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Ideal quarks and mesons in the relativistic quark model
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We propose a microscopic theory for interacting mesons and ideal quarks in the relativistic
quark model using the time-dependent mean-field theory technique. For simplicity we examined the
Nambu-Jona-Lasinio model. The dynamical chiral-symmetry breaking leads to a zero-frequency
mode (pion) due to the restoration of chiral symmetry. The ideal quarks are represented as dressed
particles independent of mean fields, and do not have the conventional properties of fermions. This
is due to the constraints of eliminating the double counting of degrees of freedom between the
mean fields and quarks. The small fluctuation around the static solution is then investigated. The
pseudoscalar and scalar mesons are represented as the collective modes of the mean fields.

PACS number(s): 12.39.—x, 11.30.Na

The fundamental theory of hadrons is believed to
be quantum chromodynamics (QCD), which is a non-
Abelian gauge field theory. A technique for calculat-
ing QCD is the Monte Carlo estimation of the func-
tional integral, which is called lattice QCD. On the other
hand, there are various phenomenological models for the
hadrons. One of them is a relativistic quark model [1]
given by the Lagrangian density

Leg(z) = ¥(z)i P(z) + /d4y P(2) Ay P (z)V (z — y)

xP(Y) Ay, (y) , (1)

where the A® are the Gell-Mann SU(3) matrices. This
model might be derived from QCD [2]. Equation (1)
is a nonlocal version of the Nambu-Jona-Lasinio (NJL)
model [3]. The NJL model has recently received increas-
ing attention in connection with the low-energy proper-
ties of the hadrons. The model spontaneously breaks the
chiral symmetry, and the dynamics generate a mass for
quarks. Nambu and Jona-Lasinio showed how to con-
struct the various low-lying (¥¢)) bound states of the
model by solving the Bethe-Salpeter equation. The chi-
ral symmetry then requires the appearance of the Gold-
stone bosons (massless pions) as the collective (%) of
massless quarks. As is well known, the NJL model does
not include any confinement mechanism due to contact
four-fermion interaction. In this paper, however, we will
consider the NJL model instead of the relativistic quark
model (1) for simplicity.

As is shown by Eguchi [4], the NJL Lagrangian den-
sity is approximately the same as the effective Lagrangian
density obtained from the linear o model [5] with radia-
tive corrections. However, Eguchi’s method includes the
double counting of degrees of freedom between the quarks
and mesons due to the introduction of the auxiliary fields
(meson fields) o and #. Therefore, his argument is not a
rigorous derivation.

Recently, Providéncia et al. [6] have investigated the
dynamical chiral-symmetry breaking, the light-meson
spectrum, and the properties of the pion in the NJL
model using the time-dependent Hartree-Fock (TDHF)
formalism. The light-meson spectrum corresponds to the
collective excitations of the Dirac sea of massive particles.
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However, the TDHF method is limited only to systems
having an even number of valence quarks. Therefore, to
treat systems (nucleon or A) having an odd number of
valence quarks, an extension of the conventional TDHF
method is needed. The author [7] has recently proposed
such an extension using the path-integral technique in the
field of nuclear physics. The result obtained is identical
to the boson-fermion expansion given by several other au-
thors [8]. In this paper, we will apply our method to the
NJL model, and propose a quantum-mechanical treat-
ment for the description of the meson fields, the ideal
quark fields, and the mutual interplay from the view-
point of the mean-field theory. Constraints eliminating
the double counting of degrees of freedom between the
mean fields and quark fields are automatically derived.
The ideal quarks are represented as dressed particles in-
dependent of the mean fields, and are considered to be
constituent quarks. Thus, we can derive the mean-field
Hamiltonian coupled with the ideal quarks. Furthermore,
we will examine the small fluctuation around the static
solution. Then we will find two kinds of collective modes.
One is the pseudoscalar Goldstone boson (zero-frequency
mode) identified with pion, and another is the scalar bo-
son with twice the ideal-quark mass.

Let us start from the functional integral in the NJL
model [3]

Z = / Dy Dyt exp [z / L(z)d‘*m] , (2a)

where the Lagrangian density with the scalar and pseu-
doscalar interaction is given as

L(z) = $i P + g[(d)* + (Pivs9)?] - (2b)

For the sake of simplifying the notations, we consider only
one quark flavor Ug(1)xUL(1). The generalization to the
realistic case of two massless flavors is straightforward.

