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Single-particle spectra of A and X hypernuclei are calculated within a relativistic mean-field theory.
The hyperon couplings used are compatible with the A binding in saturated nuclear matter, neutron-star
masses, and experimental data on A levels in hypernuclei. The spin-orbit potentials for the hyperons and
the inAuence of the p-meson field (isospin dependent interaction) are discussed.

PACS number(s): 21.80.+a

Hypernuclei are intrinsically interesting and are a po-
tential source of information on the coupling constants of
hyperons, which is of great relevance to other branches of
physics. Of particular importance is the participation of
strange particles in dense baryonic matter, since many
questions in heavy-ion physics and astrophysics are relat-
ed to this. The population of hyperons in dense matter
will depend of course on their coupling constants relative
to each other and to the nucleons. Strangeness produc-
tion will also depend on the ratio of the system's time
scale compared to that of the weak interaction, which is
small for nuclear reactions, therefore conserving total
strangeness, and long in astrophysical objects, therefore
allowing the growth of net strangeness in neutron stars.
The effect of hyperon populations on the electrical con-
ductivity of neutron stars, hence on the decay rate of
their magnetic Geld and their active lifetime as pulsars
[1], and on the cooling rate of neutron stars [2,3] have
been emphasized elsewhere.

As an important first step towards the understanding
of these open problems we consider in this paper strange-
ness in the ground state of nuclei. Experimentally data
on A hypernuclear levels have been so far the only source
of information on hyperon couplings. Theoretical ap-
proaches to this spectroscopy range from nonrelativistic
models [4] to the relativistic Hartree approximation
(RHA) [5,6]. For the RHA one uses a Lagrangian with
effective A couplings to the o.- and co-meson fields. In
Ref. [6] the A coupling constants (i.e., their relative
strength to the corresponding nucleon coupling s
x =g~ /g and x„=g~ /g ) have been fitted to the ex-
perimental A hypernuclei spectra. However, treating x
and x„as independent parameters leads to a highly un-
certain determination (correlation errors up to +65% in
Ref. [6]).

On the other hand, the contribution of the hyperons
strongly inAuences the mass of neutron stars. In a recent
publication [7] Cylendenning and Moszkowski related the
scalar and vector couplings of the A hyperon to its empir-
ical binding in saturated nuclear matter [4] and thereby
obtained compatibility of this binding energy with max-

imum neutron-star masses. In fact, the large correlation
found in the least-squares fit mentioned above [6] refiects
this relation of x and x„ to the A binding in nuclear
matter. In summary, one finds that (1) neutron-star
masses, (2) the A binding in saturated nuclear matter, and
(3) A levels in hypernuclei are mutually compatible and
rather narrowly constrain the A couplings.

Concerning X hypernuclei, up to now the experimental
situation is not satisfactory. X hypernuclear production
has been investigated at CERN, and later at Brookhaven
and KEK, but the statistical accuracy of the available
data is not very good because of the strong conversion
that the X undergoes in the nucleus (XN~AiV). The
controversial evidence for narrow X states (I (5—10
MeV) is reviewed in Ref. [8]. In the absence of experi-
mental evidence, theoretical investigations involving the
X and higher mass hyperons have had to rely on some as-
sumption concerning the couplings, of which universal
hyperon coupling is plausible; i.e., all hyperons in the
lowest octet have the same couplings as the A [7,9]. The
prospects for significant advances in high resolution hy-
pernuclear spectroscopy at CEBAF or at future facilities
such as the proposed PILAC and KAON are discussed in
Ref. [10].

It is the aim of this contribution to analyze A hypernu-
clei under consideration of the constraints (1)—(3) men-
tioned above and to extend such an investigation to X hy-
pernuclei. Due to the paucity of experimental data, the
results concerning X hypernuclei should be regarded as a
first estimate.

