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in ' Na: Systematics of rotational isomers and band terminations

in the A = 20—26 region

D. M. Headly and R. K. Sheline

Departments of Chemistry and Physics, Florida State University, Tallahassee, Florida $2806

Ingemar Ragnarsson
Department of Mathematical Physics, Lund Institute of Technology, Lund, Sweden

(Received 4 May 1993)

Previously proposed high spin states in ' Na are compared with calculations from the cranked
Nilsson model including Strutinsky renormalization. High K rotational isomers are proposed for I
= 6 in Na and 11/2+, 13/2+, and possibly 15/2+ in Na. The positive parity yrast sequences
in these two nuclei are analyzed in terms of the change from collective to single particle behavior at
I = 9 ( Na) and 17/2 ( Na). The systematics of band terminations in eight nuclei between Ne
and Mg shows that I " or I "—1 has tentatively been reached in six of these eight nuclei, where
I " is the maximum possible 8d shell spin for the given nucleus.

PACS number(s): 21.60.Ev, 21.10.Re, 27.30.+t

I. INTRODUCTION

The cranked Nilsson model including Strutinsky renor-
malization (CNSM) without pairing has been useful in
interpreting the spectra of sd-shell nuclei at high spin.
In particular, the model has provided an explanation
of certain states throughout this mass region in terms
of band terminations (isO, 2 22Ne, Mg), shape coex-
istence (prolate and oblate in 2 Si), rotational coexis-
tence with axial symmetry (p = —120' and p = 0' in

Mg) or with triaxial shapes (p = 30'—40' coexist-
ing with —30' to —40' in isO), and highly deformed
molecular resonances (e = 1.1, p = 40' in Mg) [1—4].
Vermeer [5] has recently identified the yrast 6 state in

Na and compared the properties of this 6i state (6958
keV) and the 62 state (7413 keV) with the 11/2+i and
11/22+ states in 2sNa, suggesting that the 6i and 11/22
are K isomers. While the shell model calculations used
for states in ' Na do well at reproducing energy lev-
els and branching ratios for these possible aligned states,
they are unable both to give any intuitive picture of these
states in terms of deformation, e2 and p, and to explain
why such high K states are favored in energy relative to
collective states of like spin. Therefore, we have looked at

Na using the CNSM to search for possible rotational
isomers (or It isomers) and to investigate how the param-
eters used thus far for Sd-shell nuclei can reproduce the
spectra of Na nuclei. A summary of the current status
of band terminations in 8d-shell nuclei between A = 20
and 26 is also presented.

Within a given axially deformed nucleus, we define the
term "rotational isomers" as two (or more) states of the
same spin and similar gross shape but with the spin vec-
tor in di8'erent directions. In the sd shell only prolate
isomers have been proposed. These correspond to collec-
tive rotation with the spin vector perpendicular to the
symmetry axis and to aligned coupling, along the sym-

metry axis, of the single-particle spins of the unpaired
valence nucleons, respectively. The aligned isomers, of-

ten referred to as "rotating around the symmetry axis, "
do not necessarily possess a long lifetime (e.g. , nanosec-
onds or longer) although this is true in rare earth nuclei
and would be true in general for ideal cases.
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FIG. 1. Polar plot of quadrupole deformed nuclear shapes
rotating around the x axis, illustrating the transition through

p from collective oblate shapes (p = —60') at the end of a shell

to prolate particle hole alignment at p = —120', contrasted
with the experimentally observed changes from prolate col-

lective shapes at p = 0 to oblate noncollective terminations
with p = 60'at the beginning of shells.
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The majority of observed rotational bandheads in the
sd shell are thought to be prolate (the 11/2+i state in
2 Mg and the 2sSi ground state are two exceptions) and
hence in the CNSM these bandheads appear at p =
—120 . The collective bands built on these bandheads
through rotation perpendicular to the symmetry axis are
then found at p near 0 where thus, in the standard
CNSM, the bandhead spin contribution to the total spin
is neglected. With increasing spin, the matter distribu-
tion tends to become symmetric around the rotation axis,
i.e., a tendency towards triaxial shape and finally a ter-
mination for oblate shape (p = 60'). If we consider holes
instead of particles, oblate collective bands (p = —60')
will evolve through decreasing p values and terminate
at p = —120'. Thus, in the terminating state, a few va-

lence particles rotating around the equator give rise to an
oblate shape (p = 60') while a few holes rotating around
the equator lead to a prolate shape (p = —120'). Figure
1 gives a pictorial representation of these shapes and ro-
tation axes in the e,p plane. In practice no bands have

been traced &om —60 to —120 although in ' Mg and
2sSi such bands have been predicted in calculations [2—4].

II. MODEL CONSIDERATIONS

present analysis of Na is the first study of an odd-odd

light nuclide with the CNSM. In this method, at a specific
deformation, proton and neutron single-particle energies
and spins are simply added with no special symmetriza-
tion. The resulting energies are normalized according
to the Strutinsky prescription and then the minimum at
fixed spin over diferent deformations is searched for. In
an odd-odd nucleus, a more realistic basis function would

be a product of the type 4„4 so that symmetric and
antisymmetric combinations of these functions would be
able to yield two states for given spins and configurations

(K $0) rather than one as in the present calculations.
Other limitations are the one-dimensional cranking ap-
proximation I = I, and the exclusion of pairing (which
may be significant at low spins) and n pinterac-tions.
Hence, a detailed comparison of experiment and theory
is not feasible. Instead, we will focus on the competition
between aligned and collective configurations (at higher

spins) and look at overall trends within the yrast bands
in Na. It will be seen that the CNSM can still yield
important details concerning the nature of angular mo-

menta coupling and deformation of high spin states in

light nuclei.

