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The interacting boson approximation (IBA) model has existed for nearly twenty years and has
now entered the lexicon of standard nuclear models used to interpret data on low-energy nuclear
structure. While most recognized for its symmetries and algebraic structure, the model has a
number of other less-well-known but equally intrinsic properties which give unavoidable, parameter-
free predictions. Since these predictions cannot be altered and since they concern central aspects of
low-energy nuclear collective structure, they provide a set of basic tests of the inherent framework
of the model. This paper outlines these "robust" predictions and compares them with the data.

PACS number(s): 21.60.Ev, 21.60.Fw, 21.10.Re

I. INTRODUCTION

The interacting boson approximation (IBA) model
[1,2], proposed in 1974, is now nearly 20 years old and
has undergone many tests [3—6]. Along with some refine-
ments and extensions to it, the model has now entered
the standard lexicon of models that form the base for
the interpretation of low-energy nuclear structure. Al-
though the IBA is primarily macroscopic, it also has an
important and essential microscopic aspect through its
explicit inclusion of the Gnite number of valence nucle-
ons. Thus its niche is intermediate between the shell
model and macroscopic collective models. It looks to the
one for its microscopic justification and to the other for
its geometrical interpretation.

While the dynamical symmetries and algebraic struc-
ture of the IBA are its best known characteristics, there
are a number of other aspects that are equally intrinsic
to the model. Many of these are in the nature of "inher-
ent" or "automatic" predictions of the IBA in the sense
that they are parameter free (or nearly so with any rea-
sonable set of parameters): mere the data to be different
it mould be virtually impossible to alter the model to ac-
commodate them. They reflect the intrinsic structure of
the model and relate to very basic aspects of collectivity
in nuclei. We call these "robust" predictions. Thus, they
comprise a set of tests of the basic relevance of the model
to low-energy nuclear structure.

It is the purpose of this paper to discuss these robust
properties of the IBA and their comparison with the data.
Our discussion deals with the IBA-1. We neglect the
IBA-2 [7] with its interesting ideas of F-spin symmetry [8]
and F-spin multiplets [9], Ml collective modes [10], and
the like. The basic predictions of the IBA discussed below
are generally not new, but a number have never been
explicitly compared with the data, or only have done
so with &agmentary data. We have carried out a more
thorough scan of the literature in order to collect and
display this scattered information and lay out a compact

survey of these inherent properties of the IBA and their
comparison with experiment.

II. GENERAL ASPECTS OF THE IBA

Of course, the IBA's most recognized property has al-
ways been its dynamical symmetries, which emerge natu-
rally from its algebraic structure and, in particular, from
its founding in the U(6) group. For the IBA-1, these sym-
metries are U(5), SU(3), and O(6), which correspond ge-
ometrically to an anharmonic vibrator, a particular type
of symmetric rotor (characterized, for example, by de-
generate P and p bands), and to a deformed completely
p-soft vibrator (closely linked to the Wilets-Jean model),
respectively. Indeed, historically, the prediction [2] of the
O(6) symmetry, which accounts for literally dozens of E2
branching ratios and for extensive energy patterns, prior
to its empirical discovery [3,11] in the Pt and Xe-Ba re-
gions, marked a key point in the acceptance of the model
as a viable alternative description. And, the U(5) and
SU(3) symmetries of the IBA provide group theoretical
versions of their familiar phenomenological counterparts
in which all intrinsic excitations (e.g. , P, p bands, multi-
phonon states) are linked in unified frameworks.

Related to the limiting symmetries themselves is the
simplicity of the phas%hape transitional regions that
connect them: these structural changes are accomplished
by varying only one or two parameters in the IBA. More-
over, these parameters have simple physical signi6cance.
An intriguing result [12] is that of all possible "trajec-
tories" between symmetries, real nuclei seem to reflect
the simplest routes in the IBA, namely, those with very
smooth (indeed, often nearly linear) variations of the pa-
rameters. Why it is that the simplest IBA trajectories
reflect empirical behavior is an important microscopic is-
sue.