For the nucleonic sector we use the well-known nu-
clear field theory Lagrangian including the nucleon cou-
plings to the o-, co-, and p-meson fields [11]plus phenom-
enological o self-interactions [12]. For the three charge
states of the X hyperon we write the following Lagrang-
ian [13,14]:

X=+gx(iy„B" Mx+gx—cr g~ y„co"—)gx

grp „e)'„ejv, + )'„~"(r3)jk &k;—
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where X; and 8", are the traceless 2X2 matrices

$~0

ij
X

and

poe~=
V Q2 Pp—

V'2p+

—PP
(3)

M~ =M~ —g~ o. ,

I3xer„A—")/~=0, (4)

(5)

where I3z denotes the third isospin component; i.e.,
I3+ —1,0, +1 for X, and X, and X+, respectively.
This means that Eq. (4) already reflects the fact that
within a RHA only the charge neutral component of the
p-meson field, p~o, yields a nonzero ground-state expecta-
tion value.

The A hyperon has isospin and charge zero and there-
fore cannot couple to the p-meson and electromagnetic
fields. Hence, under the consideration of the universal
hyperon coupling and the replacement of Mz by Mz in
Eq. (5), the A Dirac equation equals the X Dirac equa-
tion.

In the Lagrangian, Eq. (1), the hyperon-vector meson
vertices are described by a coupling of magnetic type. As
was pointed out in Refs. [15,16] and, more recently, also
by Jennings [17] and Chiapparini et al [18] this a.mounts
to neglecting the anomalous magnetic moments of the
hyperons. If they are taken into account, additional
second-rank tensor contributions would appear [12—15].
The analysis of Brockmann [15],which resembles our ap-
proach, shows that the tensor contributions actually are
of minor importance, influencing single-particle energies
on a level of less than 1 MeV in most of the cases. In
contrast, in Refs. [17,18] arguments were invoked for the
dominance of the tensor coupling over the magnetic one.
They are based on a SU(3)-symmetric direct coupling of
the co meson to the nonstrange quarks in the hyperon
rather than to the hyperon as a whole.

Such processes contribute significantly only at small
distances. Thus, large momentum transfers would be in-
volved which are clearly beyond a mean-field theory.
Also, the meson fields of an effective mean-field theory
like the one used here implicitly include many-body
effects and their relation to free meson fields is an in-
teresting but yet undecided question. In this connection
it is important to note that already the free physical ~
meson has a strangeness content of about 10% due to the
mixing with the N meson (see, e.g., Ref. [19])and a mag-
netic coupling of a similar size to the strangeness in hype-
rons has to be expected.

In view of these open questions and since the present
study is intended in the first place to explore the exten-

The sum on X in the first line of Eq. (1) is over the charge
states X, X, and X+. The Euler-Lagrange equations
then yield the Dirac equations for the X hyperons:

(tr, a~ M;—g..—r„~" 13x—gx r~o

sion of the relativistic mean-field description to X hyper-
nuclei, the tensor coupling for the vector mesons is
neglected. An approach is used which was found to de-
scribe simultaneously A hypernuclei [5,6] and neutron
stars [7] very well.

To calculate the hypernuclear spectra we made use of a
technique similar to the so-called expectation-value
method, which was successfully used within nonrelativis-
tic and relativistic nuclear physics to incorporate shell
effects into semiclassical densities and energies (see Refs.
[20—22]): The Dirac-Hartree equations for the hyperons
are solved only once with the meson fields of the corre-
sponding nucleonic system, which are self-consistently
determined within a relativistic Thomas-Fermi (RTF) ap-
proximation, as an input.

To check the validity of this approximation we recalcu-
late the A single-particle spectra for the hypernuclei z Ca
and ~ Pb with the parameters of Ref. [6] (parameter set I
in Table I). The results for various A levels are displayed
in Table II where our results are denoted by H*. Com-
pared with the fully self-consistent RHA results the H*
approximation systematically underestimates the A bind-
ings which may be attributed to a surface energy that is
somewhat too large within the RTF approach [23]. But
as expected, the agreement is better for the larger mass
number 3 and the deeper lying levels because in both
cases the Thomas-Fermi assumption of locally constant
fields is more valid. In conclusion, our results show a
rather good agreement with those of Ref. [6], which gives
confidence in the described scheme.

