
PHYSICAL REVIEW C VOLUME 49, NUMBER 4 APRIL 1994

Nucleon-nucleon potentials and their test with brernsstrahlung
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A complete potential model for nucleon-nucleon bremsstrahlung is used to test t matrices of recent
NN potentials. pygmy and nary cross sections and spin observables are calculated using the Paris, Bonn-
B, and inversion potentials to the most recent phase shift analyses and Bonn-B phase shifts. We
confront our results with older noncoplanar pyric data from Harvard and most recent but inclusive
data from Saclay and the Indiana University Cyclotron Facility. We obtain a good agreement
between experiment and theory for all potentials. Nonlocality effects of potentials, supposedly
discerned by bremsstrahlung, are small in comparison to data errors and differences between the
potentials themselves.

PACS number(s): 13.75.Cs, 25.20.Dc

I. INTRODUCTION

The study of nucleon-nucleon bremsstrahlung in the
&amework of a potential model has traditionally been
considered as a means for accessing the off-shell domain
of the nuclear force [1,2]. Due to a general interest in
off-shell t matrix studies and planning of improved new
bremsstrahlung experiments in Bloomington, Uppsala,
and Julich we update and extend the theoretical predic-
tions with several of today's most successful NN poten-
tials and a complete bremsstrahlung program.

These experimental programs have for the theory and
formulation of NN potentials several benefits. Among
them are improvements of the available database below
and above meson production threshold and interference
studies of mesonic and electromagnetic processes. For
the more traditional fields of NN potentials we expect
some quantitative improvements and in particular a con-
finement within the numerous potential models.

Several boson exchange models have been refined over
the years and their fit of data is such that y2 criteria
cannot favor any of the set [3,4]. Nevertheless, there ex-
ist differences between the potentials and among them is
the prediction of nonlocality &om boson exchange mod-
els which is in contrast to the success of phenomeno-
logical local potentials [5,6]. The amount of nonlocality
is also very different between boson exchange potentials
and the very many different versions of Bonn potentials
are a good example for this circumstance [4]. The possi-
bility of constructing phase equivalent local potentials to
nonlocal potentials with inversion or apply unitary trans-
formations to the t matrices is indicative of the mathe-
matically ill-posed problem vrhich enters this physics [7].

Quantum inversion is a rigorous mathematical method
to determine off-shell from on-shell t matrices with mod-
est assumptions about the class of underlying potentials

Present address: Theory Division, TRIUMF, VGT 2A3
Vancouver, B.C., Canada.

[8—10]. Thus, inversion is an appealing method to access
potentials &om experiment with the benefit of gaining
insight into the ill-posedness of the problem. Contrary
to inversion, boson exchange models use a fundamen-
tal ansatz for an equation of motion and fit parameters
to data. A natural consequence of these different ap-
proaches is that models have more degrees of freedom to
handle and their set of parameters is not unique. Inver-
sion generally has a tendency to underestimate the de-
grees of &eedom due to lack of sufEcient or accurate data.
In view of this background it is obvious that these numer-
ical studies are also intended to show and compare the
overlapping region of model and inversion approaches.

At present we assume that all inversion potentials are
local energy independent potentials for partial wave ra-
dial Schrodinger equations with the restriction to a po-
tential class [8]

r
~
V(r)

~

dr ( oo for a ) 0.
a

This fixes the continuation of the t matrix from on-shell
into the off-shell domain uniquely and thus off-shell dif-
ferences between various inversion potentials reBect the
differences in the on-shell input [11].By comparing var-

ious inversion t matrices in their on-shell and off-shell
domain, one can see that, at least in the off-shell re-
gion tested by bremsstrahlung, the splitting between the
forces is not perceptibly enlarged. However, this sim-

ple link between on-shell and off-shell similarity does not
hold necessarily for potentials &oxn other classes. The
question is therefore, to what extent predicted ofF-shell
effects in the NN force, i.e., effects stemming from model
properties like nonlocalities are manifest in a physical
application like bremsstrahlung. Since formal consider-
ations cannot resolve the dispute about nonlocality, we

performed calculations with the purpose to compare lo-
cal and nonlocal potentials in quantities which can be
measured with bremsstrahlung.

