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An energy-dependent and set of single-energy partial-wave analyses have been completed for the
reaction m+d ~ pp. Amplitudes are presented for pion laboratory kinetic energies from threshold to
500 MeV. These results are compared with those found in other recent analyses. We comment on
the present database and make suggestions for future experiments.

PACS number(s): 11.80.Et, 14.20.Pt, 25.40.Ep, 25.80.Hp

I. INTRODUCTION II. THE DATABASE

The reaction vrd ~ NN is fundamental to studies of
the vrKK system [1]. Historically, the hard ++ JV W pro-
cesses are perhaps best known for their role in determin-
ing [2] the spin and parity of the pion. The vrd and IVA
channels are also responsible for most of the inelastic-
ity in NN scattering at intermediate energies. In this
study, we will concentrate on the reactions 7r+d ++ pp.
A number of partial-wave [3,4] and model-based [1] anal-
yses have been performed on this database in the past.
The more theoretical approaches have had difBculty in
describing all observables [1], and have generally concen-
trated on limited kinematic regions. The partial-wave
analyses have found some motivation from claims [5] of
dibaryon resonances in pp scattering reactions.

The present analysis extends from threshold to
500 MeV in terms of the laboratory kinetic energy of
the pion. This corresponds to laboratory kinetic ener-
gies between 287.5 MeV and 1287 MeV in the pp system.
The value of ~s varies from 2.015 GeV to 2.437 GeV,
and spans the range of energies typically associated with
dibaryon candidates. The database was extended to
535 MeV in order to regularize the solution at the end
point energy.

In the next section, we will make some comments on
the database used in this analysis. In Sec. III we out-
line the general formalism for the vr+d ~ pp reaction.
Methods used in the partial-wave analysis are discussed
in Sec. IV. Our main results are presented in Sec. V. Here
we will also compare with the available data and other
recent analyses. Finally, in Sec. VI, we summarize our
findings and make some suggestions for future investiga-
tions.
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Early experimental studies of the reaction vr+d ~ pp
began to produce results in the 1950s. At this time, the
first measurements of at t, do/dO, Ave, and iTii became
available. The trend of vr+d —+ pp data accumulation
since 1951 is displayed in Fig. 1. The rapid increase
in the number and type of measurements in the early
1980s was motivated by a growing interest in the prob-
lem of exotics. This reaction was expected to give fur-
ther information on the existence (or nonexistence) of
dibaryon states suggested in analyses of N% elastic scat-
tering data. Numerous high-quality pp polarization and
p —d polarization-transfer measurements were made. The
total database more than doubled, and several partial-
wave analyses [3,4] were carried out at this time. The
present study has utilized a set of data which is again
larger than those used in the previous analyses [3,4].

Our total set of experimental data [4a,4b, 6-93] (4440
points) includes measurements of the differential cross
section with unpolarized targets (1094 points), asymme-
try in the case of one polarized proton (1749 points), spin-

'On leave from St. Petersburg Nuclear Physics Institute,
Gatchina, St. Petersburg, 188350 Russia.

FIG. 1. Data accumulation from 1951 to the present. Ar-
rows indicate the year when measurements of particular ob-
servables were first published.
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correlation parameters for the two protons (844 points),
the deuteron vector analyzing-power (155 points), and
spin-correlation parameters of one proton and the
deuteron (429 points). We have included unpolarized
total cross sections (150 points) as well as total cross
sections in pure proton spin states (19 points). Energy-
angle distributions are given for der/dO, A&z, A, A z,
Ayp, and irgg in Fig. 2.

As shown in Table I w'e have removed ot t (17 points},
do'/dB (66 paints), and A„o (18 points) data correspond-
ing to 2.3% of the total. These measurements were the
source of serious conHicts within the database, and were
not included in the analysis. We will discuss the efFect of

Observable No. of data Deleted data

CTZ'

Acrl,

&yo
A

A
A.

