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We use the (3+1)-dimensional string-parton model to study relativistic collisions of heavy ions
at CERN energies. Various inclusive hadronic observables, such as transverse energy, dEz /drl, and
rapidity distributions, are calculated and compared with WA80 and NA35 data. We study secondary
interactions that occur during the dynamical evolution, and show that these interactions tend to
fill the midrapidity region. The dynamical evolution of the energy density of produced mesons and
their thermodynamic properties are also studied.
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I. INTRODUCTION

Relativistic heavy-ion collisions oKer the opportunity
to study highly excited hadronic matter in the laboratory
as it evolves in space-time. Depending on the number
and energy density of the produced particles, the highly
excited matter may form a quark-gluon plasma in which
there are no identifiable hadronic states [1]. However it
is becoming increasingly apparent that identification of
this novel form of matter is experimentally a very diffi-
cult task [1]. The study of the transition from excited
hadronic matter to the quark-gluon plasma is a diffi-
cult theoretical undertaking as well. A number of finite-
temperature lattice gauge calculations, including dynam-
ical fermions, have been performed to determine the na-
ture of the phase transition to the quark-gluon plasma
[2], and to study the properties of the plasma [3]. Earlier
calculations on coarse lattices suggested a first-order chi-
ral phase transition from hadronic to quark rnatter [2].
However, recent refined calculations with two and three
dynamical quarks seem to question such a phase transi-
tion [4] for realistic quark masses. Other work indicates
that there is a maximum hadron temperature (TH)
and a minimum perturbative quark-gluon temperature
(Telo);„, such that (Tcl~);„) (TII) „, and therefore
there is no common temperature at which hadron and
quark-gluon plasma equilibrium states can coexist [5].
The difficulty of detecting the quark-gluon plasma forma-
tion is mostly due to the confining nature of the strong
interaction, which only allows hadronic final states, and
thus a detailed understanding of all of the hadronic de-
cay processes is necessary before the identification of the
plasma can be achieved. Many possible experimental sig-
natures have been suggested that would indicate the ex-
istence of the plasma state, yet none of these is able to
stand alone as the definitive signal. Indeed, observed
phenomena such as jjg suppression [6], enhanced pro-
duction of strange hadrons [7], and increased transverse
momenta of emitted particles [8], although experimen-
tally observed, do not conclusively indicate plasma for-
mation [9].

Various models have been developed to address the or-
dinary hadronic physics that occurs in relativistic heavy-
ion collisions. These include string-based fragmentation
models such as the LUND model [10], and its extensions
in. FRITIOF [ll], which assume that excited hadrons
behave as a chain of color dipoles that move like one-
dimensional relativistic strings. Interactions are intro-
duced via multiple small momentum exchanges between
the color dipoles of two overlapping strings. Other non-
dynamical models are the dual-parton model [12], in
which the strings are formed by soft gluon exchange be-
tween the valence partons of the colliding hadrons. The
quark-gluon string model (QGSM) [13],also based on the
dual-parton model, has been developed to study soft par-
ton collisions, and includes rescattering. The strings in
the above models are in fact one-dimensional construc-
tions in momentum space, and string evolution is carried
out in this space. They are sometimes referred to as the
longitudinal phase-space models. Any coordinate space
quantities that these models may study come from trans-
formations from momentum space one-dimensional string
coordinates to configuration space. Relativistic quan-
tum molecular dynamics (RQMD) calculations have also
been performed to study relativistic collision phenom-
ena [14]. This approach combines resonance formation
and decay of light hadronic states, and one-dimensional
string fragmentation (LUND model) for very heavy res-
onances. RQMD follows the full space-time evolution
of the light hadronic states, and uses one-dimensional
momentum space evolution for the heavy states via the
LUND string description.

Space-time models have also been developed to study
the plasma phase. Hydrodynamic and fIuid dynamic
models have been used to describe the collision phenom-
ena [15] from the point of view of a relativistic one-fluid
plasma. These calculations assume an initial excited
state and follow the Quid fIow thereafter. Similarly, time-
dependent parton cascades [16] are used to study the
plasma phase. The parton cascade model assumes that
all initial nucleons in a nucleus may be resolved into their
parton distributions. Interactions occur through pertur-
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bative 2 ~ 2 @CD processes, and hadronization takes
place through parton fragmentation and recombination.