The version of the CNSM used here is the same as
that described elsewhere [2—4, 6] and we refer the reader
to these papers for details of the model. In the present
work, we have used standard values [6] for the parameters

K,p, except in the N=2 shell where r = 0.105, p, = 0.15
were used. These values can be compared to earlier sd-

shell calculations [4, 6) in which K,@=0.08, 0.0 for N=O —2.
The important parameter change in the present work is
that /i(N=2) is chosen $0. This change produces a low-

ering of the d5/2 subshell energy relative to that of s&~2,
.

see Fig. 2. The older values produced a crossing at e 0.2
of the [211]1/2 and [202]5/2 orbitals for prolate shapes,
yielding an incorrect 1/2+ ground state for 2 Mg. The

III. COMPARISON OF EXPERIMENT
AND THEORY

A. ~~Na

In the ground state the odd proton and neutron both
occupy the [211]3/2 Nilsson orbital (see Fig. 2). For
odd-odd, N = Z nuclei such as this, isospin considera-
tions produce three low lying positive parity bands [7].
Specifically, the odd particles couple to (K, T) = (3+,
0), I=3, 4, 5, . . . ; (0+, 0), I=1, 3, 5, . . . ;and
(0+, 1), I=O, 2, 4, . . . . Experimentally the bandheads
are at 0, 583, and 657 keV, respectively [8]. We will not
look at these bands in detail as explained above.
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FIG. 2. Static Nilsson model single-particle orbitals (no
cranking) for the p and sd shells, with both quadrupole
and hexadecapole (e4) deformations on the abscissa. Closed
(sub)shells are labeled as encircled numbers.

A 6 level at 7.474 MeV was first tentatively suggested
by Rivet et al. [9] using the ~oNe (o., d) reaction. They
assigned the configuration as (d5/2f7/2)s Two inore

(a, d) experiments [10,11]also tentatively identified such
a state, at 7.46 MeV. R.M. Freeman et al. [12] suggested
instead that this level was a member of the K =1 band
beginning at 2212 keV, based only on rotational energy
systematics. Vermeer [5] observed a 7.413 MeV, 6 state
and also placed it in the K =1 band, associating it with
the 7.46 MeV state mentioned above. Figure 3 shows the
decays of the 6i (6958 keV) and 62 (7413 keV) states
and their lifetimes. On the basis of these decay schemes,
we have placed 62 at 7413 keV in the K =1 band. The
6y state at 6958 keV has a reLatively long half-life and
gamma decay outside of the K =1 band, with B(E2)
values for transitions &om the lowest calculated 6 state
to the 4 and 5 states roughly 0.1 W.u. [5], compared
to an experimental B(E2) of 16+4 Wu for the 62 ~ 4i
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transition. Furthermore, the 62 level better fits into the
J(J + 1) energy sequence of the K =1 band. These
factors suggest K =6 for the 6z state, analogous to
the situations in Mg where noncollective yrast high
spin states successfully compete in energy with collective
states of like spin [3].

A low lying prolate K =6 state of negative parity
in 22Na can arise by exciting either a proton or neutron
from the p shell ([101]1/2 or [101]3/2 Nilsson orbitals;
see Fig. 2). The alternative possibility to put a proton
or neutron into the fp shell ([330]1/2) is not favored as
shown below. Specifically, the 6 p-shell hole configura-
tion would be formed &om the excitation of a proton or
neutron from [101] 1/2 to [202]5/2 relative to the ground
state configuration with one proton and one neutron in
[211]3/2. This configuration will generate two 6 states,
corresponding to the symmetric and antisymmetric com-
binations of wave functions with proton and neutron exci-
tations, respectively. For the lower spin states of negative
parity, the experimental consensus is that the K =1
band beginning at 2212 keV is due to a p-shell hole [13,
14], [211]3/2—[101]1/2, while the corresponding parallel
coupled K =2, T = 0 bandhead is experimentally ob-
served at 4583 keV [14]. The lowest fp-shell excitation
is tentatively experimentally observed at 6326 keV, with
either 1 or 2 ([211]3/2 6 [330]1/2) [8, 14].

Figure 4 shows potential energy surfaces (PES's) for

the 6 states in Na based on the configuration with (a)
a one-neutron p-shell hole and (b) a one-proton fp-shell
excitation. In the former, the unpaired N = 1 neutron
has signature n„=l/2, coupled to an unpaired N = 2 pro-
ton with n = —1/2. The total signature is then at 6——0
with even spins resulting. In (b), the excited proton in
N = 3 has a = —1/2, coupled to an N = 2 unpaired
neutron with a =1/2 again leading to n« ——0. Since, in
our calculations, it is possible to distinguish protons from
neutrons, the PES's for the reverse combinations of n +
o. are slightly different. The general features of compet-
ing collective and noncollective minima are nonetheless
represented in our picture. For the p-shell hole PES in

(a) we notice that the yrast configuration, at 11.9 MeV,
lies at (e, p)=0.3, —120', i.e., a prolate aligned K =6
state. In this aligned state, the four N = 2 neutrons
couple to I = K = 4 (5/2 + 3/2 + 1/2 + 1/2). Figure
5 illustrates why such a configuration is favored energet-
ically. Here we display single-particle Routhians calcu-
lated as functions of e and ur/uo for a Nilsson potential
cranked around its symmetry axis. As the quadrupole
deformation destroys the degeneracy at spherical shape
by splitting up orbitals, the nuclear rotation provides its
own splitting which can counteract that due to deforma-
tion, with the result that bunches of orbitals exist over a
range of e values [15]. This effect is more pronounced on
the prolate side and for high j subshells, as can be seen
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FIG. 3. Partial level schemes for ' Na and Mg including the complete yrast sequence and the proposed rotational
isomers. Measured lifetimes of the isomers in femtoseconds (with uncertainties in parentheses) are listed to the right of each

level, and gamma decays from these levels and from all yrast band members are given. The two 5 states in Na and the two
15/2+ states in Na (the second is more tentative) are also shown as they are included in our discussion. Spins of levels in

