the y branch and time analysis had
begun. Any pulse from the IB branch arriving
within +50 nsec would then cause an output, along
with a valid stop signal. Single-channel analyzers
(SCA) were inserted in the slow y branch and were
set to trigger on the photopeak of the y line. Valid
starts in slow coincidence with the output signal
from the SCA drove a sealer, which recorded the
number of times a y pulse caused the system to
begin looking for an IB pulse. This number was
used for the final normalization. Valid stop sig-
nals in coincidence with the SCA signal opened the
gate of the two-parameter analyzer. Care was
taken to adjust the TAC and the analyzer so as to
include all prompt events above 30 keV within the
range of time analysis. To eliminate sealer counts
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FIG. 2. Block diagram of the electronics. The veto signal is derived from the anticoincidence shield. Modular
units from Edgerton, Germeshausen, 5 Grier, Inc. , Salem, Massachusetts, were used for the fast system.
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accumulated during the time the analyzer was busy,
which would destroy the normalization, the entire
system was gated off while analysis proceeded.

A pileup rejection system was employed to re-
duce distortion of the pulse-height spectrum in the
IB branch. It prevented the pileup of pulses sep-
arated by more than 130 nsec, provided their am-
plitudes exceeded VO keV.

The parallel SCA's in the y branch were em-
ployed in a technique to correct for prompt back-
ground. It was desired to record only those coin-
cidences that corresponded to total absorption of
the 4VV-keV y line in the y branch. It was there-
fore necessary to eliminate all coincidences that
were related to a possible continuum under this
photopeak. Data were first taken with both win-
dows superimposed upon one another and on the
photopeak. Background data, which were to be
subtracted, were then taken with the two windows

split, one above the peak and one below, with the
idea that the continuum counts in the region of the
photopeak would be averaged by the two windows.
Some true IB counts were also recorded in the run
with split windows. However, correction for these
was effected by subtracting the normalizing sealer
counts, as well as the actual spectrum.

Two sets of data were accumulated, each for
about 14 days. Different samples of 'Be were used
for these sets, and in one run the source employed
was about twice as strong as in the other. Only one
set of data, that accumulated with the stronger
source, was obtained using the copper absorber
described earlier. Each set of data was analyzed
independently, and since the results were consis-
tent, the two sets were summed and analyzed to-
gether.

DATA ANALYSIS
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FIG. 3. Time spectra for representative pulse heights
from the IB detector. The curves result from least-
squares adjustments of the intensities of the time spec-
tra obtained with a 22Na source. The variation with en-
ergy of the background level of random events reflects
the Compton distribution of the y line, while the varia-
tion of the area of the peak above the random level re-
flects the IB spectrum. The data shown were obtained
with the stronger of the two sources used. With the
weaker source the ratio of the peak height to random
level was about twice as large.

The raw data for each run consisted of two sets
of 128 32-channel time spectra, one set of actual
IB data, and one set of split-window background.
The background spectra, after normalization of
counting times, were subtracted from the IB data
to correct for any spurious coincidences, as ex-
plained previously. This resulted in 128 32-chan-
nel time spectra, each consisting of a prompt
peak whose shape and position varied with energy,
and a background due to random coincidences,
whose variation in energy was expected to follow
a 'Be pulse-height spectrum. In order to obtain a
well-determined shape of the prompt "ridge" in
the energy-time plane, a similar two-dimensional
spectrum of annihilation radiation was obtained
using a "Na source placed in the experimental ge-
ometry, with absorbers used to stop the positrons
close to the source. As practically all the detect-
ed radiation from Na is in coincidence, each Na
time spectrum contained only the prompt peak,
the random background being almost entirely ab-
sent. The "Na spectra were used to separate the
'Be prompt events from the random events by a
least-squares adjustment of each "Na time spec-
trum, plus a constant background. In this way the
number of prompt events in each energy channel
was determined.

The results of this separation are shown in Fig.
4. The prompt events appearing at the energy of
the photopeak are disturbing, and we cannot ac-
count for them satisfactorily. However, possible
origins will be discussed later. It is therefore an
open question whether the peak has an associated
Compton distribution. In the subsequent data anal-
ysis we assumed its presence. In any event, it is
small, as shown in Fig. 4, and affects the IB de-
termination little.
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FIG. 4. Pulse-height spectra of prompt events. The
top spectrum is the sum of the IB data from both runs
corrected for prompt background by the split-window
technique described in the text. The spectrum corre-
sponds to 3.734 & 10~ sealer counts. The bottom spec-
trum is one of the spectra obtained with the windows
split, normalized to the same counting time as the top
spectrum. The majority of the pulses in the bottom
spectrum are due to bremsstrahlung, which appears be-
cause the split windows covered the wings of the 477-keV
peak. In the top spectrum, the Compton distribution
associated with the peak at the y-ray energy is indicated
as a dashed curve. The peak at the lowest energies is
associated with the 29-keV iodine x rays counted during
the run without the copper absorber.