Recently, we have developed a real-time dynamical
model for studying the inclusive properties of hadronic
collisions in three dimensions [17—20]. The model is based
on the Nambu-Goto string description of hadrons supple-
mented by extensions to incorporate the basic features of
the parton model, together with a hadronization mecha-
nism. The advantage of having a fully dynamical model
is the possibility to explore the detailed time evolution
of the hadronic matter. Furthermore, since the model
is fully three dimensional, all of the transverse degrees
of freedom are available to the evolving system. Further
details of the model are mentioned below. The model
has been successfully applied to the study of high-energy
e+e, pp [17],pp, and pA [18,19] collisions. These calcu-
lations have been used to Gx all of the parameters present
in the model. This paper is an application of the model
to the study of relativistic nucleus-nucleus collisions. For
all of the calculations presented here, the model parame-
ters have been held fixed at their previously determined
values.

The paper is organized as follows. In Sec. II we give
a brief outline of the string parton model. In Sec. III
we apply the string-parton model to various nucleus-
nucleus collisions and compare our results to WA80 [21]
and NA35 [22] data. Having shown that the model suc-
cessfully reproduces the average hadronic experimental
data, we turn to calculations that explore the underly-
ing dynamics of the relativistic collisions. In Secs. IV
and V we discuss the dynamical energy densities and the
thermodynamic properties of the produced particles, re-
spectively. We conclude this paper in Sec. VI with a
discussion of our results.

ties of hadrons is their substructure observed mainly via
deep-inelastic charged lepton-hadron collisions [24,25].
The common feature of the high-energy data is the Q2
(four-momentum transfer) independence of the structure
functions for fixed values of the variable x = Q2/2Mv,
where M denotes the nucleon mass and v is the trans-
ferred energy. In the parton model this scaling behavior
is explained in terms of the presence of pointlike charged
constituents generically called partons. It can be shown
in the infinite momentum frame that the scaling variable
x is the fraction of the momentum of the nucleon carried
by the struck parton. This relation is true only in this
frame; however, it is approximately valid in other frames,
if the partons are assumed to be massless. Corrections
arising from the Rnite parton mass are usually neglected,
as well as the small differences between neutron and pro-
ton distribution functions [26]. The string-parton model
reproduces the observed structure functions by utilizing
the end-point dynamics of strings; at any given instant
the energy and momentum is shared by the string seg-
ment (string shrinks or stretches) and the end points.
This allows the natural identification of these end points
as partons belonging to the hadron described by the en-
tire string. This identification was erst used in the string-
parton model to establish a connection between strings
and parton structure functions. For the description of
baryons, one end represents a single quark whereas the
other end a diquark. Each quark carries a baryon number
of 1/3 thus giving B = 1 for baryons. The description of
mesons involves a quark at one end, and an antiquark at
the other. In the case of a longitudinal string in its rest
frame, two end points carry the same amount of energy,
which for a rest mass M and instantaneous length I is

II. STRING-PARTON MODEL FORMALISM

Classical strings serve as a phenomenological tool to
study the physics of extended confined objects [23]. The
derivation of the string equations of motion is consid-
erably involved, and has been discussed previously [17].
Here we will outline some of the basic features of the
model (we work in. natural units where 5 = c = 1).

Nambu strings sweep out a two-dimensional hypersur-
face in the (3+1)-dimensional space-time. The invariant
area swept by the string is used to write the action inte-
gral for the string motion [17] by introducing a constant
string tension K,. The variation of the action yields the
equations of motion for the strings together with the ap-
propriate boundary conditions. The string motion can be
exclusively written in light-cone coordinates of the string
end points [23]. For a string at rest, massless end points
move at the speed of light along the string. The total
string invariant mass, which is determined by the initial
particle mass and the boosts, is a constant of the motion.

In building the phenomenology of the dynamical
string-parton model description of relativistic heavy-ion
collisions, it is desirable to start from a description which
entails many of the features observed for elementary high-
energy processes. One of the most important proper-

(2.1)

Thus, for relativistic strings at rest, it is natural to de-
fine a fractional momentum variable associated with the
string end points. Assuming collinear motion along the
z direction, which will be the boost axis, we define the
string longitudinal momentum fraction in terms of the
ratio of the light-cone variables,

kp + k3

Pp+ P3
' (2.2)

where k is the end-point four-momentum and P is the
total string four-momentum. The variable x, is Lorentz
invariant for boosts in the longitudinal direction. We
have shown in Ref. [17] that diff'erent dynamical states of
motion of the strings give rise to different fractional mo-
mentum distributions of the string end points, which are
identified as massless partons. An ensemble average of
different dynamical states of the strings accurately repro-
duces the valence quark structure function of the proton
[»].