Na and Mg are labeled as 2I.
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FIG. 4. (a) Calculated potential energy surface (PES) for
a one-neutron p-shell hole in Na. The con6guration is spec-
ified as one unpaired N =1 neutron with n=l/2 coupled to
two N =2 neutrons also with n=l/2; two N =2 neutrons
with o= —1/2; one N =2 proton with o=l/2; two N=2 pro-
tons with o.=—1/2. The contour line spacing is 1 MeV. The
minimum energy relative to the calculated 3+ ground state is
represented by a dot. The minimum along p = —120', with
configuration v[211]3/2 [202]5/2 [101]1/2 s [211]3/2, cor-
responds to the experimental state at 6.958 MeV, while the
secondary minimum along p = 0' represents the 7.413 MeV
state. (b) Same as (a) but for a one-proton fpshell -excita-
tion. Note the absence in (b) of any bandhead along p =
—120' that would compete with the collective minimum at
10.0 MeV calculated excitation energy.

in the d5y2 orbitals with positive cranking axis projec-
tion. A resulting energy gap appears for particle number
12. Proposed low lying rotational isomers for Na and
Mg nuclei are presented as occupied orbitals for each nu-

cleus in which they occur. At the far right is the 6
state in Na. At even larger deformations, a hole in
the [101]—3/2 orbital would suggest a relatively low ly-

ing K =7 state. Returning to Fig. 4(a), at e 0.36
but near p=0 and roughly 400 keV higher we see a sec-
ondary, collective minimum. The bandhead for this 6
state corresponds experimentally to the K =1 state at
2212 keV. Comparing the deformation of the collective
minimum with that of the shell model (SM), Vermeer
obtains Qp(62 ) = +37.0 efm2 (theory) and +38.8 efm2
from the experimental B(E2) value for the 62 ~ 4i
transition, which yields e 0.32—0.33 using the relation
Qp ——(4/5) ZA / rp e(1+&/2) (with rp ——1.2), similar
to our result. Vermeer calculates Qp(6& ) = +38.5 e fm2

using K = 6 which yields e(6i ) 0.33, again close to
our value, and to the 62 value. Experimental studies
have derived average

] Qp ]
values from the B(E2) for

4 -+ 2 and 3 ~ 1 (K =1 ) decays which yield e

(K =1 band) = 0.53 + 0.08 [12] and 0.57 6 0.03 [13],
significantly larger than both the K =3+ ground state
band (e 0.4), the tentative K =6 state, and the 6
member of the K =1 band. Our calculated deforma-
tions for I ( 6 in the (ir, n) =(—,6) p-shell hole bands are
all in the range 0.37—0.41. The reduction in deformation
at higher spins in the K =1 band indicates an onset
of band mixing and the approach to termination for this
band in 22Na.

As is the case in 24 2sMg, if K(6i ) = 6, then the 6i -+
4i decay (b,K=5) along with its short lifetime violates
the K selection rule. This violation has been explained
by large amounts of Coriolis mixing between di8erent
K bands. Alternatively, a more recent explanation to
account for a AK=25 decay in Os proposes tunnel-
ing through the p barrier from —120' to 0' (a prolate
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FIG. 5. Single-particle Routhians in the sd shell for a Nilsson potential cranked around its symmetry axis, plotted against e
and equivalently u/u&&. Encircled numbers represent total particle numbers. Rotational isomers in various nuclei are represented
as occupied valence orbitals, with open circles for protons and solid circles for neutrons.
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~ oblate ~ prolate transition) via pairing fiuctuations
in that nucleus [16]. The single-particle —collective hin-
drances between individual states in the A = 20—26 mass
region do not seem to be very strong; lifetimes do not ex-
ceed 10 ii sec for sd-shell isomers (see Fig. 3) compared
to the rare earth region where lifetimes can be years (e.g. ,

Hf, K~=16+, 2447 keV, ti~2 ——31 years).
Returning to Fig. 4(b), we observe that for a one-

particle fp-shell excitation there is no aligned configu-
ration that competes favorably with the collective min-
imum at E'"'=10.0 MeV (relative to the 3+ ground
state) and (e, p) = (0.42, 5'). The lowest energy along

p = —120 for K =6 occurs at e 0.24 and E'"'=19.1
MeV. As Fig. 5 shows, this state would involve exciting
a particle across the shell gap at particle number 12 and
hence is not expected to be favored. Furthermore, the
fact that the energy becomes lower away &om p = —120'
indicates the strong Coriolis coupling expected for this
configuration.

2. Signature sp/ittiny in the yrest banda

The amount of signature splitting in the K =3+ and
1 bands can be estimated by plotting experimental
Routhians E vs hu [3]. The difference in energy for
o.=0 and 1 bands at a given u represents the signature
splitting. The appropriate plot is given in Fig. 6, where
it is apparent that, for either of two possible candidates
for the 5 (K = 1) member, the negative parity K =1
band has significantly less splitting than the ground state
K =3+ band. This result is explained by Vermeer et al.
[17] by looking at the relative contribution of the ds~2