Correction for the efficiency of the fast-coinci-
dence system was applied to the data. The very
unlikely possibility of a deviation from 100/p effi-
ciency of the slow-coincidence system, i.e., the
SCA's, was disregarded, as it canceled the nor-
malization of the IB to the sealer counts. The co-
incidence efficiency of the fast system was mea-
sured using the annihilation radiation from "Na
by recording two one-dimensional spectra. The
first was taken with the source in the experimen-
tal geometry, and gated exactly as the IB measure-
ments were, i.e., by requiring both a SCA pulse
and a valid stop. It differed from the spectrum
used to define the prompt ridge only by the fact
that the TAC output pulses were not analyzed.
The second spectrum was identical to the first,
save for the fact that the gating condition of a val-
id stop was relaxed, so that a SCA pulse by itself
was sufficient to open the gate. As random coin-
cidences were, for practical purposes, absent, a
ratio of these two spectra gave the coincidence ef-

ficiency of the fast system. In this way, coinci-
dence efficiency was found to be 100% to below
100 keV, with a fall off to 90/p at about 50 keV.
A check of the measurement of the coincidence
efficiency was obtained by taking the ratio of the
random background spectrum, found during the
process of prompt-peak separation, to an ungated
'Be spectra taken in the experimental geometry.
This gave results identical to those obtained with

Correction for the response function of the de-
tector was applied next. For this purpose, pulse-
height spectra from a number of calibration
sources emitting single y lines ("'Tm, 84 keV;

Ce 145 keV Hgy 279 keV Cry 320 keV
'"Sn, 393 keV; 'Be, 477 keV; "Sr, 514 keV; and
"'Cs, 662 keV) were obtained using the experimen-
tal geometry. Because a comparatively large NaI
crystal was used, and the y-ray energies of inter-
est do not extend beyond 500 keV, the peak-to-to-
tal ratio was large, so that an approximate form
of the Compton continuum could be used. Two
functional forms were used: either a rectangle or
a trapezoid. The pulse-height distributions from
the calibration sources were used to determine
the energy dependence of the functional parame-
ters. Corrections were applied to the 'Be IB
pulse-height spectrum using the peel-off method,
i.e., starting at the highest energies and succes-
sively subtracting the Compton distribution due to
each channel.

Because of the complex experimental geometry,
the total efficiency of the detector could not be re-
liably calculated. This necessitated the determina-
tion of this function in a somewhat involved man-
ner. A spectrum for each calibration source was
taken with the source 3 in. above, and on the axis
of, the NaI crystal. As the total efficiency of the
detector in this configuration is easily calculable
from tabulated" absorption coefficients, the ab-
solute source strengths could be determined. The
areas of the spectra taken in the experimental ge-
ometry then gave the efficiency of the crystal in
the experimental arrangement at the calibration
energies. Corrections were made for absorption
in materials encapsulating the crystal.

At this point, a correction for escaped iodine x
rays was applied. It was negligible above 50 keV.

The nonrelativistic Morrison and Schiff theory
predicts a differential spectrum of the form N(E)
=AE(E, —E)', where A is a constant, E is the en-
ergy of the radiated photon, and E, is the end
point. The relativistic theory gives essentially the
same form, though A now becomes a slowly vary-
ing function of energy. If v'N(E)/E is plotted as a
function of E (Jauch plot), it should be very close
to a straight line, with the zero crossing giving
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thus compensating for the drop in absorption by
enlarging the effective solid angle.
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FIG. 5. Corrections applied to the pulse-height dis-
tribution to convert it into the spectrum of photons: co-
incidence efficiency (~ ~ ), trapezoidal response func-
tion (—), rectangular response function (—-), and total
detector absorption (-.-.—).

the end-point energy.
A Jauch plot of the spectrum obtained after the

mentioned corrections had been imposed on it was
constructed and the end point was determined by
fitting a straight line over the energy range 130-
340 keV. Using this end point, a theoretical spec-
trum was computed and smeared using Gaussian
peaks whose width variation with energy corre-
sponded to the resolution variation of the detector.
A correction factor for resolution was thus deter-
mined and applied to the data. It was found to be
negligibly small except at the very highest and
lowest energies, thus validating the end-point de-
termination made before resolution correction.