From the theoretical potentials are select Paris [3], as a
representative r-space potential with momentum depen-
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dence, and Bonn-B, a q-space potential [4] with large non-

locality. Both potentials reproduce the two nucleon ob-
servables well and have also been successfully used in few-

and many-nucleon calculations. Discrepancies of these
potentials in breakup Faddeev calculations and few-body
and nuclear-matter binding energies systematically show
that something is missing in these potentials [12—14]. It
is generally agreed upon that local potentials always un-
derbind triton by 800 + 150 keV [10,12] whereas Bonn-
B misses the experimental binding energy of 8.45 MeV
only by 250 keV [4]. This is a significant result in fa-
vor of a significant nonlocality in nucleon-nucleon poten-
tials. Unfortunately, this improvement with Bonn-8 is
not unique since triton binding energy calculations with
inclusion of some three-body forces give also agreement
with experiment and very similar are the findings for nu-

clear matter calculations [13]. Some theoretical calcula-
tions claim sxnall three-body effects for the triton binding
energy [14]. At present, there seems to exist no better
mechanism than bremsstrahlung which could decide be-
tween a genuine three body force and a two body non-
locality. It is our understanding and opinion that this
qualitative features of an ambiguity between nonlocality
and three-body force cannot be resolved by better fits to
two nucleon scattering and bound state data. Certainly,
it is favorable to have the fewest discrepancies between
data and potential model results and measure this differ-
ence with y2. In view of /CD, as a possible fundamental
theory for strong interactions, there is no doubt that the
NN potentials used here are altogether phenomenolog-
ically motivated and optimally tuned operators with a
limited predictive power outside the fitting range. We
expect that an unquestionable advantage of these poten-
tials will remain their effectiveness as interpolating and
extrapolating means when we want to describe nuclear
structure and low energy nuclear reactions with informa-
tion taken from two nucleon data.

II. BREMSSTRAHLUNG POTENTIAL MODEL
AND RESULTS

The potential xnodel formalism, which we developed
and use in this analysis, is an extension of [15—21]. In
addition to pole terms of the Pauli operator with electro-
magnetic interactions, the transition amplitude contains
rescattering terms of external currents and exchange con-
tributions to order O(k ). Relativistic spin corrections,
as obtained from a Foldy-Wouthuysen reduction of the
single-particle Dirac equation with an external electro-
magnetic field, are included to D(1/m ) in the exter-
nal single-scattering and to O(1/m2) in the rescattering
terms. For pyric, the Coulomb potential corrections are in-
cluded with the usual two potential t-matrix formalism.
All other details of model and nuxnerical calculations are
given elsewhere [20,22].

Our potential selection coxnprises inversion potentials
based on phase-shift analyses by Amdt-FA91 [23] and
Nijmegen-II [6,10] and phase shifts from the Bonn-B po-
tential [4]. The Nijmegen phases have a y2 1, the
lowest claimed so far in a phase-shift analysis. For coxn-
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FIG. 1. Theoretical pygmy cross sections based on
Nijmegen-II inversion (solid), Paris (dash-dotted), Bonn-B
(dashed), and Bonn-B phase shifts inversion (dotted) poten-
tials. The lower curves with data [26] are exact and the upper
curves are on-shell approximated results.

parison, we consider the boson exchange models from
Paris in its configuration space parametrization [3] and
the Bonn-B potential in momentum space [4].

The photon energy k measures the off-shell character-
istic of the process Nq + N2 m Nq + N2 + p. In the
center-of-mass system (cms) of two nucleons before pho-
ton emission (initial cms), the energy conservation law

requires

2e(p) = k + e(]p' + k/21) + e(]p' —k/21)

with

e(z):= /2:2+ mz

p and p' denote incident and outgoing relative moxnenta
of two nucleon systems respectively and m is the nu-
cleon mass. The left side is determined by the kinetic
energy of the projectile and is a constant. Thus, large
photon energies are attained at high energies and small
momenta of the outgoing nucleons. It is well known [24]
that the latter situation corresponds to small nucleon an-
gles, i.e., proton emission near the axis. This is the region
where off-shell effects in bremsstrahlung axnplitudes are
expected to be enhanced. At the same time, however, the
lower partial waves in the NN t xnatrix, especially the
S states, become more important. Thus, a simple con-
sideration of kinematics by Eq. (2) establishes the link
between high ofF-shell signature and S-wave dominance
of the bremsstrahlung process [25].