We first perform the plane wave expansion of the orig-
inal quark fields:
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where by, and dp, are the Grassmann variables of the
J

= /DbDb*DdDd"DSDPexp (i/L' dt)

where the Lagrangian L’ is redefined as
L' =4 (b},bpa + dpsdy,)
pPs

+2g9 Z Z [Sppr (b

Pasp’'q’

-9 Z Z[Spp’sqq’ + Ppp' Paq'|0p-p'+q—q' -

P4 p'q’

Here the dot denotes a time derivative and o is the Pauli
spin matrix. In the connection with the mean-field the-
ory, it is now convenient to introduce a decomposition of
the Hermitian matrix (Spp’, Ppp’) in the following form

Spp' = 2Tr(v0ppp') s Pop' = 2i Tr(Y0v50pp).  (6)

Here ppp is the Hermitian matrix as follows:

Ppp' = (UTMU*)pp’ ’ (7)

where U and M are the unitary and Hermitian matrices,

respectively:
o= (tan) = (50

The matrices u and v are given by the elements
Upp' = (V 1- fmﬁ) o

where B, is a complex variable. They automatically
satisfy the normalization conditions: (ufu + vTv)pp:
dpp’, and w and w are the Hermitian matrices.

Let us now go to the body-fixed frame of the quark
fields by means of the unitary transformation (8). To do
this, we introduce “ideal-quark” fields (aps,cps) by the

w 0
0 1—w

'U.f v
(8)

—’UT u

(9)

, » Upp’ = Bpp’ >
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quark and antiquark with momentum p and helicity s =
1,2, respectively. Following the standard procedure we
introduce auxiliary fields (Spp', Ppp') in such a way that
the Lagrangian becomes bilinear in the quark fields. This
eliminates the quadratic interactions among the quark
fields. Then the functional integral (2a) is rewritten as

(4)

+ d_psbps)

s@—q's d—qsbq'S)]‘sp—p’+q~q’

[
The functional integral Z can then be written as

= /DaDa*Dch*DﬂDﬂ*DwDu"J exp (i/L'dt)
(11)

From the stationary phase approximation about w and
w in the functional integral (11), for the arbitrary (u,v)
the following conditions should hold:

1 . - 1 «
Wpp' = 5 _S_ :a‘paa’PlS’ Wpp' = 5 E :CpscP'S )
k] k]

(12)

(1)
Pop =

= Zal" cprs =0, ¢(2), = Zcpsaprs =0.

8

(13)

As mentioned before, there is the double counting of de-
grees of freedom due to the introduction of the auxiliary
fields. The double counting is eliminated by the above
constraints (12) and (13). Then the Lagrangian in the
functional integral (11) is written by

L'=4Y '+ uillpp +i ) (ap,apa + cpoéps) — H'

unitary transformation: ps ps
(14)
a\_p b\ [ ut v b (10)
c) )\ -l u d where the Hamiltonian H' is given by
J
H = —i Z[UT'[} + udt]pp — ZO‘ -pluv + viul]yp
pPs pPs
=03 3t = pplols — il = o = wrllo'al ~ i)
+terms about a, a*, ¢, and c* (15)
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From the variation L’ = 0 about 8, 8*, a, a*, ¢, and
¢* under the constraints (13), the equations of motion
are then given by

i:Bpp’ = [/Bpp’aH,]Dy i-;p' = [ﬁ;pr,H']D s (16a)
|
[4,Blp = [4,Blr + 3 {(4, AR N P

pp'qq’

The bracket [A, B]p is the Poisson bracket involving the
Grassmann variables defined by Casalbuoni [10]. The
canonical quantization can be performed by the replace-
ments:

()Bpp” ;p'a Qps; a;s 1 Cpss C;,)

(18a)
(18b)

- (ﬂpp', ;p" &'paa &';37 éEpm é;,) ’
[A,B]p — [A,B]+ ,
where [A, B]+ means the commutation and anticommu-

tation relations. Then, the commutation relations are
expressed as

[@pss dpryr]+ = dpprdas + Z Aw[zs]pq,p’q’él"" )
pPp'qq’
(19a)
[él”’é;'a']'f‘ = 6PP'593' + Z a’ps[z‘g];;,p’q"ip'a’ )
ppP'aq’
(19b)
[apa"ip’-«’]-#- = [&;ua';'s']+
= [épaaép'a']‘f = [é;gvé;)’g’]+ =0 ’ (19C)
[ﬁpp:,ﬁ;q,]_ = 0pqfp'q >
(19d)
[ﬂpp w@qq 1-=B pp"ﬂ:lq]— 0,
where § is defined by
2)
28]pp',a0 = [¢pq’ ¢§, q'lP - (19e)

The above relations imply that the ideal quarks (dps, éps)
do not satisfy the anticommutation relations of fermions.
This is due to the constraints (13) eliminating the double
counting of degrees of freedom between the mean fields
and the quarks.