The initial setup of a nuclear collision is done as fol-
lows: nuclei are randomly generated within an impact
parameter range by employing a Fermi-density distribu-
tion
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p(r) =
1 + exp[(r —c)/ao]

' (2.3)

where ao is the thickness of the nuclear surface, c is the
half-density radius, and po is the central density. The
numerical values of c and ao are found by computing
the charge radius and mass p(r) of each nucleus. The
nuclear volume is then populated with nucleons, simu-
lated by strings, such that no two nucleons overlap in
the initial state. Each nucleon is initialized according to
a Monte Carlo sampling of the strings so as to reproduce
the correct parton distribution functions, as described
above. The nuclear impact parameter, 6, may be fixed
at a particular value, or given a range, and is distributed
as 2vrbdb. The two nuclei are then boosted with the col-
lision p, and the time evolution proceeds via the string
equations of motion.

In order to simulate hadron-hadron collisions, the
strings must interact with each other. This interaction
mechanism should lead to excited strings which must
then decay via a suitable hadronization mechanism. An
assumption is made in the string-parton model, namely
that the final state interactions, which confine the par-
tons, act at large space-time distances of the order of the
hadron size, much larger than the parton size and the
time scale of the current parton interactions. Then, dur-
ing the time of interaction the parton can be regarded as
quasifree, and the cross section calculated. In the string-
parton model all string-string interactions are specified
via efI'ective parton-parton scattering and exchange. The
probability that an interaction of two strings takes place
has the form

~AB ~ pi/A(») pea (~a) Fij (b)&ij

'P;, (0) = A
8 +tC 8 +t

m2 2 ~ —m2 2

where A is the normalization such that 'P;j(m) = 1. We
sample this distribution with Monte Carlo techniques.
The Mandelstam variables 8, t, and u for the mass-
less quarks are given by s = 2p, . p~, t = —2p, . pq—s(1 —cose)/2, and u = —2p; . p2 ———s(1 + cos0)/2.
We use Monte Carlo techniques to obtain the distribu-
tion by randomly choosing P',

~ and inverting the equa-
tion to find 0. In practice we choose gluon masses
mq ——m„= 0.25 GeV which give a range of the interac-
tion corresponding to the 30 mb pp inelastic cross section.
The efFective scattering results in a very diferent behav-
ior in comparison to the simple Born scattering with zero

where p;~~(x~) denotes the probability density of find-
ing a parton of type i with a given parton momentum
fraction x~ in nucleon A. E,~ is the parton impact pa-
rameter dependence. 7P;j(0) denotes the probability for
scattering two partons with incoming momentum states
p; and p~, and outgoing momentum states pq and p2,
where 0 is the angle between p; and p~ measured in the
center-of-momentum frame of the partons. For a single
parton-parton scattering, this probability has the t- and
u- channel form as given by erst-order perturbative @CD
calculations [27], except here it is treated phenomenolog-
ically as

gluon mass. The effective scattering probability (2.4) in-
cludes the minijet terms in an average fashion. However,
minijet phenomena are not expected to be significant at
CERN energies. In order to preserve color neutrality,
the gluon exchange is followed by a quark exchange [28].
The above interaction mechanism results in excitations
of the strings due to the energy-momentum transfer. In
nucleus-nucleus collisions all strings are allowed to inter-
act with each other, including the strings produced by
fragmentation as described below. In this sense multi-
ple scattering efI'ects are included in the dynamics of the
evolution.

The real-time dynamics of interacting strings must be
supplemented by a hadronization mechanism. Here, the
string-parton model utilizes the pair creation followed by
a string breakup method which is similar to fIux-tube
breaking of the strong-coupled @CD calculations [29].
Some experimental evidence is also provided by the stud-
ies of jets in e+e and pp collisions. These experiments
demonstrate that jets originate from hard quarks and glu-
ons and provide support that fragmentation takes place
within color neutral systems, and not from isolated par-
tons [30].

In our simulation of high-energy collisions, string-
string interaction mechanisms lead to excited strings
which stretch and decay by breaking until they reach a
predefined minimum mass. Each string may only de-
cay into segments whose masses are above this cutofF
mass. The minimum masses are Mq = 0.28 GeV for
the mesonic strings, and Mqq

——0.94 GeV for baryon
strings. The cutofF masses are determined by reproduc-
ing the correct hadron multiplicities and charge distri-
butions in e+e collisions [17]. We also note that the
cutoff masses are just the minimum and, in practice, a
spectrum of final string masses is produced (simulating
excited states). The mass spectra obtained in the string-
parton model correctly reproduce the observed distribu-
tions. The choice for the spatial decay point along the
string is based on the invariant area decay law [31,32,17],
in which the probability, 7, for a small segment of string
to decay is a function of the invariant area it sweeps as
it propagates, AA, and is given by P = 1 —exp( —ADA).
The decay constant, A, could also be expressed in terms
of a proper time interval for decay, A = 1/vo, where
7p = 0.5 fm/c which was fitted from pp collision data
[18]. This simple decay law, combined with the string dy-
namics, produces many of the general features observed
in high-energy fragmentation [17].