configuration to the wave function of each K =3+ band
member. It is the largest component for each member ex-
cept 6+ [13] and 8+, the latter having no contribution be-
cause a T = 0, I = 8 state cannot be made from six dz/z
particles. The d5/2 contribution is greater for odd than
even spins. Since it costs less energy to populate dzg2 or-
bitals, the odd spin sequence is shifted down relative to
a smooth I(I + 1) dependence. Perhaps the explanation
for the oscillation in d5/2 components comes from the
K =0+ band as it affects the K =3+ sequence. K =0+
bands in odd-odd nuclei have the odd and even spin
sequences shifted relative to one another, the so-called
Newby shift, due to the residual interaction between the
odd proton and neutron. In Na, the concept of Newby
shifting has not been mentioned in experimental papers
because of the convention to treat the T = 1, even spin
sequence for the K =0+, [211]3/2—[211]3/2 band as a
different band than the T = 0, odd spin sequence. How-
ever, Freeman et al. [12] have placed the two sequences
together because of strong M1 decays connecting them
while Frisk [18] has determined an empirical rule for the
sign of the Newby shift E~ and has included Na in
his discussion, calculating E~( Na) = —253 keV. It has
been shown in the rare earth region [19] that this shifting
of levels can affect other rotational bands in the nucleus
even with AK up to 4, through higher order Coriolis
coupling. In Na such coupling between the K =0+
band and K =3+ ground state band could explain the
signature splitting in the latter.
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FIG. 6. Experimental Routhians as a function of rota-
tional frequency for the 3+ ground state band and the 1
yrast negative parity band in Na. In the 1 band there are
two candidates for I = 5 and so both have been used to deter-
mine data points for comparison. Solid circles represent the
odd spin sequence and open circles the even spin sequence.

For our purposes a band termination is described as a
state having the maximum possible spin for the configu-
ration in which the band begins. This implies that such
a band can be followed, in some smoothly changing way
in plots of spin vs energy and spin vs deformation, up to
the termination, but in practice the concept of termina-
tion is used even when the trend is not so smooth. Also,
it is possible to define a configuration according to the
occupation of subshells or alternately according to the
occupation of N shells. In the present calculations, the
former definition is only approximate while the occupa-
tion of (rotating) N shells is unambiguous. For example,
in Na the (ds~2) (ds~2) configuration is rather well

defined having a maximum spin of 9+ while the unam-
biguously defined (N=2) (N=2) configuration has a
maximum spin of 11+. Which definition is more proper
when comparing with experiment depends on how the
energies vary with spin.

To illustrate how different bands terminate, we have
plotted in Figs. 7(a,b) the quantity E "' — h /29 I(I+ 1)
vs I for yrast bands in Ne, 2Na (positive and negative
parity), and 24Mg. The moment of inertia parameter is
chosen according to an average trend for rigid rotation,
h /29 = 32.3 A ~ [20]. For the 0+ ground state band
in Mg, the maximum spin for eight sd-shell particles,
12, has tentatively been observed [21] (see Fig. 3). Fig-
ure 7(a) shows that this 12+ state, encircled to illustrate
its aligned nature, is however not favored energetically in
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the experimental spectrum. This is consistent with the
CNSM calculations which predict that the strongly de-
formed (e 0.48) configuration ([211]3/2) 2 ([330]1/2)2
(in which two particles in the sd shell have been promoted
to the fp shell) is slightly lower in energy for I (12 than
the oblate-terminating ground band configuration with
eight N =2 particles. It has been shown that for nuclei
such as Mg in the middle of a shell, the dependence of
orbital energies on p as u increases is such that the total
deformation energy of the nucleus does not favor oblate
shapes [20].

If a terminating aligned state is favored energetically,
it will be from the same kind of shell eKects as discussed
above for prolate rotational isomers. The curve E-E, t,

vs increasing I would then be down sloping as the cur-
vature becomes negative. Also, an irregular structure
among the data points for a band indicates that small
collectivity is present and that shell effects are changing
rapidly with angular momentum [20]. At the beginning
of a shell oblate-terminating configurations are favored,
as the curve for 2oNe in Fig. 7(a) clearly demonstrates.
The 8+& level lies at 11.99 MeV excitation, well below the
average rotor behavior.

The 3+ ground state band in 22Na in Fig. 7(a) shows
an energy staggering and a low lying 9+ state which cor-
responds to the oblate aligned configuration ([202]5/2
[202]3/2 [200]l/2)@+ (see Fig. 5). Figure 8 shows the
PES for 9+ with the configuration m'(N=2)s, ci.=l/2,
v(N=2)s, a=1/2, i.e., with six sd-shell particles coupled
to o.t q ——1 corresponding to odd spins. This is the ter-
minating state for this configuration because for o.=l/2,
I = 1/2, 5/2, 9/2, etc. , for both the odd vr and v, and
since three like particles (in dsy2) can couple to a max-
imum spin of 9/2, only 9+ can result. The minimum is
only slightly deformed at a=0.09, and while the inter-
polation sets the minimum somewhat away from p=60'
the softness towards oblate shape is obvious. The pre-
dicted energy of 10.5 MeV is only 0.7 MeV away &om
the experimental value at 9813 keV [17]. The 9+1 -+ 7+1

experimental transition strength has not been reported,
but the lifetime is estimated at 13+8 fs [17]. The shell
model predicts the E2 strength to be 7.8 W.u. compared
to experimental strengths for the 7 ~ 5, 6 ~ 4, and 5 ~ 3
decays of 17+6, 8.2+0.8, and 4.4+0.6 W.u. , respectively
[13]

The tentatively assigned 10+1, 13.58 MeV level [22]
in 22Na also becomes low in Fig. 7(a), contrary to the
CNSM prediction. Its calculated parameters are (e, p) =
(0.19, 45'), essentially an oblate aligned state where one
nucleon is promoted from (dsgq) 1~2 to (dsg2)sy2 relative
to the 9~ level. The inclusion of higher orbitals in the
10& wave functionin contrast with the pure d5~2 9y coIl-
figuration can explain why the 10+ state is not favored
in the calculations. The discrepancy between theory and
experiment for I = 10 is unexpectedly high and suggests