Let us present the description of the mechanism of
chiral symmetry breaking by obtaining the static solu-
tion from the above Hamiltonian (15) without the ideal
quark fields. We assume that the static solution is real
value and (upp’,vpp’) is diagonal, i.e., uppr = Opprup
and vpp' = Opptp. Then the minimization of the static
energy leads to the gap equation

HRPA - 420 Pup p ppﬁ _4922[(‘"[;)2
pp’ ss'
—4g Z Z ugvg

pp’' ss'

w03 (Bop + Bop) (Borpr + Bpip) +9 Z Z(IBPP ~ Bp
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iaps = [aps, H'|D, 14}, =[a},, H']D , (16b)
ips = [cps, H'|D, iCp, = [cher H']D » (16¢)
where [A, B]p denotes the Dirac bracket [9]:

Blp + (4,82 1p[62), 6515 65 Blp} - (17)
|
Am
49 5 (20)
P

where A is the cutoff parameter, and the ideal-quark mass
m and the energy E are defined as

ul —v .
m=-2—Pg.p, E= A (21)
2upvp 2upvp
which satisfies the relationship
E? =m? + p? (22)

From Eq. (21) and the normalization condition uf,+vl2, =

1, the static solutions ug and vg are obtained as follows:

S R H O =
(23)

These static solutions spontaneously break the chiral
symmetry.

We will next examine the small fluctuation around the
static solution. To do this, we decompose the inverse of
the unitary matrix into the static part and the fluctuation
part:

1 _(u —v\ _ [u® —° @ -7
() ()G )

where iy, and Upp are the matrices given by the ele-
ments

Substituting (24) into (16a), we obtain the linear equa-
tions by making the so-called random phase approxima-

tion (RPA):

iBop = 2EfBpp — 16guguvy Z uqvp (Baa + Biq)
a

» Uppr = Bpp’ : (25)

pp’

—4g Z(ﬁqq - ~;q) , (26)
q
Then the RPA Hamiltonian becomes
(up)?)[(vp)? — (ug)?1BgipBprp!
)(Borpr — Byiot) - (27)

pp’ ss’'
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Let us next examine the eigenmodes and the eigenfunc-
tions of the linear equations (26), which may be decou-
pled into equations for the pseudoscalar function and the
scalar function.

(1) Pseudoscalar mode. Using the equilibrium condi-
tion or the gap equation (20), we obtain

A

1 = o *
Zﬁ(ﬂpp +Bpp) =0

)

(28)

This solution Eg(,@pp + Bpp)/E is the zero-frequency
meson mode (the Goldstone mode). The zero-frequency
mode is a consequence of the violation of the chiral sym-
metry (s invariant). In other words, there is the degen-
eracy of the deformed vacuum state under the 5 gauge

transformation. Since the axial charge is, in RPA, given
by

Il

Qs / Bz Py s

1

A
1 - -
—2my" = (Bop + Byp) =7, (29)
p

this charge conserves, in agreement with the Goldstone
theorem.
(2) Scalar mode. The RPA equations (26) reduce to

P:"‘lsz’ Q:Pa (30)

where N (a normalization factor), P, and Q are defined
as

-1/ - -
N=(Shas) . P=iN Ty G~ o),
(31)
Q=NYXh 58 Bop +Fp) -

These equations have the solution w = 2m. Since P
and Q under the parity transformation are invariant, the
modes are scalar.

In the normal modes, the RPA collective Hamiltonian
assumes the diagonal form

2
H]]{{)A = %r"j + P2 + 4m2Q2 + pro;;op ) (32)
|
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where Op denotes the continuum mode, wp is the
eigenenergy, and J is the inertia parameter of the chiral
rotation energy. It is well known that the RPA treatment
results in a special eigenmode with zero energy [11]. The
conjugate coordinate a of 7 is defined as

a = zo‘p(:épp - ~;;p) ) (33)
P
which satisfied the equations
. LT
[a,ﬂ‘]p =1, [HRPA,a]p = —2—3— . (34)

The mesons are considered to be the collective modes
of the time-dependent mean fields, and the ideal quarks
are the dressed particles which satisfy the commuta-
tion relations and differ from the conventional fermions.
Then, the Hamiltonian (15) including the ideal quarks is
given as

H = HII{{)A + Hquark + Hcoupl ) (35)
where Hgyark is the ideal quark Hamiltonian
Hquark = ZEP(a;aa‘ps - c;acpﬂ)

Ps

+quadratic terms at ideal quarks , (36)

and Hcoupt is the coupling Hamiltonian between the
mesons and the ideal quarks.

Thus, we derive the meson Hamiltonian interacting
with the ideal quarks in the RPA order. As seen
from (32), the meson Hamiltonian H5, includes the
continuum modes Op. The ideal-quark Hamiltonian
Hgyark consists of the single ideal-quark Hamiltonian and
the ideal-quark-ideal-quark two-body interaction. The
Hamiltonian (35) has the chiral symmetry through the
chiral rotation (Nambu-Goldstone mode) in RPA order.
If we neglect the continuum mode and the quadratic
terms at the ideal quarks in the Hamiltonian (35), it may
correspond to the Hamiltonian obtained from the linear
o model [5].
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