Correction factors for coincidence efficiency,
Compton continua (including peak-to-total ratio),
and detector efficiency are shown in Fig. 5. Note
that the detector efficiency was almost constant.
This was due to the fact that while the absorption
in the NaI decreased as energy increased, scatter-
ing and penetration in the collimator increased,

RESULTS

The results of the present experiment, as well
as previous results of Lancman and Lebowitz, '
are summarized in Table I. Values are given for
the bremsstrahlung intensity per y ray, which
were obtained by summing the experimental spec-
trum over the indicated energy intervals ~ The ta-
ble gives the results obtained with each one of the
two approximations for the response function used
in the peeling of the pulse-height spectrum. The
average of these results was taken as the final re-
sult and half of the difference between them was
taken as the error caused by the use of these ap-
proximations for the response functions.

Figure 6 shows the fully corrected total brems-
strahlung spectrum, as well as the corresponding
Jauch plot. On the Jauch plot is also the line of
best fit in the region 130-340 keV. From the slope
of this line, it is possible to determine the total
bremsstrahlung intensity over the whole energy
range of the spectrum, assuming the shape to be
essentially given by the theory of Morrison and
Schiff. Even in the fully relativistic theory,
though, the deviation from a straight line over
this region is at most 0.5%. We therefore show
on the experimental IB spectrum a spectrum whose
shape is given by the Martin and Glauber theory,
and whose normalization was adjusted to match
that obtained from the slope of the Jauch plot. In
computing the Martin and Glauber spectrum, an
end point of 384 keV obtained from the latest mass
tables" was used, as this is more accurate than
our determination. A value" of 0.033 was used
for the L/K capture ratio, which does not include
corrections for exchange and overlap effects. "

TABLE I. The results of the present experiment compared with the predictions of the theory and the results of Ref. 9 ~

Energy range
(keV) A

Present results
Experiment '

B Theory
Results of Ref. 9

Experiment Theory

—x 10'IB
7

End point
(keV)

120—360
100-360
50-360
0-384 '

7.8
8.8

10.6
12.6

388

7.6
8.5

10.0
12.5

387

7.7 +0.5
8.6+0.5

10.3 + 0.6
12.6 + 0.9
388+ 8

6.4
7.3
9.2

10.0
384'

4.9 + 1.0

395 +25

7.0
74c

~ Column A (B) corresponds to the use of trapezoidal {rectangular) response functions. Column C gives the averages
of the entries of Columns A and B.

b The value of IB/& capture was converted to IB/y using the value 0.124 for ther /K capture ratio.
The value 7.4 was obtained from the corresponding value in Ref. 9 after modifications described in the text.
The values correspond to a linear Jauch plot least-squares-adjusted to the data over the energy range 130-340 keV.

~ Value obtained from mass differences, Ref. 12.
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(130-340 keV). The curve on the IB spectrum is the
theoretical spectrum which corresponds to this line.

From this I/ff capture ratio, we compute a.

screening factor ratio S„/S„of0.26.
The most significant systematic errors in the

values for the bremsstrahlung per y ray listed in
Table I are related to the determination of the de-
tector efficiency, the uncertainty in whether or
not the peak near 477 keV is accompanied by a
Compton continuum, and the approximate form of
the response functions. In the mentioned order,
they were estimated to be 3%, 3%, and 2 to 4%,
the latter value being dependent upon the energy
range. The rms value of these errors and the
statistical error of about 1% is 6/d, and corre-
sponds to the errors given in the table.

Various explanations in terms of scattering be-
tween the detectors combined with random time
overlap of pulses, were attempted to account for
the appearance of the peak in the prompt pulse-
height spectrum near the y-ray energy. Such
events could account for less than 10/p of the ob-
served intensity. Furthermore, any scattering
events which might occur would be accompanied
by a peak in the prompt spectrum at the energy
(=170 keV) of the backscattered nuclear y ray.
Since there is no evidence for such a peak (cf.
Fig. 4) in either the bremsstrahlung or the split-
window background spectra (where it would have
been enhanced), scattering events can be discount-
ed. The energy range of the IB detector was ex-
tended to 2 MeV in a supplementary measurement.
No additional peaks could be detected, ruling out
possible contributions from y cascades.

