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Spectroscopic factors in 40Ca and 20sPb from (e, e'p): Fully relativistic analysis
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We present results for spectroscopic factors of the outermost shells in Ca and Pb, which have
been derived from the comparison between the available quasielastic (e, e'p) data from NIKHEF-K
and the corresponding calculated cross sections obtained within a fully relativistic formalism. We
include exactly the effect of Coulomb distortion on the electron wave functions and discuss its role
in the extraction of the spectroscopic factors from experiment. Without any adjustable parameter,
we find spectroscopic factors of about 70%, consistent with theoretical predictions. We compare our
results with previous relativistic and nonrelativistic analyses of (e, e'p) data. In addition to Coulomb
distortion effects, we discuss different choices of the nucleon current operator and also analyze the
effects due to the relativistic treatment of the outgoing-distorted and bound nucleon wave functions.

PACS number(s): 25.30.Fj, 24.10.Jv, 21.10.Jx

I. INTRODUCTION

Spectroscopic factors and occupation probabilities are
basic elements for our understanding of the nuclear struc-
ture, measuring the accuracy of the shell model descrip-
tion. The fundamental concept on which the shell model
is based, the mean field approximation, is considered as
the leading contribution in an expansion of multiparticle
correlations within the general framework of the nuclear
many-body theory. These correlations allow the nucle-
ons to occupy partially different orbits above and below
the Fermi level. Therefore, the deviation from full occu-
pancy of the orbits below the Fermi level is a measure of
the correlations neglected in the mean field approach, or
in other words, a check of the validity of the mean field
description.

The spectroscopic factor S is defined as the probabil-
ity to reach a final single-particle (hole) state o. when a
nucleon is added to (removed from) the target nucleus.
The occupation number N is the number of nucleons in
the quantum state o. in the target nucleus, relative to the
2j + 1 limit.

Theoretical spectroscopic factors and occupation num-
bers have been derived for some doubly magic nuclei, tak-
ing into account both short- and long-range correlations.
In particular, occupation numbers for the 3s&y2 state
in Pb have been obtained from different approaches.
Mahaux and Sartor [1] derived an occupation number
N3, ——0.83 and a spectroscopic factor S3, ——0.69 by us-
ing a dispersion relation approach, which allows one to
extrapolate the empirical mean field from positive ener-
gies (optical potential) to negative energies (shell model
potential). Slightly smaller spectroscopic factors have
been obtained by Ma and Wambach [2] using a quasipar-
ticle Hamiltonian which includes correlations in a phe-
nomenological way. Pandharipande and collaborators [3]
obtained an average value 0.71 + 0.1 for the occupation
probabilities of single-particle states just below the Fermi
level, using a variational calculation of nuclear matter

to which a random phase approximation correction is
added.

Prom the experimental point of view, relative spec-
troscopic factors have been historically determined by
single-nucleon transfer reactions. In a search for absolute
empirical values of spectroscopic factors, additional ex-
perimental information has been recently collected from
two new sources. One is based on a sum-rule analysis
[4] of both transfer data and charge density differences
of isotones extracted from (e, e') reactions. This method
allows going from relative spectroscopic factors to an ab-
solute occupation number (see Ref. [5] and references
therein). A typical value for the occupation number of
the 3sz/2 shell in Pb obtained from this method is
Ns, ——0.78 + 0.12 [5].

The other method is the quasielastic (e, e'p) reaction,
which constitutes indeed a very well suited tool to extract
experimental information on absolute spectroscopic fac-
tors. Modern facilities allow studying this reaction in
detail and high precision measurements of cross sections
are available [6—8]. The small strength of the electro-
magnetic interaction allows one to study the transition
in Born approximation (BA) by the exchange of a single
virtual photon. Choosing properly the momentum and
energy transferred by the virtual photon in order to sat-
isfy the quasielastic condition (w q /2M), the process
can be treated with confidence [9] in impulse approxima-
tion (IA), i.e. , assuming that the exchanged photon is
absorbed by a single nucleon which is the one detected.
Under these circumstances, it is possible to extract infor-
mation on the energy and momentum distribution of the
bound nucleon.

Although the advantages of the (e, e'p) process over
other possible reactions to study spectroscopic factors are
widely recognized, the extraction of these factors from
experiment is still not free of ambiguities. A reliable de-
termination of spectroscopic factors requires an accurate
knowledge of the mechanism of the reaction and, in this
context, the exact treatment of the Coulomb distortion
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of the electrons is important, especially in heavy nuclei
such as lead.

DifFerent methods have been proposed to handle the
distortion. The early approaches were based on the
eikonal approximation [10] within a nonrelativistic sce-
nario for the nuclear part. This method was applied
to the analysis of (e, e'p) data taken at NIKHEF-K
[6,7], producing surprisingly low spectroscopic factors
(0.49+ 0.05 for the 3siy2 shell in Pb), incompatible
with results obtained from other reactions as well as with
theoretical predictions. This fact, together with the large
difFerence between the results from first and second or-
der eikonal calculations, raised the question of whether
this approximation was adequate to treat the Coulomb
distortion or a more involved analysis was still needed.