In the next step we calculate several A and X hypernu-
clei using a set of coupling constants from Ref. [7], which
considers the constraints (1)—(3) mentioned above and in
addition has been successfully used in the description of
nuclear matter properties (parameter set II in Table I).
The relative strength of the p-X coupling, x =gz /g,
has been chosen to be equal to x =0.6 which is central

m. (MeV)
m. (MeV)-, (M V)
M, (MeV)
M (M V)
C2
C2
Q2

10 b
10 c
x~
x~
xp

499.31
780
763

1116.08

348.26
229.29
148.92
2.2847

—2.9151
0.464
0.481

500
783
770
1115
1190

266.40
161.53
99.67
2.947

—1.070
0.600
0.653
0.600

TABLE I. Parameters of the two forces considered in the
text. In both cases the nucleon mass M=938 MeV. For sa-
turated nuclear matter the set II [7] yields energy per particle
E/A = —16.3 MeV, density pa=0. 153 fm, incompressibility
%=300 MeV, effective mass M /M=0. 7, and symmetry ener-

gy coegclent gsym 32.5 MeV. Ci gi (M/rni ) & xi gHi /gi
i =o,co,p,' H=A, X.

II [7]
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TABLE II. Comparison of our 0* results for vanous A levels in ~ Ca and ~nd Pb with the fully self-
consistent relativistic Hartree results from Ref. [6]. All quantities are in MeV.

Level

1d 3/2
1d 5 /2

1p1/2
lp3/2
1s 1/2

RHA [6]
—2.63
—3.76

—10.93
—11.61
—19.43

Ca

—1.17
—2.08
—8.75
—9.38

—16.90

RHA [6]
—15.78
—16.12
—20.38
—20.51
—24.19

208Pb

—15.03
—15.32
—19.42
—19.54
—23.23

to a rather narrow range required by the three con-
straints mentioned earlier concerning neutron star
masses, hypernuclear levels, and the binding of the A in
uniform matter [7]. The vector coupling corresponding
to the above value of x, which retains the correct A
binding in nuclear matter, is x =0.568 or 0.653 depend-
ing on the value of the effective nucleon mass at nuclear
matter saturation, m /m =0.78 or 0.7, respectively [7].
Alternately, one could have invoked vector dominance
and chosen x to equal x . From the numbers quoted, it

P CO'

is clear that the specific choice made can be said to ac-
cord with vector dominance within the uncertainty in the
saturation value of the nucleon effective mass.

In Fig. 1 we show the contributions of the meson and
electromagnetic fields to the hyperon self-energy for the
nuclei Si Ca, Zr, and Pb. The nonrelativistic
reduction of the hyperon potential (for A and X entirely,

0for X+— mainly), given by the dtft'erence gH~co
—

gH o.,
H=A, X, is also displayed. It is worth noting that the
small potential depths of -30 MeV go along with a rela-

tively smooth radial dependence (compared with nucleon-
ic potentials), thereby additionally supporting the feasi-
bility of the Thomas-Fermi meson fields. A simi ar
behavior was found for z 0 within the RHA calculations
of Ref. [6]. In Figs. 2 and 3 we show the single-particle
spectra of protons, neutrons, A, X, and X+ hyperons for
the nuclei Ca and Pb. Because of the smaller cou-
p ingslings the hyperon levels are considerably less bound
than the corresponding nucleon levels. Looking at the A
and X single-particle energies, the larger Mz yields a
smaller repulsive effect of the kinetic energy resulting in
systematic stronger bindings for the X .

Dealing with hypernuclear states and their structure,
one of the most interesting questions concerns the spin-
orbit potential for the hyperons [10]. It is one of the
great advantages of a relativistic treatment that the spin-
orbit interaction is automatically included in the single-
particle Dirac equation, and can be identified by means of
a Foldy-Wouthuysen reduction. For example, looking at
the charge neutral A and X hyperons, both of which are
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TABLE III. Various X,X, and X+ levels in z Si, z Ca, z Zr, and z Pb. All quantities are in MeV.