DISCUSSION

The total yield of IB per nuclear y ray is given,
in the notation of Martin and Qlauber, by

~IB ~ls ~2s ~ls + ~2s/ ls
(d), (dr + (dg (dr 1+ (dg/(dr

with

(2)

and

(3)

~r&/~y = ~ss/~x. . (4)

A comparison of the present experimental re-
sults with this approximation to the theory shows
that over the largest energy range accessible in
this measurement (50 to 360 keV), the intensity of
the bremsstrahlung is in fair agreement with the
theoretical prediction. " However, there is a no-
ticeable difference in the shapes of the spectra,
showing an apparent experimental excess of high-
energy photons and a corresponding deficiency at
low energies.

Here w„ is the rate of radiative 1s capture, su~ is
the rate of nonradiative K capture, etc. , 4 is the
electron wave function, and q is the neutrino mo-
mentum. Since the difference in binding energies
between the 1s and 2s states in 'Be is negligible in
comparison with the transition energy, we are
justified in setting q» = q». The factor X is the
exchange and overlap correction of Bahcall, "
which arises from considering antisymmetriza-
tion of the wave function and the change in nuclear
charge. For Be, X ~ = 3.7. As these effects are
not considered in the Martin and Qlauber theory,
we set X ~ = 1 in order to consistently treat the
electronic wave functions in the same approxima-
tion. The numerical factor F has a dependence
upon the energy range considered, and should
ideally include similar corrections to the Martin
and Qlauber theory for exchange and overlap ef-
fects. As is demonstrated in the Appendix, the
inclusion of exchange and overlap effects in both
the theory for the radiative- and the theory for the
nonradiative-capture processes has practically no
effect on the ratio &u, B/~ . In the absence of these
effects, the factor I is determined solely by the
nonequality of the relativistic corrections to 1s
and 2s capture, and is therefore close to unity.
Actually, for the total energy range, I = 1.00.
With these approximations, we have for 'Be
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In comparison of the present results with those
of Lancman and Lebowitz, ' some care should be
taken. The latter experimental value is given as
bremsstrahlung intensity per K capture, computed
using an 1./K ratio of 0.124. We have therefore
decreased this experimental number by 12%%up. In

adjusting the latter theoretical value, we have as-
sumed that ru„/&u» and +„/ur» were computed from
the Martin and Glauber theory and summed. We
therefore have decreased the published theoretical
number by 3%%uz, corresponding to an L/K capture
ratio of 0.033, in order to convert this theoretical
number to bremsstrahlung per nuclear y ray. In

addition, Lancman and Lebowitz" used a screening
factor ratio of 0.5 in calculating the ratio ~„/~„,
while a screening factor ratio of 0.26 gives a rela-
tive contribution of 3%. We have therefore further
decreased the theoretical number by 3%%uo. The re-
sidual discrepancy appearing in Table I might be
due to the use of the experimentally determined
end point, 395 keV, in computing the theoretical
number, rather than the more accurate 384 keV
obtained from the mass tables.

When this experiment began, it was assumed
that elements of lowest Z would follow the Martin
and Glauber theory most closely, because of ap-
proximations made in the theory during the treat-
ment of the Coulomb field. However, the rela-
tive change of the nuclear charge during the cap-
ture process is large for low-Z elements, and so
one might expect that corrections to the Martin
and Glauber theory, similar to those applied by
Bahcall to the nonradiative-capture theory, would

be of importance. Indeed, the factor E in Eq. (3)
changes, for the total range of the spectrum, from
1.00 to 2.9 as the result of these corrections (see
Appendix). However, the inclusion of these effects
in both the radiative- and nonradiative-capture
theories leaves the ratio ru, »/~z unchanged to with-
in 0.1/0 and does not explain the deviations of our
experimental results from the Martin and Qlauber
theory.

In Be, the 2s electrons participate in chemical
binding, and so one might expect the capture pro-
cesses to be dependent on the chemical environ-
ment. The half-life of 'Be has been shown" to de-
pend to about one part in 10' on the chemical sur-
rounding of the nucleus. While the half-life (and

uz and m, »& is proportional to the electron density
at the nucleus, the ratio &v„/&u& would be depen-
dent on the charge density only in second order.
Since the range of the Green's function is only 5%%u&

of the Bohr radius of Be at the photon energy of
100 keV and decreases with increasing photon en-
ergy, chemical effects on the relative rates of
radiative and- nonradiative capture are expected
to be negligibly small.