The first realistic calculations with a more exact treat-
ment of the Coulomb distortion in (e, e'p) were made in
1990 by McDermott [11].The incorporation of the distor-
tion efI'ects was achieved by means of a full partial wave
analysis of the electron waves in the Coulomb potential
of the target, as well as of the outgoing proton waves
distorted by the optical potential. The complexity of the
numerical calculations required a full relativistic frame-
work, not only for the electron vertex where the energies
involved in the experiments (hundreds of MeV) make it
mandatory, but also for the nuclear vertex. Neverthe-
less, some approximations were still made (helicity con-
served approximation, HCA) to simplify the treatment
of the electron Coulomb distorted waves. The spectro-
scopic factor for the 3sig2 shell in Pb amounts in this
approximation to 0.65 [11], manifestly above the value
obtained within the eikonal approximation.

Subsequently, a new relativistic calculation was re-
ported by Jin et aL [12], where the treatment of the
Coulomb distortion of the electrons was exact and the
above-mentioned restricted approximation (HCA) was
not made. The result of this calculation [12] for the
spectroscopic factor in the same shell is 0.71, which is
larger than the result of Ref. [11]. The authors of Ref.
[12] reported also some discrepancies with the results of
Ref. [11] in the limit of plane waves for the electron (no
Coulomb distortion) and stressed the need for further in-
vestigation.

This paper is an attempt to clarify this situation by
an independent analysis including the development of a
new code [13], which treats the Coulomb distortion of
the electron in an exact way and uses a relativistic for-
malism for both the leptonic and the nuclear vertices.
Our calculations are along similar lines to those of Ref.
[12], though in some instances we use a difFerent nucleon
current operator and difFerent bound nucleon wave func-
tions. Differences and similarities with previous calcula-
tions in Refs. [11,12] are discussed in detail in the next
sections, which are organized as follows: In Sec. II we
summarize briefIy the formalism involved in our calcula-
tions. In Sec. III we discuss our results for the 3siy2 and
2d3~2 shells in Pb and for the 2siy2 and 1d3y~ shells in

Ca. We discuss not only the efFect of Coulomb distor-
tion but also the efFect of the relativistic optical potential
and of nucleon current operator. Section IV summarizes
the main conclusions.

II. DESCRIPTION OF CALCULATIONS

In this section we summarize the formalism used to de-
scribe the coincidence (e, e p) reaction under the condi-
tions defining the IA discussed in the Introduction. Fig-
ure 1 represents graphically the (e, e'p) process. In this
figure k, (k ) is the four-momentum of the incomingf
(outgoing) electron and q" is the four-momentum of the
exchanged photon. The ejected proton four-momentum
is denoted by P+. We use the notation and conventions
of Ref. [14] as well as h = c = 1. As represented in Fig. 1
the electromagnetic transition is treated in Born approx-
imation, although we take into account the efFect of the
nuclear Coulomb potential to all orders by using electron
distorted wave functions.

The difFerential cross section for this process is then
written as [13]

d 0 b(e; + E~ —ey —E~ —E~ i)
deaf deaf dE~dO~ (2vr) s

(2 1)

where Z indicates sum (average) over final (initial) po-
larizations and

In this expression j„and J~ stand for the electron and
nuclear currents, respectively. The electron current is
given by the well-known pointlike Dirac particle expres-
sion:

(2.3)

where Q;. , Q& stand for initial and final electron wave
functions. In IA and within an independent particle
model picture, the nuclear current can be written in
terms of the nucleon current operator J~.

JN(r) =&K(r)JR&a(r) (2.4)

with g&, gP the wave functions for the initial bound
nucleon and final nucleon, respectively, and J~ a nucleon
current operator to be specified later.

The initial and final electron wave functions, solutions
of the Dirac equation with the Coulomb potential, have
the form

—(EA—1~ PA —I)

= (EA, Pg)

FIG. 1. Schematic picture of the (e, e'p) process.

d&, , „—1
W, = dx dy j'(x)e '~' " 1"(y) . (2.2)if-

(2vr) ~ q„
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g;(r) = 4vr

where the functions

) e*~"i,'(t m —,
' a., ~j p, )

e,p, ,m

(2.5)

@y ( ) I( g ( r)g (r)
(~f-(r) &"-.(r)) (2.6)

are eigenstates of total angular momentum with quantum
numbers Kp, (g = ~v[ —1/2; I = K if v. ) 0 and l = —~ —1
if K ( 0). The functions f„,g„satisfy the usual radial
equations [15] and P"„(r) is given by

@"(r) = [Y I3 o']. = ) (l rn 2 a) g p)Yi (r)y' . (2.7)

For the outgoing electron wave function @&, the phase
shifts b„have to be included with a minus sign. The
functions f„,g„and the phase shifts are obtained by
numerical integration of the radial equations using the
Milne procedure, as described in the work of Yennie et
al. [16], including up to third derivatives. The Coulomb
potentials for Pb and Ca are derived from the ex-
perimental charge distributions given in Ref. [17].