The pair-creation process is expected, not only to re-
produce the longitudinal distributions observed in high-
energy collisions, but also to contribute to the transverse
momentum distributions. The quark and the antiquark
of the created pair could carry equal and opposite non-
vanishing transverse momenta. This source of transverse
momenta will primarily contribute to the low momen-
tum (approximately pT ( 1.0 GeV) part of the total
transverse momentum distribution. In the absence of
any fundamental calculations, we choose to parameter-
ize the transverse momentum assignment with a simple
exponential distribution function

f(pT)pTdpT ~ e " pTdpT . (2.5)
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The assignment of pT cannot exceed the available energy
in the string, taking into account the cuto8' masses. In
practice we have used o; = 3.88 GeV which accurately
reproduces transverse momentum distributions in high-
energy pp collisions [17]. The created quarks are initially
virtual and become on shell by absorbing energy from the
string. The virtual quarks may not interact until they
become real; however, other quarks on the string are al-
lowed to scatter as the string propagates. If the source of
the transverse momentum is that acquired by the created
virtual quarks, this directly infIuences the time taken by
these particles to come on shell. This can simply be
viewed as a manifestation of the I andau-Pomeranchuk
efI'ect.

III. COMPARISON WITH CERN HEAVY-ION
DATA

5—
4

~ NA35
SPM

0 -~—
0 1 2 4 5 6

FIG. 2. Calculations of the charged baryon rapidity distri-
bution for S+S collisions at 200 A GeV (solid line) compared
to experimental data from NA35 [22] (dots). Details of the
calculation are given in the text.

We have applied the string-parton model to collision
data for S+S, 0+C, S+Al, and 0+Au measured at NA35
[22] and WA80 [21] experiments at CERN. The collisions
are followed to 100 fmjc in the collision frame, which is
a suKcient amount of time for all particle production to
have taken place.

The NA35 data which we have addressed are for S+S
collisions in the impact parameter range 0 ( 6 ( 2.5 fm
at 200 A GeV [22]. In Fig. 1 the rapidity distributions are
shown for all charged pions, and in Fig. 2 for the charged
baryons. The important aspect of this data is that there
has been some filling of the central rapidity region, but
for the most part the baryons have not stopped. We can
investigate this further by limiting the collision process,
first by only allowing one collision per initial nucleon,
then by allowing only baryon interactions, and finally
by allowing all interactions. These results are shown
in Fig. 3, where the rapidity distributions for the final
baryons have been plotted. In order to facilitate compar-
isons for the case of one collision per nucleon, the curve
has been normalized to the integrated particle number
when all interactions are allowed. Notice that the central
rapidity region fills when all baryon collisions are allowed,
and that the filling is more pronounced when we allow

all collisions to occur. In Fig. 4 we show the behavior
of the mesons for the same collision scenarios. Note that
the central rapidity region fills as more collisions are al-
lowed. We conclude from these calculations that multiple
scattering of the baryons and mesons during the collision
process is the principal cause for the Gaussian nature of
the meson rapidity distributions, and the primary reason
for the observed midrapidity nucleons.

We have also performed calculations to compare with
data from WA80 [21] experiments. These experiments
consider the transverse energy per unit of pseudorapidity
produced in asymmetric collisions. We have investigated
collisions of 0+C and S+Al. The transverse energy is
experimentally defined as

I
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FIG. 1. Calculations of the charged pion rapidity distri-
bution for S+S collisions (solid line). Experimental data are
from NA35 [22] (dots). Details of the calculation are given in
the text.

0 2 4 6 8

FIG. 3. Positive baryon rapidity distributions are shown
for three interaction scenarios. In the first case (solid line)
only one collision per incident nucleon is allowed, with no
further interactions. In the second case (dotted line) all nu-
cleon-nucleon interactions are allowed. This increases the to-
tal number of interacting nucleons. More nucleons are found
in the central regions, and the leading baryons have lost ap-
proximately one unit of rapidity. In the final case all nu-
cleon-nucleon, pion-nucleon, and pion-pion interactions are
allowed (dash-dotted line), from which further enhancements
of the midrapidity baryons and a further rapidity loss of the
leading baryons is also observed.
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the trigger cut of Eq. (3.3), Nz is the total number of
Monte Carlo collisions, and R = Rq+R2+b is the radius
of the collision area, with R, being the radius of either
nuclei, and b = 1.0 fm. In Fig. 6 we show the cross
section do/dEz as a function of EY for the 0+C and
S+Al systems.