APPENDIX

Proper consideration of the change in nuclear
charge during the capture process results in two

corrections to the Martin and Glauber theory:
modification of the Coulomb Green's operator,
and exchange-overlap corrections similar to Bah-
call's for nonradiative capture. Both of these cor-
rections, however, will be shown to have a negli-
gible effect on the ratio ~,B/&u for the range of
energies investigated in this experiment.

In their treatment, Martin and Glauber have
used the Coulomb Green's operator,

~ (»(r)P*»(0)
E s ~ E B

making the assumption that captures from occu-
pied states followed by radiative transitions con-
tribute terms equal to those corresponding to vir-
tual transitions to occupied states followed by cap-
ture, which are forbidden by the exclusion prin-
ciple. This, however, is not completely valid.
Radiation before capture takes place in the Cou-
lomb field of element Z, while radiation following
capture takes place in the field of element Z —1.
This, in turn, implies for Be that the term in the
Qreen's function corresponding to the occupied
2s state is incorrect, as this radiative matrix ele-
ment must be evaluated using wave functions of
Li. However, distortion of the spectrum would be
expected to occur only at the lower photon ener-
gies (k& Zo.m =20 keV for Be), where the poles
corresponding to the bound states contribute
strongly to the transition amplitude.

Exchange-overlap corrections can be applied to
the Martin and Qlauber theory in a manner analo-
gous to Bahcall's procedure for obtaining X~~~.

In computing the rate of radiative 1s capture, the
square of the matrix element

~ M„(k, p)~' given by
Eq. (3.11b) of Ref. 3 should not be used in Eq.
(2.31) of Ref. 2, but rather one should use the
square of the exchange-corrected matrix element,

~ M,',"(k, p) ~', given by

IMl."(k, p)l'= I&»'l»&Mi. (k, p& —&»'l»&M. .(k, P&l'

+P l&s"[»&I'[M.(k p)i',
n+3

where the unprimed (primed) states denote the
electronic wave functions in 'Be ('Li). The vari-
ous terms in this expression have a physical inter-
pretation similar to the corresponding terms in
the nonradiative-capture theory. " The first term
is an interference between two processes: radia-
tive capture of a 1s electron in 'Be with the 2s
electron in 'Be remaining a 2s electron in 'Li,
and radiative capture of a 2s electron in 'Be with
the 1s electron in 'Be becoming a 2s electron
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in 'Li. The two processes interfere with a minus

sign because of the necessary antisymmetrization
of the electronic wave functions. The summation
corresponds to all those processes in which the
1s electron undergoes radiative capture and the
2s electron in 'Be jumps to some state in 'Li.
The terms add incoherently as they differ in final
state. The 1s' term is excluded from the summa-
tion as it leads to 2s radiative capture, and the
2s' term is excluded as it has been accounted for
in the interference term. Using closure of the s'
states, the summation can be written as

(1 —I(»'I»&I' —I(»'I»&l') IM,.(k, p)I'

Strictly speaking, the energy-conserving 5 func-
tion in Eq. (2.31) of Ref. 2 should include the bind-
ing energies of the electronic states, which will
modify the phase-space factors slightly. As the
binding energies are only of the order of 100 eV,
and projections of I2s) on high-lying continuum
states of 'Li are expected to be very small, the
binding energies can be disregarded.

This antisymmetrization of the wave function
then implies that the new relativistic correction,
R;,"(k), is given by

Rex�

(k)
& I'(A ex)x + (Bex )x

+ (1 —I( ls 12s)l' —l(2s I»&l*)(A,.'+ Bi.')1

where

A;,"= (2s'I 2s) A„—(2s'
I
is&A„~xe 0)

18

B„*=(2s'
I 2s) B„—( 2s'I ls) B„

4&s~

and A„and B„are given by Eqs. (3.12a) and (3.12b)
of Ref. 3. Similar expressions for 2s capture are
obtained by interchanging the symbols 1s and 2s
in the states of 'Li and 'Be. Since g„(0)/g„(0}is
large, A~ and B2," may differ considerably from
A~ and B„. It should be noted that the summation
over electron spins and neutrino and photon polar-
izations and averaging over nuclear orientations
need not be repeated as a consequence of these
corrections. This is due to the fact that, neglect-
ing mixing of the 2sy/g and 2p]i2 levels, which is
small in 'Be, the matrix structures of My and M2„
as given by Eq. (3.lib) of Ref. 3, are identical.