The bound-state wave functions for the proton g& are
spinors with well-defined angular momentum quantum
numbers K,~@~, and have a structure similar to that
in Eq. (2.6). They have been computed within the
kamework of the relativistic independent particle shell
model. The mean field in the Dirac equation is deter-
mined through a Hartree procedure from a phenomeno-
logical relativistic Lagrangian with scalar and vector S-V
terms. We use the parameters of Ref. [18], which are
fitted to reproduce nuclear matter properties and the
charge radius in Ca, and the TIMORA code [19].

The wave function of the detected proton @P is a scat-
tering solution of a Dirac-like equation, which includes
S-V global optical potentials, obtained by fitting elastic
proton scattering data [20]. This wave function has ba-
sically the same structure of Eq. (2.5) except that, since
the potential is in this case complex, the phase shifts and
radial functions are also complex. In addition, since the
wave function. corresponds to an outgoing proton we have
to use in Eq. (2.6) the complex conjugates f„,g„" and in
Eq. (2.5) the complex conjugate 8* with a negative sign.

For the current operator we consider the two choices
ccl and cc2 introduced by de Forest [21] in momentum
space:

alent when the initial and final nucleons are on-shell. For
off-shell nucleons, as is our case, both expressions lead to
different results and do not satisfy current conservation.
In configuration space all three-momenta in Eqs. (2.8)
and (2.9) have to be considered as operators. For the
cc2 choice, integration by parts allows one to replace the
gradient operators acting on v/rg, QP by q, the variable of
integration in Eq. (2.2). In the case of the ccl choice, it
is not possible to get rid of the gradient operator acting
on at least one of the nucleon wave functions. Given the
fact that for ofF-shell nucleons none of the expressions
(ccl, cc2) is fully satisfactory and both expressions fail
to verify current conservation, when using the choice cc1
we use the simplifying assumption of replacing P~ + PI
by the asymptotic P~ + P values, with P the miss-
ing momentum. This assumption simplifies enormously
the calculations and is consistent with the prescription
of de Forest in Ref. [21] for the half-off-shell electron-
proton cross section a'(ccl), which is commonly used. In
the same spirit Eq and E2 are taken as the standard nu-
cleon form factors at the asymptotic q values, an approx-
imation usually made when Coulomb distorted electron
waves are employed [11,12). Under this approximation
the computation time is highly reduced.

The operator cc2 was used in previous fully relativistic
calculations [11,12]. In this work we use both ccl and cc2
operators. Comparisons between half-off-shell electron-
proton cross sections obtained with both operators (ccl
and cc2) have previously been made using plane waves
for initial and final nucleons [21,22]. In Refs. [21,22] small
differences (a few percent) were found at the kinematical
conditions usually attained in the experiments. In the
next section we present similar comparisons when realis-
tic spinors are used to obtain the cross section.

Different notations have been introduced in the liter-
ature by different authors to distinguish various degrees
of approximations to the reaction mechanism. To avoid
confusion we shall specify separately the approximation
taken at each vertex, i.e. , at the electronic and at the
nuclear vertices. To distinguish the case when we use
plane waves &om the case when we use distorted waves
in the electron current [Eq. (2.3)], we use the notations
PWBA and DWBA, respectively. On the other hand,
to distinguish the cases when we use plane waves and
distorted waves for the ejected proton, we use the nota-
tion PYTHIA and DULIA, respectively. Unless otherwise
specified, the results presented are obtained with proton
distorted waves (DWIA). In PWBA the electron current
is given by

(2.8) e'~ * ~ 'u(ky, a y)p~u(k, , a, ) . (2.10)

J~(cc2) = Fig + x a g~2M (2.9)

where E~ and E~ are the nucleon form factors related
in the usual way [14] to the electric and magnetic Sachs
form factors of the dipole form. Pz in Eq. (2.8) is the
four-momentum of the initial nucleon assuming on.-shell
kinematics [21].

As it is well known [14],Eqs. (2.8) and (2.9) are equiv-

In the same way, when the optical potential is not in-
cluded in the calculations (PWIA), the wave function of
the ejected proton @f becomes a plane wave in the cor-
responding equation for the nuclear current.

A few remarks concerning the numerical calculations in
DWBA are in order. The truncation of the infinite sum
over K in Eq. (2.5) has been made to include at least 30
partial waves for both initial and final electrons, as well
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as for the outgoing proton in DWIA. The radial integrals
in Eq. (2.2) have been carried out numerically up to
typically 15 fm in the nuclear coordinate and 30 fm in
the electron coordinate. This gives a good compromise in
optimizing both numerical accuracy and computing time.
The numerical accuracy has been checked by comparison
to PWBA of the results obtained in DWBA for Z ~ 0.
The estimated numerical error amounts to less than 2%
in the spectroscopic factors [13].