Equally interesting are other "global" results. For ex-
ample, the detailed IBA parameters required to fit dif-
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ferent deformed nuclei vary very little. Indeed, one can
almost define a "standard" IBA-1 calculation [6] for de-
formed nuclei in which a good part of the variations in
predicted properties &om nucleus to nucleus arises &om
variations in boson number alone.

The IBA-1 has also been extended to negative-parity
states by incorporating p(L = 1) and f(L = 3) bosons

[2]. Here again, a number of simple results arise. For ex-
ample, incorporating an f boson, the energy ordering of
the K = 0, 1, 2, and 3 bands in deformed nuclei
depends only on one parameter, called I'2, which is the
ratio of exchange to quadrupole [Q~ Qy] terms in the sdf
part of the Hamiltonian [13]. I"2 refiects the location of
the Fermi surface (the fractional filling of a shell). The
predicted K-band ordering varies with I'2 &om that listed
above to nearly its inverse and is in agreement with the
well-known empirical systematics. Finally, the system-
atic changes in B(E1) values connecting negative-parity
states to the positive-parity yrast levels are easily ex-
plained [14] by smooth trends in the parameters.

The inclusion within the model structure of its three
symmetries, of transitional regions and intermediate
structures, all in a single framework allowing easy cal-
culation of many nuclear observables, is in itself a very
appealing aspect. It means that the model spans and uni-
fies virtually all of the empirical manifestations of collec-
tivity in low-lying nuclear spectra, and this universality
has facilitated its &equent and extensive comparison with
experiment.

III. SPECIFIC ISSUES

All this history, however, is well known —our purpose
here is rather to highlight lesser known predictions which
are no less inherent to the model (and which were often
previously unexpected). Many of them stem from the
explicit inclusion of finite valence nucleon number (bo-
son number, N~) in the model. Along with its symme-
tries, this feature is one of the two key ingredients that
distinguish the model &om most others. While some-
times viewed as a limitation of the model, it is actually
one of the model's strengths. Although superficially it
seems to limit the applicability of the model for high spin
states, it is more likely that such states involve the de-
grees of freedom outside the standard 8-d IBA-1, such as
two quasiparticles coupled to the IBA core, or amplitudes
for g (L = 4), or higher angular momentum, bosons, or
even effective shell spaces (effective N~ values). In fact,
though, the explicit inclusion of finite boson number is
one of the critical aspects of the IBA that leads to numer-
ous predictions of collective behavior and its systematics
that are in agreement with the data. Many of these pre-
dictions are difBcult to obtain with other models, espe-
cially with macroscopic geometrical models which usu-
ally do not automatically relate predictions of one nu-
cleus with those of adjacent ones since the predictions
must be "self-parametrized" for each nucleus. Of course,
other valence models [15] such as symplectic models or
the fermion dynamical symmetry model may contain pre-
dictions analogous to some of those below, and it would

be interesting to see these delineated.
In the following paragraphs these automatic and ro-

bust predictions of the IBA are grouped and discussed
under a couple of general headings. We start with the
weH-known property of collective nuclei, namely, the
rapid increase in B(E2:0~+ -+ 2+~) values toward mid-
shell. We then turn to a number of other more subtle
and less known, but important and characteristic, aspects
of nuclear structure associated with the basic shape and
structure of collective nuclei (e.g. , p values, p softness,
and rotation-vibration coupling), and with the nature of
the elementary collective excitation modes (especially P
and p vibrations) which they exhibit. In each case, the
IBA makes ineluctable predictions, and we compare these
with the empirical situation.