IV. DYNAMICAL ENERGY DENSITIES
I~I

-1 0 1 2 3 4 5 6 7

FIG. 4. Negative hadron rapidity distributions are shown
for three interaction scenarios, as described in Fig. 3. More
mesons are found in the central regions as further collisions
are allowed.

dEz
ET = dg

dg
'

M

dg E; sin0b g —g,
i=1

(3.1)

(3.2)

E~
& 0.88.

Ebeam
(3.3)

We show for the 0+C and S+Al systems the transverse
energy spectra in Fig. 5. Total cross sections are calcu-
lated through the formula

2 N
Ot~t = '7t B )

T
(3.4)

where N is the total number of collisions that satisfy

where, for a given particle i, the transverse energy is
Ez ——E; sin 0, , and 0; is the angle between particle i and
the beam axis. Cuts on the experimental data are made
by considering only pseudorapidities in the range 2.4 (
g & 5.5, and requiring that the ratio of the total energy
deposited in the forward calorimeter, E~ (at rf ) 6.0), to
the total transverse energy in any collision is

As a fully dynamical theory, the string-parton model
can be used to study the time evolution of the meson
energy density produced in relativistic nucleus-nucleus
collisions. Several procedures may be used to calcu-
late the central energy density. For example, the quark-
gluon string model counts all hadrons, including those
not yet formed, in energy density calculations [13]. Thus,
this calculation obtains significant energy densities for
160A GeV Pb+Pb collisions (20 GeV/fm at a time of
t=1.05 fm/c). The VENUS model calculates the energy
density with on-shell hadrons, using the "rather arbitrary
definition of the hadronization point which is de6ned as
the point where two corresponding (produced) partons
meet" for the first time [33]. VENUS calculations obtain

4 GeV/fm for 200A GeV 0+Au collisions. The
time scale to this maximum density was r 1.0 fm/c,
which is expected since w oc K in this calculation.

In our calculations of the central energy densities we
will consider only produced on-shell mesons. Although
this is in the spirit of the calculations of Ref. [33], sev-
eral differences are explained by the diferent time scales
involved in the problem, and of the dynamics of our de-
cay mechanism, as discussed below. Calculations are per-
formed in the center-of-momentum frame of the produced
mesons. In this frame the maximal longitudinal extent
of the volume, E, is determined by the separation of the
two leading nuclei from the time of their initial contact.
This length is E = 2P(t —to), where to is the initial time
of contact, and P is the velocity of the leading baryons.
The energy and number densities for a radial shell of
area 27rrdr are then given by e(r) = E(r)/(27rrdrE) and
n(r) = N(r)/(27rrdrl), where E(r) and N(r) are the en-
ergy and number of mesons contained in the shell. The
transverse extent of the volume is obtained by sampling

30—
25—
20 -g.
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15 p

10
5;

1.5 2.5 3.5
ll

45 5.5

FIG. 5. The transverse energy of all hadrons is shown for
the 0+C and S+Al systems. Calculations are given by the
lines, while experimental WA80 data [21] are shown by the
symbols listed on the 6gure.
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FjG. 6. The difFerential cross section der/dEr is plotted as
a function of E'z for the 0+C and S+Al systems.
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the radial meson distribution, N(r). The meson number
and energy densities at a given time are then

jN(r)e(r)d2r jN(r)n(r)d2r

IN(&)d2&

I
& &

[4

C&
I

CA) 2 — I:

0+0
S+S

cu+cu

0 4

I3

8 12 16
t (fm)

20

200 A GeV

The calculation of the energy density is primarily influ-
enced by various time scales involved in hadroproduction.
These time scales include the interaction time, i.e., the
time taken for the two nuclei to cross each other, the
decay or excitation time, and the time required for the
created virtual mesons to become on shell. The model
correctly reproduces the experimental transverse energy
spectra, shown in the previous section, which is the quan-
tity used in the Bjprken formula for predicting the central
energy density. For S+S collisions the ratio of baryons
to mesons in the central rapidity region is on the order
of 5% [22]. Thus they do not contribute significantly to
the measured transverse energy spectrum, dET /de