As a first test we compare our potential set in a kine-
matic situation where off-shell efFects are expected to be
large. This is shown in Figs. 1 and 2 for the smallest
proton angles available in the TRIUMF experiment [26].
Shown are the published TRIUMF and not the unrenor-
xnalized data as used by Herrxnann and Nakayama in
[27]. These TRIUMF data agree well with the com-
plete potential xnodel calculation where the t matri-
ces are exactly treated with their on- and half off-shell
values as they are ixnplied by theory. An approxima-
tion, where all t matrices are set to their on-shell limit,
i.e., t(q, k; E(k) ) ~ t(k, k; E(k) ) in the single-scattering
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FIG. 2. Theoretical ppy analyzing powers based on
Nijmegen-II inversion (solid), Paris (dash-dotted), Bonn-B
(dashed), and Bonn-B phase shifts inversion (dotted) poten-
tials. The upper curves with data [26] are exact and the lower
curves are on-shell approximated results.

terms, forms the second set of this test. For several po-
tentials, which are not comparably successful in their
on-shell predictions, this has been used in the past to
demonstrate the off-shell sensitivity of bremsstrahlung
and their examples are convincing [19,28]. We add, to
this generally accepted feature with our calculation, that
all comparable successful on-shell potentials give closely
the same results in the approximation set as well as in
the exactly treated set. Particular appreciation requires
therefore the closeness of the nonlocal Bonn-B with the
local inversion potential partner. Any other splitting
within potentials is due to slight differences between po-
tentials and their on-shell predictions. It is most unfor-
tunate for the whole bremsstrahlungs program that any
sizeable splitting between nonlocal, local-equivalent, and
within potentials cannot be predicted. If we permit a
few percent uncertainty for the bremsstrahlung potential
model and two nucleon data, there seems little left to be
learned from these experiments, since all data are well
described &om any good potential. In the following sub-
sections are shown results of an analysis of classical and
most recent data with the purpose to enter a caveat for
future experiments.

for the three angle bins of the IUCF experiment are 124,
126, and 128 MeV.

All Harvard data are analyzed in their own geometry
[29] and are averaged over noncoplanarity bins 4 E([0—
1],[l—2], [2—3]}. With a possible exception at the high-
est noncoplanarity angle in forward scattering, all data
are very well reproduced by any of the used potentials.
The Harvard cross sections are dominated by P and cou-
pling PF-matrix elements. Practically, Paris, Nijmegen-
II, and Amdt inversion potentials are equivalent and only
Bonn-B yields a 3—4 'Fo larger cross section. We note, how-
ever, that all the potential differences are much smaller
than experimental errors and noncoplanarity does not af-
fect the conclusions we draw from these results.

IUCF's data have been obtained as a by-product of
a pion production measurement near threshold and the
nominal incident proton energy of 294 MeV is a luminos-
ity weighted average of 31 different bombarding energies
in the interval between 278 and 325 MeV. Only events
with photon energies between 20 and 120 MeV were de-
tected. As a consequence, the cross section vanishes for
small proton and medium photon angles 0~. Further-
more, azimuthal angles of emerging particles were not
constrained and thus observables are averaged within
kinematically permitted noncoplanarities. These data
require a careful averaging of the theory since we find
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A. Results for pp bremsstrahlung 3

The features of a mostly on- and ofF-shell gory measure-
ment can be seen in Harvard's [29] (Fig. 3) and Indiana
University Cyclotron Facility's (IUCF's) [30] (Fig. 4)
experiments. Both cover the whole allowed noncoplanar
kinematic region and give triple difFerential cross sections
for fixed angles of all three emerging particles. The Har-
vard experiment was done at medium energy (157 MeV)
and we choose here the largest measured symmetric pro-
ton angle pair at 35 . IUCF used a medium projectile
energy of 294 MeV and their proton angles vary from 4.8'
to 12.0 . In Harvard's experiment is the medium photon
energy, in the initial cms, 35, 36, and 37 MeV for any
low, medium, and high noncoplanarity angle C. Values
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FIG. 3. Noncoplanar pyric cross sections at 157 MeV and
proton angles 8~ ——Oq ——35 . Calculations are shown for in-

version potentials from Nijmegen-II (solid), Amdt-FA91 (dot-
ted), Bonn-8 (dashed), and boson exchange potentials Paris
(dash-dotted).
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cross sections are highly nonlinear in their dependence
on proton and photon polar angles. Finally, we simu-
late here an angular resolution of 10' in the photon an-

gle 8~ estimated in [30]. This is approximately done in
three steps. First the calculated cross section averaged
over a bin (8~ ( 8~ ( 8g;sh) is converted to a relative
number of events multiplying it by the solid angle factor
2m(cos8h;s~ —cos8~ ). These events are then smoothed
assuming a Gaussian distribution for the actual position
of each. The result is finally reconverted to the corrected
cross section. The correction eKect is obviously largest
at forward and backward photon angles where the solid
angle factor is minimal. This aspect was neglected in a
preliminary analysis [21] and leads to considerable im-
provements in the fit of the data.