4 I I I I I I I I I I I I I

0 1 2 3 4 5 6 7 8 9 10 11 12

FIG. 7. Theory and experiment are compared for the total
energy minus an average liquid drop contribution for (a) the
K =3+ band in Na, the yrast band in Ne (solid dots),
and the yrast band in Mg (x); and (b) the experimental
K =1 band in Na along with the calculated yrast p-shell
hole band. Terminating states are labeled as Q (expt) and
& (CNSM). We have used h /28=32. 3A ~ . The calculated
curve for K =3+ in (a) extends to I = 0 because the CNSM
predicts the K =0+ band as yrast and hence cannot generate
a K =3+ sequence. Experiment and theory are normalized
at I=3. In (b), the staggering predicted for the p-shell band
is opposite to that of experiment; i.e., the favored signature is
calculated to be for odd spins, not even, although the observed
staggering is small. Both experimental candidates for the 5
member of this band are included for comparison; we have
followed the sequence of Ref. [5].
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FIG. 8. The 9+ PES's for fixed configuration s(N = 2)
v(N = 2), o.t~t ——1 in Na (see Fig. 5) with (eq,p) = (0.09,
14'). This is the terminating state for such a configuration
and hence only one minimum will be present.
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further experiments to obtain a more certain spin assign-
ment for the observed 13.58 MeV state.

The lli state is predicted to lie at 25.2 MeV with (e, p)
= (0.19, 60 ). This is the maximum sd-shell spin for six
particles. Even more than for the 12+ state in Mg, this
aligned state is predicted to be energetically unfavored.
The yrast 11+ state is predicted to lie 2.9 MeV lower at
deformation (e, p) = (0.46, 11'), corresponding to a 17r,
Iv fp-shell excitation.

In Fig. 7(b) we plot the experimental K =1 band
in 22Na (solid circles) along with the lowest calculated
p-shell proton hole band (open circles). We have nor-
malized the energy of the calculated band to that of ex-
periment. The o.=1 sequence of the K =1 band is pre-
dicted to terminate at I = 11 with (E'"',e,p) = (22 MeV,
0.23, 60') while the a=0 sequence should terminate at
I = 12 with E'"' 35 MeV [not shown in Fig. 7(b)].
Although the observed staggering between favored and
unfavored signatures is small for this band, it is oppo-
site to that predicted by the CNSM. If the experimental
consensus is correct regarding the p-shell nature of this
band, such a signature inversion that continues possibly
up to the band termination has not been seen before and
we do not have an explanation for this behavior. Already
by spin 4 the band built on the lowest fp-shell excitation
is calculated to be favored energetically over the p-shell
hole configuration.

23N
60'

11
~ 5.4

13/' 6.7

g= 0' "II = 0'

-120' -60'

60'

-120' -60'

60'

15/2+
~ 10.0M

17/2+
~ 10.6M

W.u. for 11/2i ~ 7/2+i), indicating a different structure
for 11/22 than for 11/2i. The shell model predicts that,
as with the 6& level, there is a large d5g2 component for

the 11/22+ wave function [)30% (dsg2) ] while less than
10'%%uo of the 11/2i wave function is (dsy2) [5].

Figure 9(a) illustrates the PES for 11/2+ configura-
tions in Na based on the odd proton having a
—1/2. The yrast state calculated at E'"' = 5.4 MeV
is a K =11/2+ bandhead with (c, p) = (0.26, —120'). A
collective minimum can be seen approximately 0.5 MeV
higher at 5.9 MeV (expt. 5.53 MeV) with (e, p) = (0.32,
0'), slightly more deformed than the K"=11/2+ min-

B ~sNa

The 11. /2+ levels at 5838 he V avid 81f 7 he V

-120' -60'

00

-120' -60'

~

y
00

As Fig. 3 shows, the positive parity levels in Na have
been tentatively identified up to I = 21/2, including sev-
eral candidates for I = 15/2 —21/2 [23—25]. Gamma de-
cays relevant to our discussion are shown in Fig. 3; no
decay has been seen for proposed I )17/2. The 5533 keV
state has been established to have I =11/2+ (although
not unambiguously), and is generally accepted as belong-
ing in the K =3/2+ ground state band [25—27] with an
11/2+ ~ 7/2+ transition strength of 7+si4 W.u.

A level at 6117 keV (5/2 —ll/2) has also been tenta-
tively assigned ll/2+, based on its decay to the 9/2+i

and 7/2+i ground band members [5, 28] and based on de-

cay from tentative 15/2+ states into it [29]. This 11/22+
state was first suggested as having K =11/2+ by Cole
et aL [30] using the shell model and again by Guttorm-
sen et al. [31] using the particle-rotor model without
pairing. The latter group proposed the configuration
ir[211]3/2 v[211]3/2 [202]5/2, i.e. , a one-neutron excita-
tion froin [211]3/2 to [202]5/2 (see Fig. 2). However,
three (quasi) particle states were not considered explic-
itly in the particle-rotor analysis of Na; i.e., no cal-
culated K =11/2+ state was presented. Instead, their
suggestion of K =11/2+ along with 13/2 and 15/2 band
members at 7.27 MeV and 9.04 MeV, respectively, came
from analyzing the experimental work of Thornton et al.
[25]. Vermeer [5] suggested K =11/2+ for the 6117 keV
state based on its relation to the 11/2i state being simi-
lar to that of 6i vs 62 in Na. The 6117 ~ 2076 (11/2
-+ 7/2) transition has B(E2),„~&

——0.44 + 0.16 W.u. (7

23/
a 23

(+

00

-120'

FIG. 9. Selected PES's for Na drawn in the same way
as for Na in Fig. 4. The diagrams represent 6xed con6gura-
tions for (a) 11/2+, (b) 13/2+, (c) 15/2+, and (d) 17/2+. Two
IV = 2 neutrons are placed in u„=l/2 and two in a„=—1/2.
Similarly, there are two (one) protons in a =1/2 and one