~T11

K

K
K

Total
No. of energies

1117
167
14
5

1767
62
185
340
257
155
9
10
5
5

136
264

4541
586

66
17
0
0

18'
0
0
0
0
0
0
0
0
0
0
0

101
40

See Refs. [33], [46], [49], [61], [68], [70], and [90].
See Refs. [16], [17], [33], [36], [61], [70], and [90].

'See Refs. [8], [33], and [40].
Helicity amplitudes from Ref. [4b].

TABLE I. Number and type of observables used in the
present analysis to 535 MeV in the pion laboratory kinetic
energy. The number of excluded data is also given.
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further data "pruning" in Sec. IV. We should also indi-
cate that the e data [4a,4b] (defined in Ref. [4a]) were not
directly included in this analysis. Instead, we included
the amplitudes (real and imaginary parts) constructed
from this data [4b] in our fits.

As a result of detailed conversations with the author,
Turpin, and with 3ones, Strikman, and Wilkin, we de-
cided to use a normalization factor of 1.00 (rather than
the value of 1.07 proposed in Ref. [89a]). Since the
measurement of a polarization of the deuteron, by the
stripped proton, was done near the quasielastic peak
(where the internal nucleons have momenta near zero in
the deuteron), contributions from the d state are negligi-
ble [89b].

We have reviewed the systematic errors and the energy
uncertainty associated with the present database. Many
publications list only statistical errors in the data tables
and discuss systematic errors in the text. A systematic
uncertainty (typically 3%%ue) was assigned in cases where
we could not determine a value from the literature or
communications with the authors. Several datasets were
divided into a few parts due to difFerent sources of sys-
tematic uncertainties [experiments using different kinds
of targets (CHz and LHz), a polarized proton beam, or
target, etc.].

III. FORMALISM
FIG. 2. Energy-angle distribution of total dataset. (a)

Differential cross section do/dO; (b) deuteron vector analyz-
ing power, iTqq, spin correlation parameters of the two pro-
tons (c) A» and (d) A; (e) proton analyzing power Ave,
(d) spin correlation parameter for two protons A, .

The relations between partial-wave amplitudes and ob-
servables have been given in a number of previous the-
oretical and phenomenological studies. A translation
guide for the various notations is given by Cantale et
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al. [4a,94]. Due to parity conservation, there are 6 inde-
pendent helicity amplitudes for this reaction. Thus, for
a reconstruction of the scattering amplitude at fixed val-
ues of the energy and scattering angle, one requires 11
independent measurements. The amplitude, I' p p(0-), is
labeled by the helicities (ct. and P) of the two protons
and (A) the deuteron helicity. Here the angle 0 is the
center-of-mass scattering angle of the pion in the reaction
pp ~ 7r+d. Our notation [94] for the helicity amplitudes
is given below:

J+1
J 0;J—1

J
J—11;J

2J
J 0;J—1

J
J 0;J+1

J+1
J+1 1tJ

2J+ 2

2J+ 1 J 0J+1~

is given for even and odd values of J below. For J even
we have

Ql l, p2 2 t

El 1.
2 2 t

H2 = —) (2J+ 1) h3 dpp,
J(even)

H3 —— ) (2J+ 1) h3 dp„4'
J(even)

F', , ~—:Ht = —) (2J+ 1) ht dp4'
J(even)

h,'=o,

J+1
J 0;J—1+ J JJ 0;J+1

J+1
J+11»

J+1 J
2J+ 1 —,J 2J+ 1 J+T . +

(2)

1
l ~ .p—:H4 ———) (2J + 1) h4 dpi,4~

J(oad)

El l. t Hs: ) (2J+ 1)4' J

For J odd we have

6', =o,
6,'=o,
h,'=o,

where the d
&

are reduced rotation matrices, and 66 ——

(—1) + hz. The following symmetry relation

J
h4 ——

2J
J 1;J—1

J+1
J 1;J—1+

2J+ 2

2J+ 1 J 1;J+1

J » J+1

is also obeyed by the above helicity amplitudes. The
partial-wave amplitudes, Ti~„„s ..s. , are labeled by the

PPt
values of L Spp, and J corresponding to the pp state

PP+ LJ", and L for the 7r+d state. The decomposition

In the next section, and in our figures, we use the no-
tation 2s»+1LJ"I ~ to denote partial-wave amplitudes.
The connection between pp and m+d states is given in
Table II.