III. R,ESULTS

We present our results in terms of reduced cross sec-
tions p(P ) for selected E values (i.e. , for selected
single-particle shells), defined by

p(P ) = dE [o,„~Pp(E~]
AE dEy defdO~dOf '

(3.1)

as functions of the missing momentum (P = P~-
P~ i). Experimentally, the integral over the missing
energy (E = M~ i+ M —M~) is taken over the inter-
val LE that contains the peak of the transition under
study. In our calculations of p(P ), we take for cr,„ in
Eq. (3.1) the same expression used by the experimental-
ists, i.e. , we use the expression cr„i given by Eq. (17) of
Ref. [21].

We present results for the 381y2 and 2d3y2 shells in
Pb and for the 28jg2 and 1dqy2 shells in Ca and

compare with data in parallel kinematics (q ~~
Py). We

have chosen to study these shells for several reasons: (i)
they correspond to experimentally well-separated peaks,
(ii) for these doubly magic nuclei the theoretical descrip-
tion is simpler and there are available optical potentials,
(iii) this choice allows us to study different mass regions
where the Coulomb distortion of the electron waves is ex-
pected to play a difFerent role, and (iv) for these shells we
can compare our results with experimental data as well
as with other relativistic and/or nonrelativistic theoret-
ical results. Unless otherwise specified the results pre-
sented correspond to parallel kinematics (q ~~

Py). All
the calculations have been done for a fixed value of the ki-
netic energy of the outgoing proton (T~ = 100 MeV). We
also take a fixed value of the incoming electron energy,
e, = 412 MeV (375 MeV) for 2 Pb ( Ca).

10 ':
3s&y2 Pb208

I

(&)- - 3slg2 Pb
PWBA

(b)=

10 '-.

the bound proton. In our calculations we used the code
by Horowitz and Serot (TIMORA) with the standard set
of initial conditions and obtained a result [see dashed line
in Fig. 2(a)] in agreement with that in Ref. [12]. With
the same code but changing the initial conditions to those
used by McDermott [11,23], we find a result [see dotted
line in Fig. 2(a)] that agrees with the result in Ref. [11].
As indicated in the figure, the two above-mentioned. re-
sults have been obtained with the operator cc2, which is
the operator always used in Refs. [11,12].

In what follows we use always for the bound proton the
wave function obtained with the standard set of initial
conditions. This wave function corresponds to a binding
energy of 5.7 MeV.

In Fig. 2(a) we also show our result (solid line) in
PWBA corresponding to the choice ccl for the current
operator. As seen in this figure the PWBA results ob-
tained with ccl (solid) and cc2 (dashed) current operators
are very close. The main difference seen at the peaks is
less than 8%, the ccl result being larger.

In Fig. 2(b) we show our DWBA results obtained with
the ccl operator (solid line) together with the DWBA re-
sults of Ref. [12] (dashed line) that was obtained with the
cc2 operator. Also shown in this figure is the result ob-
tained with the code of McDermott, used in Ref. [11],
that makes use of the HCA (dotted line). In this figure,
the three curves are obtained using the same relativistic
optical potential [20] and also the same wave function
for the bound proton. One can see that our results (solid
line) and those from Ref. [12] (dashed line) are similar
and show up the same qualitative changes with respect
to the corresponding PWBA results shown in Fig. 2(a).
These changes are (i) a shift in P, (ii) an increase at the
maxima, and (iii) a filling of the minimum at P 150
MeV. Note that the result obtained within HCA [dotted
line in Fig. 2(b)] is not able to reproduce the two last
mentioned effects (focusing effects) but it reproduces ad-
equately the shift in P

In Fig. 3(a) we show in more detail the comparison
between our PWBA and DWBA results shown by the
dotted and solid lines, respectively. Also shown in Fig.
3(a) is the PWBA result with an efFective q value (dashed
line), q Ir = ~k, ,ir —kf, ir~, where the electron initial and

A. Ss&~~ shell of SPb

We discuss results on the 3s1y2 shell in detail because
this shell is the most extensively studied in (e, e p), both
experimentally and theoretically.

To start with, it is worth clarifying the situation with
regard to the disagreement between the PWBA results
in Refs. [11,12]. As pointed out in Ref. [12], both calcu-
lations being the same in PWBA should lead to the same
results. We found that the reason for the disagreement is
due to the fact that different wave functions were used for

p, 10

cc2
cc2 (Mcoermott) . . cc2—HCA

-100 0 100 200 -100 0 100 200 300
(Mev) (Mev)

FIG. 2. Reduced cross sections for the shell 3sqyq of Pb
in DWIA. (a) Comparison of PWBA results with the ccl and
cc2 operators. The dashed and dotted lines correspond to
difFerent choices of the 3siy2 wave function. (b) Comparison
of DWBA results with ccl and cc2 operators. See text.
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2os3Sf/2 Pb ( ): - 3sg/2
U.EL