(two) protons in n =—1/2 for I = 13/2, 17/2 (I=11/2, 15/2),
respectively. In (e), the 23/2+ surface represents yrast con-
figurations. In the 11/2+ PES, minima along p = —120' and
0 correspond experimentally to the 6117 keV and 5533 keV
states, respectively. In the 13/2+ PES, the minimum along

p = —120 at e 0.17 is roughly 1.6 MeV higher than the abso-
lute minimum (1.04 MeV higher in experiment). The 15/2
absolute minimum at (s,p) = (0.09, —82') is a mixture of
two aligned, essentially spherical dsy2 states. For 17/2+, the
minimum is again nearly spherical and represents an aligned
configuration. In the 23/2+ PES, the maximum sd-shell spin
for seven particles is an oblate local minimum along p=60
with ~ 0.15 and E "'=26.2 MeV. The absolute minimum has

(e,p) = (0.46, 15') and corresponds to a one-m, one-v fp-shell
excitation.
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imum and built on the K =3/2+ ground state which
is predicted to start at e 0.35. Thus, the calculated
11/2i 2 levels are within 0.7 MeV of experiment which is
quite reasonable although their order is inverted. The
shell model predicts the 11/2i 2 levels to lie at 5.391
MeV and 6.149 MeV [5], very close to experiment, with

Qo (SM) values that yield e(11/2i, K =3/2+) 0.36
(CNSM=0. 32) and e(K =11/2+) 0.37 (CNSM=0. 26).
For the latter state this is an unusually large discrepancy
between the two models. One reason for this discrepancy
might be the assumption of pure K in the projection for-
mula

Q, = {[3K —I(I+ 1)]/(I + 1)(2I+3))Qo, (1)

translating between the spectroscopic quadrupole mo-
ment Q, calculated in the SM and the static quadrupole
moment Qo.

The 18/9+ levels at 8987 heV and 7978 leeV

A level experimentally observed at 6237 keV has been
assigned K I=3/2+, 13/2 based on its energy and decay
properties [26,28, 29]. It has a B(E2) transition probabil-
ity to the 9/2+i state of 60+27 W.u. [29] (SM = 38.7 [29],
43.9 [30]). The 13/2+ member of the next positive par-
ity band, K =1/2+, has been tentatively assigned near
10.0 MeV [24, 25] and alternatively at 10.9 MeV [23]. In
between 6.2 and 10 MeV there are two more tentative
13/2+ states, at 7.27 and (more tentative) at 8.32 MeV
[24, 25, 29].

The 13/2+, 7.27 MeV state decays to 9/2+i with a
B(E2) of only 8.4+2.7 W.u. (in contrast with 60+27
W.u. for 13/2i ~ 9/2i); other decays are 36%%uo to 11/22+
and 11% to 13/2i [29]. In Fig. 9(b) we display the PES
for 13/2+ configurations in 2s Na, where the absolute min-
imum is at E'"' = 6.7 MeV with (e, p) = (0.23, —8')
corresponding to the experimental K =3/2 band mem-
ber at 6.24 MeV. A secondary minimum appears along

p = —120' with e 0.17 and E'"' 8.2 MeV, roughly
1.6 MeV above the collective minimum, in comparison
with the experimental difference of 1.03 MeV between
the lowest two 13/2+ states. This aligned state along p
= —120' corresponds to K =13/2+ and the (ds/2)r con-
figuration vr [202]5/2 v [202]5/2 [211]3/2. Figure 5 shows
the energy stability for such a con6guration that consists
of down-sloping prolate valence orbitals. Moving the pro-
ton &om [211]3/2 in the illustrated 11/2+ configuration
to [202]5/2 generates the K =13/2+ bandhead. A sec-
ond possible K =13/2+ state can result &om the Nils-
son configuration n. [211]3/2 v[220]1/2 [211]3/2 [202]5/2
[211]1/2, i.e. , a two-v excitation mixing ds/2 with the
Sq/2 subshell and five unpaired nucleons. A more de-
tailed study shows that it is the (ds/2)7 configuration
which is lowest. The con6guration with one neutron in
s&~2 comes out as essentially spherical approximately 1.5
MeV higher in energy. If, as we propose, the 7.27 MeV
state has K =13/2+ or at least contains large admix-
tures of this K value, the decay to K =11/2+ at 6117
keV provides a K-allowed deexcitation mode, while the
decay to 13/2i and 9/2i is consistent with all other pro-

posed isomeric transitions in Na and Mg nuclei in that
large K admixtures are present and the use of K as a
valid quantum number at high spin is only an ideal con-
cept for nuclei in this region.

2 Na
K"= 3/2+,

+
M
CO
C9~ -3

Og-
I

LLI

o CN$M

EXPT

-6

I-7
1 3

(~)
I I I I I I I I I I

5 7 9 11 13 15 17 19 21 23
2I (fi)

FIG. 10. Same as for Fig. 7 but for the 3/2+ band and the
yrast sequence of spins in Na. Also, for I &19/2, we display
the lowest positive parity band built on a one-7r, one-v fp-shell
excitation that becomes yrast at I=23/2. For I = 11/2—15/2,
we plot both for experiment and theory the two lowest lying
states of each spin, with aligned con6gurations enclosed in
squares Dashed .lines between states for I & 11/2 (expt)
and I & 15/2 (CNSM) indicate that beyond these respective
spins, levels cannot be grouped into separate bands. In the
CNSM curve, dashed lines are shown to guide the eye and
are not meant to suggest members of the yrast band. For I
between 17/2 and 21/2, there are two alternatives proposed
experimentally for the yrast state and both are included here.
The states closer in energy to SM predictions are connected
by the dashed line.