In Fig. 7(a) we show the time dependence of the meson
energy density for 2004 GeV 0+0, S+S, and Cu+Cu
collisions at zero-impact parameter. We note that the
maximum energy density in the central region scales

roughly as A . Statistical fluctuations in the radial
number density, N(r) are on the order of 40%. For
the Cu+Cu collisions we also considered central slabs of
widths 1.0, 2.0, and 3.0 fm, and found insignificant difI'er-
ences with the maximum central energy density obtained
as described above. Results of these slab calculations are
given in Fig. 8. We have also checked that slices in ra-
pidity about y = 0 alter the results by only 10—20%.
Inclusion of baryons in the central region, (~y~ ( 0.5),
increases the energy density by 10%. We have also made
calculations for determining the beam energy dependence
of the meson energy density. We find a dependence which
roughly scales as lnp. These results predict an approx-
imately 2.9 GeV/fm meson energy density for U+U at
100A GeV collider energy. We also note the I/t depen-
dence of the meson energy density at large times. In
Fig. 7(b) we show the time derivative of the scaled meson
energy density, d(s/so)/dt, where e'o ——0.16 GeV/fm,
which is the energy density in infinite nuclear matter.
We also show in Fig. 7(c) the collision rate, dv/dt. An
overview of the collision becomes quite clear as we view
Fig. 7. For example, for the S+S system the two nuclei
begin to overlap at 0 fm/c, as indicated by the onset of
collisions at that time. By approximately 0.5 fm/c, the
two nuclei are completely overlapping and particle pro-
duction has begun, as shown by the dm/dt curve. At
1.0 fm/c the energy production rate has reached its max-
imum, as indicated in Fig. 7(b). Secondary collisions
of baryons and mesons are indicated by the broad peak
of dv/dt at 3.0 fm/c. The maximum meson mass den-
sity appears at roughly the same time as can be seen in
Fig. 7(a). Note that there are many more secondary col-
lisions in the S+S system. These collisions are actually
occurring in the baryon-rich regions. Maximum values
of the energy density also depend on the number of nu-
cleons involved in the collision. We show in Fig. 9 (right
ordinant) the A dependence of the energy density for the
0, S, and Cu collisions at 2004 GeV. The energy density
scales as (e/eo) „=0.28A '

String-parton model calculations of the maximum en-

-1
0

400
— (c)

300
6

-I I

200 p
v,

100 -';

8 12 16
t (fm)

f

0+O
------ s+s
—- —- — Cu+Cu

20 1.0 fm

--- 2.0 fm

- -3.0fm

0 4 8 12 16 20
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0 2 4 6
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FIG. 7. (a) The central meson energy density, defined in
the text as a function of time, is plotted for 0+O, S+S, and
Cu+Cu collisions at 200A GeV. (b) The time derivative of the
energy density is shown for the two systems. (c) The collision
rate dv jdt is shown for the two systems. In (b) and (c) the
derivatives are numerical.

FIt . 8. The central density in a longitudinal slab in the
central region of thickness 1.0, 2.0, and 3.0 fm is shovrn as
a function of time for Cu+Cu at 200A GeV. Note that the
maximum density obtained using these constant longitudinal
slabs is not significantly different from the full longitudinal
expansion given in Fig. 7(a).
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the pion source at maximum energy density. The factor
2Pt gives the longitudinal extent of the volume, and is
calculated as discussed in a preceding paragraph. The
collision time is associated with the time of overlap of
the two nuclei, which for central collisions is calculated
in the center-of-momentum frame from the formula

(2&,
) I& I

+ IP I

' (4.4)

10
10

FIG. 9. For the systems 0+0, S+S, and Cu+Cu at
200A GeV and zero-impact parameter, we show the A de-
pendence of the maximum energy density (right ordinant),
and the temperature (left ordinant).

ergy density for mesons formed during nuclear collisions
are smaller than the densities given by estimates obtained
from the Bj@rken formula [21] by factors of 3 to 4, de-
pending on the nuclear system involved. These estimates
are calculated using the Bj@rken energy density formula
[34]

where 1 and 2 correspond to nucleus 1 or 2. In the case
of varying impact parameters, we average the radii over
impact parameter. The initial meson formation time
the time interval between nuclear overlap and the max-
imum energy density —is determined by the sum of an
initial decay time, secondary scatterings, and the time
required for the virtual quarks to become on shell. We
list in Table I, for various nuclear systems, tI, calculated
&om Eq. (4.4), and the total time, t, to maximum den-
sity, e „, calculated from the string-parton model. We
also show the unmodified Bj@rken energy density, cBj,
obtained from experimental data using 7 = 1 fm/c, and
the modified energy density calculation i.

dET/drI
I

B7C p7
(4 2)

V. THE THERMODYNAMIC EVOLUTION OF
THE PRODUCED MESONS

where vrBp is the transverse area of the smaller of the two
colliding nuclei, and 7 is taken to be 1 fm/c, which is the
assumed longitudinal extent of the volume at maximum
energy density. This formula is based on the assumption
of longitudinal rapidity scaling which is not supported
by the data at SPS energies [21] or by the NA35 data
presented above. The Bj@rken formula does not take
into account the finite size of the nucleus nor the nu-
clear collision times. Furthermore, the time scale used in
the formula is taken to be the strong interaction time,
1 fm/c, which does not account for the time required for
the virtual particles to become on shell.