2osPb (b):
PERPENDICULAR

10

108

PWBA
- - - - - PWBA (q,rr)

—100 0 100 200
P (MeV)

PWBA----- PWBA (q.„)
—100 0 100 200 300

P (MeV)

FIG. 3. Reduced cross sections for the shell 38&/2 of Pb
in DWIA corresponding to parallel (a) and perpendicular (b)
kinematics. The results obtained in DWBA are compared to
the results in PWBA with and without efFective momentum
transfer.

final effective momenta are given by

(3.2)

with B = 1.1 A ~ fm and f, = 1.35. This f, value has
been adjusted to get the same Coulomb potential at the
origin that corresponds to the charge distribution of the
nuclear target obtained from the relativistic calculation,
which agrees with the experimental one [17]. This value is
somewhat smaller than the value f, = 3/2, corresponding
to a spherical uniform charge distribution. In parallel
kinematics, since P = q —P~ is varied by varying q,
a displacement in q produces a displacement in P . As
seen in Fig. 3(a), with this f, value the shift in P caused
by electron Coulomb distortion is well accounted for.

It should be pointed out that the effect of Coulomb dis-
tortion shows up differently in perpendicular kinematics
(constant q and u). To illustrate this point we show in
Fig. 3(b) the comparison between our results in PWBA
and DWBA in perpendicular kinematics. In this case
there is no observable effect of displacement with P but
there is a reduction of the cross section in DWBA at
P 0 that, as seen in the figure, is accounted for re-
placing q by q g in PWBA. The reduction is due to the
fact that the maximum of the bound nucleon wave func-
tion (s wave) at P = 0 is not reached when q is replaced
by q,g. The actual effect of the focusing is of the same or-
der in perpendicular kinematics as in parallel kinematics.
On the other hand, changing q into q ~ produces quite
a different effect in perpendicular kinematics because in
this case P is varied keeping q constant and varying the
angle between q and P~. In what follows only the case
of parallel kinematics is considered.

The focusing effects, causing the filling of the minimum
and increase of the maxima in Fig. 3(a), are summa-
rized in a quantitative way in Table I. In this table we
quote the ratios between the reduced cross sections cal-
culated in DWBA and in PWBA at the two maxima. We
compare the ratios obtained in this work with the ratios
deduced &om other relativistic and nonrelativistic calcu-
lations previously reported. The nonrelativistic results
in Table I correspond to the code DWEEPY' [10]. This
code treats the Coulomb distortion in an approximate
way making use of an expansion in powers of (Zo. /k) to
erst order (DWEEPY1) or to second order (DWEEPY2).
DWEEPY2 is the most commonly used approximation in
the nonrelativistic analyses of the data. One can see in
Table I that our results and those of Ref. [12], which also
treat Coulomb distortion in an exact way, are in very
good agreement. The results obtained with the HCA
code of McDermott [11,23] do not reproduce adequately
the focusing effect at the peaks. Among the nonrela-
tivistic calculations, DWEEPY1 overestimates largely the
effect of focusing and DWEEPY2 gives still an overestima-
tion. The spectroscopic factors are very sensitive to fo-
cusing effects because these factors are derived by scaling
the theoretical reduced cross section to the experimental
one. As seen in Table I the various approaches to treat
the electron Coulomb distortion fail to account for the fo-
cusing effect obtained with the exact DWBA calculation,
which is non-negligible in Pb. Therefore, DWBA cal-
culations are necessary to deduce reliable spectroscopic
factors in heavy nuclei such as lead.

In comparing relativistic and nonrelativistic calcula-
tions, it is also important to know how different approxi-
mations for the proton wave functions affect the reduced
cross section. To this end we compare in Fig. 4 the
results of relativistic and nonrelativistic calculations in
PWBA because in this case there is no effect from elec-
tron Coulomb distortion and the differences come only
from the various approximations at the nuclear vertex.

In Fig. 4 the dotted and dashed lines show the PWIA
results of the relativistic and nonrelativistic calculations,
respectively. The solid and short-dashed lines show the
results in DWIA of relativistic and nonrelativistic calcu-
lations. For the relativistic calculations we use the nu-
clear current operator J„2 in Eq. (2.9) and the standard
TIMORA solution [19] for the relativistic bound proton
wave function. For the nonrelativistic bound proton wave
function we use the upper component of the relativistic
one, properly normalized, in the standard nonrelativistic
form of the nucleon current, based on cc2 [24]. The non-
relativistic optical potential has been taken from set II
in Table 2.1 of Ref. [6], which was determined following
the procedure of Ref. [25]. This set gives a good fit to

TABLE I. Ratio between DWBA and PWBA reduced cross sections at the two maxima in the
3s&~2 shell of Pb ( T~ = 100 MeV and e, = 412 MeV with parallel kinematics).