In the same approximation, similar expressions
can be written for the K and L capture rates. In-
stead of writing

~, =~r+~i" le,.(0)l'+l0 (0)l'

one should write

with

~CX+ ~OX+ ~eX
y K L 0

cur'" l(2s'I2s) P„(0)—(2s'I is& $~(0)I',

I( ls'lis&g„(0) —(ls'12s& g„(0)I',

~:""(1—I(»'I»&l'- I(»'I») I')
I g„(o}I'

+ (1 —I( is'I is&l' —l(2s'I ls&l')
I rP„(0) I' .

Here, co,
'" includes processes in which the 1s or

2s electron is captured and the remaining electron
is not in a 1s' or 2s' state in 'Li. These processes
are not properly K or L capture, but nonetheless
lead to nuclear y rays if the transition is to the
477.4-keV state.

For the purposes of calculation of the overlap
integrals, tabulated wave functions" were used.
These give slightly different values for the screen-
ing ratio (0.32 as compared to Winter's value of
0.26), but have been consistently used throughout
the calculation of the exchange-overlap correc-
tions. As a, check, X~~K was computed to be 3.5
using the wave functions, in reasonable agree-
ment with the previously quoted value of 3 7 Ay„
B„, and B„were computed as described in Ref.
15, and A„was taken as unity. This last approxi-
mation is valid as A~ differs from unity by only
2/0 over the range 50-380 keV, and A„ is expected
to show even a smaller variation.

The predominant effect of these corrections is to
increase the total intensity of 2s capture relative
to 1s capture by a factor of 2.9; while the value of
m„/u is decreased by f%. However, the net ef-
fect on the ratio u&, B/~z is negligibly small, i.e. ,
the change is less than 1/0. Changes in the shape
of the spectrum at energies above 50 keV are neg-
ligible, as the values of B„and B~, and of A„and
A~ are approximately equal over the range of ener-
gies considered.
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A variational principle for the bound-state Faddeev equations is given. This principle
takes the form of a variational expression for the linear eigenvalues of the Faddeev kernel.
The variational expression is investigated for the case in which the wave function is expand-
ed in terms of known functions. In this case it can be reduced to the variational method of
Rosenberg, and hence the energies obtained are variational upper bounds for the bound-state
energy. The variational expression is also used to generate a new set of one-dimensional
integral equations for the bound-state problem.

I. INTRODUCTION

The usefulness of variational methods for com-
putations on the three-nucleon bound-state system
has been emphasized by Delves. ' If one is dealing
with an interaction which is derived from a poten-
tial, the Rayleigh-Ritz quotient for the energy may
be taken as the variational expression of the Schro-
dinger equation. Many calculations have been per-
formed using this method, ' the most extensive and
definitive being the work of Hennell and Delves
and Hu' using the Hamada- Johnston potential';
and of Jackson, Landb, and Sauer' using the Reid
potential. ' The variational principle is also use-
ful in suggesting approximate methods of solution,
examples being the Hartree-Fock equations for
many-body systems' and the equivalent two-body
methods of Bodmer and Ali, ' and Feshbach and
Rubinow. '

In his study of three-particle scattering, Fad-
deev" has given a reformulation of the three-
body problem in terms of two-body t matrices
rather than potentials. Such modifications are
essential for treating scattering phenomena" and
at the same time offer an alternative form for the

bound-state problem. This formulation has often
been favored in the three-nucleon system for con-
ceptual as well as aesthetic reasons, among them
being the difficulties encountered in trying to de-
termine the two-nucleon potential and the closer
relationship between the t matrix and experiment.
In addition, recent work" has shown how to modi-
fy the off-shell two-body t matrix directly, with-
out the necessity of going through a. potential. For
such interactions the Faddeev approach seems
the more natural one.

Whether the Faddeev formulation of the three-
nucleon bound-state problem is more amenable
to solution than the Schrodinger form is not well
known. For separable potentials both methods
are equivalent and easily yield solutions. " There
have been a number of attempts at solving the
Faddeev equations with local potentials. Osborn, "
MalQiet, and Tjon, " and Kim and Tubis" have
been able to solve the two-dimensional integral
equations that arise when the Faddeev equations
are taken into the momentum representation. The
most definitive result here is that of Malfliet and
Tjon with the Reid potential.

In this paper we develop a variational principle