A modified form of the Bj@rken estimate, which takes
into account the interaction times, tI, and formation
times, t~, can be used to reproduce the results obtained
from the string-parton model. The modified Bjprken en-
ergy density is given by

dET/dg
I

R'2Pt (4.3)

where t = tI + tH, and B is the transverse rms radius of

Mesons produced during the collision process may be
investigated in terms of the thermodynamics of a rela-
tivistic boson gas of noninteracting particles. Although
these assumptions are frequently made to extract ther-
modynamic information from data their validity is not
well established. The present heavy-ion data does not
show a bosonic distribution for the produced particles.
For this reason the interpretation of this analysis should
be done with caution. However, our results can be com-
pared with those calculations that make the same as-
sumptions [35]. We have checked that in the central re-
gion there are a few secondary collisions, and that most
of these collisions occur near the leading nuclear frag-
ments. ,We have assumed that the produced mesons may
be mapped onto an ensemble of noninteracting pions at
each instant of time, and thus, we may calculate a tem-
perature and chemical potential for these particles.

We base our thermodynamic calculations on the grand
canonical partition function, and we assume that at each
time during the collision one can treat the produced par-
ticles as a noninteracting distribution. We employ the
grand canonical ensemble

TABLE I. A comparison of various time scales and central energy densities for a number of collisions at 200A GeV. Time
units are in fm/c, and energy densities are given in GeV/fm . The radii at maximum 'energy density, R, are given in fm. The
0+C calculation was performed for midimpact parameters as defined in WA80 experiments. Statistics for 0+Au allow for only
single-digit precision.

System
0+C
0+0
S+S

0+Au

(b=o)
(b = o)
(b = o)

R
2.3
2.6
3.2
3.8

0.21
0.59
0.74
0.97

2.2
2.3
3.1
4.3

/

&max

0.00
0.27
0.36
0.3

EBg

0.7 [11]

2.2 [11]

E'

0.19
0.24
0.34
0.3
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ZG ——Tr exp — H —pN (5.1)
300 I I I

(
I I I I

)
I I I I

(
I I I I

)
I I I I

)
I I I

(Q ) Temperature

for a gas of noninteracting pions, where p is the chemical
potential and T is the temperature of the system, such
that P = 1/T. We assume a noninteracting Hamiltonian,

Hg = E@, whose occupation number operator is given
by dV. The thermodynamic potential O(T, V, p), where
V is the volume of the system, is related to the grand
partition function by

O(T, V, p) = Tln —Z~,

and the density operator for the system is

de = Ze'exp —P (H —rIX)

200—

100

I I I I I I I I I0
0 1 2

~4 I I I I
)

I I I I
)

I0.
- ( b ) Pressure

0.3—

02—

0.1

3
e/e

0

-.--------- S+S
-- —-- Cu+Cu—-- - —Pb+Pb

4 5 6

Thus for any operator 0 we can calculate the expectation
value by performing the trace

(5.2)

For our boson gas we may calculate the grand parti-
tion function in occupation number Hilbert space from
Eq. (5.1)

4 4 I

i=1
Tr, exp [—P (e, —p) n;]

where n, is the single-particle occupation number opera-
tor. For bosons, the occupation numbers are unrestricted
so we sum ni over all integrals to obtain

4 4 4 4

i=1
[1 —exp P (p —e, )] (5.3)

In terms of the grand partition function the thermody-
namic potential becomes

Oo(T, V, p) = T) in{i ——exp [
—P (p —e, )]} . (5.4)

i=1

We use a relativistic dispersion for the energy of a par-
ticle, e„= gp2 + m2, and apply periodic boundary con-
ditions to the single-particle wave functions. This allows
us to go &om sums in particle numbers to integrals in
momentum space:

0 1 2 3 4 5
c/e

0

1.5
(c

1—
6
~ 05-

0
0

I
f

I I I I
)

I I I I
)

I I I

) Number Density

0+0
--- ------- S+S
—- —- — Cu+Cu—"—Pb+Pb

~--

I I I I I I I I I I I I I I I I I ) I I I

2 3 4 5
eje

0

FIG. 10. Thermodynamic quantities are plotted as a func-
tion of the scaled energy density for 0+0 and S+S at
200A GeV, and Pb+Pb at 160A GeV. In each case, time
moves in the clockwise direction. The temperature (a),
pressure (b), and number density (c) are plotted, with
eo ——0.16 GeV/fm .

where m = 0.35 GeV is the average meson mass in the
string calculation. In order to obtain an estimate for
the temperature and chemical potentials of the system,
we use the distribution f(p, , T) = 1/(1 —exp[(e —y)/T]).
The thermodynamic pressure may be calculated in a sim-
ilar fashion. %'e use the energy and number densities

) L 47cg

2vrh
ge2 —m2ede, (5.5)

0.403

0.401

C)+0
5+S
Cu+CU

where m is the particle mass, and g is the degeneracy
factor (g = 3 for pions).