First maximum
Second maximum

This work
1.08
1.14

3in et al. [12]
1.08
1.13

HCA
0.98
1.03

DWEEPY1
1.92

DWEEPY2
1.21

Extracted from Ref. [10].
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F
f

/

PWBA

r. DWIA
n.r. DWIA
r. PWIA

r PWIA

final-state interactions in the (e, e'p) reaction. This con-
clusion is in agreement with the increased absorption ob-
served in Fig. 4 in going from the nonrelativistic DWIA
to the relativistic DWIA. It would be interesting to see to
what extent the nonrelativistic reduction of the S-V opti-
cal potential [20] may lead to a similar absorption as the
relativistic DWIA. Work along these lines i.s in progress.

—100 0 100 200 300
p (Me V)

PIG. 4. Comparison of PWBA results from relativistic (r.)
and nonrelativistic (n.r.) calculations in DWIA and PWIA
for the 3s&gz shell in Pb.

elastic proton scattering data [26] from 20sPb at an en-
ergy of 98 MeV (which roughly corresponds to the proton
energy involved in the (e, e'p) experiments [6]). On the
other hand, the relativistic optical potential used here
was determined [20] from a global fit to elastic proton
scattering data from spherical nuclei with mass numbers
40 & A &208 in a wide range of projectile energies from
65 MeV to 1040 MeV.

As seen in Fig. 4, both relativistic and nonrelativistic
calculations give practically the same result in PWIA.
The same is true when a Woods-Saxon potential is used
for the bound nucleon [13]. This means that the use of
nonrelativistic bound nucleon wave functions does not
produce a significant change in the P range considered.

The difFerences between relativistic and nonrelativistic
calculations are much more noticeable in DWIA. As seen
in Fig. 4, the shape is similar in both DWIA calculations
but the relativistic potential leads to stronger absorption
than the nonrelativistic one (about a 20% difFerence at
the peaks). This is at first sight surprising since both
potentials reproduce well the elastic scattering of protons
from this nucleus at proton energies of about 100 MeV.
Therefore, the di8'erence seen between the DWIA results
in Fig. 4 must be attributed to details of the optical
potential to which the elastic proton scattering at this
energy is not sensitive~

As it is well known [18] the relativistic S-V potential
gives rise to nonlocal terms in the nonrelativistic reduc-
tion. The eKect of these terms in the (e, e'p) reaction was
investigated by Boffi and collaborators [27]. The authors
of Ref. [27] concluded that these terms only aIFect the in-
elastic processes, where the nuclear interior is important,
producing about a 15% increase of the absorption due to

B. Comparison with experiment

The main results of this work are presented in Table II
and in Fig. 5, where we compare our relativistic DWBA
results to the experimental data, in parallel kinematics.
Our theoretical results are given by the solid lines in Fig.
5 and have been scaled by the spectroscopic factors pre-
sented in Table II.

Our spectroscopic factors for the 38&~2 and 2d3y2 shells
in Pb, and for the 28&~2 and 1d3~& shells in Ca, are
given in the third and fourth columns of Table II, cor-
responding to calculations with cc1 and cc2 operators,
respectively. They have been obtained by scaling our the-
oretical results on p(P ) to the experimental data from
Refs. [6,7] shown in Fig. 5. For each shell the over-
all scale factor (spectroscopic factor) has been obtained
by means of an error weighted least-squares procedure.
The quoted errors in our spectroscopic factors include
both statistical and systematical errors in experimental
data [6,7]. Also given for comparison in Table II are the
spectroscopic factors obtained &om other relativistic and
nonrelativistic calculations. The spectroscopic factors re-
ported by Jin et aL [12] have been obtained with a fully
relativistic DWBA formalism similar to the one used in
this work, using the cc2 current operator. As discussed
in the previous section, in the case of the 38&y2 shell in

Pb the authors of Ref. [12] use the same bound nucleon
wave function used here. For Ca the bound nucleon
wave functions used in Ref. [12] are difFerent [28] from
the standard TIMORA solutions used here. In column six
of Table II we quote the spectroscopic factors obtained
by McDermott [ll] using also the cc2 operator. The last
column of Table II contains the spectroscopic factors ob-
tained with the nonrelativistic analyses reported in Refs.
[6,7].

As seen in Table II, in general, the spectroscopic fac-
tors obtained with the cc2 current operator are somewhat
larger than those obtained with cc1. For Pb our cc2
results difFer by less than 10% from the ccl results and
are in agreement with the corresponding result by Jin et
al. [12]. As discussed in the previous section, the result
by McDermott [11] does not contain the correct focus-

TABLE II. Comparison of our spectroscopic factors obtained with the ccrc and cc2 operators and
with other relativistic and nonrelativistic analyses.

208Pb

40C

3syyg
283)2
2syyg

1dt3(2

cc1
0.65(4)
0.66(4)
0.44(3)
0.60(3)

cc2
o.70(4)
O.73(4)
O.51(3)
0.76(4)

Jin et al. [12]
0.71

0.75
0.80

McDermott [ll]
0.65

Nonrel.
0.50(5)
0.53(4)
o.5o(6)'
0.65(5)

Prom Ref. [6].
Prom Ref. [7].