A. Mean Beld collectivity

First, we consider the yrast levels themselves, re8ec-
tive of the mean field structure. An excellent mea-
sure of this structure is the B(E2) value to the first
2+ state. Generally, in algebraic valence models, this
B(E2) is expected to increase toward midshell due to
the increase in valence nucleon number and the increase
in the quantum numbers labeling the group representa-
tions involved. In the IBA the prediction of a strong
increase in B(E2:0& ~ 2+&) values in deformed nuclei,
with increasing valence proton and neutron numbers (in-
creasing boson number), is virtually independent of any
parameter variations. The specific N~ dependence of
these B(E2) values for deformed nuclei in the IBA is a
direct reBection of two aspects of finite N~, namely, the
finite value itself and the partition of N~ bosons into n,
8 bosons and ng d bosons, both of which increase with
N~ for low-lying levels. In deformed nuclei, each factor
in the (dominant) (std + dts) term in the E2 operator
essentially gives a power of N~, leading to an approxi-
mate N~~ dependence. In particular, in the SU(3) limit,
B(E2:Oi m 2i ) oc (2Ngy + 3)Ngy.

Such a behavior is very well-known empirically, as
shown for B(E2:0+~ m 2+~) values [16] on the left in
Fig. 1. On the right are the SU(3) predictions. Dif-
ferent assumptions for the detailed N~ dependence, such
as invoking a transition between U(5) and SU(3), or a
broken-SU(3) structure, would produce predictions that
are qualitatively (and nearly quantitatively) the same.
The predicted systematics, including the increase to-
ward midshell, is very similar to that seen in the data.
The IBA, through its explicit inclusion of the number
of valence nucleons, thus automatically accounts for the
growth of collectivity toward midshell. The Inain difFer-
ence between the IBA and experiment is that the lat-
ter exhibits a well-known saturation efFect near midshell
which is Pauli efFect related and beyond the scope of the
IBA-1. An interesting open issue for the yrast states,
possibly related to boson number, is the treatment of the
higher spin levels where B(E2:J m J—2) values are pre-
dicted to fall ofF with increasing J whereas such fallofFs
are seldom observed.
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FIG. 1.. Empirical and calculated B(E2:Oi —+ 2i ) values.
The calculations are carried out in the SU(3) limit with con-
stant effective charge. The inherent N~ dependence of these
B(E2) values for deformed nuclei in the IBA gives the pre-
dicted rise toward midshell. The data are taken from Ref. [16].

order in the boson creation and destruction operators.
Of course, inclusion of higher order terms [e.g. , "cubic"
terms of the form Os(dtdtdt)( )(ddd)( )] do give a con-
tribution to the potential with a minimum at finite p,
but such terms (mentioned briefiy again below) are an
extension to the original IBA and are not considered ex-
plicitly here. Thus, the 8-d IBA-1 corresponds to the
opposite picture of the origin of axial asymmetry as the
rigid triaxial Davydov [18] model.

These properties of the IBA can be tested experimen-
tally by using the energy staggering in the p band as
a signature of p softness or rigidity. In a p-soft poten-
tial, the quasi p-band levels cluster in energy couplets as
2+, (3+, 4+), (5+, 6+), . . . whereas in a p-rigid potential
the clustering goes as (2+, 3+), (4+, 5+), . . .. A sensitive
signature is therefore the staggering index

S(q) = ' ' ' ' —0.33. (1)
[&(4,') —@(3;)]—[&(3;)—&(2;)]

E(2+i)

S(p) is defined so that the symmetric rotor limit corre-
sponds to S(p) = 0. (This definition difFers from that
of Ref. [19] only in the presence of the additive constant
—0.33. Analogous S(p) values can be defined for other
spins: the constant, —0.33, remains the same. ) Einpirical
S(p) values for all even-even nuclei from Z = 30 to the
actinides are shown in Fig. 3 for comparison with both
IBA and Davydov model predictions. Negative S(p) val-
ues correspond to axial asymmetry which arises &om p
softness in the potential and positive values to p- rigi d mo-
tion: the magnitude of S(p), of course, depends on the

