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Energy-shell contributions of the three-particle-three-hole excitations
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The response functions for the extended second and third random phase approximation are
compared. A second-order perturbation calculation shows that the first-order amplitude for the
direct 3p3h (three-particle-three-hole) excitation from the ground state cancels with those that are
engendered by the 1p1h-3p3h coupling. As a consequence nonvanishing 3p3h effects to the 1plh
response involve off energy shell renormalization only. On shell 3p3h processes are absent.

PACS number(s): 21.60.Jz, 21.60.Cs

Many efforts have been devoted during the last few
years to developing generalized random phase approx-
imations (RPA), which go beyond the standard one-
particle-one-hole (1plh) approach [1]. This has been
accomplished by including additional correlation effects
in both the ground state and the excited states [2-16].
The reasons for that were mainly (i) the problem of the
missing strength in the Gamow-Teller (GT) resonances,
induced by (p,n) reactions [17,18], and (ii) the issue of
the missing charge and missing dip strength in quasielas-
tic electron scattering [19]. In particular, the extended
second RPA (ESRPA), which explicitly includes the 2p2h
ground state correlations (GSC), was extensively used to
describe the above-mentioned nuclear excitations [2,4-
6,10-12,13,15]. Yet, it is self-evident that when the 2p2h
admixtures are present in the ground state, the exter-
nal excitation field can lead, not only to the 1plh and
2p2h states in the final nucleus, but also to the 3p3h
states. However, as the ESRPA does not involve the
3p3h propagator these excitations cannot appear within
the response function as real on the energy-shell pro-
cesses. Recently the 3p3h degrees of freedom were explic-
itly included within a Tamm-Dancoff approach (TDA),
and their effects on the non-energy-weighted GT sum
rule were discussed [14]. Also an extended third RPA
(ETRPA) [20], which possesses as the TDA limit the for-
malism developed in Ref. [14], has been used to study the
effects of 3p3h excitations on the static strength function
for quasielastic electron scattering [16].

The purpose of this paper is to present some results for
on the energy-shell 3p3h effects in the response function.
This is done in the context of the full ETRPA approach
which is therefore reviewed below. The nature of the re-
sulting response function is then confronted to what one
obtains using the ESRPA by performing a perturbative
expansion of the responses in each case. The possibil-
ity of having a three nucleon ejection process is finally
analyzed in this framework.

Let us start with the linear response to an external
field F' defined as

R(E) = —i /_ T OITEE (O FE )0 Bt , (1)

0556-2813/94/49(4)/1949(6)/$06.00 49

where FH(t) = efltfe—iflt I — A, + V, with Hy and
V being, respectively, the Hartree-Fock (HF) mean field
and the residual interaction. The spectral representation
of the response function, in terms of a set {|v)} of eigen-
states of the Hamiltonian H, reads

(O|F|v)(w|E10) _ (OLF|w)(v|F[0)

R(E)=) » (2)

where 7 is an infinitesimal positive number.
Within the equation of motion method [1], the set {|v)}
is generated as

vy =Qfjoy;ef =3 xrct -3 vye;, (3)
i J
and
Q,[0) =0, forallv . (4)
The operators C! and C; (with cl = a;f,l e

a,;-ahl -+-ap;) create and annihilate i particle-hole pairs
on the HF vacuum |—) = |0pOh), respectively.
The equation of motion for

(01192, [H,2L1110) = E.(0l[, 2L)10)4,.4, (5)

where E, stands for the excitation energy of the state
[v), leads to the RPA-like eigenvalue problem

AX" = ELNXY (6)
with
_ (A B . X¥
(2 2). e-(E).
(7)
N o
N:(O _N_).