The various observables for the 7t+d ~ pp reaction are
given in terms of helicity amplitudes [94,95] below:

Ip ——t,",=) H,',

da = og Ip, (4)

tot = 2a~g Ip sin ado,

Avp —= v 2xtpp ——21m(Ht Hs + H2H4 + H3Hs) /Ip)

A = [
—H,'+ H,'+ 2Re(Ht H* —H3H*)]/Ip,

Ayy = H2 —H4 + 2Re(Ht H3 + HsHs) /Ip

A„= (—H, —H2 —H3 + H4 + Hs + Hs) /Ip,

A, = 2Re(—Ht Hs —H2H4 —H3Hp)/Ip,

ZT11 = Zt11
00 Im (HqH2 + H2H3 —H4H& + H4Hs ) /Ip,

00
T2p = t2p = (Ht —2H2 + H3 —2H4 + H5 + Hp ) /Ipl

2

00T21 Re(Ht H2 —H2H3 + H4H3 —H4Hs) /Ip,

T22 = t22 = V 3Re(HtH3 + HsHs)/Ip,
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Kyy

K,

K
Kyzz

Kzyz

Kzzy

Kzyz

Ky~z =—+zz =

K~gy

Ky&&

—:P~ = ~2Re(HyH4 + H2Hs + H2Hs + H3H4)/Io)
—:P„" = ~2Re(H, H4 —H2Hs + H2Hs —H3H4)/Io,
= P; = (H,' —H,' —H,'+ H,')/I„
—= P, = 2Re( H—gHs + HsHs) /Io,

= P' = ~2Re( —HAH& —H2Hs + H4Hs + H4Hs) /Io,
—= P,", = 2Irn( —HiHs + 2H2H4 —HsHs)/Io,

3:—P„', = Irn(H&H2 —H2Hs + H4H5 + H4Hs) /Io,y

= P'„= 3Im( —HiHs + HsHs)/Ioi
3= P„, = Im( —HiH4 + H2Hs + H2Hs —HsH4) /Io,y

Im(HiH4 + H2Hs —H2Hs —HsH4 ) /Io)
2

= P „=31m(HgHs —HsHs)/io,
—K„„„—:P" —P„"„=6Im( —Hj Hs —HsHs)/Io.

In these relations, A:—A*A. The factor og is equal to
—(&'), where k is the pion momentum in the center-
of-mass frame. The superscript + denotes complex con-
jugation. Our notation is given first in the above rela-
tions; the second designation is due to Blankleider and
Afnan [94], where the t's are spherical harmonics. The
observables do/dA and o'«are the usual unpolarized
cross sections. The other observables involve the po-
larization of a single proton (A„o), two protons (A
Ayy, A, and A ), the deuteron (iTyy, T2o, T2], and
T22), one proton and the deuteron (K, K», K„,K „
and K, ), or two protons and the deuteron (K„„,K,„,
Kzxy & Kxyz& Kyxz& K+2;y ) and Kyxz Kyyy) ~

Further relations, for total cross sections in pure spin
states, are given by

401, = o (~m) —0-(A)

= —2 A dO
d0

2= —4vray (Io —2H& —2H2 —2H&) sin OdO,

&~7 = ~(tJ-) —~(tT)

(A + Ayy) dO

2

(H2 —2ReHi Hp) sin OdO,

2Spp+1I ppJ S~+Sg+1 y- n. Notation

TABLE II. Notation conversion table.