Axially asymmetric nuclei in the IBA-1 are always p
soft. As shown in Fig. 2, the IBA potential either has no
minimum [the O(6) extreme of a p-fiat potential (y = 0)
with p, yf 30'] or a minimum at O'. There are no
minima for p g O'. For IBA potentials with a minimum
at p = 0', the steepness increases with boson number.
Hence, strict axial symmetry can only occur in the in-
finite N~ limit, and finite p values arise only &om zero
point motion in a p-soft potential. This is inherent in the
8-d boson structure of the IBA space and in the form of
the IBA Hamiltonian which includes terms up to second
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FIG. 2. The IBA potential V(p) vs p. Arbitrary units.
Based on Ref. [17]. Left side, for several values of y with
Gxed N~. Right side, for several N~ values with constant y.

FIG. 3. Left: Empirical values of the staggering index

S(p), defined in Eq. (1). Right: Predictions of S(p) are
given for the p-rigid Davydov model as a function of p (top
scale) and for the IBA in the U(5) and O(6) limits (short hor-
izontal lines) and for O(6) as a function of Hs/B 83 specifies.
the contribution of a cubic term that adds a weak component
with a minimum at p = 30' to the p-fiat O(6) potential and
13 is the coefficient of the r(r + 3) term in the O(6) eigen-
value expression. Their ratio gives the relative importance
(bV/V ratios of a few % here) of the cubic term. The results
illustrate that, empirically, low-spin nuclear axial asymmetry
is invariably p soft in accord with the geometric structure of
the IBA-1. Based on Ref. [19].
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value of p at the potential minimum (for p-rigid shapes)
and on the average value of p and the steepness of the po-
tential for the p-soft case. The specific (negative) values
of S(p) in the IBA can be varied by varying the parame-
ters of the Hamiltonian. Likewise, by introducing a very
small cubic term to the IBA-1 Hamiltonian, which adds
a component to the potential with a minimum at p = 30
(constituting at most a few % of the potential), it is also
possible, as shown in the figure, to obtain a range of neg-
ative S(p) values. The main point in the present context,
though, is that negative S(p) values are an unavoidable
characteristic of the original IBA-1 model and positive

S(p) values are virtually unobtainable.
Figure 3 clearly shows that, empirically, there are vir-

tually no nuclei in the p-rigid domain. Small negative

S(p) values correspond to nearly axially symmetric nu-

clei with fairly steep potentials and minima at p = 0
and, consequently, rather small p,g values. These nuclei
will be discussed just below in terms of rotation-vibration
interactions or K mixing. More negative S(p) values cor-
respond to potentials that are softer in p: U(5) (the vi-
brator limit) gives S(p) = —1.33 (recall that a spherical
vibrator potential is p Hat) and O(6) gives S(p) = —2.33.
It is evident from the figure that, at least at low spin,
all nuclear axial asymmetry in even-even nuclides arises
&om p softness, in accord with the IBA view.

2. Band maiming

As noted, small negative S(p) values in the IBA cor-
respond to well-deformed nuclei with a small rotation-
vibration interaction, or, in other words, p-band —ground-
band mixing. Such mixing has been studied for decades
and is expressed in terms of a band mixing parameter Z~
which is proportional to the spin-independent part of the
amplitude of the ground band in the first excited K = 2
band. The empirical values of Z~ for rare-earth nuclei
are shown in Fig. 4. They have been extracted from the
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FIG. 4. Empirical Z~ values vs N~ for rare-earth nuclei.
From Ref. [20]. Z~ is proportional to the spin-independent
part of the p-band —ground-band mixing amplitude. The
dashes are IBA calculations in the CQF for two X values that
bound those used in typical calculations. These curves show
a similar (but weaker) parabolic dependence on Air as that
seen in the data.

slopes in Mikhailov plots according to the discussion in
Ref. [20].