The submatrices A, B, and N given by
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Ay = (0|[Cs, [H,C]NNI0), Bi; = (Ol[Cs, [H, C;]110),
(8)
Ny; = (0l[Ci, C]1l0)

and using Eqgs. (2)—(6) it is possible to write the response
in representation independent form as

R(E) = FY(EN — A+ inI)"'F (9)

where F is defined as

FA
TE(FB>,

After splitting the Hilbert space of ipih states into a P
space that includes only the 1plh states and the @ space
that spans on the rest of the states, the response function
can be written as

with FiA = (6”011151”6) )

FB = FA*(F — F1) . (10)

R(E) = F}(E)Gp(E)Fp(E) + FL(E)Fq,  (11)
where

Gp(E) = [ENp +inIp — Ap
—(Apq — NpgE)Gq(E)(Aqp — NopE)| ™!,

(12)

with
Go(E) = [ENg +inTg — Ag|™", (13)

and
Fp(E) = Fp — NpoFq + ApgGo(E)Fo . (14)

In standard RPA the state |0) is approximated by the
HF ground state and the Q space is absent, while the so-
called extended RPA incorporates perturbative ground

J

state 2p2h admixtures and a perturbatively suggested
truncation of the dynamical matrices and excitation op-
erator. It is obtained by the following.

(1) Evaluating the matrix elements (8) and (10) for [11]

10) = col0) + 3 ezq20) , (15)

where

~ 1 ~ Vg 0 ,
Co = 1-— 5 ZE |Czo|2,620 = ———-—E: s (16)
o

0

20 = (p1p2hih2)o represents the 2p2h ground state ad-
mixtures, E, the corresponding unperturbed energy,
and V200 = (20|V|0>

(ii) Keeping terms up to second order in V for the for-
ward sector within the P space, terms linear in V for the
backward sector within the P space and for the coupling
between the P and @ spaces, and only terms of zeroth
order within the @ space. Under these conditions the
norm matrix elements read [5]

Nij = 5,-]~ + ANij (17)
where ¢ = ipih and the nonzero AN;; are

ANy = Z Cc3,C2;, (20| D11/]24), ANy3 = ZC;0(1;20|3>,

20,26 20

(18)

where Dyy = [C‘l,élt,] — 631+ and (1;2¢|3) is the overlap
between the 1p1h®(2p2h)e and 3p3h final state configu-
rations. (Note that within the quasiboson approximation

Dy = 0.) The explicit result for the matrix element
(20| D11/(25) is

((p1P2h1h2)o| Dph i | (P25 R Ry)o) = —[1 + P(hy, ha) P(R}, By)]

X[‘sp,p’ahl,h’P—(hv hZ)P_ (plap2)6h’1,h5h2.h’26p2,p’25p1,p;] +p e h ’ (19)

[
where P~ (i,3) = [1 — P(4, )], while the operator P(3, j) FA fi+ Y ANyy frr for i =1, 929
exchanges the arguments i and j. ) Yg, Coofizo fori > 1, (22)

The forward going energy matrix elements are evalu-
ated in the same way and one gets

A,‘j = (s,'jEj + ‘/,'j + AAij s (20)

where Vi; = (i|V|j) and the nonzero matrix elements
AA;j are

Ay =Y (Ex — Ea,)ch,c2(20|D11:(20),
20,24
(21)
AAy3 = AN3E; .

The one-body matrix elements are

where

f1 = (1F|0) and fiz, = (5| F|20) - (23)

Before proceeding it is convenient to introduce the un-
perturbed Green’s function:

¢*®) = (7 ol p)) - (24)

where G°(E) = [E* — A(H = H,)]™! (with E* = E+in)
and rewrite the perturbed Green’s function within the
space P in the form
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Gp(E) = [(95(E)) ™' - Kp(B)] ", (25)
where

KP(E) = Klll(E)

( Viy + 211'(E) By

o Vi + S (-E ))’ (26)

and
ASP)N(E) = AAyy — ANWE
ASE)(E) = —[2Vis — AN13(GY%(E)) ANy . (28)

In the above equations V;;» stands for the matrix
representation of the residual interaction within the
ipth®jpsh subspace.