Using Eq. (5.2), we extract a temperature and chemical
potential through the relations

0.399

0.397

0.395

(I) = f ge —m e f(a , T)de, .(5.6)

10 20 30 40
t (fm)

50 60

(II) =, ju ee — ef(a, T)de, IIII (5.7)
FIG. 11. The chemical potential is shown for the collisions

of 0+0, S+S, and Cu+Cu at 200A GeV, and Pb+Pb at
160A GeV.
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FIG. 12. The rms transverse radius of the pion gas is shown
for the collisions of 0+0, S+S, and Cu+Cu at 200A GeV, and
Pb+Pb at 160A GeV.

FIG. 13. For the zero-impact parameter collisions of the
systems 0+0, S+S, and Cu+Cu, each at 200A GeV, and
Pb+Pb at 160A GeV, the energy dependence of the temper-
ature is plotted as a function of the temperature.

calculated from the string parton model and extract a
chemical potential and temperature from the nonlinear
set of equations (5.6) and (5.7).

The thermodynamic evolution of the produced mesons
for the various systems we have studied is shown in
Fig. 10. In all cases measurements were taken ev-
ery 0.135 fm/c, and time moves in the clockwise direc-
tion. We have shown in Fig. 10(a) the temperature, in
Fig. 10(b) the pressure, and in Fig. 10(c) the meson num-
ber density as a function of e/eo. The chemical poten-
tial is roughly a constant throughout the calculation at
p = 0.4 GeV, as shown in Fig. 11. We also show the
evolution of the transverse radius as a function of s/so in
Fig. 12. These calculations show that the thermodynam-
ics from smaller systems to the larger systems is smooth,
and does not exhibit discontinuities in any variables.

In Fig. S (left ordinant) we show the A dependence
of the temperature for the various systems we studied.
The temperature scales as T = 804 MeV. We do not
include the Pb collision here since the calculation was
performed at 160A GeV. We also show in Fig. 13 the
scaling of maximum temperature with maximum energy
density. The scaling is given by T = 11S(e/eo) ' GeV,
where the Pb collision has been included.

VI. CONCLUSIONS

We have presented in this paper a dynamical model
in 3+1 dimensions for the evolution of hadronic matter
in relativistic collision, and we have applied this model
to various physical systems for which there is experimen-
tal data. We found that, in general, the string-parton
model is able to reproduce the experimental data that
characterize average hadronic quantities. We noted that
the filling in of the central rapidity distribution in S+S
experimental data (NA35) is due to rescattering efFects.
Prom our energy density calculations, we were able to
propose a modified version of the Bjorken energy density
which takes into account both the interaction time for
nuclear overlap, and the formation times involved with
pair production. The issues related to the various time
scales involved in the hadronization and particle produc-

tion processes require more theoretical discussions and a
better understanding of the underlying dynamics of these
processes. However, it is clear that the additional time
delay in our model necessarily leads to a lower-energy
density. For QED based complex reactions the physi-
cal outcome is very clear; only a fraction of the energy
density can be reconstructed from the produced lepton
pairs even though the QED field energy density can be
very large. Thus, it is clearly advantageous to search for
the signature of the quark-qluon plasma formation rather
than infer it from inclusive hadronization data. We have
also used the thermodynamics of a relativistic gas of non-
interacting pions to estimate the temperature and other
thermodynamic quantities. We used the calculated en-
ergy and particle densities from the string-parton model
as input to these calculations. All of the thermodynamic
calculations indicate a smooth transition in temperature,
energy density, and meson number density. The string-
parton model can only address average hadronic quan-
tities, and it has been shown in this paper that these
quantities vary smoothly as one increases the mass of
the colliding nuclei. An important caveat to stress is that
the string-parton model does not contain mechanisms for
the transition from hadronic matter to the quark-gluon
plasma. At higher energies, strong correlations may drive
the system to a much diferent energy density and tem-
perature than that based on purely hadronic degrees of
freedom. We anticipate in the future to continue these
calculations at RHIC energies.
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