The IBA predicts that this mixing has a specific be-
havior across a shell, namely, that it decreases with in-
creasing boson number. Thus Z~ is predicted to have
a roughly parabolic behavior across a shell with lowest
values near midshell. This feature can be seen in a sim-

ple calculation in the consistent Q formalism [12] (CQF).
The calculation uses the IBA Hamiltonian H = —II:Q Q
where Q = std+ dts+ y(dtd)i2) in which the variation
of structure from O(6) to SU(3) corresponds simply to
varying y from 0 to —1.32. The results are shown in Fig.
4 for two fixed values of y that encompass the range of
values encountered in realistic calculations. Even though
the Hamiltonian and its parameters remain constant, the
Z~ values vary parabolically. In realistic calculations,
of course, the value of y [which is usually fixed by fit-
ting a p ~ g B(E2) value] will vary somewhat &om one
deformed nucleus to the next and the steepness of the
parabolas will increase, giving improved agreement with
the data.

The parabolic behavior of Z~ in the IBA arises &om
the interplay of symmetry structure and finite N~ effects.
p-g band mixing arises in good measure &om p-P mix-

ing, which is a feature even of the SU(3) limit, since the
P and p bands belong to the same representation. p-P
mixing, which decreases rapidly with increasing N~, is
transmitted to p-g band mixing via 6K = 0 P-g mixing,
which is the dominant mixing that occurs when SU(3) is
broken [21].

3. Gamma values for deformed nuclei

There is one other important feature of axial asymme-
try where the IBA provides an inherent prediction that
can be compared with the data. As suggested on the left
in Fig. 2, the efFective value of p (arising from zero point
motion) in the IBA is directly correlated with the param-
eter y. Indeed, a p,rr-y correlation can be developed [22]
by comparing observables related to the p band that are
predicted by the IBA with those given by the Davydov
model. (Even though the origin of p, ir is different in the
IBA and Davydov models, the procedure of extracting
an effective p,g value by comparing certain calculated
observables in the two models has been shown [23] to
be valid. ) In Fig. 5 this correlation is extracted from
empirical values of E(2+)/E(2+) and is shown for sev-
eral N~ values. Similar p,g-y correlations result if other
observables [such as B(E2) values involving the p band]
are used instead [22]. The figure shows a result which
is perhaps at first surprising, namely, that p,g does not
equal 0', even in SU(3). As the figure suggests, only
in the limit N~ m oo does p,~ —+ 0 . This is actually
not surprising since the right side of Fig. 2 shows that,
for a given y, the potential has finite steepness for finite
N~. Thus the IBA inherently predicts that while p g
decereases with increasing N~, realistic deformed nuclei
must have nonzero p,g values. Moreover, since maxi-
mum N~ values are 14—20, the IBA inherently predicts
an actual numerical value for the minimum p ~ values
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FIG. 5. p,&-y relationship obtained by calculating
E(2+)/E(2s ) in the Davydov and IBA models (for several
Nn values) and equating the values of p in the former to
those of y in the latter that give the same values of this en-
ergy ratio. Note that p,& does not go to zero even in the
SU(3) limit but remains finite at 7—10' in accord with the
data (see Fig. 6). The arrow indicates a typical y value for
deformed nuclei.

observed in deformed nuclei near raidshell, namely, 8'.
Empirical p,g values have traditionally been obtained

[18] from the same energy ratio used to construct the
theoretical plots in Fig. 5. These empirically extracted
values are shown in Fig. 6 for the rare-earth region where
it is indeed seen that most well-deformed nuclei have p,ff
values remarkably close to the IBA prediction of 7—10'.

simply done for the lowest excited K = 0 and 2 exci-
tations. We will also comment below a bit on the na-
ture of the P vibration. ) The IBA embodies a number
of speci6c predictions for these modes and, very inter-
estingly, for their relationship. These predictions have
their origins in the properties of the parent SU(3) repre-
sentation that contains the lowest K = 0 and 2 modes,
and persist for realistic deformed nuclei in which SU(3)
is substantially broken. As explicit calculation shows the
most obvious consequence —but the most diKcult to test
experimentally —is that, contrary to many other mod-
els, the IBA predicts collective E2 transitions between

P and p bands. Indeed, in realistic deformed nuclei
B(E2:P e+ p) values are actually predicted to be com-
parable to B(E2:p ~ g) values In c.ontrast, P ~ g E2
transitions are very weak, even when SU(3) is strongly
broken for deformed nuclei.