with The response function now reads
i (B) = ASO(B) + ASE(E) + 3 VGV, R(E) = Fu(B)Gu (B)Fu(E) + Y FIGH(E)F: , (29)
i=2,3 i=2,3
(27)  where
i
s FAB) = f + AR(B),
Fi(E) = (plng;) , with AFy(E) = AF{" + AF{Y + ¥, s VuGY(E)F, (30)
! AF? = ANy fy, AF13) = —ANysF; .
|
From the expressions for AA;;: and ANy, given by FuE)=fi + Z C3,C2, (2o|bl1'|26)f1'
Egs. (18) and (21), respectively, the matrix elements 20,241
AZgzl),(E) and Aﬁ’l(z) can be expressed as Viafaz,¢24
+y e R (38)
(2) iz BT B
AX L (E) = Z ¢5,€25 (20| D11/(20)(E — By + Eyy)
20,29 (ii) in the ETRPA (where the Q space includes both the
(31) 2p2h and 3p3h excitations)
AF(z) Z 620620 (20|D11l|20)f1' . (32) Elll(E Z Czoczo (20|d11l|2 )(E E1 + Ezl)
20,25 20,2}
Moreover, from the relationships +122:3 E‘{:z_uE' , (39)
Vis=— ) c3,E2,(1;20|3), f3,2, = Y (3|1;20)f1, (33) - . 5
; o ° 21: Fi(E) = f1 = Y c5,c2(20ld1rr|20) fir
20,26
one obtains Vi fs
(3) * 1. ot + Z Elt“fliog? ) (40)
ALY = Z c3 2, (1520(1'520)(E — E1 + Eg) , (34) =2 ;

20,25

AR = - 3" ¢} ez (1;20]1'520) frr - (35)

20,2

We can note here that

(1;20]1';2) = (20/(D11 + d11)|26),

with dy: = 811 + CLC1 , (36)

and thus in summary we get the following.
(i) In the ESRPA (where the Q space includes only the
2p2h excitations)

S (E) = = Y c3,¢25(20|D11/(20) (E — By + Egy)
20,2'
V12V
BB (37)

The results (37) and (38) are in essence those obtained
previously by Arima and collaborators [5,11] and by the
Jiilich group [6,12]. On the other hand, when terms con-
taining the matrix elements (29|dy1/|2,) are neglected in
Egs. (39) and (40), one finds the results derived in our
previous works [16].1

In order to elucidate some of the content of these equa-
tions we turn next to a perturbative expansion of the re-
sponse function and examine the leading corrections to
the unperturbed 1p1h response R°(E) = Y, | f1|2/(E* -
E;). To achieve maximum simplicity we first omit the
residual interaction within the 1p1h sector and backward
contributions, so that to second order the Bethe-Salpeter

!These terms give rise to disconnected graphs, which are
nonphysical, as well as to double connected graphs repre-
sented in Figs. 1(d) and 1(e), respectively. As seen from
relations (43) and (47) below, they do not contribute to the
response function.
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equation Eq. (25) reads

which substituted into Eq. (11) leads to the desired ap-
proximation for the response function. Within the ES-

G11/(E) = GY,(E) + G(1)1(E)211‘(E)G2'1' (E), (41) RPA one gets
f32 f22 R(f f220¢2,) Va2
~ po o 0 1 040
R(E)= RAE)+ D i, g cn +2 D —E, E+-E,
2,20,2} 1,2,20
A ViaVarr frr
* !
+ ; E+ 22; CZOC% <20|D11'|20>(E - El - E20) + ; E+ — Eg E+ — Ell 3 (42)
0,20
and in the ETRPA
I, fiz R(ff fizoc20) Vi
~ PO et 120 0 1J220C29 1z
R(E)= R°(E)+ ) gt % T2 2 E+-E, E*-E
1=2,3;20,2§ i=2,3;1,2¢ t
1 « Y ViaVap far
— 121:’ E+ 222’ CZOCZIU <20|d111|20>(E — El - E20) —_ = E+ — E E+ _ El, . (43)