SPECTROSCOPIC FACTORS IN ~C~ AND "'Pb FROM. . . 2737

10 '.-=

10

208p b )207T~ - '. (b) Ca(e, e'p} K

C4

10

I I I

—100 0 100 200
P (Me V)

-100 0 100 200 300
P (MeV)

FIC. 5. Theoretical and experimental reduced cross sec-
tions for the 3si~2 and 2dq~z shells in Pb (a) aud for the
2siy2 and 1d3g2 shells in Ca (b). Experimental data are
from Refs. [6,7]. Solid lines are the results of DWBA+DWIA
calculations with the ccl operator, scaled by the spectroscopic
factors in the third column of Table II. The dotted line in (b)
corresponds to the result with PWBA+DWIA with the ccl
operator. The dashed line in (b) corresponds to the result
with the ce2 operator.

ing and corresponds to a different 381g2 relativistic wave
function leading to a smaller spectroscopic factor. Nev-
ertheless, it is important to remark that all the results
of the relativistic calculations for Pb are in agreement
within 10/p and are compatible with theoretical predic-
tions [1—3], while the previous results from the nanrela-
tivistic analyses are clearly too low. These too small spec-
troscopic factors in the nonrelativistic analyses of Refs.
[6,7] result from too much focusing of the electron waves
and too little absorption of the outgoing proton wave,
compared to the relativistic analyses, as was discussed in
detail in the previous section (see Table I and Fig. 4).

It should be stressed here that in our analysis the de-
termination of the spectroscopic factors has no free pa-
rameters. All of the parameters entering in the relativis-
tic potentials were obtained from independent consider-
ations [20,18]. Taking this into account it is remarkable
the good quality of the fits to the experimental data seen
in Fig. 5(a) for the two shells in Pb. To have a mea-
sure for the quality of the fit, we consider the param-
eter Q defined as the y value divided by the degrees
of freedom (number of data involved minus one) in the
determination of the spectroscopic factor. In our cases
Q & 3 corresponds to a goad quality of the fit while

Q ) 5 corresponds to a poor fit. The Q values obtained
for Pb are Q & 3 for both shells (3siyz, 2dsy2) and for
both types of current operators. Our results in Fig. 5(a)
correspond to the calculations with the ccl operator, us-
ing the spectroscopic factors in column three of Table II.
Similar results are obtained using the cc2 operator and
the spectroscopic factors of column four in Table II.

In the case of Ca the focusing effect is negligible and
the only noticeable effect of electron Coulomb distortion
is a shift in P . This is illustrated in Fig. 5(b) for
the 2siy2 orbital where we plot the DWBA result (solid
line) and the result in PWBA with q, ir (dotted line),
both using the eel operator and the same spectroscopic
factor (S = 0.44, see Table II). The efFective mamentum
corresponds to f = 1.35 in Eq. (3.2). As seen in the

figure there is no significant difference between the results
in DWBA and in PWBA with q,g. Although not shown
in the figure, the same is true with regard to DWBA and
PWBA calculations for the 1dqy2 orbital in Ca.

As seen in Fig. 5(b) the agreement between our the-
oretical results for the 2szy2 and for the lday2 shells in

Ca with the ccl current operator is not as good as that
obtained for the shells in Pb. If we use instead the cc2
operator, the agreement is not improved for the 2siy2
shell, but it improves considerably for the 1d3~& shell.
This is seen in Fig. 5(b) where we show our results for
the 1d3y2 shell with the cc1 and the cc2 operators by solid
and dashed lines, respectively. For the case of the 281y2
shell the Q value is larger than 7 in all cases, showing the
poor quality of the fit. For the Idsyz shell the Q value is
almost 5 in the case of the ccl operator and is less than
2 in the case of the cc2 operator.

It is important to realize that all the cases where our
spectroscopic factors in columns three and four of Table
II are low correspond to situations in which the shape
of the theoretical curve does not match well the trend in
the experimental data and the Q values are large, i.e.,
the fits are poor. This is particularly the case for the
281g2 shell in Ca, where our spectroscopic factor is as
low as that obtained in the nonrelativistic analysis of Ref.
[7]. For the shell Idsy2 in Ca, where the fit with the
cc2 operator is very good, we get a spectroscopic factor
S = 0.76, similar to that found in Pb, and larger than
the one obtained in the nonrelativistic analysis [7].

In the case of Ca the comparison of our results with
those of Ref. [12) is not as meaningful as in the case
of 2osPb for the two following reasons: (i) the bound
nucleon wave functions used in Ref. [12] were difFerent

[28] than the standard TIMORA solutions used here and
(ii) the spectroscopic factors in Ref. [12] were derived by
visual fitting. However it is interesting to see that the
result of Jin et al. [12] agrees with the one we obtain for
the 1d3g2 shell with the cc2 operator, where we consider
our deduced spectroscopic factor to be reliable.