A convenient way to show these predictions is again
to exploit the CQF in which SU(3) symmetry breaking
depends only on the parameter y in the quadrupole oper-
ator. It is then possible to display a full range of predic-
tions in terms of contour plots of appropriate B(E2) or
energy ratios against boson number and y. Such contour
plots are shown in Fig. 7. Figures 7(c) and 7(d) imme-
diately give the two related, but distinct, predictions [6]
just mentioned, namely,

B(E2:P m p) B(E2:p -+ g) [Fig. 7(d)] (2)

and

B(E2:P ~ g) && B(E2:p ~ g) [Fig. 7(c)]. (3)

C. Relation of intrinsic collective P and p modes

The lowest two positive-parity collective modes, and
by far the best known, are the P and p modes. (We use
the traditional labels here, in particular the "P" label
for the lowest excited K = 0 collective mode, although
we note that the comparison of IBA and experiment is
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FIG. 6. Empirical values of p fI for some rare-earth nu-
clei obtained from E(2+)/E(2s ) values. Data taken from
Ref. [24]. The magnitudes of the p,s values for well-deformed
nuclei (y ff 10') are in agreement with the automatic IBA
predictions (see Fig. 5).

It is evident from Fig. 7 that relations (2) and (3) are
valid over the entire ranges of NB and y values corre-
sponding to deformed nuclei (indeed, over much broader
ranges of structure and parameters). Though their origin
can be traced to the SU(3) limit, the predictions refer to
the lowest K = 0 and 2 modes, and inspection of the
wave functions shows that they are substantially mixed
in terms of SU(3) representations. The predictions are
truly "inherent" or robust in the sense that they would
be unavoidable even if the data were the opposite.

Relation (2) was thought to be at variance with the
data when it was first noted as an unavoidable result of
the IBA-I since P ~ p transitions had not been observed
at that time. However, it has since been recognized that
this situation was an experimental artifact resulting from
the weak P ~ p transition rates (p-ray intensities) due
to the E, hindrance of these lorn-energy transitions
[(Eis —E~) && (Ep —Es)]. When su%ciently sensitive
experiments were carried out, using the unique crystal
spectrometers of the Institute Laue, Langevin, Greno-
ble, with their very-high-energy resolution and dynamic
range of observable intensities, collective P ++ p tran-
sitions were indeed found. The most famous example

[5] is Er but similar results characterize [6] the nuclei
~ 6F and ~ 8Hf In Er

ratio of reduced intrinsic matrix elements (2+!!E2!!0&)
/(2+!]E2]!0+) = 0.37, which is somewhat smaller than
the IBA prediction of unity but which is an order of
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B(E2: p w g)/B(E2: p w g) « 1 agrees with the
empirical situation.

Since the P and p modes belong to the same intrinsic
representation of SU(3), namely [2N~ —4, 2], and since
SU(3) breaking for typical deformed nuclei depends on
only the single parameter y, there must necessarily be a
relation in the IBA between the properties of the lowest
excited K = 0 and 2 vibrations in the IBA; Such a link-

age is absent from nearly all geometric models and even
from many microscopic treatments of traditional K = 0
and 2 quadrupole vibrations. The P-p linkage shows up
in the IBA in two related ways, both of which can be
tested empirically. First, it implies that the E2 decay
properties of the p band are inextricably linked to the
energy of the P band. This unfamiliar conclusion means
that observables such as

B(E2:2+ + 0+) E(2p+)

B(E2:2+ -+ 2+) E(2~+)
6 -0.5 - I.O -l.5 -2.0 -2.5

FIG. 7. Several contour plots of various observables against
y snd Nn calculated with the Hsmiltonisn H = —eQ Q
in the CQP. Prom Ref. [12]. Note the extra factor of ~5
on the abscissa (retsined here for historical reasons): as s
consequence SU(3) corresponds to ~5y = —2.958 snd typical
deformed nuclei have ~5X —1.1.

magnitude or more larger than expected, is of collective
magnitude, and is at variance with traditional concepts
of P band structure.