JParity
d d0

&.O„d&

(5)

'sp

3p

1D

P

3E

3E

'G4

3E

H4

Pp

S

D

P2

3D

G3

3E

H4

Spp
'p, s

P1D

D2P

D2,E
PgD

EgD

E3D

E3G

'G4E

'G4H

E4G

H4G

p+

40.~ ——d

0tot

d0
T22 dO

2

(H2 + H4) sin OdO,

Re(H*Hs + H*Hs) sin OdO.

IV. PARTIAL-WAVE ANALYSIS

Energy-dependent analyses have been published by the
Kyoto [3a] and SPB [3b] groups. The last single-energy
partial-wave analyses for sr+a —+ pp were published by
the Geneva [4a,4b] and Queen Mary College [4c] groups.
These results have generally covered a narrow energy
interval in the delta isobar region (14 points from 9

Various consistency conditions among the observ-
ables [95] were checked during the analysis. In particular,
some observables are symmetric (der/dO, A, A», A„,
T2o, T22, and K„„)when (8) ~ (n —8), others (iT&z,
T2i, K», and K„,) are antisymmetric.
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to 256 MeV in [4c] and 3 points from 80 to 146 MeV
in [4a,4b]). The analysis of Ref. [3b] covered a some-
what larger energy interval (70 to 450 MeV). It should
be noted that some constraints from model-based calcu-
lations were included in the analysis of Ref. [4c].

In the present energy-dependent analysis, 13 searched
partial-waves were parametrized with 52 varied parame-
ters. Amplitudes coupling to pp states with J & 6 were
considered. Of the amplitudes listed in Table II, the
G4H and H4G partial waves were found to be neg-

ligible and were not searched. Two higher partial waves,
the H5G and I6H, were found to be significant and
were included in the analysis. The chosen form allowed
both nonresonant and "resonancelike" amplitudes, with
appropriate threshold behavior. The following form was
used:

0
200 400 600 800

T (MeV)
1000 1200

N
DR+ iD

where we have defined

FIG. 3. Partial cross section of D2 pp state. Solid curve
is the pp total cross section from SP93 [94], dashed curve is
the pp inelastic cross section from SP93 [94], and dot-dashed
curve is the pp ~ vr+d total cross section from the present
analysis.

4

w=) a„z"-',
4

D, = ) c„z"-',
n=l

DR ——1+ t pZ,
TZ=

2OO MeV'

with p and T being the pion mass and kinetic energy, re-
spectively. The searched parameters were B„and C . A
maximum of 7 parameters were used in any single wave.
In order to fix an overall phase, the PqS partial wave
was kept real (C = 0). This particular partial wave was
chosen for its smooth energy dependence.

Initial values for the parameters were obtained by fit-
ting each partial wave to the updated single-energy so-
lutions of Bugg [4c] below 260 MeV. A difFerent phase
convention was used in Ref. [4c]. Therefore, a rotation
was required to produce a real PiS amplitude. This
initial fit was then searched against the database. The
energy range was extended (with the addition of further
parameters, where necessary) until a final solution was
obtained. A Coulomb barrier suppression was added but
produced no meaningful improvement in the fit. Even
the lowest energy cross sections, at a few MeV, appeared
to be well represented by the forms used in this analysis.
No attempt was made to impose the unitarity constraints
implied by analyses of NN elastic scattering. The NN
reaction cross sections should exceed the pp ~ vr+d cross
section in all partial waves. This aspect of the solu-
tion was examined by comparing reaction cross sections
from the recent N% fit [96] (SP93), from the Virginia
Polytechnic Institute and State University (VPI) group,
against the pp —+ vr+d cross sections. The largest con-
tribution, D2, is shown in Fig. 3. Very small violations
were found in Sp, which has no inelasticity in the VPI
analysis [96], and in Pi near threshold. We feel that the

NN elastic analysis is totally insensitive to these very
small efFects.