IV. CONCLUDING REMARKS

We have analyzed the quasielastic (e, e'p) reaction
within a fully relativistic formalism treating the Coulomb
distortion of the electrons in an exact way. This analysis
is expected to yield more reliable spectroscopic factors
than previous analyses where the electron Coulomb dis-
tortion was not fully taken into account [10,11].

We present results for reduced cross sections as func-
tions of the missing momentum (P ), corresponding to
proton knock-out from the outermost shells in Ca and
in Pb. We study the effects purely due to electron
Coulomb distortion as well as the efFects due to the rel-
ativistic treatment of the initial (bound) and final (dis-
torted) nucleon wave functions. We also study the effects
of using different nucleon current operators.

In parallel kinematics, Coulomb distortion produces
two effects: (i) displacement of the cross section toward
higher P values that can be simulated by the use of an
efFective momentum transfer q, ir in PWBA and (ii) fo-
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cusing that shows up mainly in the maxima and minima
of the reduced cross section.

The focusing eKect plays an important role in the de-
termination of the spectroscopic factors in Pb. In Ca
the focusing eQ'ect is much smaller than in Pb and has
no in8uence in the extraction of spectroscopic factors,
but the displacement efFect is still sizable. Exact DWBA
calculations are worthwhile even in medium nuclei like

Ca in order to determine the precise magnitude of this
displacement and to avoid introducing additional param-
eters.

In perpendicular kinematics, we do not find displace-
ment in P but there is an apparent increase of focusing
(or antifocusing) at P 0, caused by the effective mo-
mentum transfer.

We find that the main difference between the results
obtained with our relativistic treatment of the nuclear
vertex and with the usual nonrelativistic treatment [6,7]
is due to the fact that the relativistic optical potential [20]
produces more absorption in the (e, e'p) reaction. This
gives rise to higher spectroscopic factors in much bet-
ter agreement with theoretical predictions [1—3]. In our
view this is a strong point in favor of the relativistic S-V
models that are able to account for both elastic proton-
nucleus and (e, e'p) data simultaneously and confirms
the fact that the relativistic phenomenology is in gen-
eral superior to the usual nonrelativistic phenomenology
in covering a large variety of experimental information on
proton-nucleus scattering and particularly in what con-
cerns spin rotation functions (see Ref. [29] and references
therein) .

We also find that the ofF-shell electron-proton cross sec-
tion is less sensitive to the choice of the nucleon current
operators when using free Dirac spinors [21,22] than when
using bound Dirac spinors. Thus, one should be cautious
when estimating the uncertainty associated with the cur-
rent operator from results based only on free spinors. Ac-
tually, further work is needed to clarify the situation with
regard to the best choice of the nucleon current operator
in the fully relativistic treatment of the (e, e p) reaction.

The spectroscopic factors have been obtained by scal-
ing to experimental data the calculated reduced cross
sections without introducing any free parameter. For the
3siy2 and 2d3y2 shells in Pb we find spectroscopic fac-
tors between 0.65 and 0.73 depending on the shell and on
the nucleon current operator. High quality fits to the ex-
perimental reduced cross sections are obtained in all the
cases. These spectroscopic factors are in agreement with

theoretical predictions and with the results obtained for
the 3szy2 shell in Pb by Jin et al. [12] from a fully rel-
ativistic analysis analogous to the one carried out here.
They are considerably larger than the spectroscopic fac-
tors obtained from the nonrelativistic analyses [6].

For Ca we only obtain a high quality fit to the data
for the ld3y2 shell when using the cc2 operator. In this
case the value of the extracted spectroscopic factor is
0.76, similar to those obtained in Pb. For the 2szy2
shell the quality of the fit is very poor with both eel and
cc2 operators and, therefore, we cannot consider the de-
duced spectroscopic factors as being reliable. In our view,
if the shape of the cross section is not well reproduced,
the derived spectroscopic factor is not meaningful. For
this particular orbital the wave function obtained from
the TIMORA code used here does not reproduce the ex-
perimentally observed shape of the reduced cross section.
In comparing with the results by Jin et aL [12] for these
two orbitals in Ca, one should keep in mind that there
are two main di8'erences between their calculations and
ours; (i) the results reported in Ref. [12] were obtained
using a phenomenological potential fitted to reproduce
single-particle properties in 4oCa [28]; (ii) their spectro-
scopic factors are obtained by visual fit and no quality of
the fit is reported to compare with ours. Nevertheless, in
the case of the shell 1dqy2 with the cc2 operator, where
the quality of our fit is good, our spectroscopic factor
agrees with that of Ref. [12].

In this work we made no attempt to fit to experiment
the rms radii and binding energies of the orbitals. Thus,
the fact that we get high quality fits for all the orbitals
studied, except the 28iy2 in Ca, can be considered as
a success of the relativistic analysis. It would be inter-
esting to explore whether more elaborate relativistic S-V
models, including nonlinear terms, may produce results
in better agreement with experimental data on reduced
cross sections for the 2szg2 shell in Ca.
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