Relation (3) reflects a well-known empirical result that
the IBA automatically exhibits. The data are shown in
Fig. 8. Although there is scatter in the data, all the
ratios are well below»nity and most are & 0.2. The nu-
merical IBA predictions shown in Fig. 7(c) are generally
smaller than the data but the inherent prediction that

are related, that is, in effect, that such quantities as abso-
lute p e+ g E2 matrix elements and the p/p vibrational
energy ratio are linked. This is in fact observed exper-
imentally as shown in Fig. 9. While there is certaintly
some scatter in. the data there is equally clearly a cor-
relation. Moreover, the trend of the empirical relation,
that B(E2: 2+ m 0+)/B(E2: 2+ ~ 2+) decreases
with increasing E(2&)/E(2+), is the same as predicted
by the IBA for nuclei undergoing the structural change
from well-deformed [~5y —1.1,N~ 16] toward O(6)
[~5y = O, N~ 6] (upper middle to lower left in Fig.
7) that occurs in the second half of the rare-earth region.
This is shown by the solid curve in Fig. 9 which gives the
IBA prediction for the straight-line trajectory of y and
NIs values shown in Fig. 7(a). Although this schematic
calculation represents the simplest trajectory, the curve
reproduces the data quite well.

Having established the IBA prediction of a conceptual
correlation of P- and p-band properties, we can now go
one step further and ask if the specific numerical values
of Ep/E~ predicted by the IBA are reasonable. We note
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FIG. 9. Empirical correlation between a p —+ g band
B(E2) ratio and the energy of the P band relative to the

p band. The IBA predicts that these two observables are
correlated. The solid curve shows the IBA prediction for the
linear sequence of y and NJ3 values spanning an SU(3) e+O(6)
transition region indicated in Fig. 7(a).

immediately from Fig. 7(b) that, for reasonable y values
for deformed nuclei, the IBA unavoidably predicts that
Ep/E~ lies in the range 1.2—1.8. The reason these ratios
are slightly above unity is simple. The P and p bands are
degenerate in SU(3) and, as noted above, the principal
eff'ect of SU(3) breaking is AK = 0 mixing in which the P
and g bands repel, forcing the P band above the p band.
The greater the SU(3)-breaking terms in the Hamilto-
nian, the larger the AK = 0 mixing and the higher the
P band is pushed, raising the Ep/E~ ratio. Figure 10

shows that for the vast majority of deformed nuclei the
experimental ratios also range from about 0.8 to 1.7, in
good agreement with the IBA predictions. Given that
nothing relating directly to this energy ratio need go into
the choice of IBA parameters and that, in principle, the
predicted ratio could take on virtually any values, this
concurrence is remarkable. Indeed, the figure itself shows
that Ep/E~ values near unity are not somehow a trivial
result or a universal phenomenon: in nondeformed nu-

clei, this energy ratio can and does differ greatly from
unity. In harmonic U(5), for example, the ratio is 2.0,
in anharmonic U(5) calculations it is invariably & 2.0,
and, in O(6), the w(v+3) term gives a ratio of 3.0 for the
o = NB, r = 3 0+ state while the P/p energy ratio is even
higher if the o. = N~ —2, 7 = 0 0+ state is used for the
comparison. Such values & 2 are indeed seen empirically
on the fianks of the deformed region in Fig. 10.