The solution presented here produced a y of 7065 for
the 4440 data and 546 experiments below 535 MeV. (An
"experiment" being a measurement, possibly an angu-
lar distribution, at a particular energy. ) The analysis
extended from 1.59 MeV to 535 MeV. Stability of the
fit against changes in the database was tested by "prun-
ing" all data which were more than 3 standard devia-
tions away from the fit. This resulted in the elimination
of 135 data points with a consequent decrease in y to
5297. The "pruned" data were distributed throughout
the database. Upon searching, y was reduced to 5265
for the 4305 remaining data. No significant change in
the solution was found as a result of this (rather severe)
alteration of the database. The solution reported in this
paper was obtained against the original dataset, prior to
the above pruning.

Single energy analyses were done at 25-MeV intervals,
using a binning width of 25 MeV. Starting values for the
partial-wave amplitudes, as well as their (Fixed) energy
derivatives, were obtained from the energy-dependent fi.t.
The scattering database was supplemented with a con-
straint on each varied amplitude. Constraint errors were
taken to be 0.007. This was added, in quadrature, to
5% of the amplitude. Such constraints were essential to
prevent the solutions from "running away" when the bin
was relatively empty of scattering data, as was the case
at some of the higher energies. These errors were gener-
ous enough that they afForded little constraint for those
solutions where sufIicient data existed within the bin.

Single-energy analyses are done in order to reveal
"structure" which may be missing from the energy-
dependent fit. Plots of the amplitudes reveal no such
missing structure. Results of the single-energy analyses
are summarized in Table III. Two of the single-energy
solutions at 100 and 450 MeV receive anomalously large
contributions to y from both the data and amplitude
constraints. The 450-MeV result has a large y due
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TABLE III. S g e-Single-enera sy( )
b to f'oon rom data, y

' dc is uetoth
3.

e amplitude

1931

T
(MeV)

25
50
75
100
125
150
175
200
225
250
275
300
325
350
375
400
425
450
475
500

Range
(MeV)

12.8—35.4
37.6—60.7
62.9—87.3
91.0—112.0
113.8—137.1
140.0—158.3
165.0—187.3
191.3—210.3
217.9—235.9
238.9—262.0
264.9—285.1
294.0—307.4
318.9—330.0
341.4—360.3
371.4—375.7
390.0—400.0
417.0—420.0
437.6—456.5
473.8—487.4
495.9—506.5

145
155
424
616
517
632
282
191
229
481
109
210
160
185
26
28
28
48
23
45

Np„

7
11
15
15
15
17
17
17
19
19
19
19
19
19
19
21
21
21
23
23

2Xc

0.9
0.9
1.8

27.1
11.0
7.4
7.5
4.2
3.8
5.9
2.9
2.5
4.0
2.1
1.5
1.1
0.3
18.9
1.6
6.7

2
XD

386.9
165.1
595.1
1188.3
642.4
687.9
374.4
115.8
221.3
602.1
206.1
213.9
134.1
189.2
32.0
16.2
50.7
75.7
22.7
42.5

411.6
178.9
614.7
1419.4
695.1
732.1
438.8
155.9
269.8
700.2
277.6
255.9
251.2
218.1
44.5
34.4
64.9

224.3
35.0
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FIG. 4. (Continued).

mainly to the iTtq measurements of Ref. [20]. We have
not found an explanation for this. The present solution
is capable of describing the remaining iTqq measurements
between 26 and 400 MeV. The second troublesome single-
energy analysis is at 100 MeV. Here the situation is more
complicated, as 317 data are analyzed in this case. Here,
the problem is partly due to inconsistencies between dif-

ferent measurements. For example, the measurements of
A„at 100.3 MeV [19] are in disagreement with others
at 93.8 MeV [14] and 102.3 MeV [81].