Level

28si
yO

4~oca

yO

5/2

1fvn
2s l/2
1d3/2
1d5/2
1p 1/2

1p 3/2

1s„,

lfsn
1f7'
2s
1d3/2
1d5/2

1p 1/2

1p3/2
1s 1 /2

—5.19
—5.10
—6.19

—13.97
—14.71
—23.22

—13.35
—14.30
—19.35
—20.29
—20.88
—26.90
—27.16
—32.94

—0.43

—0.87
—7.96
—8.69

—16.63

", Zr

—4.03
—5.00
—9.28

—10.52
—11.15
—16.61
—16.91
—22.05

—2.07
—2.79

—10.11

—0.87
—1.53
—6.47
—6.80

1 1.31

—2.31
—3.43
—9.73

—10.29
—11.31
—18.79
—19.37
—27.10

—26.47
—26.87
—30.79
—31.57
—31.76
—36.25
—36.31
—40.44

—2.57
—3.00
—3.99

—10.82
—11.42
—18.54

208Pb

—12.40
—12.87
—15.76
—16.99
—17.24
—21.06
—21.15
—24.48

—3.00
—3.60

—10.07

—0.73
—2.70
—3.02
—6.22
—6.36
—8.94

gO~..0.
AV, ,

M~ =0.88 .
M~

4OCa

y0

not coupled to the p-meson field, the ratio of the spin-
orbit splitting (Thomas terms) is

This ratio is in good agreement with the corresponding
values found in Refs. [16,24] within comparable models
and is very well reproduced in the spectra of Figs. 2 and
3. Concerning the ratios of the spin-orbit splitting of the
X+ and X hyperon to the proton and neutron, respec-
tively, a simple expression similar to the one of Eq. (6)

208pb
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FICx. 2. The calculated proton, X, neutron, A, and X
single-particle spectrum for Ca (parameter set II of Table I). FIG. 3. Same as Fig. 2 for Pb.
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FIG. 4. Single-particle energies versus A ' for X . For each angular momentum the lowest lying state is plotted, respectively.
The dashed lines are added to guide the eye.

cannot be given because of the di6'erent couplings. How-
ever, in the corresponding spectra of Figs. 2 and 3 we
found a value of about -0.34.

In Table III we compare various X, X, and X+ levels
for the z Si, z Ca, z Zr, and z Pb hypernuclei. Of course,
the Coulomb force plays an important role: For sym-

metric (X =Z) hypernuclei, where the p-meson field is
weak (it is nonzero because the proton and neutron densi-
ty distributions difFer due to the Coulomb interaction), we
found the Coulomb shifts between X and X, or X and
X+ states almost identical to the corresponding neutron-
proton shifts in "normal" symmetric nuclei. The situa-
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FIG. 5. Same as Fig. 4 for 2 . The value of —28 MeV for A =0.0 represents the binding energy of the lowest 2 level in sa-
turated nuclear matter under the assumption of a universal hyperon coupling [4,7].
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tion is somewhat different for hypernuclei with a neutron
excess because then the effect of the p-meson field is not
negligible anymore: For the X (X+) the p-meson adds
(subtracts) from the isoscalar part of the timelike repul-
sive vector field. The X does not couple to the p field at
all. To get an idea of the impact of the p-meson field we
recalculated the asymmetric hypernuclei z Zr and & Pb
with the p-X coupling switched off. For z Zr we found
the X (X+) states stronger (weaker) bound by about
2.1 —3.5 MeV; the corresponding range for z Pb is
4.4—6.9 MeV. The fact that such relatively large ranges
occur can be understood in terms of the rms radii: The
lower bounds are for weakly bound states with large rms
radii (e.g., the lg&iz X state with r, , =5.40 fm for z~Zr

and the 3p I &z X state with r, ,=6.97 fm for z Pb),
while the upper bounds correspond to deep lying states
with small rms radii (e.g. , the lsIiz X states with

09 fm for ~Zr and ~ =3.68 fm for ~spb; th
values for the rms radii are from the calculations with the

p field switched on). As one can see, the infiuence of the
p-meson field, whose range is determined by its mass m,
weakens with increasing radial distances. (For neutrons
and protons the situation is similar to the X -X+ pair
but the effective p-nucleon coupling is weaker. )

Hence, the quantum hadrodynamical treatment of hy-
pernuclei offers, by the possible inclusion of the p-meson
field, a natural way to incorporate an isospin dependence
into the X potential (i.e., a Lane potential), which was
pointed out by Dover in Ref. [10] to be one of the most
important questions of hypernuclear physics.