The discussion in this section perhaps supports a differ-
ent picture of what we have called the "P vibration, " that
is, the lowest excited K = 0 band, than is customary. All
the points would be more consistent with a description
of this excitation as (at least partly) a double p mode: it
has an energy between one and two times E~, it has col-
lective B(E2) values to the p band and very small B(E2)
values to the ground band, and, in general, its properties
are linked (both empirically and in the IBA) to those of
the p band. The IBA description of the lowest excited
K = 0 band, which agrees with its observed properties,
seems to show such a character, at least for finite Ngy

and realistic [broken-SU(3)] calculations. Although the
nature of this K = 0+ band is still an open question,
it is clear that the IBA has played an important role in
elucidating the structure of one of the two most studied
and proli6c low-energy collective modes in nuclei.
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FIG. 10. Empirical energy ratios of P to p-baud energies.
Data from Ref. [24]. The region of deformed nuclei is indi-
cated by vertical dashed lines. Solid dots denote nuclei with

E(4~ )/E(2~ ) & 3.0 (i.e. , deformed nuclei). Crosses denote
other nuclei. Most of the values for deformed nuclei are in
the range 0.8—1.7 which is the same range as inherently pre-
dicted, for deformed nuclei, in the IBA [see Fig. 7(b)]. The
IBA predicts higher ratios for other types of structures, for
example, 2.0 for the harmonic U(5) limit aud 3.0 for the low
est 0+ state in O(6). The data reflect these higher values on
the left and right sides of the deformed region in the 6gure,
respectively.

While the detailed behavior of observables across phase
transitions &om one symmetry toward another in the
IBA depends on speci6cs of the calculations, there are
a number of generic properties of the systematics. The
best examples refer to observables, such as B(E2:2~+ ~
0+) values, or branching ratios such as B(E2: 3+~

2~+)/B(E2: 3&+ ~ 22 ), which are zero in each sym-

metry and Gnite only in transition regions. They thus
must show a "bell-shaped" dependence across a span of
nuclei between two symmetries. A similar result may
also apply to other valence models and is deserving of
further study. The IBA prediction is illustrated in Fig.
7(a) where one sees that it is impossible to go from O(6)
[~5y = 0, low N~] to SU(3) or to any actual deformed

nucleus [~5y —1.1, N~ & 12] without the ratio il-

lustrated passing through a maximum. (The same pre-
diction is true for many other observables. ) Figure ll
illustrates the experimental situation for the B(E2) ra-

tio of Fig. 7(a) and indeed shows that the predicted bell
shape is observed. The solid line in the 6gure is the sim-
plest possible IBA prediction, namely, that correspond-
ing to the straight dashed line in Fig. 7(a) from O(6) to
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FIG. 11. Empirical B(E2: 2~ -+ Os)/B(E2: 2s ~ Os)
values for rare-earth nuclei. In agreement with the data, the
IBA predicts that this ratio, which is zero in all three dynam-
ical symmetries, attains finite values in nuclei deviating from
these IBA symmetries. The solid line is the simplest possi-
ble IBA prediction, corresponding to the dashed straight-line
trajectory in Fig. 7(s). From Ref. [12].

simple: the IBA contains a large number of inherent,
automatic, intrinsic, essentially parameter-&ee, predic-
tions, some of which were unexpected when first pro-
posed, some of which are at variance with other models,
and some of which (e.g. , the P, p relationship) are beyond
the scope of a number of other models, but all of which
are in agreement with the data. Some of these predic-
tions may also characterize other valence models, and we

encourage studies to elucidate this question: such stud-
ies may help further and better identify the essential ele-
ments that generate these features of collective behavior
and systematics. Some of the IBA predictions have their
origins in the character of the IBA symmetries, others re-
Hect the effects of, and variations in, finite boson number
across series of nuclei, some are reflections of the nature
of symmetry-breaking mechanisms in the IBA, and some
show the interplay of one or more of these features. All
are inherent and robust, none can be reversed by param-
eter changes, and all reflect real nuclei.
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