Now the two expressions (42) and (43) can be shown to be equivalent. This results in fact from explicitly performing

the sums over 3p3h states in Eq. (43

). To do that one first rewrites these sums making use of relations (33) and (36)

as
S32,f32 (20|(D11' +dyy)[2b)
Y L B L LT »
3,20,25 3,20,2§
R(f{ fazoc20) V13 Es 20|(D11' +d11' )126)
2 = -2 1 Cot 4
Z E+—-E, E+ - E %fl (E+ — E|)(E+* - E, — Ezo)fl €2 5 (45)
1,3,20 1,20,2}
and

Z T VisVsn fi  _ Z f1c3, Eaq (20|(D1y + dy)|26) Eay frrcay (46)
1T E+ —E\EY -EsEY - By 4 "y (E* — E1)(E* — E; — Ey,))(E* — Ev)
The result of performing the sum is
fi . ; . fr
> mczocza (20/(d11' + D) [20)(E — Ex — Ezo)@%m , (47)

1,1/,20,2¢

which substituted into Eq. (43) gives the expression (42)
also for the ETRPA response.

The cancellation among the 3p3h on the energy-shell
contributions can be exhibited also making use of the
Rayleigh-Schrédinger perturbation expansion, i.e.,

|i)=[i)+|i)(1)+... andEiin_pEi(l)_{....,

i =ipih , (48)

where the perturbed wave functions and energies are in-
dicated by the symbol ~ and the superscript points the
order of the correction introduced by the residual interac-
tion V on the unperturbed quantities |i) and E;. The am-

f

plitude for the F' excitation from the correlated ground
state to the perturbed 3p3h states reads

@pp = SRR SR 0w, )
with
(3[[H, Fj0) = Y 3|V[1)(1|F|0) — Z(3|F|20) 20|V'|0)

1

0, (50)

il

where the last equivalence is a direct consequence of the
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relations (33), i.e.,?

Z Varfr = — 2020E20<1;20|3)f1 = Zfs,zovzoo .
1 20

1,29

(51)

_ Thus we see once more that, up to the second order in
V, the 3p3h final states do not contribute to the response
function and that |(3|F|0)|? = O(V*). The Goldstone di-
agrams for the fourth order 3p3h on the mass-shell con-
tributions to the response function are shown in Figs.
1(e) and 1(f).

At first glance it might look as if the connected Gold-
stone diagrams associated with the terms (44), (45), and
(46) of the ETRPA response [illustrated in Figs. 1(a),
1(b), and 1(c), respectively] should give rise to on the
mass-shell 3p3h contributions, through the imaginary
part of the propagator (Et — E3)~!. However, Eq. (47)
shows that these contributions in fact cancel out so that
the 3p3h sector only affects the 1plh excitations by cou-
pling them with the virtual intermediate states |1;20).
Thus in spite of including the 3p3h propagator in the
Green’s function, three nucleon ejection does not occur
in the leading order processes. The above-mentioned di-
agrams also explain the physical meaning of the fourth
term in the expression (42). The cancellation of on shell
3p3h contributions results from the destructive interfer-
ence between amplitudes involving creation of the 3p3h
state from a ground state correlation and from V3; cou-
pling, respectively. A similar calculation in which the
backward part of Eq. (25) and/or the residual interac-
tion within 1plh space are kept up to the relevant order
leads again to the same result. It is worth stressing that

*Note that Ho does not contribute since (3|[Ho, £]|0) = 0.

(f)

FIG. 1. Graphical representation of the second- and
fourth-order contribution to the response function. The dot-
ted circles (®) denote the one-body vertices and the filled
ones (o) indicate the two-body matrix elements. The dia-
grams (a), (b), and (c) correspond, respectively, to the terms
given by Eqgs. (44), (45), and (46). Second-order unlinked
and double-linked graphs analogous to the diagram (c) are
shown in (d) and (e), respectively. The last ones, although
contained in Eqs. (39) and (40), do not contribute to the
response function. Finally, (f) illustrates the fourth order on
the energy-shell 3p3h processes.

this does not depend on the form of the two-body force
used as residual interaction or on the size of single parti-
cle space.
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