Finally, we show in Figs. 4—6 the single-partic1e ener-
gies of the X, X, and X+ hyperons, respectively, versusA, with A the mass number of the nuclei. For the
X (Fig. 4) the attractive Coulomb potential allows the

population of highly excited hypernuclear states (com-
pared with the corresponding X and X+ hypernuclei as
we will see later). Some of these states (the least bound)
are such that the rms radii of the X wave functions are
essentially outside the nucleus: Looking at Ca we

found for the rms radii of the plotted s,p, d, and

f states the values of r, , =2.65, 3.31, 3.89, and 4.76
fm, respectively, while the experimental charge rms ra-
dius for Ca is r, -3.48 fm. Nevertheless, the d and

f states are hypernuclear in nature as can be concluded

from the corresponding level spacings in Table III. In
Ref. [25] such states are called "Coulomb assi-sted hybrid
bound X states. "

For the charge neutral X (Fig. 5) there is no Coulomb
attraction and therefore the number of bound states de-
creases. The value of —28 MeV for A =0.0
represents the binding energy of the lowest X level in nu-
clear matter, which is under the assumption of a univer-
sal hyperon coupling the same as for the A particle [4,7].
As expected, the pattern of states shows the standard
behavior as for A hypernuclei [6].

Turning finally to the discussion of the A dependence
of the X+ levels (Fig. 6) the situation is the following: Of
course, now the Coulomb force is repulsive and the num-
ber of bound states further decreases compared with X
and X hypernuclei. The binding of the d + state in-

creases going from A =90 to A =208 as can be observed
for the p + state between A = 16 and A =28. With in-

creasing proton number Z the impact of the repulsive
Coulomb potential grows leading to weaker bindings for
the s + and p + states for A =208 compared with

A =90. This latter effect is in accordance with the non-
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relativistic calculations of X+ hypernuclei by Diva-
deenam et al. (Ref. [26];also presented in Ref. [8]},where
a real potential well with a density dependence of the
Skyrme form has been used. A similar behavior can be
found within nonrelativistic Hartree-Fock Skyrme calcu-
lations for protons in "normal" nuclei, where the binding
of the d levels strongly increases, whereas the s states
nearly stay constant when going from A =90 to A =208
[27].

In the present calculations the broadening of the X
hyperon states due to their decay to the A was neglected.
In principle, the model can be extended to include the de-
cay by introducing appropriate XA vertices. An impor-
tant aspect of such an extended approach would be the
possibility of investigating the decay of strange particles
in the nuclear medium. In order to estimate the effects
due to the conversion XN~AX the Iesults of nonrela-
tivistic potential models [28] may be taken as a guideline.
In such approaches the decay is described schematically
by an absorption potential for hyperons. The imaginary
part of the self-energy effectively lowers the binding ener-

gy which can be understood in terms of the pole structure
of the baryon propagator. Qualitatively a similar efFect
has to be expected also in a covariant description includ-
ing the decay of the X hyperons. Thus the present results
are likely to give lower bounds for the binding properties
of the X particles in hypernuclei.

In conclusion, we performed relativistic mean-field cal-
culations of A and X hypernuclei using an interaction
that considers neutron-star masses, the A binding in sa-
turated nuclear matter, and experimental A single-
particle levels. Concerning the X couplings we assumed a

universal hyperon coupling; i.e., all hyperons in the
lowest octet couple to the meson fields as the A. We em-
ployed the so-called expectation-value method whose reli-
ability was found to be sufBcient compared with fully
self-consistent RHA calculations. Analyzing the hyper-
nuclear spectra, the spin-orbit potentials for hyperons
and, in the case of X hypernuclei, the isospin dependence
of the interaction were investigated. These two features
are of particular interest in the current discussion con-
cerning hyperon potentials in nuclei and are naturally in-
corporated into the relativistic quantum hadrodynamical
model we used.

In the future it would be very valuable from the point
of view of dense matter properties, and especially the
structure of neutron stars, to have the assumption of a
universal hyperon coupling confirmed by detailed pre-
cision experiments on X hypernuclei, and we hope that
these calculations may possibly be of assistance as well as
a stimulus to such experiments and the development of
the necessary facilities.
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