V. RESULTS AND COMPARISONS

Our results for the partial-wave amplitudes, de6ned
in Eqs. (2) and (3), are displayed in Fig. 4. Clearly, the
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b
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I I
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FIG. 5. Total cross section for the re-
action sr+ d —+ pp. (a) Unpolarized to-
tal cross section. (b) Contributions of the
dominant D2P (dashed curve), FsD (dot-
dashed curve), and P2D (dotted curve) am-
plitudes to the total unpolarized cross sec-
tion. Total cross sections in pure proton spin
states are (c) Aol, and (d) AoT, total cross
sections in pure deuteron spin states are (e)
Acrl, and (f) &O'T. Data have not been nor-
malized.
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FIG. 6. Predictions for ob-
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vr+d ~ pp reaction is dominated by only a few amplitudes
in this energy range. In particular, these are the D2P,
E3D, P2D, and P~ S. The total cross sections for pure

proton and deuteron spin states are given, along with the
unpolarized total cross section, in Fig. 5. In Fig. 5(b) we
also show contributions to unpolarized total cross section
from the 3 largest partial waves —the D2P, F3D, and
P2D.

As discussed in Sec. IV, the energy-dependent solu-
tion gives a good overall fit to the data. For the whole
database, the y /(degree of freedom) was 1.59. We found
that this value could be reduced to 1.22, through the re-
moval of 135 data more than 3 standard deviations from

the solution, with negligible effect on the partial-wave
amplitudes. Some of the data confiicts are apparent in
Fig. 6, where we have given predictions for all observables
at T =145 MeV.

The results of this analysis are more striking when pre-
sented in an Argand plot, as given in Fig. 7. The D2P,
FqD, and G4F partial waves show a correlation [97].

While different phase conventions have been used in pre-
vious analyses, it is possible to rotate these results to
a common convention. In Fig. 8 we compare several
of the dominant amplitudes determined in Refs. [3a,4c].
The values due to Bugg et al. [4c] are updated results
of a previously published [4c] analysis. In this repre-
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FIG. 7. Argand plot of dominant partial-wave amplitudes.
The X points denote 50 Mev steps. All amplitudes have been
multiplied by a factor of 10

sentation the results of Bugg et al. are fairly consistent
with the present analysis. The older results of Ref. [3a],
while reasonably consistent with our results for the P2D
and F3D partial waves, show larger deviations for D2P
and G4E. In Fig. 9 we show how these di8'erences are
manifested in particular observables. It is useful to note
whether these variations are due to differences in data
Btting or instead reAect the ability to predict future mea-
surements. In Fig. 9(a), for example, the displayed data
were included in the present analysis, and the analysis
of Ref. [4c], but was not used in the fit of Ref. [3a].
In Fig. 9(c), however, all but 3 [39] of the displayed
points were included in the analyses of Refs. [3a,4c]. (In
Ref. [3a], a preliminary version of some [87] of these data
were used. ) Here, the curves from different analyses show
little deviation.

In this work we have analyzed a 7r+d ~ pp database
which is larger than those used in previously published
analyses. A good fit to this database was found. The
dominant partial-wave amplitudes display a correlation
which is particularly evident in the Argand plots of Fig. 7.

We should also comment on existing and future mea-
surements of the vr+d —+ pp observables. As mentioned
previously, a fit to the existing iTqq data at 450 MeV
was problematic. Further measurements near and above
this energy would be very useful. For many other observ-
ables, however, the situation is much worse. A glance at
the energy-angle plots of Fig. 2 reveals clear boundaries
in the density of measurements near 250 and 350 MeV.
(The 250 MeV boundaries are due to the energy limit at
Los Alamos, for studies of the reaction pp ~ m+d. ) At
low energies, below 60 MeV, little more than cross sec-
tion and A.„o measurements exist. (The single iTqq mea-
surement [88] below 60 MeV is now more than 35 years
old. ) Some new TRIUMF measurements [98] of iTqq at
25 and 60 MeV will soon be available. The CHAOS de-
tector [99), constructed at TRIUMF, should also allow
improved low-energy experiments. The analysis of new
deuteron analyzing-power and p —d polarization-transfer
data is in progress at Saclay [100].

This reaction is now incorporated into the SAID pro-
gram [101], which is maintained at Virginia Tech. De-
tailed information regarding the database, partial-wave
amplitudes, and observables may be obtained either in-
teractively, through the SAID system (for those who have
access to TELNET), or directly from the authors.
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