3. The leeels at 9.0$ ahead 9.80 Me V

A comparison of the experimental members of the
K =3/2+ band with the CNSM and SM calculations
is presented in Fig. 10 with the energy axis chosen in
such a way as to emphasize deviations &om I(I+ 1) (see
Fig. 7 and the explanation above for 22Na). Energy
systematics suggest E(15/2+, K=3/2) 10—10.5 MeV.
Experimentally the 15/2+i level is unanimously assigned
at 9041 keV, while the spin of the level at 9802 keV has
been assigned as 15/2+ [24, 25, 29] and unassigned K
value, and alternatively as 17/2+ [23, 32—34]. These lat-
ter authors also consider the 9041 keV and 9802 keV
levels to be the 15/2 and 17/2 members of the K =3/2+
ground state band. The experimental spin uncertainty
of the 9802 keV level hinges on whether or not there is
a decay of the 9802 keV state to the 11/2+i state [29].
SM calculations of Wildenthal (referenced in [24]) and
Cole et at. [30] favor the 15/2+ assignment for 9802
keV, with calculated energies (MeV) for 15/2i, 15/22 of
9.06, 9.81 [24] and 9.08, 9.86 [30]. Wildenthal also cal-
culates E(17/2i ) = 10.92 MeV. Cole et al. [30] place
15/2i into the K =3/2+ band, while Guttormsen et at.
[31] using the particle-rotor model place the 9.80 MeV
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level into this band as 15/22. However, both studies
proposed that the I = 15/2 strengths of the K =3/2+
band and a K =11/2+ band starting at 6117 keV (see
Sec. III B 1 above on the K =11/2+ state) are divided
between the two levels. This K =11/2+ band, with
a proposed 13/2 member at 7.27 MeV (our proposed
K =13/2+ state) would have a rotational parameter of
slightly above 100 keV [31], or roughly half of that for
lower lying bands. This implies a much larger deforma-
tion for the K =11/2+ band than for K =3/2+, but
the CNSM predicts the opposite to be true (see above
for discussion of e values) while the SM predicts e values
similar to the CNSM.

Figure 9(c) illustrates 15/2+ states in Na. The
minimum at E'"'=10.1 MeV (expt. 9.04 MeV) with
(&, p) = (0.09, —82') corresponds to a mixture of
two states. However, both components of the admix-
ture are K =15/2+ aligned configurations, calculated as
pure d5/2 and essentially spherical. The lowest collec-
tive 15/2+ state is calculated to lie 1.0 MeV above this
minimum, with e,p = 0.2, 7'. The experimental (SM)
B(E2) values for 15/2&+ -+ 11/2+& and 15/22+ m 11/2+&
are 20+&2 (42) and 10+5 (13) [29,30] which indicate sim-
ilar collectivity in the 15/2+ levels. Clearly, the exper-
imental evidence does not dictate assigning K"=15/2+
to either of the proposed 15/2+ states. We can, how-
ever, compare this situation with that of the 11/2+ and
13/2+ states discussed above where the competing col-
lective and single-particle configurations have AE pt
584 keV (11/2) and 1036 keV (13/2). For 15/2+ we have
AE,»t ——761 keV and AEcNsM = 1.0 MeV with 15/2z
calculated as K =15/2+. The model again predicts an
interplay between aligned and collective states, where the
former is now close to spherical, and the data suggest a
highly admixed situation, even more so than for 11/2 or
13/2, and not, however, an admixture of 15/2+ members
of K =11/2+ and 3/2+ bands as proposed earlier [30,
31].

Band Ter minations in *sNa

a. Proposed 17/P levels The hi.ghest possible spin for
a (ds~2) arrangement in 2sNa is 17/2+. Analogous to the
K =13/2+ situation discussed above, Fig. 5 illustrates
the energy stability for a K =17/2+ level with config-
uration vr [202]5/2 [211]3/2 [220]1/2 v [202]5/2 [211]3/2
[220]1/2 [220] 1/2. Figure 9(d) presents the 17/2+ PES,
where we see a broad minimum at 10.6 MeV excitation
with e,p = 0.1, —76 . Although the absolute minimum
is away from —120', this is the K =17/2+ state, calcu-
lated as nearly spherical again which is a trademark of
d5~2 subshell condensates in Sd-shell nuclei.

Experimentally, the 17/2+~ level is proposed either at
9.81 MeV [23, 32—34] (see above, Sec. IIIB3) or at 11.29
MeV [23—25]. The 11.29 MeV state has been proposed as
K I = 3/2+17/2 based on energy systematics alone [24,
25] and on calculated B(E2) values [27, 30]; no gamma
decay has been seen &om this state. Thornton et al. [25]
also suggest the next 17/2+ state to lie at 11.55 MeV.
The SM predicts E(17/2~ 2) = 10.92, 11.58 MeV [24,

27] while the particle-rotor model calculates E(17/2~ ) =
11.0 MeV.