In general, IUCF's data are well reproduced by the
potential model, and only a discrepancy for large proton
and medium photon angles where we underestimate the
data remains unexplained. With all efforts and many
trials of incident energy weighting we could not improve
the fit. Our conclusion to this misfit is suggesting a rep-
etition of the experiment with an improved detection of
all experimental boundaries. In our defense of theory
against experiment we bear in mind that these data im-

ply predominantly So t matrices. This channel, how-
ever, has the least uncertainty in the phase shifts and
correspondingly all potentials and t matrices are in very
close agreement. These results repeat the conclusions we
have drawn to results shown above in Figs. 1 and 2 about
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FIG. 5. Result assumes a Sxed incident neutron energy of
170 MeV and uses the Nijmegen-II inversion (solid), Paris
(dash-dotted), and Bonn-B potentials.

small potential difFerences and the general insensitivity of
bremsstrahlung to half oH'-shell t matrices.

B. Results for np bremsstrahlung

Neutron-proton bremsstrahlung measurements are dif-
ficult to perform, so only recently have relatively accu-
rate experimental data become available. We choose here
the Saclay experiment [31]where inclusive cross sections
d20/dDdu were measured for an incident neutron energy
and estimated width of 170+35 MeV, at 90' fixed photon
angle and emerging proton energies ranging between 25
and 110 MeV.

As the photon energy varies in the inclusive experiment
and the ofF-shell dominance enters by increasing E~ we
reach a maximum when p' = 0 in Eq. (21). A comparison
of single energy curves in Fig. 5 shows indeed that the
splitting between Paris and Nijmegen inversion potential
results is larger for n~ than for ppp. However, the re-
sults get closer in the extreme off-shell domain where the
SD channels dominate the n~ cross section [17]. The
mentioned difference in Fig. 5 is thus more likely a con-
sequence of improvements of newest potentials since in
the last decade np data were improved considerably and
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FIG. 4. IUCF measured cross sections at 294 MeV with
averaging and bin overlaps as described in [30]. Calculations
are shown for inversion potentials from Nijmegen-II (solid),
Amdt-FA91 (dotted), Bonn-B (dashed), and boson exchange
potentials Paris (dash-dotted).
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FIG. 6. Complete model results for inclusive nary cross sec-
tions at 170+ 35 MeV based on Nijmegen-II inversion (solid),
Bonn-B (dashed), and Paris (dash-dotted) genuine potentials.
All theoretical result are averaged with a Gaussian energy dis-
tribution of 35 MeV (full width at half maximum) around 170
MeV with data from [31].
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Nijmegen-II phase shifts should be better than older ones
used to fit the Paris potential.

All features of single energy calculations remain un-
changed when a bombarding energy distribution is in-
cluded whose results are shown in Fig. 6. For high photon
energies is any potential prediction practically the same,
and our calculations are fully consistent with results of
Herrmann and Nakayama [20]. It is in good agreement
with data except for photon energies between 50 and 70
MeV where the experiment suggests a local minimum in
the cross section. Of this latter point we could recently
show [22] that a minimum arises simply by assuming,
instead of a symmetric Gaussian, an asymmetric energy
distribution for the incident neutron, e.g. , a low energy
cutofF in the Gaussian distribution at 140 MeV.

III. CONCLUSIONS

The bremsstrahlung potential model in complete form
gives good predictions for @pe and npp data below

300 MeV. From a theoretical point of view, there are no
principal objections against inclusive measurements as
long as any experimental conditions, such as energy dis-
tributions, angular resolutions, etc. are well defined and
specified. All theoretical results of modern potentials are
largely equivalent. Model dependent ofF-'shell effects of
NN forces yield no distinctive features in bremsstrahlung
and with local inversion potentials it is possible to incor-
porate any aspect of two nucleon data.
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