The experimental picture is not clear enough yet for I) 15/2 to make a detailed comparison with theory. We
can say that the CNSM predicts low lying states of single-
particle nature for spins from 11/2+ to 17/2+, and the
experimental and theoretical evidence for mixing between
proposed K = I states and collective states of the same
spin, built on lower K bandheads, indicates that group-
ing levels into rotational bands is not a valid procedure
beyond I =11/2+ in this nucleus. In Fig. 10 we indicate
by a dashed line for experiment this breakdown in band
structure. For the CNSM curve, dashed lines connect
yrast states beyond I = 15/2, not to suggest 3/2+ band
members, but rather to guide the eye. Also displayed
are the proposed rotational isomers for I=11/2—15/2, for
both experiment and theory.

b S.tates with I ) 19/2+. The next fully aligned
sd-shell spin in 2 Na beyond 17/2 (keeping particles in
lowest energy orbitals) is 19/2, corresponding to (dsy2)

(s~~2), i.e. , one-half unit more of spin added to the 9+,
Na band termination discussed earlier, but also mixing

in a higher energy subshell. Promoting one particle from
(s~~2) in the above 19/2 configuration to (dsy2)s~2 can
generate a 21/2+ state and promoting one particle each
from sq~2 and (dsy2)~~2 into (ds~2)s~q generates a 23/2+
aligned state, with 23/2 as the maximum possible sd-
shell spin for seven nucleons. Thus the level scheme for
sNa beyond I = 15/2 should make an essentially com-

plete change from collective to single-particle behavior,
and the jagged curve iv, Fig. 10 bears this out where we
have plotted both of the two possible experimental candi-
dates for yrast levels with spins 17/2+ & I & 21/2+ and
connected those levels best reproduced by SM calcula-
tions. The SM predicts the K =3+ band to remain yrast
through to the termination, but of course this model did
not allow for particle hole excitations outside the sd shell.
The fact that this single-particle nature exists in an ex-
perimentally obtainable region of spins is very rare and
overs a good possibility for more detailed study of these
levels. With the availability of large gamma detector ar-
rays, it should be possible to detect gamma decay from
these high spin states and perhaps obtain information on
lifetimes, B(E2) values, and deformation.

The total PES (including all possible configurations)
for 23/2+ states in Na is shown in Fig. 9(e). The
termination of the sd shell gives an oblate configuration
with (E,e,p) (26.2 MeV, 0.15, 60'), roughly 2.6 MeV
above the absolute minimum. This latter yrast config-
uration is calculated to be triaxial with (e,p) = (0.46,
15 ) corresponding to a one-vr, one-v fp-shell excitation.
Figure 10 illustrates the band crossing at spin 23/2.

5. Band te~inations in other sd-shell nuclei

Table I reviews the current status of maximum spins
reached in selected nuclei from Ne to Mg, including
the maximum sd-shell spin for that nucleus (which may
be higher than the ground band termination), and the
estimated ground state quadrupole deformation. The ~
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TABLE I. Review of experimental results for prolate deformed nuclei in the 6rst half of the 8d

shell where band terminations have been approached or reached. Values for e are calculated from

the intrinsic quadrupole moment Qp as Qp
——4/5 ZA ~ 1p'e(1+e/2) with rp=1.2 fm and Qp taken

from the references listed in the footnotes. The maximum ad-shell spin may or may not correspond
to the ground state band termination; in Na, for example, the ground state band terminates at
9+

Maximum sd-shell spin
Highest observed spin

Ne

0.54
8
8

e

0.43
19/2

(17/2)

0.43
10
10

0.4
11

(10)

Nucleus
Ne Na 23N

0.43
23/2

(21/2)

Mg

0.46
12

(12)

Mg

0.40
25/2

(17/2)

Mg

0.39
13
(8)

e for even-even nuclei taken from 2+~ -+ 0~+ transition in Ref. [27], Ne ground state from Ref. [35],
Na from 4~ ~ 3~ transition in Ref. [12], Na ground state from Ref. [36], Mg ground state

from Ref. [3].
Ne [37], Ne [38], Ne [39], Na [22], Na [23—25], Mg (21], Mg [3], Mg [40].

values are derived either from Qo for the ground state or
from the B(E2) for the decay of the first excited state.
The five nuclei to the right also contain examples of pro-
late rotational isomers, while Mg may contain an oblate
K =11/2+ bandhead [3].

Two distinct features are evident &om Table I. The
first is the large values of deformation for each nucleus.
The second is that I or (I "—1) has tentatively been
reached in six of the eight nuclei listed. The few band
terminations observed in the rare earth region have only
recently been approached due to improved. detector tech-
nologies, while the 8+ Ne termination has been known
since 1966. No attempts have been published yet us-

ing large gamma detector arrays to investigate the sd-
shell region and we feel that, especially if particle-gamma
or particle-gamma-gamma coincidence methods are used,
much new information on the level schemes at high spin
can be obtained.

IV. CONCLUSION

In Na and Na as in Mg nuclei the concept of rota-
tional isomerism provides an explanation for certain low

lying high spin states in terms of rotation-induced shell
eHects. On the other hand, the relatively short half-lives
and gamma decay between these isomers and lower lying
states show that one cannot view these prolate states as
either purely aligned or collective. Rather the intrinsic
structure underlying high spin states in Mg and Na nu-
clei is complex and requires a more complete search for
gamma decay properties in order to be fully understood.

Using the CNSM we have given theoretical support for
several low lying high spin states in ' Na as consisting
of primarily single-particle character. In the limit of pure
K values, we can assign these states as having I = K.
Specifically, in Na they are 6& at 6.958 MeV and 9& at
9.813 MeV; in 2sNa they are 11/2z at 6.117 MeV, 13/22+
at 7.273 MeV, 15/2+ at 9.041 or 9.802 MeV, and a cal-
culated 17/2+ state at 10.6 MeV with highly tentative
experimental candidates either at 9.802 or 11.55 MeV.

Because of the relatively large &equencies of rotation
that can be reached in deformed Sd-shell nuclei compared
to heavier mass regions where the bulk of high spin spec-
troscopy has been performed, and because the Sd shell is
small enough in particle number to allow shell model and
cluster model calculations to be performed, this mass re-
gion provides an excellent opportunity to study nuclear
structure eKects from a variety of view points not possible
in other mass regions. The CNSM in its current form as
applied to light nuclei does not include pairing or resid-
ual n-p interaction terms for odd-odd nuclei but is still
quite useful in studying the interplay between collective
and single-particle eKects in these nuclei.
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